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Abstract

These Isabelle theories introduce the semantics and syntax of Finite and Infinite Interval Temporal
Logic (ITL). The ITL proof system, as introduced in [8, 12], has been encoded and its soundness has
been checked. The encoding is shallow using the Intensional Logic technique of [6]. An extensive
library of Finite and Infinite I'TL theorems, taken from [11], has been checked. Non-empty coinductive
lists are used to denote intervals.
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Chapter 1

Model: Intervals

Intervals are defined in terms of non empty coinductive lists.

1.1 Extra operations on coinductive lists

the operations kfilter, lleast, lbutlast, lidx, ridx, Ifirst, lfuse, lsub, Isubc, llastlfirst, 1ltl, llbutlast,
is_ lfirst, lfusecat and Irev on coinductive lists are defined together with a library of lemmas.

theory LList-FExtras

imports
Coinductive. Coinductive-List
begin

definition kfilter :: ('a = bool) = nat = 'a llist = nat llist
where kfilter P n xs = Ilmap snd (Ifilter (Pofst) (lzip xs (iterates Suc n)))

definition lleast :: ("a = bool) = 'a llist = nat
where lleast P xs = (LEAST na. na < llength xs A\ P (Inth zs na))

primcorec lbutlast :: 'a llist = 'a llist
where lbutlast zs =
(case xs of LNil = LNil |
(LCons z zs") =
(case zs" of LNil = LNil |
(LCons z1 xs1) = (LCons x (lbutlast xs"))))

simps-of-case lbutlast-simps [simp, code, nitpick-simpl: lbutlast.code

definition ridx :: (‘a = 'a = bool) = 'a llist = bool
where ridz R zs = (VY i. (Suc i)<llength s — R (Inth zs 1) (Inth xs (Suc ©)))

definition lidz :: nat llist = bool
where lidr zs «+— (Vn. (Suc n)<llength s — Inth xs n < Inth xs (Suc n))



definition Ifirst :: 'a llist = 'a
where lfirst s = lhd s

definition Ifuse :: ‘a llist = 'a llist = 'a llist
where [fuse zs ys =
(if = Inull zs N — Inull ys then lappend xs (Itl ys) else lappend xs ys)

definition lsub :: nat = nat = 'a llist = 'a llist
where lsub k n xs = (ltake (eSuc (n — k)) (Idrop k xs))

definition lsubc :: nat = nat = 'a llist = 'a llist
where lsubc k n xs = (ltake (eSuc (n — k)) (Idrop ((min k (epred (llength xs)))) xs))

definition llastifirst :: 'a llist llist = bool
where llastlfirst zss = (Vi. (Suc i)<llength xss — llast (Inth xzss i) = Ifirst(Inth xzss (Suc 7)))

definition [itl :: 'a llist llist = 'a llist llist
where [ltl xss = Imap tl zss

definition llbutlast :: 'a llist llist = 'a llist llist
where [lbutlast xss = Imap lbutlast xss

abbreviation is-lfirst = (Axs. 3b. xs = (LCons b LNil))

definition lrev :: 'a llist = 'a llist
where lrev s = (if lfinite xs then llist-of (rev (list-of xs)) else xs)

1.1.1 Auxiliary lemmas

lemma enat-min:
assumes m > enat n'
and enat n < m — enat n’
shows enat n + enat n’ < m
using assms
by (metis add.commute enat.simps(3) enat-add-mono enat-add-sub-same le-iff-add)

lemma enat-min-eq:
assumes m > enat n'
and enat n < m — enat n’
shows enat n + enat n’ < m
using assms
by (metis add.commute enat.simps(3) enat-add-sub-same enat-min le-iff-add le-less)

lemma llist-eq-Inth-eq:
(zs = ys) <— (llength zs = llength ys A (V¥ i < llength xs. Inth xs i = Inth ys 7))
proof auto
show [length xs = llength ys = V1. enat ¢ < llength ys — Inth s © = Inth ys i = xs = ys
proof (coinduction arbitrary: zs ys)



case (FEq-llist zsa ysa)
then show Zcase
proof —
assume a: llength xsa = llength ysa
assume b: Vi. enat i < llength ysa — Inth xsa i = Inth ysa i
have 1: Inull zsa = Inull ysa
using a by auto
have 2: = Inull zsa —
= Inull ysa —
lhd xsa = lhd ysa
using b [hd-conv-Inth zero-enat-def by force
have 3: = Inull xsa —
= Inull ysa —
(Fxs ys. ltl xsa = xs A ltl ysa = ys A llength zs = llength ys A
(Vi. enat i < llength ys — Inth zs i = Inth ys i))
by (metis Extended-Nat.eSuc-mono a b eSuc-enat eSuc-epred llength-eq-0 llength-ltl Inth-t])
show ?thesis using 1 2 8 by blast
qed
qed
qged

lemma ezist-lset-Inth:
(3 z € lset xs. P x) «— (3 i<llength zs. P (Inth zs 7))
by (metis in-lset-conv-Inth)

lemma ezist-llength-gr-zero:

assumes (3 z € set xs. P x)

shows  0< llength xs

by (metis assms gr-implies-not-zero gr-zerol in-lset-conv-Inth)

1.1.2 lbutlast

lemma lbutlast-snoc [simp):
Ibutlast (lappend zs (LCons x LNil)) = xs
proof (cases lfinite xs)
case True
then show “thesis
proof (induct rule: Ilfinite-induct)
case (LNil zs)
then show ?case using llist.collapse(1) by fastforce
next
case (LCons zs)
then show “case
proof (cases xs=LNil)
case True
then show ?thesis by simp
next
case Fulse
then show ?thesis
proof —



have 1: 3 y ys. zs =(LCons y ys)
using Fualse llist.exhaust-sel by blast
obtain y ys where 2: xs =(LCons y ys)
using I by blast
have 3: lbutlast (lappend zs (LCons x LNil)) = lbutlast (lappend (LCons y ys) (LCons x LNil))
by (simp add: 2)
have 4: lbutlast (lappend (LCons y ys) (LCons x LNil)) = lbutlast (LCons y (lappend ys (LCons x
LNil)))
by simp
have 5: lnull ys =— ?thesis
by (simp add: 2 Inull-def)
have 6: —~lnull ys = ?thesis
by (metis 2 LCons.hyps(3) eq-LConsD lappend-code(2) lbutlast-simps(8) lhd-LCons-Itl)
show “thesis
using 5 6 by blast
qged
qed
ged
next
case Fulse
then show ?Zthesis
proof (coinduction arbitrary: xs)
case (Fg-llist zsa)
then show “case
proof —
have 1: Inull (Ibutlast (lappend xzsa (LCons x LNil))) = Inull zsa
by (metis Eq-llist lappend-inf lbutlast.disc(2) Ilfinite.simps lhd-LCons-ltl Inull-imp-Ifinite)
have 2: — Inull (lbutlast (lappend zsa (LCons x LNil))) —
- Inull zsa —
Ihd (Ibutlast (lappend xsa (LCons x LNil))) = lhd zsa
by (metis Eq-llist eq-LConsD lappend-inf lbutlast.disc(1) lbutlast-simps(8) not-Inull-conv)
have 3: — Inull (lbutlast (lappend xzsa (LCons x LNil))) —
- Inull zsa —
(Fws. Itl (lbutlast (lappend xsa (LCons x LNil))) =
Ibutlast (lappend xs (LCons x LNil)) A ltl zsa = xs A\ — Ifinite xs)
by (metis Eqg-llist eq-LConsD lappend-inf lbutlast-simps(8) lfinite-ltl Ihd-LCons-ltl Inull-imp-Ifinite)
show ?thesis using 1 2 3 by auto
qed
qed
qed

lemma lbutlast-Itl:
Ibutlast (It xs) = It (Ibutlast xs)
proof (cases lfinite xs)
case True
then show ?thesis
proof (induct rule: Ilfinite-induct)
case (LNil zs)



then show ?case by (simp add: lbutlast.ctr(1))
next
case (LCons zs)
then show ?Zcase
by (simp add: lbutlast.code llist.case-eq-if )
qed
next
case Fulse
then show ?Zthesis
proof (coinduction arbitrary: zs)
case (Eqg-llist zsa)
then show ?Zcase
proof —
have 1: lnull (lbutlast (Itl zsa)) = Inull (Itl (lbutlast zsa))
by (metis Eg-llist lappend-inf lbutlast-snoc lfinite-ltl)
have 2: — Inull (Ibutlast (Il zsa)) —
= Inull (Itl (Ibutlast zsa)) —
Ihd (Ilbutlast (Itl zsa)) = lhd (Itl (lbutlast zsa))
by (metis Eqg-llist lappend-inf lbutlast-snoc Ifinite-ltl)
have 3: = Inull (lbutlast (ltl zsa)) —
= Inull (Itl (Ibutlast zsa)) —
(Fas. It (Ibutlast (Itl zsa)) = lbutlast (Il zs) A
Itl (Il (lbutlast xsa)) = ltl (lbutlast xs) N\ — lfinite xs)
by (metis Eqg-llist lappend-inf lbutlast-snoc Ifinite-tl)
show “thesis using 1 2 8 by auto
qed
qed
qed

lemma Ibutlast-not-Ilfinite:
assumes — Ifinite s
shows lbutlast xs = xs
using assms
by (coinduction arbitrary: xs)
(metis lappend-inf lbutlast-snoc Ifinite-ltl)

lemma lbutlast-lfinite:
Ifinite (Ibutlast zs) <— lfinite xs
proof
show l[finite (lbutlast xs) = lfinite zs
proof (induct zs=lbutlast xs rule: lfinite-induct)
case LNil
then show “case using lbutlast-not-Ifinite by fastforce
next
case LCons
then show ?case using Ilbutlast-not-Ilfinite by fastforce
ged
show [finite xs = Ifinite (lbutlast zs)
proof (induct rule: lfinite-induct)
case (LNil zs)
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then show ?case by simp
next
case (LCons zs)
then show ?case by (simp add: lbutlast-tl)
qged
qed

lemma llength-lbutlast [simp]:
llength (lbutlast xs) = epred (llength xs)
by (coinduction arbitrary: zs rule: enat-coinduct)
(simp,
metis epred-enat-unfold lbutlast-ltl llength-def llength-eq-0 llength-Itl )

lemma Ibutlast-lappend:
Ibutlast (lappend zs ys) = (if ys = LNil then lbutlast xs else lappend zs (lbutlast ys))
proof (cases lfinite xs)
case True
then show “thesis
proof (induct arbitrary: ys rule: lfinite-induct)
case (LNil xs)
then show ?case by (simp add: Inull-def)
next
case (LCons xs)
then show ?case
proof (cases Inull ys )
case True
then show ?thesis by (metis lappend-LNil2 Inull-def)
next
case Fulse
then show ?thesis
proof (cases Inull xs)
case True
then show ?%thesis
using LCons.hyps(2) by auto
next
case Fulse
then show ?thesis using LCons by (auto simp add: llist.case-eq-if not-lnull-conv)
(metis lappend.ctr(2) lbutlast-simps(3) llist.collapse(1) ltl-simps(2))
qed
qed
qged
next
case Fualse
then show ?thesis by (metis lappend-inf lbutlast-snoc)
qed

lemma lappend-lbutlast-llast-id-Ifinite:
assumes Ifinite zs
= Inull zs
shows (lappend (lbutlast xs) (LCons (llast zs) LNil)) = xs

11



using assms
proof (induct rule: lfinite-induct)
case (LNil zs)
then show ?case by simp
next
case (LCons xs)
then show ?Zcase
proof (cases xs)
case Ifinite-LNil
then show ¢thesis using LCons by simp
next
case (lfinite-LConsl s x)
then show ?thesis using LCons
by (auto simp add: llast-LCons)
(metis lappend-code(1) lbutlast.ctr(1) llist.collapse(1) ltl-simps(2),
metis lappend-code(2) lbutlast-simps(3) lhd-LCons-Itl)
qed
qed

lemma lappend-lbutlast-llast-id-not-lfinite:
assumes —lfinite zs
= Inull zs
shows (lappend (lbutlast zs) (LCons (llast zs) LNil)) = zs
using assms
proof (coinduction arbitrary: zs)
case (Eq-llist zsa)
then show ?Zcase
by (auto simp add: lbutlast-ltl llast-linfinite)
(metis lfinite-LNil [finite-ltl llist.collapse(1),
metis lbutlast.simps(3) lbutlast-not-Ilfinite)
qged

lemma lappend-lbutlast-llast-id [simp]:
shows - lnull zs = (lappend (lbutlast xs) (LCons (llast xs) LNil)) = xs
using lappend-lbutlast-llast-id-Ifinite lappend-Ibutlast-llast-id-not-lfinite by blast

lemma [butlast-eq-LNil-conv:
Ibutlast xs = LNil +— zs =LNil V (3x. xzs = (LCons z LNil))
by (metis lbutlast.disc-iff (1) lbutlast-simps(2) thd-LCons-ltl llist.collapse(1) llist.disc(1))

lemma lbutlast-eq-L Cons-conv:
Ibutlast xs = (LCons z ys) «— xzs = (LCons x (lappend ys (LCons (llast zs) LNil)))
by (metis eq-LConsD lappend-code(2) lappend-lbutlast-llast-id lbutlast.ctr(1) lbutlast-snoc)

lemma lbutlast-conv-ltake:

Ibutlast xs = ltake (epred (llength xs)) xs
proof (cases lfinite xs)
case True

12



then show ?thesis
proof (induct rule: Ifinite-induct)
case (LNil xs)
then show ?case by simp
next
case (LCons xs)
then show ?case
by (metis enat-le-plus-same(2) gen-llength-def lappend-lbutlast-llast-id-Ifinite llength-code
llength-lbutlast ltake-all ltake-lappendl)
qed
next
case Fulse
then show ?thesis
proof (coinduction arbitrary: xs)
case (Eq-llist zsa)
then show ?case
by (auto simp add: not-lfinite-llength lbutlast-not-lfinite)
(metis epred-Infty epred-llength lbutlast-not-lfinite llength-eq-infty-conv-lfinite ltake-epred-Itl)
qed
qged

lemma Imap-lbutlast:
Imap f (lbutlast xs) = lbutlast (Imap f xs)
by (simp add: lbutlast-conv-ltake)

lemma snocs-eq-iff-lbutlast:
lappend xs (LCons z LNil) = ys <—
(( Ufinite ys N = Inull ys N\ lbutlast ys = xs N llast ys = x)
V (= Ifinite ys A lbutlast xs = ys))
by (metis lappend.disc(2) lappend-inf lappend-lbutlast-llast-id lbutlast.ctr(1) lbutlast-snoc
lfinite-L N1l llast-lappend llast-singleton llist.discI(2))

lemma in-lset-lbutlastD:
z € lset(lbutlast zs) = x € lset xs
by (metis in-lset-lappend-iff lappend-ltake-ldrop lbutlast-conv-ltake)

lemma in-Iset-lbutlast-lappendl:
z € lset (lbutlast xs) V (Ifinite zs N\ = € lset(lbutlast ys)) =
z € lset (lbutlast (lappend zs ys))
by (metis empty-iff in-lset-lappend-iff in-lset-lbutlastD lbutlast-lappend lset-LNil)

lemma Inth-lbutlast:

assumes n< llength(lbutlast xs)

shows Inth (lbutlast zs) n = Inth xs n

proof (cases xs)

case LNil

then show ?thesis by simp

next

case (LCons 221 x22)

then show ?thesis by (metis assms lbutlast-conv-ltake llength-lbutlast Inth-ltake)
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qed

