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Motivation (3)

Fusion Logic has be used to specify history based access control
policies[2].

History-based access control policies govern the behaviour of a
system based on previously observed events in the execution of
the system.

The decision procedure can therefore be used to verify
properties about access control policies.

A ‘slightly’ modified version of the decision procedure[2] can be
used to efficiently enforce these policies.



Motivation (4)

Temporal Logic:

Reasoning about behaviours, i.e., sequences (traces) of system
states
Linear Temporal Logic (LTL):
⃝ (next), in the next state,
⃝ (previous), in the previous state,
2 (always), all states in the behaviour,
2 (has always been), all previous states in the behaviour,
3 (sometimes), exist a state in the behaviour
Interval Temporal Logic (ITL):
skip, behaviour with exactly two states,
; (Chop), fusion of two behaviours,
;̂ (past Chop), past fusion of two behaviours,
∗ (chopstar), fusion of a finite number of behaviours
Propositional Interval Temporal Logic (PITL):
ITL with only propositional variables, i.e., Boolean values.
Fusion Logic has both LTL and ITL operators.



Motivation (5)

Verification tools for Propositional Interval Temporal (PITL):

Tempura , Ben Moszkowski, Roger Hale and Antonio Cau
1985. Executable specification, testing

ITL Library for interactive theorem prover PVS , Antonio Cau,
1997. Axioms via Higher-order Logic

AnaTempura , Antonio Cau, Shikun Zhou, 1999. Runtime
verification, Tempura

DCVALID , Paritosh Pandya, 2000. MONA, decision
procedure for WS1S

PITL2Mona[3], Rodolfo Gomez and Howard Bowman, 2004.
MONA, decision procedure for WS1S

JavaLite , Shinji Kono, 2008. BDD, Tableau-based

PITL Library for automated theorem prover Prover9 , Antonio
Cau, 2008. Algebra, proof search

ITL library for Isabelle/HOL , Antonio Cau and David
Smallwood, 2018. Axioms via Higher-order Logic

http://antonio-cau.co.uk/ITL/itlhomepagesu16.html
http://antonio-cau.co.uk/ITL/itlhomepagesu20.html
http://antonio-cau.co.uk/ITL/itlhomepagesu16.html
https://www.cse.iitb.ac.in/~pandya58/
http://cvs.sourceforge.jp/view/lite-verifier/JavaLite/
http://antonio-cau.co.uk/ITL/itlhomepagesu19.html
http://antonio-cau.co.uk/ITL/itlhomepagesu18.html


Syntax of Fusion Logic (6)

State formulae:
W ::= true | p | W1 ∨ W2 | ¬W
Future Transition formulae:
FT ::= W | ⃝W | FT1 ∨ FT2 | ¬FT
Past Transition formulae:
PT ::= W | ⃝W | PT1 ∨ PT2 | ¬PT
Future Fusion expressions:
FE ::= test(W ) | step(FT ) | FE1 ∨ FE2 | FE1 ; FE2 | FE∗

Past Fusion expressions:
PE ::= test(W ) | pstep(PT ) | PE1 ∨ PE2 | PE1 ;̂ PE2 | PE∗̂

Fusion logic formulae:
FL ::= true | p | ¬FL | FL1 ∨ FL2 | ⃝FL | ⃝FL |

⟨FE⟩FL | FL⟨PE⟩ | FL1 U FL2 | FL1 S FL2



State (7)

A state is a mapping State from the set of propositional variables
Varb to the set of Boolean values Bool , {tt; ff}.
tt is the semantic ‘true’ value and ff the semantic ‘false’ value.
State : Varb → Bool
We will use ff0; ff1; ff2; : : : to denote states and Σ to denote the set
of all possible states.

Example 1

Let ff0 be a state such that
ff0(P ) = tt
ff0(Q) = ff



Interval and Length (8)

An interval ff is a finite sequence of states, in [5] also infinite
intervals are considered. The decision procedure can also handle
infinite intervals.
ff : ff0ff1ff2 : : :
Let Σ+ denote the set of all possible finite intervals with at least one
state.
The length of an interval ff is denoted by |ff| and is the number of
states minus 1.