1.1.3 Ifuse

lemma Ifuse-conv-Inull:
Inull (Ifuse xs ys) <— Inull zs A Inull ys
by (simp add: Ifuse-def)

lemma Ifuse-LNil-1 [simp]:
Ifuse LNil ys = ys
by (simp add: lfuse-def)

lemma Ifuse-LNil-2 [simp]:
Ifuse zs LNil = xs
by (metis lappend-Inull2 lfuse-def llist.discI(1))

lemma [fuse-One-a [simp]:

assumes - [lnull zs

shows  Ifuse (LCons (lhd zs) LNil) xs = zs
using assms by (simp add: lfuse-def)

lemma Ifuse-One-b [simp]:

assumes — [null xs

shows Ifuse xs (LCons y LNil) = zs
using assms

by (simp add: Ifuse-def)

lemma Ifuse-One-a-var:
shows Ifuse (LCons x LNil) ys = (if — Inull ys then (LCons x (Itl ys)) else (LCons x LNil))
unfolding Ifuse-def by simp

lemma Ifuse-One-b-var:
shows [fuse xs (LCons y LNil) = (if —inull zs then xs else (LCons y LNil))
unfolding Ifuse-def by (simp add: lappend-Inulll)

lemma Ifuse-LCons-a [simp]:
Ifuse (LCons x xs) ys =
(if Inull zs then (LCons x (Itl ys)) else (LCons x (lfuse xs ys)))
by (metis lappend-code(2) lappend-lnulll Ifuse-def llist.collapse(1) llist.disc(2) ltl-simps(1))

lemma Ifuse-LCons-b [simp]:
lfuse zs (LCons y ys) =

(if = Inull zs then lappend zs ys else (LCons y ys))
unfolding Ifuse-def by (simp add: lappend-Inulll)

lemma Ifuse-simps [simp]:
shows (hd-lfuse: [hd (Ifuse zs ys) = (if Inull zs then lhd ys else lhd xs)
and [tl-ifuse: Itl (Ifuse xs ys) =
(if Inull xs
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then Itl ys
else (if Inull (1tl ys)
then ltl xs
else lappend (Itl xs) (Itl ys)))
by (auto simp add: lfuse-def lappend-lnull2)

lemma Ifuse-lbutlast:
assumes llast xs = Ifirst ys
shows Ifuse xs ys = (if Inull ys then xs else lappend (lbutlast zs) ys)
using assms
by (metis lappend-lbutlast-llast-id lappend-snocL1-conv-LCons2 lbutlast.ctr(1) Ifirst-def
lfuse-LNil-2 lfuse-def lhd-LCons-lItl llist.collapse(1))

lemma Ifuse-llength:
shows llength (lfuse xs ys) = (llength zs) + (if Inull zs then llength ys else epred(llength ys))
unfolding Ifuse-def by ( simp add: llist.case-eq-if epred-llength)

lemma not-inull-llength:
= Inull xs <+— 1 < llength zs
by (metis gr-zerol ilell llength-eq-0 not-one-le-zero one-eSuc)

lemma Ifuse-llength-atmost-one:
shows llength (Ifuse xs ys) < 1 <— llength s <1 A llength ys < 1
proof (cases Inull xs)
case True
then show ?thesis
by (metis lfuse-LNil-1 llength-LNil Inull-def zero-le)
next
case Fulse
then show ?thesis unfolding Ifuse-llength
by auto
(meson dual-order.trans enat-le-plus-same(1),
metis add.commute add-increasing? co.enat.exhaust-sel not-lnull-llength order-antisym-conv
order-refl plus-1-eSuc(2) zero-le,
metis add-decreasing? epred-1 epred-le-epredl )
qed

lemma Ifuse-llength-less-a:
assumes [ < llength xs
1 < llength ys
llast xs = lfirst ys
Ifinite xs
shows  llength zs < llength (lfuse xs ys)
unfolding Ifuse-def
using assms
by (auto simp add: lfinite-llength-enat)
(metis co.enat.exhaust-sel epred-llength linorder-neq-iff llength-eq-0 one-eSuc)

lemma Ifuse-llength-less-b:
assumes [ < llength xs

15



1 < llength ys
llast xs = lfirst ys
Ifinite ys
shows  llength ys < llength (Ifuse xs ys)
proof —
have I: [fuse s ys = lappend (lbutlast xs) ys
by (metis assms(2) assms(3) lfuse-lbutlast llength-Inull not-less-zero)
have 2: llength (lappend (lbutlast xs) ys) = epred(llength xzs) + llength ys
by simp
have 3: 0 < epred(llength xs)
by (metis assms(1) co.enat.exhaust-sel gr-zerol less-numeral-extra(4) not-one-less-zero one-eSuc)
have /: llength ys < epred(llength xs) + llength ys
using 3 assms(4) Ilfinite-llength-enat by auto
show “thesis
using 1 2 4 by presburger
qed

lemma Ifuse-llength-le-a:
llength xs < llength (lfuse xs ys)
by (simp add: Ifuse-llength)

lemma Ifuse-llength-le-b:

assumes llast xs = lfirst ys

shows llength ys < llength (Ifuse xs ys)
by (simp add: assms lfuse-lbutlast)

lemma Ifuse-Inth-a:

assumes (enat i) < llength zs

shows Inth (lfuse zs ys) © = Inth zs i
using assms

by (simp add: lfuse-def Inth-lappend?)

lemma Ifuse-Inth-b:
assumes llength rs < (enat 7)
(enat 7) < llength (lfuse s ys)
shows Inth (Ifuse zs ys) i = (Inth ys (i — (the-enat(epred(llength xs)))))
proof (cases — Inull xs N\ —inull ys)
case True
then show %thesis
proof —
have 1: Ifinite xs
using assms(1) Ifinite-ldropn Inull-imp-Ifinite Inull-ldropn by blast
obtain n where 15: (enat n) = llength xs using 1 by (metis assms(1) enat-ile)
have 16: (the-enat(epred(llength zs))) = n—1
by (metis 15 epred-enat the-enat.simps)
have 17: 0<n
by (metis 15 True gr0l llength-eq-0 zero-enat-def)
have 2: lfuse zs ys = lappend xs (It ys)
unfolding Ifuse-def using assms True by presburger
have 3: n—1 < g
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by (metis 15 17 Suc-pred’ assms(1) enat-ord-simps(2) leD le-imp-less-Suc wlog-linorder-le)
have 4/: (Suc (i — n)) = (i — (n—1))
by (metis 15 17 Suc-diff-eq-diff-pred Suc-diff-le assms(1) enat-ord-simps(1))
have 5: inth (Itl ys) (i — the-enat (llength xzs)) = (Inth ys (i — (the-enat(epred(llength xs)))))
using True 3 Inth-ltl[of ys (i — the-enat (llength xs))] by (metis 15 16 4 the-enat.simps)
show ?thesis using Inth-lappend|of xs (Itl ys) | by (simp add: 2 5 assms(1) leD)
qged
next
case Fulse
then show ?thesis using assms unfolding I[fuse-def
using lappend-Inulll by fastforce
qed

lemma Ifuse-Inth-c:
assumes epred(llength zs) < (enat 7)
(enat i) < llength (Ifuse s ys)
llast xs = lfirst ys
shows Inth (lfuse zs ys) i =
(if Inull ys then Inth xs (the-enat (epred(llength xs)))
else Inth ys (i — (the-enat (epred(llength xs)))))
proof (cases = Inull xzs N\ —lnull ys)
case True
then show %thesis
using assms
by (simp add: leD Ifuse-lbutlast Inth-lappend)
next
case Fulse
then show ?thesis
proof (cases Inull xs)
case True
then show %thesis
using assms
by (metis epred-0 gr-implies-not-zero lfuse-conv-Inull lfuse-Inth-b llength-Inull)
next
case False
then show ¢thesis
using assms
by (metis co.enat.exhaust-sel iless-Suc-eq leD Ifuse-lbutlast llength-eq-0
llength-lbutlast Inth-lappend nle-le the-enat.simps)
qed
qed

lemma Ifirst-lfuse-1:
shows  [first (lfuse zs ys) = (if — Inull xs then Ifirst xs else Ifirst ys)
by (simp add: Ilfirst-def)

lemma llast-Ifuse:

assumes - lnull zs
= Inull ys
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Ifinite xs
Ifinite ys
llast xs = lfirst ys
shows llast(lfuse zs ys) = llast ys
using assms
by (metis lfirst-def lfuse-def Ihd-LCons-ltl llast-LCons llast-lappend)

lemma Ifuse-assoc:
assumes — [null s
= Inull ys
= Inull zs
shows  (lfuse xs (Ifuse ys zs)) = (lfuse (Ifuse xs ys) zs)
using assms
by (metis lappend-assoc lappend-Itl [fuse-def Ifuse-conv-Inull)

lemma Ifirst-llast:

assumes < [length zs

shows  llast (ltake (Suc 7) zs) = Ifirst (ldropn i xs)
using assms

by (simp add: lfirst-def lhd-ldropn ltake-Suc-conv-snoc-Inth)

lemma ltake-lfuse:
shows  ltake (llength xs) (lfuse zs ys) = xs
by (metis dual-order.refl lappend-lnull2 Ifuse-def ltake-all ltake-lappend?)

lemma llast-Ifirst-LNil:
llast LNil = lfirst LNil
by (simp add: lfirst-def lhd-def llast-LNil)

lemma Idrop-lappend-either-LNil:
assumes Ilnull zs V Inull ys
shows  ldrop (llength xs) (lappend xs ys) =
(if lfinite zs then ys else LNil)
proof —
have 1: lnull xs = ?thesis
by (simp add: lappend-Inulll)
have 2: lnull ys = ?thesis
by (metis dual-order.refl lappend-LNil2 ldrop-eq-LNil Inull-def)
show ?thesis
using I 2 assms by blast
qed

lemma Idrop-Ifuse:
assumes llast xs = Ifirst ys
shows  ldrop (if — Inull zs A — Inull ys then epred(llength xs) else (llength zs)) (Ifuse zs ys) =
(if lfinite xs then ys else LNil)
proof —
have 3: lfuse zs ys = (if = Inull zs A = Inull ys
then lappend (lbutlast xs) ys
else lappend s ys)
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by (meson assms Ilfuse-def Ilfuse-lbutlast)
have 4: ldrop ((if — Inull zs A = Inull ys then epred(llength xs) else (llength zs)))
(if = Inull zs N = Inull ys
then lappend (lbutlast xs) ys
else lappend zs ys) = (if lfinite zs then ys else LNil)
proof (cases lfinite xs)
case True
then show ?thesis
by (simp add: ldrop-lappend Ifinite-llength-enat)
next
case Fulse
then show “thesis
by simp
(metis epred-Infty llength-eq-infty-conv-lfinite Inull-imp-Ifinite)
qed
show ?thesis
by (simp add: 3 4)
qed

lemma Idrop-lfuse-a:

assumes — [null xs
= Inull ys
llast s = lfirst ys

shows  ldrop (epred(llength xs)) (lfuse xs ys) =
(if lfinite zs then ys else LNil)

using assms

using Ildrop-ifuse by force

lemma Ifuse-ltake-ldrop:

assumes ¢ < llength zs

shows Ifuse (ltake (eSuc i) xs) (ldrop i xs) = xs

using assms

by (metis lappend-ltake-ldrop ldrop-eSuc-conv-ltl ldrop-Inull leD Ifuse-def Inull-ldrop
ltake.disc(2) zero-ne-eSuc)

lemma Iset-Ifuse:
shows Iset (Ifuse xs ys) =
(if lfinite zs then
(if = Inull zs N — Inull ys then lset zs U lset (Itl ys) else lset xs U lset ys)
else lset xs)
by (simp add: lappend-inf fuse-def)

lemma mono-llist-lfuse2 [partial-function-mono]:
mono-llist A = mono-llist (\f. lfuse zs (A f))
by (auto intro!: monotonel Iprefix-lappend-samel simp add: Ifuse-def Inull-lprefiz
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llist.case-eq-if fun-ord-def lprefiz-ItlI monotone-def dest: monotoneD)
(metis llist.collapse(1) Iprefix-Utl Itl-simps(1))

lemma mono2mono-ifuse2 [THEN llist.mono2mono, cont-intro, simp|:
shows monotone-lfuse2: monotone (lprefix) (Iprefix) (Ifuse xs)
by (rule monotonel)
(metis Coinductive-List.finite-lprefiz-def Coinductive-List.finite-Iprefix-nitpick-simps(1)
lfuse-def lprefiz-LNil Iprefiz-lappend-samel ltl-simps(1) monotoneD monotone-Itl)

lemma silys:

assumes f = g

shows mcont [Sup (lprefix) (Sup (lprefix) f =
mcont ISup (Iprefiz) [Sup (Iprefix) g

using assms by auto

lemma Ifuse-LNil-eq-id:
Ifuse LNil = id
by (simp add: fun-eq-iff llist.case-eq-if)

lemma mcont2mcont-lfuse2 [THEN llist.mcont2mcont, cont-intro, simp:
shows mcont-lfuse2: mcont [Sup (lprefix) ISup (Iprefiz) (lfuse xs)
proof(cases Ilfinite xs)
case True
thus “thesis
proof induct
case lfinite-LNil
then show ?case using lfuse-LNil-eq-id by simp
next
case (Ifinite-LConsl xs x)
then show ?case by (simp add:monotone-lfuse?2)
qed
next
case Fulse
hence Ifuse zs = (\-. xs)
by (simp add: fun-eq-iff lappend-inf ifuse-def)
thus ?thesis by(simp add: ccpo.cont-const|OF llist-ccpo))
qed

lemma Ifuse-inf: — Ilfinite s = lfuse xs ys = ws
by (simp add: lappend-inf lfuse-def)

lemma llist-all2-Ifusel:
assumes 1: [list-all2 P zs ys
and 2: [ lfinite zs; lfinite ys | = llist-all2 P xs’ ys'
shows llist-all2 P (lfuse xs xs’) (Ifuse ys ys')
proof(cases Ilfinite xs)
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case True
with 1 have Ifinite ys by(auto dest: llist-all2-lfiniteD)
from 1 2[OF True this] show ?thesis
proof (coinduction arbitrary: xs ys)
case LNil
then show ?Zcase by (simp add: lfuse-conv-Inull llist-all2-InullD)
next
case LCons
then show ?case
by (metis (no-types, lifting) lfuse-def llist.rel-sel llist-all2-lappendl)
qed
next
case Fulse
with 1 have — Ifinite ys by(auto dest: llist-all2-IfiniteD)
with Fulse 1 show ?thesis
by (simp add: Ifuse-inf)
qed

1.1.4 ridx and lidx

lemma ridz-lidz:

ride (<) zs = lids xs
unfolding lidx-def ridz-def
by simp

lemma ridx-expand-1:
ride R xs «— Inull xs V llength s = 1V
(1 < llength zs A (¥ n. (Suc n)<llength s — R (Inth zs n) (Inth zs (Suc n))))
unfolding ridz-def
by (metis Zero-not-Suc enat-0-iff (1) gr-implies-not-zero iless-eSucO linorder-cases llength-eq-0
one-eSuc)

lemma lidz-expand-1:
lide xs «— Inull xs V llength s = 1V
(1 < llength zs N (Y n. (Suc n)<llength zs — Inth zs n < Inth zs (Suc n)))
using ridz-lidx ridz-expand-1 by blast

lemma ridz-LCons:
ride R (LCons z zs) <—
Inull zs Vv
(0 < llength s N
(Vn. (Suc n)< eSuc (llength xs) — R (Inth (LCons z xs) n) (Inth (LCons x zs) (Suc n))))
unfolding ridz-def
using enat-0-iff (1) by force

lemma lidz-LCons:
lide (LCons z xs) +—
Inull xs V
(0 < llength s N
(Vn. (Suc n)< eSuc (llength xs) — Inth (LCons z zs) n < Inth (LCons z xs) (Suc n)))
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using ridz-lidz[of (LCons x xs)| ride-LCons[of (<) x xs| by blast

lemma ridz-LCons-conv:
(0 < llength xzs A
(Vn. (Suc n)< eSuc (llength xs) — R (Inth (LCons z xs) n) (Inth (LCons x zs) (Suc n))))
«— (0 < llength xs A
R z (lhd xs) A
(Vn. 0< n A (Suc n)< (llength zs) — R (Inth zs n) (Inth zs (Suc n))))
proof —
have I: (0 < llength zs N
(Vn. (Suc n)< eSuc (llength xs) — R (Inth (LCons = zs) n) (Inth (LCons x xs) (Suc n)))) <—
(0 < length zs N
(Vn. 0< n A (Suc n)< eSuc (llength xs) — R (Inth (LCons x zs) n) (Inth (LCons x zs) (Suc

n))))
by blast

have 2: (0 < llength zs A
(Vn. 0< n A (Suc n)< eSuc (llength xs) — R (Inth (LCons x xs) n) (Inth (LCons x xs) (Suc
n))
(0 < llength zs N
R z (lhd xs) A
(Vn. 1< n A (Suc n)< eSuc (llength zs) — R (Inth (LCons x zs) n) (Inth (LCons z zs) (Suc
)

by (metis Extended-Nat.eSuc-mono One-nat-def eSuc-enat gr-implies-not-zero ldropn-0 less-Suc-eq

Ihd-ldropn Inth-0 Inth-Suc-LCons not-le-imp-less zero-enat-def)
have 3: (0 < llength zs A
R z (lhd xs) A
(Vn. 1< n A (Suc n)< eSuc (llength zs) — R (Inth (LCons x xs) n) (Inth (LCons z xs) (Suc
n)))
(0 < llength zs A
R z (lhd xs) A
(Vn. 1< n A (n)< (llength xzs) — R (Inth (LCons = xs) n) (Inth (LCons z xs) (Suc n))))
using Suc-ile-eq by auto
have 4: (0 < llength xs A
R z (Ihd xs) A
(Vn. 1< n A (n)< (llength zs) — R (Inth (LCons z xs) n) (Inth (LCons z zs) (Suc n)))) «<—
(0 < llength xs N
R z (lhd xs) A
(Vn. 1< n A (n)< (llength xzs) — R (Inth zs (n —1)) ( Inth zs ( n))))
by (metis le-add-diff-inverse llist.disc(2) Inth-ltl ltl-simps(2) plus-1-eq-Suc)
have 5: (0 < llength zs A
R z (lhd xs) A
(Vn. 1< n A (n)< (llength zs) — R (Inth zs (n —1)) ( Inth zs ( n)))) <—
(0 < llength xs N
R z (lhd xs) A
(Vn. 0< (n—1) A (Suc (n—1))< (llength zs) — R (Inth zs (n —1)) (Inth zs (Suc (n —1)))))
by (metis diff-Suc-1 le0 le-addl le-add-diff-inverse plus-1-eq-Suc)
have 6: (0 < llength zs N\
R z (lhd xs) A
(Vn. 0< (n—1) A (Suc (n—1))< (llength zs) — R (Inth zs (n —1)) (Inth zs (Suc (n —1)))))
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(0 < llength xs N
R z (lhd xs) A
(Vn. 0< n A (Suc n)< (llength xs) — R (Inth zs n) (Inth zs (Suc n))))
by (metis diff-Suc-1)
show %thesis
using 2 3 4 5 6 by auto
qed

lemma lidz-LCons-conv:
(0 < llength zs A\ (¥ n. (Suc n)< eSuc (llength xs) — Inth (LCons z xzs) n < Inth (LCons z zs) (Suc n)))
«— (0 < llength zs A
x< lhd zs A
(Vn. 0< n A (Suc n)< (llength xs) — Inth zs n < Inth zs (Suc n)))
using ridz-LCons-conv
by metis

lemma ridz-LCons-1 [simp]:

ride R (LCons © xs) <— Inull xs V (0 < llength s A R x (Ihd zs) A ride R xs )
unfolding ridz-def

using ridz-LCons-conv[of zs R x]

by (auto simp add: enat-0-iff (1))

lemma lidz-LCons-1 [simp]:
lidv (LCons x xs) <— Inull zs vV (0 < llength s N z< lhd xs A lidz xs )
using ridz-lidz[of LCons x xs | ride-lidz[of xs|ridz-LCons-1[of (<) = zs] by blast

lemma ridx-less:
assumes ridx R zs
Suc(n+k) < llength xs
transp R
shows R (Inth zs n) (Inth zs (Suc(n+k)))
using assms unfolding ridz-def
proof (induct k)
case (
then show ?case by simp
next
case (Suc k)
then show ?case
by (metis Suc-ile-eq add-Suc-right order-less-imp-le transpE)
qed

lemma lidz-less:
assumes lidr zs
Suc(n+k) < llength xs
shows  Inth zs n < Inth zs (Suc(n+k))
using assms ridz-lide ridz-less[of (<) zs n k| transp-on-less by blast
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lemma ridz-less-eq:
assumes ridz R zs
k<j
j < llength xs
transp R
reflp R
shows R (Inth xs k) (Inth zs j)
proof (cases k=j)
case True
then show ?thesis using assms by (simp add: refip-def)
next
case Fulse
then show ?thesis using assms
by (metis less-iff-Suc-add order-neg-le-trans ridx-less)
qed

lemma lidz-less-eq:
assumes lidr xs
k<j
j < llength xs
shows [nth zs k < Inth zs j
using assms ridz-lide ridz-less-eq[of (<) xs k j |
by (metis dual-order.order-iff-strict less-iff-Suc-add lidz-less)

lemma ridx-gr-first:
assumes ridzr R s
0<i
i < llength xs
transp R
shows R (Inth xs 0) (Inth s 7)
using assms ridz-less[of R zs 0 i—1 | unfolding ridz-def by simp

lemma lidx-gr-first:
assumes lidx xs
0<i
i < llength xs
shows (Inth zs 0) < Inth xs i
using assms lidz-less[of xs 0 i—1 | unfolding lidz-def by simp

lemma ridz-ltake-a:

assumes 7ridzr R s

n < llength s

shows ridz R (ltake n xs)
using assms
unfolding ridz-def
by simp

(metis Suc-ile-eq dual-order.strict-trans1 Inth-ltake order-less-imp-le)

lemma lidz-ltake-a:
assumes lidr s
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n < llength s
shows lidz (ltake n xs)
using assms
using ridz-lidx ridz-ltake-a by blast

lemma ridz-lappend-Ifinite:
assumes Ifinite xs
shows  ridz R (lappend xs ys) +—
ride R xs A ((Inull zs V Inull ys) V R (llast xs) (lhd ys)) A ridz R ys
using assms
proof (induction zs arbitrary: ys)
case lfinite-LNil
then show ?case by (simp add: ridz-expand-1)
next
case (lfinite-LConsl s x)
then show Zcase
proof (cases Inull xs)
case True
then show ?thesis
by (metis lappend-code(1) lappend-code(2) llast-singleton llength-LCons llist.collapse(1)
one-eSuc order-neq-le-trans ridz-LCons-1 ridz-expand-1 zero-le)
next
case Fulse
then show ?thesis
by (simp add: lfinite-LConsl.IH llast-LCons)
qed
qed

lemma lidz-lappend-Ifinite:
assumes Ifinite xs
shows lidzx (lappend s ys) <+—
lide xs A\ ((Inull zs V Inull ys) V (llast xs) < (lhd ys)) A lidz ys
using assms by (metis ridz-lappend-ifinite ridz-lidz)

lemma ridz-ldrop:
assumes 7idz R zs
n < llength s
shows ridz R (ldrop n xs)
proof —
have I: zs = lappend (ltake n zs) (ldrop n xs)
by (simp add: lappend-ltake-ldrop)
have 2: - lfinite (ltake n xs) = ?thesis
by (simp add: ridz-expand-1)
have 3: lfinite (ltake n xs) = ridz R (lappend (ltake n zs) (Idrop n zs)) «—
ride R (ltake n xs) A
((Inull (ltake n xs) V Inull (ldrop n xs)) V R (llast (Itake n xs)) (lhd (ldrop n xs))) A
ride R (ldrop n xs)
using ridz-lappend-lfinite[of (ltake n zs) R (ldrop n xs) | by blast
have 4: lfinite (ltake n xs) => ?thesis
using 1 3 assms by metis
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show “thesis using 2 / by blast
qed

lemma lidz-Idrop:
assumes lidz s
n < llength s
shows lidz (ldrop n xs)
using assms ridz-ldrop ridz-lide by blast

lemma ridz-ltake-all:
assumes An. n< llength s = ridz R (ltake (enat n) xs)
shows ridz R zs
using assms
unfolding ridz-def
by auto
(metis Suc-ile-eq dual-order.refl eSuc-enat ile-eSuc lessI Inth-ltake)

lemma lidz-ltake-all:

assumes An. n< llength xs = lidr (ltake (enat n) xs)
shows lidz zs

using assms ridx-ltake-all ridz-lide by blast

lemma ridz-ltake:
assumes ridz R (ltake n zs)
n < llength s
Ek<mn
shows ridz R (ltake (enat k) xs)
using assms
using ridz-ltake-a by fastforce

lemma lidx-ltake:
assumes lidz (ltake n xs)
n < llength s
kEk<n
shows lidz (ltake (enat k) xs)
using assms ridz-ltake ridz-lidz by blast

lemma lidz-imp-lsorted:

assumes lidz s

shows [sorted xs

using assms

by (metis (no-types, lifting) less-imp-le lhd-LCons-ltl lidz-LCons-1 lsorted-coinduct’)

lemma lidz-imp-ldistinct:
assumes lidr s

shows [distinct s

using assms

proof (coinduction arbitrary: xs)
case (ldistinct zsa)

then show ?case
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proof —
have 1: [hd zsa ¢ Iset (Itl zsa)
by (metis empty-iff lappend-code(1) lappend-Inull2 ldistinct(1) ldistinct(2) leD lhd-LCons-ltl
lide-LCons-1 lidz-imp-lsorted lmember-code(2) Ilset-LNil lset-lImember lsortedD)
have 2: ((zs. ltl zsa = xs A lide xs) V ldistinct (It xsa))
unfolding lidx-def
by (metis Extended-Nat.eSuc-mono eSuc-enat ldistinct(1) ldistinct(2) lhd-LCons-ltl lidz-def
llength-LCons Inth-ltl)
show ?thesis
using 1 2 by auto
qed
qed

lemma Idistinct-Ezl:
assumes Idistinct xs
x € lset xs
shows 3. i< llength zs A (Inth xs i) = x
using assms
by (metis in-lset-conv-Inth ldistinct-conv-Inth)

lemma lidz-Iset-eq:
assumes lidr xs
lide ys
lset xs = Iset ys
shows zs = ys
using assms
by (simp add: lidz-imp-ldistinct lidz-imp-lsorted lsorted-ldistinct-lset-unique)

lemma ridx-lfuse-lfirst-llast:
assumes 7idr R ys

(Inth ys 0 ) = (0::nat)

ride R zs

(Inth zs 0) = 0

Ifinite ys

Ifinite xs

= Inull zs

= Inull zs

llast ys = cp
shows llast ys = Ifirst(Ilmap (Az. z+cp) 2zs)
using assms unfolding [first-def
by (simp add: Inth-0-conv-lhd)

lemma lidz-Ifuse-Ifirst-llast:
assumes lidzr ys
(Inth ys 0) = 0
lidz zs
(Inth zs 0) = 0
Ifinite ys
Ifinite xs
- Inull zs
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= Inull zs

llast ys = cp
shows llast ys = lfirst(lmap (Az. z+cp) 2s)
using assms

by (simp add: lfirst-def Inth-0-conv-lhd)

lemma ridx-ifuse-Inth-cp:
assumes 7idr R ys
(Inthys 0) = 0
ride R zs
(Inth zs 0) = 0
Ifinite ys
Ifinite zs
Ifinite xs
= Inull zs
= Inull zs
= Inull ys
llast ys = cp
llast zs = the-enat(epred (llength zs)) — cp
i < (llength zs)
cp < llength xs
shows Inth (Ifuse ys (Imap (Axz. z+cp) zs)) (the-enat(epred(llength ys)) + i) = cp + (Inth zs i)
proof —
have 1: llast ys = Ilfirst(lmap (Az. z+cp) 2s)
by (metis assms(11) assms(4) assms(9) lfirst-def llist.map-sel(1) Inth-0-conv-lhd plus-nat.add-0)
have 3: lfirst(Imap (Az. x+cp) zs) = cp + (Inth zs 0)
using 1 assms(11) assms(4) by force
have 8: i< epred(llength zs)
using assms
by (metis co.enat.exhaust-sel iless-Suc-eq llength-eq-0)
have 81: enat (the-enat (epred (llength ys)) + i) <
enat (the-enat (epred (llength ys)) + (the-enat (epred(llength zs))))
by (metis 8 add-mono-thms-linordered-semiring(2) assms(6) assms(9) co.enat.exhaust-sel
enat-ord-simps(1) enat-ord-simps(4) enat-the-enat ile-eSuc iless-Suc-eq Ilfinite-llength-enat
llength-eq-0 order-le-less-trans)
have 9: epred(llength zs) < llength zs
by (metis assms(6) assms(9) co.enat.exhaust-sel ile-eSuc iless-Suc-eq lfinite-llength-enat
llength-eq-0 order-neg-le-trans)
have 10: epred (llength ys) < enat (the-enat (epred (llength ys)) + (i::nat))
by (metis assms(10) assms(5) co.enat.exhaust-sel enat-ord-simps(1) enat-the-enat ile-eSuc
infinity-ileE le-add1 Ifinite-llength-enat llength-eq-0)
have 83: enat (the-enat (epred (llength ys)) + (the-enat (epred(llength zs)))) =
enat (the-enat (epred (llength ys) + epred(llength zs)))
by (metis 10 9 enat-ord-code(4) enat-the-enat leD order-less-imp-le plus-enat-simps(1))
have 84: enat (the-enat (epred (llength ys) + epred(llength zs))) =
( (epred (llength ys) + epred(llength zs)))
by (metis 10 9 enat-ord-code(4) enat-the-enat leD order-less-imp-not-less plus-enat-simps(1))
have 85: epred(llength ys) < llength ys
by (metis 10 assms(10) co.enat.ezhaust-sel enat-ord-code(4) enat-the-enat ile-eSuc iless-Suc-eq
leD llength-eq-0 order-neg-le-trans)
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have 86: llength (Ifuse ys (Imap (Az::nat. x + cp) zs)) = llength ys + epred(llength zs)
by (simp add: assms(10) Ifuse-llength)
have 87: ( (epred (llength ys) + epred(llength zs))) < llength ys + epred(llength zs)
by (metis 83 84 85 add.commute enat-le-plus-same(2) enat-less-enat-plusI2 enat-the-enat
infinity-ileE)
have 82: enat (the-enat (epred (llength ys)) + (the-enat (epred(llength zs)))) <
llength (lfuse ys (Imap (Az:nat. x + cp) zs))
using 83 84 86 87 by presburger
have 11: enat (the-enat (epred (llength ys)) + i) < length (Ifuse ys (Imap (Az::nat. x + cp) 2s))
using 81 82 order-le-less-trans by blast
have 12: (the-enat (epred (llength ys)) + i — the-enat (epred (llength ys))) = i
by auto
have 4: Inth (Ifuse ys (Imap (Ax. x+cp) zs)) (the-enat(epred(llength ys)) + i ) =
(Inth (Imap (Az. z+cp) zs) 1)
by (simp add: 1 10 11 assms(13) assms(9) Ifuse-Inth-c)
have 5: (Inth (Imap (A\z. x+cp) zs) i) = cp + (Inth zs 0)
by (simp add: assms)
show “thesis
using 4 5 by presburger
qged

lemma lidx-lfuse-Inth-cp:
assumes lidr ys
(Inth ys 0) = 0
lidz zs
(Inth zs 0 ) = 0
Ifinite ys
Ifinite zs
Ifinite xs
- Inull zs
= Inull zs
= Inull ys
llast ys = cp
llast zs = the-enat(epred (llength zs)) — cp
i < (llength zs)
cp < llength xs
shows Inth (Ifuse ys (Imap (Az. z+cp) zs)) (the-enat(epred(llength ys)) + i) = cp + (Inth zs i)
using assms ridz-lide ridz-lfuse-Inth-cp by blast

lemma ridx-lfuse-Inth-cp-a:
assumes 7idr R ys
(Inthys 0) = 0
ride R zs
(Inth zs 0) = 0
Ifinite ys
Ifinite zs
Ifinite xs
= Inull zs
= Inull zs
= Inull ys
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llast ys = cp
llast zs = the-enat(epred (llength zs)) — cp
i < (epred(llength ys)) + (llength zs)
the-enat(epred(llength ys)) < i
cp < llength xs
shows Inth (Ifuse ys (Imap (Az. z+cp) 28)) @ = cp + (Inth zs (i —the-enat(epred(llength ys))))
proof —
have 1: i = (the-enat (epred (llength ys)) + (i — the-enat (epred (llength ys))))
using assms by fastforce
have 2: enat (i — the-enat (epred (llength ys))) < llength zs
using assms
by (metis 1 enat-add-mono epred-enat Ilfinite-llength-enat plus-enat-simps(1) the-enat.simps)
show “thesis
using 1 2 assms ridz-lfuse-Inth-cplof R ys zs xs cp (i —the-enat(epred(llength ys)))]
by presburger
qed