Example 2

ff = ff0 |ff| = 0
ff = ff0ff1 |ff| = 1
ff = ff0ff1 : : : ffn |ff| = n



Prefix, Suffix and Sub Interval (9)

Let ff = ff0ff1ff2 : : : be an interval then

ff0 : : : ffk (where 0 ≤ k ≤ |ff|)
denotes a prefix interval of ff

ffk : : : ff|ff| (where 0 ≤ k ≤ |ff|)
denotes a suffix interval of ff

ffk : : : ffl (where 0 ≤ k ≤ l ≤ |ff|)
denotes a sub interval of ff

Example 3

Let ff = ff0ff1ff2ff3 be an interval then
ff0ff1 is a prefix interval of ff
ff1ff2ff3 is a suffix interval of ff
ff1ff2 is a sub interval of ff



Semantics of State Formula (10)

Let PJ K() be the “meaning” function from ‘state formulae’× Σ to
{tt; ff} and let ff be a finite interval of one state then
PJtrueK(ff) = tt
PJpK(ff) = ff0(p)
PJ¬W K(ff) = not PJW K(ff)
PJW1 ∨ W2K(ff) = PJW1K(ff) or PJW2K(ff)



Semantics of Transition formulae (11)

Let TfJ K() and TpJ K() be the “meaning” function from respectively
‘future transition formulae’× Σ2 to {tt; ff} and
‘past transition formulae’× Σ2 to {tt; ff} and let ff be a finite
interval (ff ∈ Σ2) with two states then

future transitions:
TfJ¬FT K(ff) = not TfJFT K(ff)
TfJFT1 ∨ FT2K(ff) = TfJFT1K(ff) or TfJFT2K(ff)
TfJW K(ff) = PJW K(ff0)
TfJ⃝W K(ff) = PJW K(ff1)

past transitions:
TpJ¬PT K(ff) = not TpJPT K(ff)
TpJPT1 ∨ PT2K(ff) = TpJPT1K(ff) or TpJPT2K(ff)
TpJW K(ff) = PJW K(ff1)
TpJ⃝W K(ff) = PJW K(ff0)



Semantics of Future Fusion expressions (12)

Let EJ K() be the “meaning” function from ‘future fusion expressions’×Σ+

to {tt; ff} and let ff be a finite interval (ff ∈ Σ+) then

EJtest(W )K(ff) = PJW K(ff0) and |ff| = 0
EJstep(FT )K(ff) = TfJFT K(ff0 : : : ff1) and |ff| = 1
EJFE1 ∨ FE2K(ff) = EJFE1K(ff) or EJFE2K(ff)
EJFE1 ; FE2K(ff) = tt iff

exists a k; s.t. 0 ≤ k ≤ |ff| and
EJFE1K(ff0 : : : ffk) = tt and
EJFE2K(ffk : : : ff|ff|) = tt

EJFE∗K(ff) = tt iff
exist l0; : : : ; ln s.t. l0 = 0 and ln = |ff| and
for all 0 ≤ j < n; lj < lj+1 and
EJFEK(ffli : : : fflj+1) = tt

The semantics of ; and ∗ are the same as those of ITL



Semantics of Past Fusion expressions (13)

Let EJ K() be the “meaning” function from ‘past fusion expressions’× Σ+

to {tt; ff} and let ff be a finite interval (ff ∈ Σ+) then

EJtest(W )K(ff) = PJW K(ff0) and |ff| = 0
EJpstep(PT )K(ff) = TpJPT K(ff0 : : : ff1) and |ff| = 1
EJPE1 ∨ PE2K(ff) = EJPE1K(ff) or EJPE2K(ff)
EJPE1 ;̂ PE2K(ff) = tt iff

exists a k; s.t. k ≤ i and
EJPE1K(ff0 : : : ffk) = tt and
EJPE2K(ffk : : : ff|ff|) = tt

EJPE ∗̂K(ff) = tt iff
exist l0; : : : ; ln s.t. l0 = 0 and ln = |ff| and
for all 0 ≤ j < n; lj < lj+1 and
EJPEK(fflj : : : fflj+1) = tt

The semantics of ;̂ and ∗̂ are the same as ; and ∗



Semantics of Fusion logic (14)

Let MJ K be the “meaning” function from
‘fusion logic formulae’× Σ+ × IN to {tt; ff} and let ff be a finite
interval and i a natural number then
MJtrueK(ff; i) = tt
MJpK(ff; i) = ffi (p)
MJ¬FLK(ff; i) = = not MJFLK(ff; i)
MJFL1 ∨ FL2K(ff; i) = MJFL1K(ff; i) or MJFL2K(ff; i)
MJ⃝FLK(ff; i) = MJFLK(ff; i + 1) and i < |ff|
MJ⃝FLK(ff; i) = MJFLK(ff; i − 1) and 0 < i



Semantics of Fusion logic (15)

MJ⟨FE⟩FLK(ff; i) = tt iff exists a k; s.t. i ≤ k ≤ |ff| and
EJFEK(ffi : : : ffk) = tt and
MJFLK(ff; k) = tt

MJFL⟨PE⟩K(ff; i) = tt iff exists a k; s.t. k ≤ i and
MJFLK(ff; k) = tt and
EJPEK(ffk : : : ffi ) = tt

MJFL1 U FL2K(ff; i) = tt iff exists a k; s.t. i ≤ k ≤ |ff| and
MJFL2K(ff; k) = tt and
for all i ≤ j < k;MJFL1K(ff; j) = tt

MJFL1 S FL2K(ff; i) = tt iff exists a k; s.t. k ≤ i and
MJFL2K(ff; k) = tt and
for all k < j ≤ i ;MJFL1K(ff; j) = tt

non-strict U and S see [4]



Semantics of Fusion logic (16)

⟨FE⟩FL and FL⟨PE⟩ are similar to ; and ;̂ of [1]:
MJ⟨FE⟩FLK(ff; i) = tt iff exists a k; s.t. i ≤ k ≤ |ff| and

EJFEK(ffi : : : ffk) = tt and
MJFLK(ff; k) = tt

MJFL⟨PE⟩K(ff; i) = tt iff exists a k; s.t. k ≤ i and
MJFLK(ff; k) = tt and
EJPEK(ffk : : : ffi ) = tt

MJFL1 ; FL2K(ff; i) = tt iff exists a k; s.t. i ≤ k ≤ |ff| and
MJFL1K(ff0 : : : ffk ; i) = tt and
MJFL2K(ff; k) = tt

MJFL1 ;̂ FL2K(ff; i) = tt iff exists a k; s.t. k ≤ i and
MJFL1K(ff; k) = tt and
MJFL2K(ffk : : : ff|ff|; i − k) = tt

Difference of EJFEK(ffi : : : ffk) = tt is because FE is a future fusion
expression and therefore can not refer to states before state ffi

Difference of EJPEK(ffk : : : ffi ) = tt is because PE is a past fusion
expression and therefore can not refer to states after state ffi



Derived operators (17)

Derived future Fusion expression operators
lener(0) , test(true)
lener(n + 1) , step(true) ; lener(n)
trueer , step(true)∗

moreer , step(true) ; trueer
3er W , trueer ; test(W ) ; trueer

Derived past Fusion expression operators
lenel (0) , test(true)
lenel (n + 1) , lenel (n) ;̂ pstep(true)
trueel , pstep(true)∗̂

moreel , trueel ;̂ pstep(true)
3el W , trueel ;̂ test(W ) ;̂ trueel



Derived operators (18)

Derived Boolean operators
FL1 ∧ FL2 , ¬(¬FL1 ∨ ¬FL2)
FL1 ⊃ FL2 , ¬FL1 ∨ FL2
FL1 ≡ FL2 , (FL1 ⊃ FL2) ∧ (FL2 ⊃ FL1)

Derived future Fusion logic operators
morer , ⃝true

emptyr , ¬morer
lenr(0) , emptyr
lenr(n + 1) , ⟨step(true)⟩lenr(n)
3 FL , true U FL

2 FL , ¬3(¬FL)
[FE]FL , ¬(⟨FE⟩¬FL)



Derived operators (19)

Derived past Fusion logic operators
morel , ⃝true

emptyl , ¬morel
first , emptyl
lenl (0) , emptyl
lenl (n + 1) , lenl (n)⟨pstep(true)⟩
3 FL , true S FL

2 FL , ¬3(¬FL)
FL[PE] , ¬(¬FL⟨PE⟩)

3u FL , 33 FL

2u FL , 22 FL



Satisfiable and valid (20)

A fusion logic formula FL is satisfiable if and only if there exists
an interval ff and a natural number i ≤ |ff| such that
MJFLK(ff; i) = tt

Decision procedure checks whether FL is satisfiable or not,
when FL is satisfiable a satisfying interval and natural number i
is generated.