lemma lidz-Ifuse-Inth-cp-a:
assumes lidx ys
(Inthys 0) = 0
lidx zs
(Inth zs 0) = 0
Ifinite ys
Ifinite zs
Ifinite xs
- Inull zs
= Inull zs
= Inull ys
llast ys = cp
llast zs = the-enat(epred (llength zs)) — cp
i < (epred(llength ys)) + (llength zs)
the-enat(epred(llength ys)) < @
cp < llength xs
shows Inth (Ifuse ys (Imap (Az. x+cp) zs)) () = cp + (Inth zs (¢ —the-enat(epred(llength ys))))
using assms ridx-lide ridz-lfuse-Inth-cp-a by blast

lemma ridz-Ifuse-Inth-cp-llast:
assumes ridr R ys

(Inth ys 0) = 0

ride R zs

(Inth zs 0) = 0

Ifinite ys

lfinite zs

Ifinite xs

= Inull zs

= Inull zs

= Inull ys

llast ys = cp

llast zs = the-enat(epred (llength zs)) — cp

i < (llength zs)
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cp < llength zs
shows llast (Ifuse ys (Imap (Az. z+cp) zs)) = (the-enat (epred(llength xs)))
proof —
have 1: llast (Ifuse ys (Imap (Az. z+cp) zs)) = last (Imap (Az. z+cp) 2s)
using assms
by (metis add-cancel-left-left lfinite-Imap Ifirst-def llast-lfuse llist.map-disc-iff
llist.map-sel(1) Inth-0-conv-lhd)
have 2: llast (Imap (Az. z+cp) zs) = cp + (llast zs)
by (simp add: assms(6) assms(9) llast-Imap)
have 3: ¢p + (llast zs) = (the-enat (epred(llength xs)))
using assms
by (metis add-diff-inverse-nat co.enat.erhaust-sel enat-ord-simps(2) enat-the-enat ilell
ile-eSuc infinity-ileE leD Ifinite-conv-llength-enat llength-eq-0)
show ?thesis using 1 2 3 by auto
qed

lemma lidx-lfuse-Inth-cp-llast:
assumes lidzr ys
(Inth ys 0 ) = 0
lidz zs
(Inth zs 0) = 0
Ifinite ys
Ifinite zs
Ifinite xs
= Inull zs
= Inull zs
= Inull ys
llast ys = cp
llast zs = the-enat(epred (llength zs)) — cp
i < (llength zs)
cp < llength xs
shows llast (Ifuse ys (Imap (A\z. z+cp) zs)) = (the-enat (epred(llength xs)))
using assms ridx-lide ridz-lfuse-Inth-cp-llast by blast

lemma ridz-Ifuse-Inth-cp-infinite:
assumes ridr R ys
(Inth ys 0 ) = (0::nat)
ride R zs
(Inth zs 0 ) = 0
Ifinite ys
=lfinite zs
lfinite xs
= Inull ys
llast ys = cp
shows inth (Ifuse ys (Imap (Az. x+cp) zs)) (the-enat(epred(llength ys)) + i) = cp + (Inth zs ©)
proof —
have 1: llast ys = Ifirst(Imap (Az. x+cp) 2s)
by (metis assms(4) assms(6) assms(9) Ilfirst-def llist. map-sel(1) Inth-0-conv-lhd
Inull-imp-Ilfinite plus-nat.add-0)
have 3: lfirst(Imap (Ax. z+cp) zs) = cp + (Inth zs 0)
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using 1 assms by auto
have 8: i< epred(llength zs)
by (metis assms(6) enat.simps(3) ldrop-eq-LNil Ilfinite-ldrop Ilfinite-ltl linorder-le-cases llength-Itl)
have 10: epred (llength ys) < enat (the-enat (epred (llength ys)) + (i::nat))
by (metis add.right-neutral add-le-same-cancell assms(5) assms(8) co.enat.exhaust-sel
enat-ord-simps(1) enat-the-enat ile-eSuc infinity-ileE le-zero-eq Ilfinite-llength-enat
linorder-le-cases llength-eq-0)
have 11: enat (the-enat (epred (llength ys)) + i) < length (Ifuse ys (Imap (Az::nat. x + cp) zs))
using assms
by (metis 1 enat-ile ldrop-lfuse Ilfinite-conv-llength-enat lfinite-ldrop
Ifinite-lmap not-le-imp-less)
have 12: (the-enat (epred (llength ys)) + i — the-enat (epred (llength ys))) = i
by auto
have /4: Inth (Ilfuse ys (Imap (Az. z+cp) z2s)) (the-enat(epred(llength ys)) + i ) =
(Inth (Imap (Az. z+cp) zs) 1)
using assms
by (metis 1 10 11 12 lIfuse-Inth-c llist.map-disc-iff Inull-imp-Ifinite)
have 5: (Inth (Imap (A\z. x+cp) zs) i) = cp + (Inth zs )
using assms
by (metis 8 add.commute co.enat.exhaust-sel iless-Suc-eq llength-eq-0 Inth-lmap
Inull-imp-Ifinite)
show “thesis
using 4 5 by presburger
qged

lemma lidz-lfuse-Inth-cp-infinite:
assumes lidzr ys
(Inth ys 0) = 0
lidz zs
(Inth zs 0 ) = 0
Ifinite ys
=lfinite zs
=lfinite xs
= Inull ys
llast ys = cp
shows Inth (Ifuse ys (Imap (Az. z+cp) 2s)) (the-enat(epred(llength ys)) + i) = cp + (Inth zs i)
using assms ridx-lide ridz-lfuse-Inth-cp-infinite by blast

lemma lidx-lfuse-lidz:
assumes lidr ys
Inth ys 0 = 0
lide zs
Inth zs 0 = 0
Ifinite ys
= Inull ys
llast ys = cp
Ifinite zs
= Inull zs
Ifinite xs
llast zs = the-enat(epred(llength xs)) —cp
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cp < llength xs
¢ < llength zs
cp < llength xs
shows lidz (Ilfuse ys (Imap (A\z. z+ cp) zs)) A (Inth (Ifuse ys (Imap (Az. z+ cp) zs)) 0) = 0
proof —
have 1: llast ys = Ilfirst(lmap (Az. x+ cp) zs)
by (metis assms(4) assms(7) assms(9) cancel-comm-monoid-add-class.diff-cancel diff-add
dual-order.refl lfirst-def llist.map-sel(1) Inth-0-conv-lhd)
have 2: Ifirst (Ifuse ys (Imap (Az. x4 cp) zs)) = lfirst ys
by (simp add: assms(6) assms(9) Ifirst-lfuse-1)
have 3: llength (lfuse ys (Imap (Az. z+ cp) zs)) = llength ys + epred(llength zs)
by (simp add: assms(13) assms(6) lfuse-llength)
have /: \j. j<llength ys = Inth (Ifuse ys (Imap (A\z. xz+ cp) zs)) j= Inth ys j
using Ifuse-Inth-a by blast
have 40: 3 k1. llength ys = (enat k1)
by (simp add: assms(5) lfinite-llength-enat)
obtain kI where 41: llength ys = (enat k1)
using 40 by blast
have /2: (enat (k1 —1)) = epred(llength ys)
using 41 epred-enat by presburger
have 43: 0<k1
using assms 41
by (metis grol llength-eq-0 zero-enat-def)
have /4: the-enat(epred(llength ys)) = (k1 —1)
by (metis 42 the-enat.simps)
have 5: A\j. epred(llength ys) <j A j < epred(llength ys) + llength zs —>
Inth (Ifuse ys (Imap (A\z. z+ cp) 2s)) j =
cp + (Inth zs (j— the-enat(epred(llength ys))))
using assms lidz-lfuse-Inth-cp-alof ys zs xs cp)
by (metis enat-ord-simps(1) enat-the-enat gr-implies-not-zero
infinity-ileE  llength-eq-0)
have /5: \j. ki—1 <j A j < (enat (kI—1)) + llength zs =
Inth (lfuse ys (Imap (A\z. z+ cp) 2s)) j =
cp + (Inth zs (j— (k1—1)))
using 5 44 by (metis 42 enat-ord-simps(1))
have 50: llength(lfuse ys (Imap (Az. x+ cp) zs)) = epred(llength ys) + llength zs
using assms
by (metis 3 add.commute epred-iadd1 llength-eq-0)
have 51: \j. enat (Suc j) < llength ys =
(Inth (Ifuse ys (Imap (Az. x+ cp) 25)) j) <
(Inth (Ifuse ys (Imap (Az. z+ cp) z5)) (Suc 7))
by (metis assms(1) assms(5) eSuc-enat iless-Suc-eq lfinite-conv-llength-enat Ifuse-Inth-a
lidz-def not-le-imp-less not-less-iff-gr-or-eq)
have 52: \j. ki—1 <j A (Suc j) < enat (k1—1) + llength zs =
cp + (Inth zs (j— (k1-1))) <
cp + (Inth zs ((Suc j)— (k1-1)))
using assms(3) unfolding lidz-def
by simp
(metis Suc-diff-le add-Suc-right assms(8) enat-ord-simps(2) leD lfinite-llength-enat
nat-add-left-cancel-le not-le-imp-less ordered-cancel-comm-monoid-diff-class.add-diff-inverse
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plus-enat-simps(1))
have 6: \j. enat (Suc j) < length(lfuse ys (Imap (A\z. x+ cp) zs)) =
(Inth (Ifuse ys (Imap (Az. z+ cp) 2s)) j) <
(Inth (Ifuse ys (Imap (Az. x+ cp) zs)) (Suc j))
proof —
fix j
assume a: enat (Suc j) < llength(lfuse ys (Imap (Az. z+ cp) zs))
show (Inth (Ifuse ys (Imap (Axz. x+ cp) 25)) j) < (Inth (ifuse ys (Imap (Az. =+ cp) zs)) (Suc j))
proof —
have 61: enat (Suc j) < llength ys —
(Inth (lfuse ys (Imap (Az. z+ cp) 2s)) j) < (Inth (ifuse ys (Imap (Az. z+ cp) zs)) (Suc j))
using 51 by blast
have 62: k1—1 <j A (Suc j) < llength(lfuse ys (Imap (Az. =+ cp) zs)) =
(Inth (Ifuse ys (Imap (Az. x+ cp) zs)) j) < (Inth (ifuse ys (Imap (Az. x+ cp) zs)) (Suc j))
by (metis 42 45 50 52 Suc-ile-eq nle-le not-less-eq-eq order-less-imp-le)
show “thesis
by (metis 41 43 61 62 Suc-diff-1 Suc-mono a enat-ord-simps(2) lel)
qged
qed
show ?thesis unfolding lidz-def
by (simp add: 41 43 6 assms(13) assms(2) lfuse-Inth-a)
qed

lemma lidx-lfuse-lidx-infinite:
assumes lidr ys
Inth ys 0 = 0
lide zs
Inth zs 0 = 0
Ifinite ys
= Inull ys
llast ys = cp
=lfinite zs
=lfinite xs
shows lidz (Ilfuse ys (Imap (Az. z+ cp) zs)) A (Inth (Ifuse ys (Imap (Az. z+ cp) zs)) 0) = 0
proof —
have 1: llast ys = Ifirst(Imap (Az. x+ cp) 2s)
by (metis assms(4) assms(7) assms(8) lfirst-def llist.map-sel(1) Inth-0-conv-lhd
Inull-imp-Ifinite plus-nat.add-0)
have 2: Ifirst (Ifuse ys (Imap (A\z. z+ cp) zs)) = Ilfirst ys
by (simp add: assms(6) lfirst-lfuse-1)
have /: \j. j<llength ys = Inth (Ilfuse ys (Imap (Az. z+ cp) 2s)) j= Inth ys j
using Ifuse-Inth-a by blast
have 40: 3 k1. llength ys = (enat k1)
by (simp add: assms(5) lfinite-llength-enat)
obtain k! where 41: llength ys = (enat k1)
using 40 by blast
have 42: (enat (k1 —1)) = epred(llength ys)
using 41 epred-enat by presburger
have 43: 0<kl1
using assms 41
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by (metis grol llength-eq-0 zero-enat-def)
have /4: the-enat(epred(llength ys)) = (k1 —1)
by (metis 42 the-enat.simps)
have 5: A\j. epred(llength ys) <j A j < epred(llength ys) + llength zs —>
Inth (Ifuse ys (Imap (Az. z+ cp) 2s)) j =
cp + (Inth zs (j— the-enat(epred(llength ys))))
using assms lidz-lfuse-Inth-cp-infinite|of ys zs xs cp |
by (metis 42 44 enat-ord-simps(1) ordered-cancel-comm-monoid-diff-class.add-diff-inverse)
have 45: \j. k1—1 <j A j < (enat (k1—1)) + llength zs =
Inth (Ifuse ys (Imap (A\z. z+ cp) 2s)) j =
cp + (Inth zs (j— (k1—1)))
using 5 44 by (metis 42 enat-ord-simps(1))
have 46: llength ys + epred (llength zs) = epred (llength ys) + llength zs
by (metis add.commute assms(6) assms(8) epred-iaddl llength-eq-0 Inull-imp-Ifinite)
have 50: llength(lfuse ys (Imap (Az. z+ cp) zs)) = epred(llength ys) + llength zs
using Ifuse-llength[of ys (Imap (Az::nat. z + cp) zs) |
llength-lmaplof (Az::inat. x + cp) zs]
using 46 assms(6) by presburger
have 51: \j. enat (Suc j) < llength ys —
(Inth (Ifuse ys (Imap (Az. x+ cp) 25)) j) <
(Inth (lfuse ys (Imap (Az. z+ cp) 25)) (Suc 7))
by (metis assms(1) assms(5) eSuc-enat iless-Suc-eq lfinite-conv-llength-enat lfuse-Inth-a
lidz-def not-le-imp-less not-less-iff-gr-or-eq)
have 52: \j. k1—1 <j A (Suc j) < enat (k1—1) + llength zs —
cp + (Inth zs (j— (k1-1))) <
cp + (Inth zs ((Suc j)— (k1-1)))
using assms(3) unfolding lidz-def by simp
(metis Nat.add-diff-assoc assms(8) enat-ile lfinite-conv-llength-enat not-le-imp-less
plus-1-eq-Suc)
have 53: \j. ki—1 <j A (Suc j) < enat (k1—1) + llength zs —>
Inth (lfuse ys (Imap (A\z. z+ cp) 2s)) j <
Inth (Ifuse ys (Imap (Az. z+ cp) zs)) (Suc j)
by (metis 45 52 Suc-ile-eq nle-le not-less-eq-eq order-less-imp-le)
have 6: \j. enat (Suc j) < llength(lfuse ys (Imap (Az. z+ cp) z5)) =
(Inth (Ifuse ys (Imap (Az. x+ cp) 2s)) j) <
(Inth (Ifuse ys (Imap (A\z. x+ cp) zs)) (Suc j))
by (metis 41 42 43 50 51 53 Suc-diff-1 Suc-eq-plusl add-less-cancel-right
enat-ord-simps(2) lel)
show ?thesis unfolding lidz-def
by (simp add: 41 43 6 assms Ifuse-Inth-a)
qed

1.1.5 Isub

lemma Isub-eq-lsubc:
assumes k< n
n < llength zs
shows [sub k n s = lsubc k n xs
using assms

unfolding lsub-def lsubc-def
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by (auto simp add: min-def)
(metis co.enat.exhaust-sel enat-ord-simps(1) iless-Suc-eq ldrop-Inull llength-eq-0
order-le-less-trans)

lemma Isub-same:

assumes (enat k)<llength xs

shows Isub k k xs = (LCons (Inth zs k) LNil)

using assms

unfolding Ilsub-def

by (metis LNil-eq-ltake-iff diff-is-0-eq’ enat-0-iff (1) ldrop-enat ldropn-Suc-conv-ldropn
ltake-eSuc-LCons order.order-iff-strict)

lemma Isubc-same:

assumes (enat k)<llength s

shows lsubc k k xs = (LCons (Inth zs k) LNil)
using assms

Isub-eq-lsubclof k k xs] lsub-same[of k xs]

by fastforce

lemma llength-lsub:
assumes k< n
n < llength xs
shows llength (lsub k n zs) = (eSuc (n—k))
proof —
have 1: llength (ldrop (enat k) xs) = (llength zs — enat k)
by (simp add: ldrop-enat)
have 2: min (eSuc (enat (n — k))) (llength s — enat k) = (eSuc (n—k))
by (metis 1 Suc-diff-le assms(1) assms(2) eSuc-enat enat-llength-ldropn ilell ldrop-enat min.absorb1)
have 3: llength (ltake (eSuc (enat (n — k))) (Idrop (enat k) zs)) = (eSuc (n—k))
by (simp add: 1 2)
show “thesis
by (metis 3 idiff-enat-enat lsub-def)
qed

lemma llength-lsubc:
assumes k< n
n < llength zs

shows llength (lsubc k n zs) = (eSuc (n—k))
using assms lsub-eq-lsubc|of k n xs] llength-lsublof k n zs] by presburger

lemma llength-lsub-a:
shows llength (lsub k n zs) =
min (eSuc (n — k))
(if k = oo then 0::enat else llength xs — k)
unfolding lsub-def
using llength-ltake[of eSuc (n—k) (ldrop k xs)] llength-ldrop[of k xs ]
using idiff-enat-enat by presburger

lemma llength-lsubc-a:
shows llength (lsubc k n zs) =
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min (eSuc (n — k))

(if min k (epred (llength zs)) = oo

then 0::enat

else llength xs — min k (epred (llength zs)))
unfolding lsubc-def
using llength-ldrop[of (min k (epred (llength xs))) zs]
using llength-ltake[of (eSuc (n — k)) (ldrop (min k (epred (llength xs))) xs)]
using idiff-enat-enat by presburger

lemma Isub-not-lnull:
assumes k< n
n < llength zs
shows —ilnull (Isub k n xs)
using assms
by (metis eSuc-enat idiff-enat-enat llength-LNil llength-lsub llist.collapse(1) zero-ne-eSuc)

lemma Isub-llength-gr-one:
assumes k<n
n < llength zs
shows 1< llength (lsub k n xs)
using llength-lsub-a[of k n zs] assms
by (auto simp add: min-def one-eSuc zero-enat-def llength-lsub)

lemma Isub-Ifinite:
assumes k< n
n < llength zs
shows [finite (Isub k n xs)
using assms
by (simp add: eSuc-enat llength-eq-enat-lfiniteD llength-lsub)

lemma Inth-lsub:
assumes n < llength xs
k+j<n
shows Inth (Isub k n xs) j = (Inth xs (k+7))
proof —
have 1: enat (j::nat) < eSuc (enat ((n::nat) — (k::nat)))
using assms(2) by auto
have 2: Inth (ltake (eSuc (enat (n — k))) (Idrop (enat k) (zs::'a llist))) j =
Inth (Ildrop (enat k) xs) j
using 1 Inth-ltake by blast
have 3: Inth (Idrop (enat k) zs) j = (Inth zs (k+7))
by (metis add.commute assms(1) assms(2) enat-ord-simps(1) ldrop-enat Inth-ldropn order-le-less-trans)
show ?thesis unfolding lsub-def
using 2 3 by presburger
qed

lemma Inth-lsub-a:

assumes n < llength xs
m<n
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kEk<m
shows Inth (Isub k n zs) (m—k) = (Inth zs m)
using assms by (simp add: Inth-lsub)

lemma ltake-lsub:
assumes n < llength xs
m—+ k< n
shows ltake (eSuc m) (lsub k n xs) = lsub k (m+k) xs
proof —
have 1: ltake (eSuc m) (ltake (eSuc (n — k)) (ldrop k zs)) =
ltake (eSuc m) (Ildrop k xs)
using ltake-ltake]of (eSuc m) (eSuc (n — k)) (ldrop k xs)]
using Nat.le-diff-conv2 assms(2) by auto
have 2: ltake (eSuc (m + k — k)) (ldrop k zs) = ltake (eSuc m) (ldrop k xs)
by simp
show ?thesis
unfolding Isub-def using 1 2 by presburger
qed

lemma Idrop-lsub:
assumes n < llength xs
m+ k< n
shows [ldrop m (lsub k n zs) = lsub (m+k) n s
proof —
have 1: (ltake (eSuc (n — k)) (ldrop k xs)) =
Idrop k (ltake (eSuc n) xs)
by (metis Suc-diff-le add-leD2 assms(2) eSuc-enat idiff-enat-enat ldrop-ltake)
have 2: ldrop m (ldrop k (ltake (eSuc n) xs)) =
ldrop (m +k) (Iltake (eSuc n) xs)
by simp
show ?thesis unfolding lsub-def using 1 2
by (simp add: Suc-diff-le assms(2) eSuc-enat ldrop-ltake)
qed

lemma [tl-Isub:
assumes n < llength xs
k<n

shows [tl(lsub k n xs) = (if k=n then LNil else lsub k (n—1) (Itl zs))
proof —
have 1: (lsub k n xs) = (ltake (eSuc (n — k)) (Idrop k xs))
unfolding lsub-def by simp
have 2: k=n = %thesis

by (simp add: assms(1) lsub-same)
have 25: k # n = (epred (eSuc (n — k))) = (eSuc (enat (n — (1::nat) — k)))

)
by (metis Suc-diff-1 assms(2) co.enat.sel(2) diff-commute eSuc-enat order-neg-le-trans zero-less-diff)

have 3: k # n = ?thesis

using assms ltl-ltake[of (eSuc (n — k)) (Idrop k xs)]
ltl-ldrop|of k xs]

unfolding Ilsub-def
using 25 by presburger
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show “thesis
using 2 3 by blast
qed

lemma [tl-ldrop-one:
ltl xs = ldrop 1 xs
by (metis ldrop-0 ldrop-ltl one-eSuc)

lemma lappend-lsub-Itl-lsub:
assumes k < n
n<m
m < llength xs
shows lappend (Ilsub k n xs) (Itl (Isub n m xs)) = lsub k m xs
proof —
have 0: (Itl (Isub n m xs)) = ldrop 1 (lsub n m xs)
by (metis ldrop-0 ldrop-Itl one-eSuc)
have 1: (Isub k n zs) = (ltake (eSuc (n — k)) (Idrop k xs))
unfolding Ilsub-def by simp
have 2: (lsub n m xs) = (ltake (eSuc (m — n)) (ldrop n xs))
unfolding Ilsub-def by simp
have 3: lsub k m xs = (ltake (eSuc (m — k)) (ldrop k xs))
unfolding Ilsub-def by simp
have 8: ltake (eSuc (enat ((n:nat) — (k:nat))) + enat ((m:nat) — n)) (Idrop (enat k) (zs::'a llist)) =
(ltake (eSuc (m — k)) (ldrop k xs))
by (simp add: assms(1) assms(2) eSuc-enat)
have 9: (ltake (enat (m — n)) (ldrop (eSuc (enat (n — k))) (Idrop (enat k) zs))) =
ltl(ltake (eSuc (m — n)) (ldrop n xs))
by (metis 0 2 add.commute assms(1) eSuc-minus-1 ldrop-ldrop ldrop-ltake le-add-diff-inverse
plus-1-eSuc(1) plus-enat-simps(1))
have 10: ltake (eSuc (enat ((n::nat) — (k:nat))) + enat ((m:nat) — n)) (ldrop (enat k) (zs::'a llist)) =
lappend (ltake (eSuc (enat (n — k))) (ldrop (enat k) xs))
(Itake (enat (m — n)) (Idrop (eSuc (enat (n — k))) (Idrop (enat k) xs)))
using ltake-plus-conv-lappend|of (eSuc (n — k)) m—n (ldrop k zs) | by blast
show ?thesis
using 1 10 2 3 8 9 by fastforce
qed

lemma Isub-Ifuse:
assumes
k<n
n<<m
m < llength xs
shows Ifuse (Isub k n xzs) (Isub n m xs) = lsub k m xs
using assms
by (simp add: lappend-lsub-iti-lsub lfuse-def lsub-not-lnull order-le-less-subst2)

lemma llast-lsub:

assumes Ifinite s
= Inull zs
kEk<n
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n < llength zs
shows llast (Isub k n xs) = (Inth zs n)
using assms
using Inth-lsublof n zs k |
by (metis enat-ord-simps(1) idiff-enat-enat llast-conv-Inth llength-lsub
not-le-imp-less order-less-irrefl ordered-cancel-comm-monoid-diff-class.add-diff-inverse)

lemma Ifirst-lsub:
assumes — [null zs
k<n
n < llength zs
shows Ifirst (lsub k n zs) = (Inth xs k)
using assms
by (simp add: ldrop-enat Ifirst-def lhd-ldropn lsub-def order-le-less-subst2)

lemma Isub-Ifuse-lidz:
assumes lidz Is
Ifinite Is
Ifinite xs
- Inull zs
llast ls = epred(llength xs)
(Suc i) < (llength ls)
shows  Ifuse (Isub (Inth ls i) (Inth ls (Suc ©)) xs) (Isub (Inth ls (Suc 7)) (llast ls) zs) =
(Isub (Inth ls i) (llast ls) xs)
proof —
have 1: (Inth Is ©) < (Inth Is (Suc 7))
by (simp add: assms(1) assms(6) lidz-less-eq)
have 2: llast ls = (Inth ls (the-enat(epred (llength ls))))
using llast-conv-Inth
by (metis assms(2) assms(6) co.enat.collapse enat.simps(3) enat-ord-simps(4) enat-the-enat
gr-implies-not-zero ile-eSuc Ilfinite-llength-enat not-less-iff-gr-or-eq order-neg-le-trans)
have 3: 1 < llength Is
by (metis assms(1) assms(6) enat-ord-simps(1) gr-implies-not-zero leD le-addl lidz-expand-1
llength-eq-0 one-enat-def plus-1-eq-Suc)
have 4: (Inth Is (Suc 7)) < (llast ls)
using 2 assms(1) assms(2) assms(6) Ilfinite-llength-enat lidz-less-eq by fastforce
have 5: enat (Inth Is (Suc 7)) < llength xs
by (metis 4 assms(4) assms(5) co.enat.ezhaust-sel eSuc-enat enat-ord-simps(2) le-imp-less-Suc
llength-eq-0)
have 6: llast (Isub (Inth ls ©) (Inth ls (Suc 7)) xs) = (Inth zs (Inth ls (Suc )))
using llast-lsublof zs (Inth ls i) (Inth ls (Suc 7))]
using 1 5 assms(8) assms(4) enat-ord-simps(1) by blast
have 7: Ifirst (Isub (Inth ls (Suc ©)) (llast ls) zs) = (Inth xs (Inth ls (Suc 7)))
by (metis 4 assms(4) assms(5) co.enat.exhaust-sel enat-ord-simps(1) ile-eSuc iless-Suc-eq
Ifirst-lsub llength-eq-0 order-less-le)
show ?thesis
by (metis 1 4 assms(4) assms(5) co.enat.exhaust-sel enat-ord-simps(1) ile-eSuc iless-Suc-eq
llength-eq-0 lsub-lfuse order-neg-le-trans)
qed
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1.1.6 llastlfirst

lemma llastlfirst-ridz:
lastlfirst xss = ride (X a b. llast a = lfirst b) zss
by (simp add: llastlfirst-def ridz-def)

lemma llastlfirst-LNil][simp):
lastlfirst LNil
unfolding llastifirst-def by simp

lemma llastlfirst-LOne[simp]:

lastlfirst (LCons zs LNil)
unfolding llastlfirst-def by (simp add: zero-enat-def)

lemma llastlfirst-LCons|[simp]:

assumes —lnull xss

shows llastlfirst (LCons xs xss) «— llast xs = lfirst (Ifirst xss) A llastlfirst zss

using assms unfolding llastlfirst-def

by auto
(metis One-nat-def lfirst-def lhd-LCons-ltl Inth-LCons' not-lnull-llength one-enat-def,
metis Suc-ile-eq Inth-Suc-LCons,
metis One-nat-def Suc-diff-le Suc-ile-eq add-diff-cancel-left’ le-Suc-eq le-add1 Ifirst-def
llist.disc(2) Inth-0 Inth-0-conv-lhd Inth-1tl ltl-simps(2) plus-1-eq-Suc)

lemma llastlfirst-lappend-lfinite:
assumes Ifinite zss
shows llastlfirst (lappend zss yss) <—
(lastlfirst xss N\ llastlfirst yss N
(if Inull xzss V Inull yss then True else llast(llast zss) = Ifirst(Ifirst yss)) )
using assms
by (metis (mono-tags, lifting) lfirst-def llastlfirst-ridz ridz-lappend-lfinite)

1.1.7 lfusecat

context notes [[function-internals]]
begin

partial-function (llist) lfusecat :: 'a llist llist = 'a llist
where [fusecat xss = (case xss of LNil = LNil | LCons xs xzss’ = lfuse zs (Ifusecat xss’))

end
lemma Ifusecat-simps [simp, code]:

shows [fusecat-LNil: [fusecat LNil = LNil

and [fusecat-LCons: lfusecat (LCons s xss) = lfuse xs (Ifusecat xss)
by (simp-all add: Ifusecat.simps)

declare Ifusecat.mono|cont-intro)

lemma mono2mono-ifusecat| THEN llist.mono2mono, cont-intro, simp):
shows monotone-lfusecat: monotone (lprefiz) (Iprefix) lfusecat
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by (rule llist.fizp-preserves-mono1[OF lfusecat.mono Ilfusecat-def]) simp

lemma mcont2mcont-lfusecat| THEN llist.mcont2mcont, cont-intro, simp):
shows mcont-lfusecat: mcont ISup (lprefiz) [Sup (Iprefix) lfusecat

by (rule llist.fizp-preserves-mcont1[OF Ifusecat.mono lfusecat-def])
stmp

lemmas Ifusecat-fixp-parallel-induct =
parallel-fixp-induct-1-1]OF llist-partial-function-definitions llist-partial-function-definitions
Ifusecat.mono lfusecat.mono lfusecat-def Ifusecat-def, case-names adm LNil step]

lemma llist-all2-lfusecatl:

llist-all2 (llist-all2 A) xss yss

= llist-all2 A (Ifusecat zss) (Ifusecat yss)
proof(induct arbitrary: xss yss rule: lfusecat-fixp-parallel-induct)
case adm
then show ?case by (auto split: llist.split intro: llist-all2-lappendl)
next
case LNil
then show ?case by (auto split: llist.split intro: llist-all2-lappendl)
next
case (step f g)
then show ?case
using llist-all2-lfusel by (auto split: llist.split intro: llist-all2-lappendl) blast
qed

lemma not-Inull-lset-conv-a:
= Inull zss N (Y xs € lset xss. — Inull xs) <— lset xss # {} N LNil ¢ lset xss
using [list.collapse(1) llist.disc(1) lset-eq-empty by blast

lemma not-Inull-lset-conv-b:
= Inull zss N (Y xs € lset xss. — Inull xs) <— lset xss # {} A Ilset zss N {LNil} = {}
using [list.collapse(1) by force

lemma Ifusecat-eq-LNil:
Ifusecat xss = LNil <— lIset zss C {LNil}
proof (induction zss)
case adm
then show ?case

by simp
next
case LNil
then show ?case
by simp
next
case (LCons xs 1ss)
then show ?case

42



by simp
(metis (no-types, lifting) fuse-conv-Inull llist.disc(1) llist.expand )
qed

lemma Ifusecat-lfilter-neq- LNil:
lfusecat (Ifilter (Azs. — Inull zs) zss) = Ifusecat xss
proof (induct zss)
case adm
then show ?case by simp
next
case LNil
then show ?case by simp
next
case (LCons zs xss)
then show ?case by (simp add: lappend-Inulll Ifuse-def)
qed

lemma Iprefiz-Ifusecatl:
Iprefiz xss yss =>lprefix (Ifusecat xss) (lfusecat yss)
by (meson mcont-lfusecat mcont-monoD)

lemma Iset-litl-llength:

(V xs € lset zss. llength xs < 1) «— (V xs € lset (lltl xss). Inull zs)
unfolding [ltl-def

by (auto simp add: Itl-ldrop-one)

lemma Iset-litl-llength-var:
(V zs € Iset xss. llength zs < 1) <— Iset(lltl xzss) C {LNil}
using Iset-litl-llength
by (metis all-not-in-conv insert-iff Inull-def subsetl subset-singletonD)

lemma Iset-litl-llength-var?:

(V s € Iset zss. llength xs > 1) = lIset (lltl zss) N {LNil} = {}

unfolding [itl-def

by auto
(metis co.enat.exhaust-sel epred-llength less-numeral-extra(4) llength-LNil not-one-less-zero
one-eSuc)

lemma Ifusecat-all-empty-or-LNil-a:
assumes Iset(lltl zss) C {LNil}

shows llength (lfusecat zss) < 1

using assms

proof (induction xss)

case adm

then show ?case unfolding [itl-def by simp
next

case LNil
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then show ?case by simp
next
case (LCons zs 1ss)
then show Zcase

unfolding litl-def

by simp

(metis LCons.prems lfuse-llength-atmost-one llist.set-intros(1) lIset-lltl-llength-var)

qed

lemma Ifusecat-all-empty-or-LNil-b:
assumes llength (lfusecat xss) < 1

shows Iset(lltl zss) C {LNil}

using assms

proof (induction zss)

case adm

then show ?case unfolding lltl-def by simp
next

case LNil

then show ?case unfolding lltl-def by simp
next

case (LCons zs 1ss)

then show ?case

unfolding [ltl-def

by (simp add: lfuse-llength-atmost-one ltl-ldrop-one)
qed

lemma Ifusecat-all-empty-or-LNil:
shows llength (Ifusecat xss) < 1 «— lset(lltl zss) C {LNil}
using Ifusecat-all-empty-or-LNil-a Ifusecat-all-empty-or-LNil-b by blast

lemma Ifusecat-not-Inull:
=lnull (fusecat xss) <— —lnull xzss A (s € Iset ( xss). —lnull( xs))
by (metis lconcat-eq-LNil Ifusecat-LNil Ifusecat-eq-LNil Inull-def Inull-lconcat mem-Collect-eq
subsetD subsetl)

lemma Iset-eq-forall-Inull:
Inull zss VvV (Y xs € lset ( xss). Inull( xs)) «— Iset xss C {LNil}
by (auto simp add: Iset-Inull)

lemma Ifusecat-not-lnull-var:
assumes —[null zss
Vs € Iset xss. —lnull xs
shows —inull(lfusecat xss)
using assms
using Ifusecat-not-lnull llist.set-sel(1) by blast

lemma Ifirst-lfusecat-Ifirst:

assumes —[null xss

—lnull (Ifirst xss)
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shows [first(lfusecat xss) = Ifirst(lfirst xss)
proof (cases xss)
case LNil
then show “thesis
using assms(1) llist.disc(1) by blast
next
case (LCons 221 x22)
then show %thesis
by (metis assms(2) eq-LConsD lfirst-def lfirst-lfuse-1 Ifusecat-LCons)
qed

lemma Ifirst-Ifusecat:

assumes — [null zs

shows [first(lfusecat (LCons xs xss)) = Ifirst xs
using assms by (simp add: Ifirst-def)

lemma tl-lfusecat :
assumes —[null zss
—lnull (Ifirst zss)
shows  [tl(Ifusecat xss) = lappend (Itl (Ihd xss)) (Itl (Ifusecat (It xzss)))
using assms
unfolding Ifirst-def
by (metis lappend-Inull2 lfusecat-LCons lhd-LCons-Itl ltl-Ifuse)

lemma Ifusecat-lappend:
assumes Ifinite zss
shows [fusecat (lappend xss yss) = lfuse (Ifusecat zss) (Ifusecat yss)
using assms
proof (induct zss arbitrary: yss)
case Ifinite-LNil
then show ?case by auto
next
case (lfinite-LConsl xss xs)
then show Zcase
proof —
have I: [fusecat (lappend (LCons zs xzss) yss) = Ifuse zs (Ifusecat (lappend xss yss))
by simp
have 2: lfinite xss
by (simp add: lfinite-LConsl.hyps(1))
have 3: (lfusecat (lappend zss yss)) = Ilfuse (Ifusecat xss) (lfusecat yss)
by (simp add: lfinite-LConsl.hyps(2))
have /: Ifuse zs (Ifuse (Ifusecat zss) (Ilfusecat yss)) =
lfuse (Ifusecat (LCons zs xss)) (lfusecat yss)
by (metis lappend-Inulll lfuse-LNil-2 Ifuse-assoc Ilfuse-def lfusecat-LCons)
show ?thesis
by (simp add: 3 4)
qed
qed
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lemma Ifusecat-split:
shows [fusecat xss = lfuse (Ilfusecat (ltake n xss)) (lfusecat (ldrop n zss))
proof —
have 1: zss = lappend (ltake n zss) (ldrop n xss)

by (simp add: lappend-ltake-ldrop)
show ?thesis using 1 lfusecat-lappend|of (ltake n xss) (Idrop n zss)] by force
qed

lemma Ifuse-Ilfinite:
shows Ifinite (Ilfuse xs ys) «— lfinite xs A lfinite ys
by (metis lfinite-lappend Ilfinite-ltl Inull-imp-ifinite Itl-Ifuse)

lemma Ifusecat-Ifinite-a:
assumes Ifinite xss
Vs € Iset xss. Ilfinite xs
shows Ifinite (Ifusecat xss)
using assms
proof (induct zss)
case Ifinite-LNil
then show ?case by auto
next
case (lfinite-LConsl xss xs)
then show Zcase
proof (cases xss=LNil)
case True
then show ?thesis by (simp add: Ilfinite-LConsl.prems)
next
case Fulse
then show ?thesis
proof —
have 1: Ifinite xs
by (simp add: lfinite-LConsl.prems)
have 5: Vs € lset xss. lfinite xs
by (simp add: lfinite-LConsl.prems)
have 6: lfinite (Ifusecat zss)
using 5 lfinite-LConsl.hyps(2) by blast
have 7: Ilfinite (lfuse xs (lfusecat xss))
by (simp add: 1 6 lfuse-lfinite)
show ?thesis by (simp add: 7)
qed
qed
qed

lemma [fusecat-repeat-LNil [simp]:
Ifusecat (repeat LNil) = LNil
by (simp add: lfusecat-eq-LNil)

lemma llastfirst-lfusecat-llast:
assumes Ifinite zss
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=lnull zss
Vs € Iset xss. ~lnull xs
lastlfirst xss
Vs € Iset xss. Ifinite xs
shows  llast(Ilfusecat xss) = llast(llast xss)
using assms
proof (induction zss)
case Ifinite-LNil
then show Zcase
using [list.disc(1) by blast
next
case (lfinite-LConsl xss xs)
then show ?Zcase
proof (cases zss = LNil )
case True
then show ¢thesis
by simp
next
case Fulse
then show %thesis
proof —
have I: llastifirst xss
using False lfinite-LConsl.prems(3) llastifirst-LCons llist.collapse(1) by blast
have 2: Vs € Iset xss. Ifinite xs
by (simp add: lfinite-LConsl.prems(4))
have 3: Vs € lset zss. ~lnull xs
using [finite-LConsl.prems(2) by auto
have 4: Ifinite xss
by (simp add: lfinite-LConsl.hyps)
have 5: llast (Ifusecat xss) = llast (llast xss)
using 1 2 3 False lfinite-LConsl.IH llist.collapse(1) by blast
have 6: llast (llast (LCons s xzss)) = llast (llast xss)
by (metis False llast-LCons llist.collapse(1))
have 7: (Ifusecat (LCons zs xss)) = lfuse xs (lfusecat xss)
by simp
have &: = Inull zs
by (simp add: lfinite-LConsl.prems(2))
have 9: lfinite xs
by (simp add: lfinite-LConsl.prems(4))
have 10: — Inull (Ifusecat zss)
using 3 Fulse Ifusecat-not-Inull-var llist.collapse(1) by blast
have 11: lfinite (Ifusecat xss)
using 2 J lfusecat-lfinite-a by blast
have 111: Ifirst (Ifusecat xss) = lfirst (Ifirst xss)
by (metis 3 False lfirst-def lfirst-lfusecat-lfirst llist.collapse(1) llist.set-sel(1))
have 12: llast xs = lfirst (Ifusecat xss)
using 10 111 Ifinite-LConsl.prems(3) Ilfusecat-not-Inull llastlfirst-LCons by auto
have 13: llast (Ifuse xs (Ifusecat xss)) = llast (Ifusecat xss)
using llast-lfuse[of xs (Ifusecat xss) | 8 9 10 11 12 by blast
have 1/: llast (Ifusecat (LCons xs xss)) = llast (Ifusecat xss)
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by (simp add: 13)
show “thesis
using 13 5 6 by auto
qged
qged
qed

lemma Ifusecat-llength-INil:
llength (lfusecat LNil) = 0
by simp

lemma Ifusecat-llength-Ilfinite:
assumes Ifinite xss
—lnull zss
Vs € lset xss. = Inull xs
Vs € Iset xss. Ifinite xs
llastlfirst xss
shows llength(lfusecat xss) =

eSuc(d i = 0 .. (the-enat(epred(llength zss))) . epred(llength (Inth zss i)))

using assms
proof (induction xss)
case lfinite-LNil
then show ?case by simp
next
case (lfinite-LConsl xss xs)
then show ?Zcase
proof (cases xss = LNil)
case True
then show ?thesis
proof —
have I: [fusecat (LCons xs xss) = s
by (simp add: True)
have 2: llength (Ifusecat (LCons zs xss) ) = llength xs
using 1 by auto
have /: (3> ¢ = 0 .. (the-enat(epred(llength(LCons xs zss)))).
epred (llength (Inth (LCons zs xss) i))) =
epred(llength (Inth (LCons xs zss) 0))
using True by simp
have 5: eSuc(epred(llength (Inth (LCons xs zss) 0))) = llength xs
by (simp add: lfinite-LConsl.prems(2))
show ?thesis
using 2 4/ 5 by presburger
qged
next
case Fulse
then show ?thesis
proof —
have 6: ({fusecat (LCons xs zss)) = Ilfuse xs (Ifusecat zss)
by simp
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have 7: llastlfirst (LCons zs xss)
by (simp add: lfinite-LConsl.prems(4))
have 71: Ifirst (lfusecat xss) = lfirst(lfirst zss)
by (metis False insert-iff lfinite-LConsl.prems(2) Ifirst-def lfirst-lfusecat-lfirst
llist.collapse(1) llist.set-sel(1) llist.simps(19))
have 8: llast xs = Ifirst (Ifusecat xss)
using 7 71 False llastlfirst-LCons llist.collapse(1) by auto
have 9: llength (lfuse zs (Ifusecat xss)) = llength xs + epred(llength(lfusecat xss))
by (simp add: lfinite-LConsl.prems(2) Ifuse-llength)
have 10: (llength(lfusecat zss)) =
eSuc(d’ i = 0 .. (the-enat(epred (llength xss))). epred(llength (Inth xss i)))
using 7 False lfinite-LConsl.IH Ifinite-LConsl.prems(2) Ilfinite-LConsl.prems(3) llastlfirst-LCons
llist.collapse(1) by auto
have 11: (the-enat(epred(llength (LCons zs xss)))) = (1+the-enat(epred(llength zss)))
using Fualse
by simp
(metis False co.enat.sel(2) eSuc-enat lfinite.cases lfinite-LConsl.hyps lfinite-llength-enat
llength-LCons the-enat.simps)
have 12: (> i = 0 .. (the-enat(epred(llength (LCons xs xss)))). epred (llength (Inth (LCons s xss) i)))

epred(llength(Inth (LCons zs xss) 0)) +
(3> i = 1 ..(1+the-enat(epred(llength xss))). epred (llength (Inth (LCons xzs xss) i)))
using 11
by (simp add: sum.atLeast-Suc-atMost)
have 13: epred(llength(Inth (LCons xs zss) 0)) = epred (llength xs)
by simp
have 14: (> i = 1 ..(1+the-enat(epred(llength zss))). epred (llength (Inth (LCons xs zss) i))) =
(3> i = 0 ..(the-enat(epred(llength xss))). epred (llength (Inth (LCons xs xss) (Suc i))))
using sum.shift-bounds-cl-nat-wl[of \k. epred (llength (Inth (LCons xs xzss) k)) 0 1
(the-enat(epred(llength xss)))]
by simp
have 15: (> i = 0 ..(the-enat(epred(llength xss))). epred (llength (Inth (LCons zs xss) (Suc 7)))) =
(3> i = 0 ..(the-enat(epred(llength xss))). epred (llength (Inth (xss) (7))))
by auto
have 16: epred (llength zs) + (> i = 0 ..(the-enat(epred(llength xss))). epred (llength (Inth (zss) (i))))

(3> i = 0 .. (the-enat(epred(llength (LCons zs xss)))). epred (llength (Inth (LCons xs xss) i)))
using 12 13 14 15 by presburger
have 17: llength zs + epred(llength(lfusecat xss)) =
eSuc(epred (llength zs) + (D1 = 0 ..(the-enat(epred(llength xss))). epred (llength (Inth (xss)
(4))))
by (metis 10 eSuc-epred eSuc-plus epred-eSuc lfinite-LConsl.prems(2) llength-eq-0 lset-intros(1))
show ?thesis
using 16 17 6 9 by presburger
ged
qed
qed

lemma llastlfirst-ltake:
assumes n<llength xss
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llastlfirst xss
shows llastlfirst (ltake (enat n) xss)
using assms
proof (induction n arbitrary: zss)
case (
then show Zcase
by (simp add: llastlfirst-def)
next
case (Suc n)
then show Zcase
unfolding llastlfirst-def
by auto
(metis Suc-ile-eq enat-ord-simps(2) less-Suc-eq Inth-ltake order-le-less-trans)
qed

lemma Ifusecat-ltake:
assumes— Inull xss
n < llength zss
V zs € lset xss. = Inull zs
YV zs € lset xss. lfinite xs
llastlfirst xss
shows [fusecat (ltake (enat n) zss) =
ltake (if n =0 then 0 else eSuc(d, i = 0 .. (n—1) . epred(llength (Inth xss ))))
(lfusecat xss)
proof —
have 1: Ifinite (ltake (enat n) zss)
using enat-ord-code(4) lfinite-ltake by blast
have 2: llength (ltake (enat n) xss) = n
by (simp add: assms(2))
have 3: (the-enat(epred(llength (ltake (enat n) xss)))) = n—1
using 2 epred-enat the-enat.simps by presburger
have 4: V xs € Iset (ltake (enat n) zss). = Inull zs
by (meson assms(3) Ilset-ltake subsetD)
have 5:V xs € Iset (ltake (enat n) xss). lfinite xs
by (meson assms(4) lset-ltake subsetD)
have 6: llastlfirst ({take (enat n) xss)
by (simp add: assms(2) assms(5) llastlfirst-ltake)
have 7: Nj O0<nAj<n—1—
epred(llength (Inth (ltake (enat n) xss) j)) =
epred(llength (Inth xss j))
by (metis diff-le-self dual-order.strict-trans1 enat-ord-simps(2) Inth-ltake)
have 71: llength (lfusecat (Itake (enat n) xss)) =
(if n =0 then 0 else eSuc(d>. i = 0 .. (n—1) . epred(llength (Inth (ltake (enat n) zss) i))))
using lfusecat-llength-lfinite[of (ltake (enat n) xss) |
by (metis 1 2 3 4 5 6 Ifusecat-LNil llength-LNil llist.collapse(1) ltake-0
the-enat.simps zero-enat-def)
have 8: (if n =0 then 0 else eSuc(d i = 0 .. (n—1) . epred(llength (Inth (ltake (enat n) xss) 7)))) =
(if n =0 then 0 else eSuc(d>’ i = 0 .. (n—1) . epred(llength (Inth xss 7))))
using 7 atLeastAtMost-iff[of - 0 n—1] sum.cong[of {0..n—1}
{0..n—1} Xi. epred(llength (Inth (ltake (enat n) xss) ©))
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Ai. epred(llength (Inth xss 7)) |
by (simp add: Suc-ile-eq dual-order.refl Inth-ltake)
have 9: llength (Ifusecat (ltake (enat n) xss)) < llength (lfusecat xss)
by (metis Ifuse-llength-le-a lfusecat-split)
have 10: llength (ltake (if n =0 then 0 else eSuc(d, i = 0 .. (n—1) . epred(llength (Inth xss 1))))
(lfusecat zss)) =
(if n =0 then 0 else eSuc(d i = 0 .. (n—1) . epred(llength (Inth zss i))))
using 71 8 9 by auto
have 11: ltake (if n =0 then 0 else eSuc(d_ i = 0 .. (n—1) . epred(llength (Inth zss i))))
(Ifuse (Ifusecat (ltake n xzss)) (Ifusecat (ldrop n xss))) =
(lfusecat (ltake n xss))
using 71 8 ltake-lfuse[of (Ifusecat (ltake (enat n) wzss)) (lfusecat (ldrop n xss))]
by presburger
have 12: (Ifuse (lfusecat (Itake n xss)) (Ifusecat (ldrop n ss))) = lfusecat zss
by (metis Ifusecat-split)
show ?thesis
using 11 12 by auto
qed