A fusion logic formula FL is valid if and only if for all intervals
ff and all i ≤ |ff|, MJFLK(ff; i) = tt

FL is not valid if and only if ¬FL is satisfiable
i.e., satisfying interval and i ≤ |ff|, for ¬FL will represent
a counter example for FL’s validity
FL is valid if and only if ¬FL is not satisfiable



Decision Procedure (21)

The decision procedure is discussed in details in [5].

Reduction Step:
transform fusion logic formula FL into ∃X • init ∧ 2 I
where X is a set of propositional dependency variables not
occurring in FL and I is future transition formula

BDD Step:
transform init ∧ 2 I
into a BDD-based satisfiability problem



Reduction Step (22)

Transform a fusion logic formula FL into an equivalent reduced form
init ∧ 2 I

1 Transform FL into finit ∧ 2u T where

finit: initial state,
finit , R′

0
(FL)

T : transition relation, of the formVk

i=1
(rXi ≡ FTi ) ∧

Vn

j=1
(rYj ≡ PTj ) where,

rXi and rYj are dependent Boolean variables (not appearing in
FL) and FTi is a future transition formula and PTj is a past
transition formula:
T , R0(FL)

2 Transform finit ∧ 2u T into init ∧ 2 I
where

init is a state formula
I is a future transition formula



Reduction Step (23)

Let X;X1 and X2 denote non state formulae and w a state formula
then the definition of future Transition formula Rk(FL) is as
follows:
For k ∈ {0; 1}
FL Rk(FL)
W true
⟨test(W )⟩X Rk(X)
⟨step(FT )⟩X k = 0 : (r⟨step(FT )⟩X ≡ (FT ∧ ⃝R′

0
(X))) ∧ R0(X)

k = 1 : R0(X)
⟨FE1 ∨ FE2⟩X Rk(⟨FE1⟩X ∨ ⟨FE2⟩X)
⟨FE1 ; FE2⟩X Rk(⟨FE1⟩⟨FE2⟩X)
⟨FE∗⟩X (r⟨FE∗⟩X ≡ R′

1
(X1)) ∧ R1(X1)

where X1 is X ∨ ⟨c(FE)⟩r⟨FE∗⟩X
X1 U X2 (rX1UX2 ≡ (R′

1
(X2) ∨ (R′

1
(X1) ∧ ⃝rX1UX2))

⃝X Rk(⟨step(true)⟩X)

So only the step(FT ), FE∗ and X1 U X2 case will introduce a
dependent variable.



Reduction Step (24)

Let X;X1 and X2 denote non state formulae and w a state formula
then the definition of past Transition formula Rk(FL) is as follows:
For k ∈ {0; 1}
FL Rk(FL)
¬X Rk(X)
X1 ∨ X2 Rk(X1) ∧ Rk(X2)
X⟨test(W )⟩ Rk(X)
X⟨pstep(PT )⟩ k = 0 : (rX⟨pstep(PT )⟩ ≡ (PT ∧ ⃝R′

0
(X))) ∧ R0(X)

k = 1 : R0(X)
X⟨PE1 ∨ PE2⟩ Rk(X⟨PE1⟩ ∨ X⟨PE2⟩)
PE1 ;̂ PE2⟨X⟩ Rk(X⟨PE1⟩⟨PE2⟩)
X⟨PE ∗̂⟩ (rX⟨PE∗̂⟩ ≡ R′

1
(X1)) ∧ R1(X1)

where X1 is X ∨ rX⟨PE∗̂⟩⟨pc(PE)⟩
X1 S X2 (rX1SX2 ≡ (R′

1
(X2) ∨ (R′

1
(X1) ∧ ⃝rX1SX2))

⃝X Rk(X⟨pstep(true)⟩)

So only the pstep(PT ), FE∗ and X1 S X2 case will introduce a
dependent variable.