lemma Ifusecat-ldrop:
assumes— Ilnull zss
n < llength xss
V xs € lset xss. = Inull s
V s € Iset xss. Ifinite s
llastlfirst xss
shows [fusecat (ldrop (enat n) zss) =
ldrop (if n = 0 then 0 else (> i = 0 .. (n—1) . epred(llength (Inth zss 7))))
(Ifusecat xss)
proof —
have 1: lfinite (ltake (enat n) xss)
using enat-ord-code(4) lfinite-ltake by blast
have 2: llength (ltake (enat n) xss) = n
by (simp add: assms(2))
have 3: (the-enat(epred(llength (ltake (enat n) xss)))) = n—1
using 2 epred-enat the-enat.simps by presburger
have 4: V s € Iset (ltake (enat n) zss). = Inull zs
by (meson assms(3) Iset-ltake subsetD)
have 5:V ws € Iset (ltake (enat n) xss). lfinite xs
by (meson assms(4) lset-ltake subsetD)
have 6: llastlfirst (Itake (enat n) xss)
by (simp add: assms(2) assms(5) lastlfirst-ltake order.strict-implies-order)
have 7: Nj 0<nAj<n—1—
epred(llength (Inth (ltake (enat n) xss) j)) =
epred(llength (Inth xss j))
by (metis diff-le-self dual-order.strict-trans1 enat-ord-simps(2) Inth-ltake)
have 71: llength (lfusecat (ltake (enat n) xss)) =
(if n =0 then 0 else eSuc(d>] i = 0 .. (n—1) . epred(llength (Inth (ltake (enat n) zss) 7))))
using lfusecat-llength-lfinite[of (ltake (enat n) xss) |
by (metis 1 2 3 4 5 6 Ifusecat-LNil llength-LNil llist.collapse(1) ltake-0
the-enat.simps zero-enat-def)
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have 8: (if n =0 then 0 else eSuc(d i = 0 .. (n—1) . epred(llength (Inth (ltake (enat n) xss) 7)))) =
(if n =0 then 0 else eSuc(d> i = 0 .. (n—1) . epred(llength (Inth xss 7))))
using 7 atLeastAtMost-iff [of - 0 n—1] sum.cong[of {0..n—1} {0..n—1}
Ai. epred(llength (Inth (ltake (enat n) xss) 1))
Ai. epred(llength (Inth xss 7)) |
by (simp add: Suc-ile-eq dual-order.refl Inth-ltake)
have 9: llength (Ifusecat (ltake (enat n) xss)) < llength (lfusecat xss)
by (metis Ifuse-llength-le-a lfusecat-split)
have 10: llength (Itake (if n =0 then 0 else eSuc(d> i = 0 .. (n—1) . epred(llength (Inth zss 7))))
(lfusecat zss)) =
(if n =0 then 0 else eSuc(d>. i = 0 .. (n—1) . epred(llength (Inth zss 7))))
using 71 8 9 by auto
have 11: ltake (if n =0 then 0 else eSuc(d> i = 0 .. (n—1) . epred(llength (Inth xss i))))
(lfuse (lfusecat (ltake n zss)) (Ifusecat (Idrop n xss)))
(lfusecat (ltake n xss))
using 71 8 ltake-lfuse[of (Ifusecat (ltake (enat n) wzss)) (lfusecat (ldrop n xss))]
by presburger
have 12: ldrop 0 (lfuse (Ifusecat (ltake 0 zss)) (Ifusecat (ldrop 0 zss))) =
(Ifusecat (ldrop 0 xss))
by simp
have 13: 0< n == Inull (Ifusecat (ltake (enat (n::nat)) (wss::’a llist llist)))
using 71 8 by force
have 14: 0< n = = Ilnull (Ifusecat (Idrop (enat n) xss))
by (meson assms(2) assms(3) in-lset-ldropD leD Ifusecat-not-Inull-var Inull-ldrop)
have 15: 0<n = llast (Ifusecat (ltake (enat n) wzss)) = Ilfirst (Ifusecat (ldrop (enat n) ss))
proof —
assume a: 0<n
have 151: llast (Ifusecat (ltake (enat n) xss)) = llast(llast (ltake (enat n) xss))
using 1 18 4 5 6 a lfusecat-not-lnull llastfirst-lfusecat-llast by blast
have 152: lfirst (Ifusecat (Idrop (enat n) zss)) = Ifirst (Ifirst (Idrop (enat n) xss))
by (metis assms(2) assms(3) in-lset-conv-Inth ldrop-enat leD lIfirst-def lfirst-lfusecat-lfirst
lhd-ldropn Inull-ldrop)
have 153: llast(llast (ltake (enat n) xzss)) = Ifirst (Ifirst (ldrop (enat n) xss))
using assms a
by (metis 1 13 lappend-ltake-ldrop leD Ifusecat-not-Inull llastlfirst-lappend-lfinite
Inull-ldrop)
show ?thesis
by (simp add: 151 152 153)
qed
have 16: 0<n = Ildrop (epred (eSuc(d i = 0 .. (n—1) . epred(llength (Inth xss 7)))))
(Ifuse (lfusecat (ltake n wzss)) (Ifusecat (ldrop n xss))) =
(Ifusecat (ldrop n xss))
using 71 8 138 1/ 15 ldrop-lfuse-alof (Ilfusecat (ltake (enat n) xss)) (ifusecat (ldrop n xss))]
by (metis 1 5 less-numeral-extra(3) lfusecat-lfinite-a)
have 17: ldrop (if n =0 then 0 else (>, i = 0 .. (n—1) . epred(llength (Inth xss 1))))
(Ifuse (lfusecat (ltake n wss)) (lfusecat (ldrop n xss))) =
(Ifusecat (ldrop n xss))
using 11 16 by auto
show ?thesis
by (metis 17 lfusecat-split)
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qed

lemma Ifusecat-eq-LCons-conv:
shows [fusecat zss = LCons x xs +—
(Fas" zss” xss". xss = lappend (llist-of xss’) (LCons (LCons x xs’) xss”) A
zs = lappend xs’ (Itl (Ifusecat xss’)) A set xss’ C {xs. Inull zs})
(is ?lhs <— ?rhs)
proof
assume ?rhs
then obtain zs’ zss’ xss”
where zss = lappend (llist-of zss") (LCons (LCons z ) zss"’)
and zs = ( (lappend zs’ (Itl (Ifusecat xzss"))) )
and set zss’ C {zs. Inull zs} by blast
moreover from <set zss’ C {zs. lnull zs}»
have Inull (Ifusecat (llist-of zss’))
by (metis lfusecat-not-Inull lset-llist-of mem-Collect-eq subset-eq)
have I: [fusecat xss = lfuse (Ifusecat (llist-of xss’)) (lfusecat (LCons (LCons x xs’) zss’))
by (simp add: calculation(1) lfusecat-lappend)
have 2: lfuse (Ifusecat (llist-of zss’)) (Ifusecat (LCons (LCons z xs’) xss')) =
(lfusecat (LCons (LCons x xs’) xss"))
by (simp add: <Inull (Ifusecat (llist-of (xss’::'a llist list))) lfuse-conv-Inull llist.expand)
have 3: (lfusecat (LCons (LCons z xs’) xss")) = Ilfuse (LCons x xs’) (Ifusecat xss”)
by simp
have 4: lfuse (LCons x xs') (Ifusecat xss") =
(LCons x (lappend zs" (Itl (Ifusecat zss’))))
unfolding Ifuse-def
using [list.collapse(1) by force
ultimately show ?lhs
using 1 2 by auto
next
assume ?lhs
hence — Inull (Ifusecat xss) by simp
hence — Iset zss C {xs. Inull xs} using lfusecat-eq-LNil Inull-def by blast
hence — Inull (Ifilter (Axs. = Inull xs) xss) by(auto)
then obtain y ys where yss: Ilfilter (Azs. = Inull xs) xss = LCons y ys
unfolding not-lnull-conv by auto
from Ifilter-eq-LConsD[OF this]
obtain us vs where zss: zss = lappend us (LCons y vs)
and [finite us
and Iset us C {zs. lnull zs} — Inull y
and ys: ys = lfilter (Axs. = Inull xs) vs by blast
from <lfinite us> obtain us’ where [simp|: us = llist-of us’
unfolding Ifinite-eq-range-llist-of by blast
from «lset us C {zs. Inull zs}» have us: Inull (Ifusecat us)
using Ifusecat-eq-LNil Inull-def by blast
from (- Inull 3> obtain y’ ys’ where y: y = LCons y’ ys’
unfolding not-lnull-conv by blast
from < ?lhs> us have [simp]: y' =
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zs = (lappend ys’ (Itl (Ifusecat vs)))

unfolding zss y

by (metis <— Inull (y::"a llist)y <finite (us::'a list llist)) eq-LConsD Ifusecat-LCons
lfusecat-lappend lhd-Ifuse y)
(metis < Inull (y::'a list)y <lfusecat (wss::'a llist llist) = LCons (x::'a) (zs::'a llist)»
eq-LConsD lappend-Inull2 lfusecat-LCons lfusecat-Ifilter-neq-LNil ltl-Ifuse y ys yss)

from <Iset us C {xs. lnull zs}> ys show ?rhs unfolding zss y by simp blast
qed

lemma not-lnull-expand:
= Inull zs <— (3 b. zs = (LCons b LNil)) vV (3 b as’. zs = (LCons b xs’) A = Inull zs’)
by (metis lhd-LCons-ltl llist.disc(1) llist.disc(2) llist.expand)

lemma is-LMore-llength:
(3 bas’ xzs = (LCons b xs’) A = Inull zs") «+— 1 < llength xs
by (metis dual-order.strict-implies-not-eq gr-implies-not-zero lhd-LCons-ltl llength-LCons
llength-eq-0 Istrict-prefiz-code(2) lstrict-prefiz-code(4) lstrict-prefix-llength-less one-eSuc )

lemma is-LEmpty-llength:
(3 b. zs = (LCons b LNil)) «— llength xs =1
by (metis epred-llength llength-LCons llength-eq-0 llist.disc(1) ltl-simps(2) not-Inull-expand
one-eSuc)

lemma Ifusecat-all-llength-one-Ifuse:
assumes V ys € Iset (llist-of xss’). llength ys = 1
shows Ifuse (Ifusecat (llist-of xss’)) ys =
lfuse (if — Inull (Ilist-of xss”) then (LCons (Ifirst (Ifirst (Ilist-of xss”))) LNil) else LNil) ys

proof —
have I: (Ilfusecat (llist-of xss’)) =
(if = Inull (llist-of zss") then (LCons (Ifirst (Ifirst (llist-of xss”))) LNil) else LNil)
using assms
proof (induction xss’)
case Nil
then show ?case by simp
next
case (Cons as ss’)
then show ?Zcase
proof (cases xss'=Nil )
case True
then show ?thesis using Cons
by simp (metis is-LEmpty-llength Ifirst-def lhd-LCons)
next
case Fulse
then show ?thesis using Cons
by simp
(metis is-LEmpty-llength lfirst-def lhd-LCons llength-lnull zero-one-enat-neq(1))
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ged
qed
show ?thesis
using 1 by presburger
qed

lemma Ifusecat-eq-LCons-conv-all-lset-singleton:
assumes V ys € lset (llist-of xss). llength ys = 1
= Inull (llist-of zss)
lastlfirst (llist-of xss)
shows lIset (llist-of xss) = {lfirst (llist-of xss) }
using assms
proof (induction xss)
case Nil
then show ?case by simp
next
case (Cons as xss)
then show Zcase
proof —
have I: zss= [| V as € Iset (llist-of xss)
by (metis Cons.prems(1) Cons.prems(3) List.set-insert insert-iff is-LEmpty-llength
le-numeral-extra(4) lfirst-def lhd-LCons-ltl llast-singleton llastlfirst-LCons llist.set-sel(1)
llist-of .simps(2) Inull-llist-of Iset-llist-of ltl-simps(2) not-in-set-insert not-Inull-llength)
have 2: zss= [| = ?thesis
by (simp add: lfirst-def)
have 3: as € Iset (llist-of xss) = ?thesis
by (metis 2 Cons.IH Cons.prems(1) Cons.prems(3) insert-absorb2 insert-iff lfirst-def lhd-LCons
lastlfirst-LCons llist.simps(19) llist-of .simps(2) Inull-llist-of singletonD)
show ?thesis
using 1 2 8 by linarith
qed
qed

lemma Ifusecat-eq-LCons-conv-all-the-same:
assumes V ys € Iset (llist-of xss’). llength ys = 1
= Inull (llist-of xss’)
lastlfirst (llist-of xss”)
(llast (llist-of xss")) = (LCons x LNil)
ys € lset (llist-of xss’)
shows ys = (LCons x LNil)
proof —
have 1: Iset (llist-of xss") = { Ifirst (llist-of xss’)}
using assms Ifusecat-eq-LCons-conv-all-lset-singleton by blast
have 2: llast (llist-of xss’) = Inth (llist-of xss’) (the-enat(epred(llength (llist-of xss’))))
by (metis assms(2) co.enat.ezhaust-sel enat-the-enat ile-eSuc infinity-ileE llast-conv-Inth
llength-eq-0 llength-llist-of)
have 3: Inth (llist-of xss’) (the-enat(epred(llength (llist-of xss’)))) € Iset (llist-of xss’)
by (metis 2 assms(2) co.enat.exhaust-sel ile-eSuc in-lset-lappend-iff infinity-ileE
lappend-lbutlast-llast-id llength-eq-0 llength-eq-infty-conv-lfinite llength-lbutlast