Reduction Step (25)

Let X;X1 and X2 denote non state formulae and w a state formula
then the definition of state formula R′

k
(FL) is as follows:

For k ∈ {0; 1}
FL R′

k
(FL)

W W
⟨test(W )⟩X W ∧ R′

k
(X)

⟨step(FT )⟩X k = 0 : r⟨step(FT )⟩X
k = 1 : FT ∧ ⃝R′

0
(X)

⟨FE1 ∨ FE2⟩X R′
k
(⟨FE1⟩X ∨ ⟨FE2⟩X)

⟨FE1 ; FE2⟩X R′
k
(⟨FE1⟩⟨FE2⟩X)

⟨FE∗⟩X r⟨FE∗⟩X
¬X ¬R′

k
(X)

X1 ∨ X2 R′
k
(X1) ∨ R′

k
(X2)

X1 U X2 rX1UX2

⃝X1 R′
k
(⟨step(true)⟩X)



Reduction Step (26)

Let X;X1 and X2 denote non state formulae and w a state formula
then the definition of state formula R′

k
(FL) is as follows:

For k ∈ {0; 1}
FL R′

k
(FL)

X⟨test(W )⟩ W ∧ R′
k
(X)

X⟨pstep(PT )⟩ k = 0 : rX⟨pstep(PT )⟩
k = 1 : PT ∧ ⃝R′

0
(X)

X⟨PE1 ∨ PE2⟩ R′
k
(X⟨PE1⟩ ∨ X⟨PE2⟩)

X⟨PE1 ;̂ PE2⟩ R′
k
(X⟨PE1⟩⟨PE2⟩)

X⟨PE ∗̂⟩ rX⟨PE∗̂⟩
X1 S X2 rX1SX2

⃝X1 R′
k
(X⟨pstep(true)⟩)



Reduction Step (27)

Reduction function for ⟨FE∗⟩X is a bit more involved because FE
could be valid for intervals with only one state.
Solution: a function c is introduced which transforms an arbitrary
future fusion expression FE into another formula c(FE) such that
c(FE) ≡ FE ∧ moree

r
holds.

Note: ⟨FE∗⟩X ≡ ⟨c(FE)∗⟩X holds.
FE c(FE)

test(W ) test(¬true)
step(FT ) step(FT )

FE1 ∨ FE2 c(FE1) ∨ c(FE2)
FE1 ; FE2 c(FE1) ; FE2 ∨ FE1 ; c(FE2)

FE∗ c(FE) ; FE∗



Reduction Step (27)

Reduction function for ⟨FE∗⟩X is a bit more involved because FE
could be valid for intervals with only one state.
Solution: a function c is introduced which transforms an arbitrary
future fusion expression FE into another formula c(FE) such that
c(FE) ≡ FE ∧ moree

r
holds.

Note: ⟨FE∗⟩X ≡ ⟨c(FE)∗⟩X holds.
FE c(FE)

test(W ) test(¬true)
step(FT ) step(FT )

FE1 ∨ FE2 c(FE1) ∨ c(FE2)
FE1 ; FE2 c(FE1) ; FE2 ∨ FE1 ; c(FE2)

FE∗ c(FE) ; FE∗



Reduction Step (28)

Reduction function for X⟨PE∗̂⟩ is a bit more involved because PE
could be valid for intervals with only one state.
Solution: a function pc is introduced which transforms an arbitrary
past fusion expression PE into another formula pc(PE) such that
pc(PE) ≡ PE ∧ moree

l
holds.

Note: X⟨PE∗̂⟩X ≡ X⟨pc(PE)∗̂⟩ holds.
PE pc(PE)

test(W ) test(¬true)
pstep(PT ) pstep(PT )
PE1 ∨ PE2 pc(FE1) ∨ pc(PE2)
PE1 ;̂ PE2 pc(PE1) ;̂ PE2 ∨ PE1 ;̂ pc(PE2)

PE∗̂ PE∗̂ ;̂ pc(PE)



Reduction Step (28)

Reduction function for X⟨PE∗̂⟩ is a bit more involved because PE
could be valid for intervals with only one state.
Solution: a function pc is introduced which transforms an arbitrary
past fusion expression PE into another formula pc(PE) such that
pc(PE) ≡ PE ∧ moree

l
holds.

Note: X⟨PE∗̂⟩X ≡ X⟨pc(PE)∗̂⟩ holds.
PE pc(PE)

test(W ) test(¬true)
pstep(PT ) pstep(PT )
PE1 ∨ PE2 pc(FE1) ∨ pc(PE2)
PE1 ;̂ PE2 pc(PE1) ;̂ PE2 ∨ PE1 ;̂ pc(PE2)

PE∗̂ PE∗̂ ;̂ pc(PE)



Reduction Step (29)

Transform finit ∧ 2u T into init ∧ 2 I

Let FL be a fusion Logic formula and dep(FL) be the
dependent variables introduced by R′

0
(FL) and R0(FL) then

(1) FL ≡ ∃dep(FL) • (R′
0
(FL) ∧ 2u R0(FL))

We know that R0(FL)) is of the form F ∧ P where:
F , (

Vk
i=1
rXi ≡ FTi ) and P , (

Vn
j=1

rYj ≡ PTj )
where FTi is future transition formula and PTj is a past
transition formula

Let first , ¬⃝true denote a formula which holds in the first
state of an interval.
We shift reasoning back to a starting state of a satisfying
interval then FL is satisfiable iff
(2) ∃dep(FL) • 3(first ∧ 3 finit ∧ 2(F ∧ P ))
is satisfiable



Reduction Step (30)

Let F ′ be the future transition formula obtained from P by
replacing each ⃝ construct in P by its operand and by taking
each state formula in P which does not occur in ⃝ and
enclosing it in ⃝ (time reversal)

Let pinit be a state formula obtained from P by replacing each
⃝ construct by false then (2) is satisfiable iff
(3) ∃dep(FL) • (pinit ∧ 3 finit ∧ 2(F ∧ (morer ⊃ F ′)))
is satisfiable

Let rZ be a fresh dependency (rZ =∈ dep(FL)) then (3) is
satisfiable iff
(4) ∃dep(FL) ∪ {rZ} • (pinit ∧ rZ ∧

2(F ∧ (morer ⊃ F ′) ∧ (rZ ≡ (finit ∨ ⃝rZ))))
is satisfiable

(4) is in the required form ∃X • init ∧ 2 I as
(F ∧ (morer ⊃ F ′) ∧ (rZ ≡ (finit ∨ ⃝rZ))) is a future
transition formula and pinit ∧ rZ is a state formula



Example (31)

Given a future fusion logic formula
⟨step(A)∗⟩(B ∨ C) ∨ ⟨step(A) ; test(B)⟩D
The Reduction Step yields:

init , rX1 ∨ rX3 where
X1 , ⟨step(A)∗⟩(B ∨ C) and X3 , ⟨step(A)⟩⟨test(B)⟩D.

The corresponding invariant I is
I , (rX1 ≡ (B ∨ C) ∨ (A ∧ ⃝rX1)) ∧ (rX3 ≡ A ∧ ⃝(B ∧ D))



Example (32)

Given a past fusion logic formula
⃝(B ∨ C) ∧ (D⟨pstep(A) ;̂ test(B)⟩)
The Reduction Step yields:

finit , rX1 ∧ (B ∧ rX2) where
X1 , ⃝(B ∨ C) and X2 , D⟨pstep(A) ;̂ test(B)⟩.

The corresponding invariant PI is
PI , (rX1 ≡ ⃝(B ∨ C)) ∧ (rX2 ≡ A ∧ ⃝D)
This is transformed into
init , (rX1 ≡ false) ∧ (rX2 ≡ A ∧ false) ∧ rZ
I , (rZ ≡ (finit ∨ ⃝rZ)) ∧

(morer ⊃ (((⃝rX1) ≡ (B ∨ C)) ∧ ((⃝rX2) ≡ (⃝A) ∧ D)))



BDD Step (33)

Transform init ∧ 2 I into BDD based satisfiability problem.
init: a state formula

I: an invariant,
Vk
i=1

(FTi ) (for k ≥ 1) where
where FTi contains dependent variable rXi and
FTi is a future transition formula

Let us examine the ‘Always’ operator
init ∧ 2 I • • • • •

⟨I⟩
⟨—I—⟩

⟨—I— — —⟩
⟨—I— — — — —⟩

⟨—I— — — — — — —⟩
init



BDD Step (34)

We know that invariant I only contains ⃝ (next) as temporal
operator. So it can only constrain the first two states of each suffix
interval.
init ∧ 2 I • • • • •

⟨I⟩
⟨—I—⟩

⟨—I—⟩
⟨—I—⟩

⟨—I—⟩
init



BDD Step (35)

Introducing BDDs Γi ’s:

Γ1 represents the state formula init.

Γ2 captures all pairs of states corresponding to two state intervals
satisfying invariant I. This can be done by replacing all variables in
the scope of any ⃝ by a primed version and delete the ⃝.

Γ3 captures the behaviour of invariant I in an interval with only 1
state. This can be done by replacing each ⃝ construct by false.

Γ4 , finit if the original formula FL contains past time operators and
finit is obtained from (rZ ≡ (finit ∨ ⃝rZ)) and if the original
formula FL contains no past time operators then Γ4 , Γ1

init ∧ 2 I • • • • •
Γ3

⟨—Γ2—⟩
⟨—Γ2—⟩

⟨—Γ2—⟩
⟨—Γ2—⟩
Γ1



Example (36)

Given right fusion logic formula
⟨step(A)∗⟩(B ∨ C) ∨ ⟨step(A) ; test(B)⟩D
With Init = rX1 ∨ rX3 and corresponding invariant:
I = (rX1 ≡ (B ∨ C) ∨ (A ∧ ⃝rX1)) ∧ (rX3 ≡ A ∧ ⃝(B ∧ D))
Then Γ1 = rX1 ∨ rX3 and
Γ2 = (rX1 ≡ (B ∨ C) ∨ (A ∧ r ′

X1
)) ∧ (rX3 ≡ A ∧ (B′ ∧ D′))

and
Γ3 = (rX1 ≡ (B ∨ C) ∨ (A ∧ false)) ∧ (rX3 ≡ A ∧ false)



BDD Step (37)

Encoding as a BDD-based satisfiability problem:

We use Γ2 and Γ1 to iteratively calculate a sequence of BDDs
∆0; : : : ;∆n, so that for any n, ∆n described all states which
can be reached from Γ1 in exactly n steps using Γ2.

We determine at each iteration whether BDD Γ3 ∧ ∆n is true
or not. If false we must continue to iterate and if true then
there is exists some state satisfying Γ3 which can be reached in
n steps from Γ1, so we can stop the iteration, i.e., original FL
is satisfiable.

During the iteration process we maintain a BDD
W

0≤i≤n∆i

representing the set of all states so far reachable from Γ1. If
(
W

0≤i≤n∆i ) ≡ (
W

0≤i≤n+1 ∆i ), i.e., no new states are found,
then we stop the iteration and if we can’t find a state that
satisfies Γ3 then original FL is not satisfiable.
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BDD Step (38)

To construct a satisfying interval (in case FL is satisfiable) we
proceed as follows.
Let ∆m be that set of states for which Γ3 ∧ ∆m is true.

If there are no independent variables (only ri variables) then any
interval of length m will satisfy FL.

If there are independent variables then
Find a value assignment ffm for the independent variables for
BDD ∆m, i.e., choose one state ffm of ∆m.
Compute Prm−1 denoting those states of ∆m−1 that lead via
Γ2 to state ffm (weakest precondition of Γ2 and ffm). Again
choose one state ffm−1 of Prm−1.
Continue until we reach Pr0 and then choose state ff0.
The states ff0 : : : ffm−1ffm will then represent a (minimal)
satisfying interval ff for FL.

To determine the current state we check whether a state in this
satisfying interval satisfies Γ4.
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Implementation (39)

Implementation of decision procedure
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