95



llength-llist-of lset-intros(1))
have /: (LCons x LNil) € Iset (llist-of zss’)
using 2 3 assms(4) by force
show %thesis
using 1 4 assms(5) by auto
qed

lemma Ifusecat-eq-LCons-conv-all-the-same-a:
assumes Ifinite uss
YV ys € lset (uss). llength ys = 1
= Inull (uss)
lastlfirst (uss)
(llast (uss)) = (LCons x LNil)
ys € Iset (uss)
shows ys = (LCons z LNil)
using assms Ilfusecat-eq-L Cons-conv-all-the-same llist-of-list-of
by (metis (full-types))

lemma Ifusecat-eq-LCons-conv-alt:
assumes llastifirst xss
V ys € lset zss. = Inull ys
= Inull zs
shows [fusecat zss = LCons x xs <—
(Fas" zss” xss". xss = lappend (llist-of xss’) (LCons (LCons x xs’) xss”) A =inull zs’ A
zs = lfuse xs’ (Ifusecat zss"") N set xss’ C {xs. Inull (Itl zs)})
(is ?lhs <— ?rhs)
proof
assume ?rhs
then obtain zs’ zss’ xss”
where xss = lappend (llist-of xss’) (LCons (LCons z xs’) xss'’)
and —inull zs’
and zs = (lfuse xs’ (lfusecat zss’))
and set zss’" C {xs. Inull (Itl xs)} by blast
moreover from <set zss’ C {xs. Inull (Itl zs)}>
have 00: llength (Ifusecat (llist-of zss’)) <1
by (metis is-LMore-llength [fusecat-all-empty-or-LNil-a Iset-llist-of lset-litl-llength-var
ltl-simps(2) mem-Collect-eq not-le-imp-less subset-eq)
have 01: V y € Iset (llist-of zss’). llength y = 1
by (metis assms(2) calculation(1) calculation(4) dual-order.strict-iff-order is-LMore-llength
Iset-lappendl Iset-llist-of ltl-simps(2) mem-Collect-eq not-Inull-llength subsetD)
have 02: lfinite (llist-of xss’)
using [finite-llist-of by blast
have 03: llastlfirst (lappend (llist-of xzss’) (LCons (LCons x xs’) xss"))
using assms calculation(1) by blast
have 04: llastlfirst (Ilist-of xss’)
using assms(1) calculation(1) lfinite-llist-of llastifirst-lappend-Ilfinite by blast
have 05: (if lnull (llist-of zss") V Inull (LCons (LCons z xs') xzss")
then True
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else llast (llast (llist-of xss")) = Ifirst (Iifirst (LCons (LCons x xs’) xzss'’)))
using 03 02 llastlfirst-lappend-ifinite[of (llist-of zss") (LCons (LCons z xs) xss") ]
by blast
have 06: — Inull (LCons (LCons x xs’) xss”)
by simp
have 07: = Inull (llist-of xss’) =
last (llast (llist-of xss”)) = Ifirst (Ifirst (LCons (LCons x xs’) xss'))
using 05 06 by presburger
have 08: — Inull (llist-of zss’) = (llast (llist-of xss’)) = (LCons x LNil)
using 07 lappend-lbutlast-llast-id[of (llist-of xss’) ]
by (metis 01 02 eq-LConsD in-lset-lappend-iff is-LEmpty-llength lbutlast-lfinite lfirst-def
llast-singleton lset-intros(1))
have 09: — Inull (llist-of zss’") = (V ys € lset (llist-of xss’). ys = (LCons x LNil))
using [lfusecat-eq-L Cons-conv-all-the-same
by (metis 01 04 08)
have 0: (Ifusecat (llist-of xss’)) = LNil V (lfusecat (llist-of xss’)) = (LCons x LNil)
by (metis 00 09 eq-LConsD is-LMore-llength Ifirst-def Ilfirst-lfusecat [fusecat-LNil lhd-LCons-Itl
linorder-not-le llist.collapse(1) llist.set-sel(1))
have I: [fusecat xss = lfuse (Ifusecat (llist-of xss’)) (lfusecat (LCons (LCons x xs’) zss’))
by (simp add: calculation(1) lfusecat-lappend)
have 2: lfuse (Ifusecat (llist-of zss’)) (Ifusecat (LCons (LCons z xs’) xss')) =
(lfusecat (LCons (LCons x xs’) xss"))
using 0 by fastforce
have 3: (lfusecat (LCons (LCons z xs’) xss")) = Ilfuse (LCons x xs’) (Ifusecat xss”)
by simp
have 4: lfuse (LCons x xs') (Ifusecat xss") =
(LCons x ( (lfuse s’ ( (Ifusecat xss'")))
)
unfolding Ifuse-def
using calculation(2) by auto
ultimately show ?lhs
using 1 2 by auto

next

assume ?lhs
hence — Inull (Ifusecat xss) by simp
hence — Iset xss C {zs. Inull (Itl zs)}
by (metis <lfusecat (zss::'a llist llist) = LCons (z::'a) (zs::'a llist)y assms(3)
lfusecat-all-empty-or-LNil-a Inull-ldrop Iset-litl-llength-var ltl-ldrop-one ltl-simps(2)
mem-Collect-eq subsetD)
hence — Inull (Ifilter (Azs. = Inull (It xs)) xss) by(auto)
then obtain y ys where yss: Ifilter (Axs. = Inull (Itl zs)) zss = LCons y ys
unfolding not-lnull-conv by auto
from [filter-eq-LConsD|[OF this]
obtain us vs where zss: zss = lappend us (LCons y vs)
and [finite us
and Iset us C {zs. Inull (Itl zs)} — Inull (Itl y)
and ys: ys = lfilter (Axs. = Inull (Itl xs)) vs using Inull-ltl] by blast
from <lfinite us> obtain us’ where [simp|: us = llist-of us’
unfolding Ifinite-eq-range-llist-of by blast
from «Iset us C {zs. Inull (Itl xs)}» have us: llength (Ifusecat us) <1
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using Ifusecat-eq-LNil
by (metis lfusecat-all-empty-or-LNil-a Inull-ldrop lset-1ltl-llength-var ltl-ldrop-one
mem-Collect-eq subset-eq)
from <— Inull (Itl y)» obtain y’ ys’ where y: y = LCons y’ ys’
unfolding not-lnull-conv
by (metis «— Inull (Itl y)> lhd-LCons-Itl Inull-It)
have 100: llastlfirst us
using <Ifinite us)> assms(1) llastlfirst-lappend-Ifinite zss by blast
have 101: = Inull ys'
using <— Ilnull (Itl y)» y by auto
have 102: = Inull (LCons y vs)
by simp
have 103: = Inull us = llast (llast us) = Ifirst (Ifirst (LCons y vs))
using llastlfirst-lappend-Ifinite[of us (LCons y vs)]
using assms(1) xzss by auto
have 104: (V z € lset us. llength z =1)
by (metis <lset us C {zs. Inull (Itl xs)}» assms(2)
dual-order.strict-iff-order eq-LConsD in-lset-lappend-iff is-LMore-llength mem-Collect-eq
not-lnull-llength subsetD xss)
have 1040: = Inull us = llast us € Iset us
by simp
have 1041: = Inull us = llast us = LCons x LNil
using lappend-lbutlast-llast-id[of us] 100 104 1040
lfusecat-eq-LCons-conv-all-the-same-alof us x llast us]
lfusecat-eq-LCons-conv-all-lset-singleton|of us’ ]
by (metis < Inull (Ifusecat xss)y <lfusecat xss = LCons z xs» <us = llist-of us’
eq-LConsD is-LEmpty-llength lfirst-def lfirst-lfusecat-lfirst Ifusecat-not-lnull
Ihd-lappend lset-eq-empty not-lnull-lset-conv-a singletonD xss)
have 105: = Inull us = (V z € Iset us. z= (LCons x LNil))
using Ifusecat-eq-LCons-conv-all-the-same-a|of us x |
using 100 104 1041 <Ifinite us> by blast
have 106: — Inull us = lfusecat us = (LCons x LNil)
by (metis 100 104 1041 <Ifinite us) dual-order.antisym is-LEmpty-llength lfinite-LConsI
Ifinite- LNl lfusecat-not-Inull-var llast-singleton llastfirst-lfusecat-llast llength-LNil
Iset-eq-empty not-Inull-llength not-lnull-lset-conv-a us zero-one-enat-neq(1))
from «?lhs) us have [simp|: y' = «
by (metis 103 1041 <= Inull (Itl y)» eq-LConsD lappend-Inulll lfirst-def lfirst-lfusecat
llast-singleton Inull-Itl zss y)
from < ?lhsy us have [simp]: xs = ( (Ifuse ys' ( (Ifusecat vs))) )
using Ifusecat-lappend|of us (LCons y vs) | lIfusecat-LCons|of y vs| y xss
101 <Ifinite us> <lfusecat xss = LCons x x$)
by (metis 103 1041 106 eq-LConsD lappend-code(1) lappend-Inulll lbutlast-simps(2) lfirst-def
lfuse-LCons-a lfuse-conv-Inull lfuse-lbutlast Inull-ItlI)
from «lset us C {zs. Inull (Itl xs)}> ys show ?rhs unfolding zss y
using 101 by auto
qed

lemma Ifusecat-eq-One-conv:
Ifusecat xss = LCons x LNil +—
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(3 wss’ wss”. xss = lappend (llist-of xss") (LCons (LCons x LNil) xss”) N
LNil = (Itl (Ifusecat zss')) N set zss’" C {xs. Inull zs})
by (metis lappend-eq-LNil-iff lfusecat-eq-LCons-conv)

lemma llength-Ilfusecat-eq-one-conv:
llength (lfusecat xss) = 1 +—
(3 z wss’ xss”. xss = lappend (llist-of xss’) (LCons (LCons x LNil) xzss") N
LNil = (Itl (Ifusecat xss")) N set xss’ C {xs. Inull zs})
by (metis is-LEmpty-llength [fusecat-eq-One-conv)

lemma Ifusecat-Ifinite-b:
assumes [finite(lfusecat zss)
Vas € lset xss. = Inull (Itl xs)
Y xs € Iset xss. Ifinite xs
llastlfirst xss
shows l[finite xss
using assms
proof (induct zs=(lfusecat xss) arbitrary: xss )
case Ifinite-LNil
then show Zcase
by (metis lfusecat-not-lnull-var llist.disc(1) Inull-imp-lfinite lset-eq-empty ltl-simps(1)
not-lnull-lset-conv-a)
next
case (lfinite-LConsl xs x)
then show ?Zcase
proof —
have 1: (zs’ zss’ xss”. xss = lappend (llist-of xss’) (LCons (LCons z xs’) xss’) A
zs = lappend zs’ (Itl (lfusecat xss”)) A set xss’ C {xs. Inull xs})
using Ifinite-LConsl.hyps(3) lfusecat-eq-LCons-conv by fastforce
obtain zs’ zss’ xss” where 2: xss = lappend (llist-of xss’) (LCons (LCons  zs’) xzss”) A
zs = lappend xs’ (Itl (Ifusecat zss")) A set xss’ C {zs. Inull xs}
using 1 by blast
have 3: (llist-of xss") = LNil
by (metis 2 in-lset-lappend-iff lconcat-eq-LNil lfinite-LConsI.prems(1) llist.collapse(1)
llist.set-sel(1) Inull-lconcat lset-eq-forall-Inull Iset-llist-of ltl-simps(1))
have 4: zss = (LCons (LCons x xs’) xss’)
by (simp add: 2 3)
have 5: llastlfirst xss
by (simp add: lfinite-LConsl.prems(3))
have 6: — Inull zs’
using 4 Ilfinite-LConsl.prems(1) by force
have 7: Inull zss" = ?thesis
by (simp add: 4)
have 8: = lnull zss" = ?thesis
proof —
assume a: —lnull xss”
have 9: llast (LCons x xs’) = Ifirst (Ifirst (zss"’))
using a 6 4 5 llastlfirst-LCons by blast
have 10: Vs € Iset xss”. = Inull (Itl zs)
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by (simp add: 4 lfinite-LConsl.prems)
have 11: Vs € Iset xss”. Ifinite zs
by (simp add: 4 lfinite-LConsl.prems)
have 12: llastlfirst xss"
using 4 5 a by auto
have 13: lfinite(lfusecat xss")
using 2 [finite-LConsl.hyps(1) by auto
have 14: zs = lappend (lbutlast zs’) (Ifusecat xss")
by (metis 10 2 6 9 a lappend-lbutlast-llast-id lappend-snocL1-conv-LCons?2 lfirst-def
Ifirst-lfusecat-lfirst lfusecat-not-Inull-var lhd-LCons-ltl llast-LCons llist.disc(1)
llist.set-sel(1) lset-eq-empty ltl-simps(1) not-lnull-lset-conv-a)
have 15: xs= Ifuse zs’ (Ifusecat xss")
by (simp add: 2 6 lappend-Inull2 lfuse-def)
have 16: s = Ifusecat (LCons zs’ zss'’)
by (simp add: 15)
have 17: Inull (Itl zs') = ?thesis
by (metis 10 11 12 14 4 lappend-code(1) lbutlast.ctr(1) lfinite.lfinite-LConsI
lfinite-LConsI.hyps(2) llist.collapse(1))
have 18: —~lnull (Itl zs") = (Vs € lset (LCons xs’ xss’). = Inull (Itl zs))
by (simp add: 10)
have 19: Vs € Iset (LCons zs' xss”). Ilfinite xs
by (metis 11 2 insert-iff lappend-inf lfinite-LConsI.hyps(1) llist.simps(19))
have 20: llastlfirst (LCons zs" zss'’)
by (metis 12 6 9 a llast-LCons llastlfirst-LCons)
have 21: Ifinite (LCons xs’ zss")
by (metis 16 17 18 19 20 4 Ifinite-LConsI.hyps(2) Ilfinite-code(2) )
show “thesis
using 21 4 by auto

qed
show ?thesis
using 7 8 by blast

qed
qed

lemma Ifusecat-lfinite:
assumes Vs € Iset zss. = Inull (It zs)
Y xs € Iset xss. Ifinite xs

shows

llastlfirst xss
Ifinite (lfusecat xss) +— lfinite xss

using assms [fusecat-lfinite-a Ifusecat-lfinite-b by blast

lemma ridz-lfusecat-ltake:
assumes ridr R (lfusecat xss)

shows

n < llength xss
ride R (lfusecat (ltake n xss))

using assms

by (me

tis lfusecat-split ltake-all ltake-lfuse nle-le ridz-ltake-a)

lemma ridz-Ifusecat-ldrop:
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assumes ridz R (lfusecat xss)
(enat n) < llength zss
lastlfirst xss
YV xs € lset xss. = Inull zs
YV zs € lset xss. Ilfinite xs
shows  ridz R (lfusecat (ldrop n xss))
proof —
have 1: (Ifusecat (ldrop n xss)) =
Idrop (if n = 0 then 0 else (3 i = 0 .. (n—1) . epred(llength (Inth xss 7))))
(Ifusecat xss)
using assms gr-implies-not-zero Ifusecat-ldrop llength-eq-0 by blast
have 2: (if n = 0 then 0 else (>, i = 0 .. (n—1) . epred(llength (Inth xss ©)))) < llength (Ifusecat xss)
by (metis (no-types, lifting) 1 add.commute add.right-neutral assms(2) assms(4) in-lset-conv-Inth
lfusecat-not-Inull llist.set-sel(1) Inth-0-conv-lhd Inth-ldrop Inull-ldrop not-less-iff-gr-or-eq
order.order-iff-strict the-enat.simps zero-enat-def)
have 3: 3 k. (enat k) = (if n = 0 then 0 else (> i = 0 .. (n—1) . epred(llength (Inth zss 7))))
proof (cases n)
case (
then show ?thesis by (simp add: zero-enat-def)
next
case (Suc nat)
then show ?thesis by (metis (mono-tags, lifting) 2 enat-iless enat-less-imp-le leD)
qed
have 4: ridz R (ldrop (if n = 0 then 0 else (>, i = 0 .. (n—1) . epred(llength (Inth zss i))))
(Ifusecat ss))
using ridz-ldrop[of R (lfusecat xss) |
using 2 assms(1) order.strict-implies-order by blast
show ?thesis by (simp add: 1 4)
qed

lemma ridz-Ifusecat-a:
assumes llastlfirst xss
vV xs € lset xss. = Inull zs
YV zs € Iset xss. Ilfinite xs
ride R (Ilfusecat xss)
1 < llength xss
shows ridz R (Inth zss 1)
proof —
have 1: lsub i i zss = (LCons (Inth xss i) LNil)
by (simp add: assms(5) lsub-same)
have 2: lsub i i xss = ltake (eSuc (enat (i — ©))) (ldrop (enat ) xss)
by (simp add: lsub-def)
have 3: ltake (eSuc (enat (i — 7)) (Idrop (enat @) xss) = ltake 1 (ldrop (enat i) xss)
by (simp add: eSuc-enat one-enat-def)
have 4: ridz R (Ifusecat (ltake 1 (Idrop (enat i) xss)))
by (metis assms ltake-all nle-le ridz-lfusecat-ldrop ridz-lfusecat-ltake)
have 5: (Ifusecat (ltake 1 (Idrop (enat i) xss))) = (Inth zss 7)
by (metis 1 2 3 lfuse-LNil-2 [fusecat-LCons Ilfusecat-LNil)
show ?thesis
using 4 5 by auto
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qed

lemma ridz-lfuse-lfinite:
assumes Ifinite [1
last 11 = Ifirst 12
shows  ridz R (Ifuse l1 12) <— ridz R 11 A ride R 12
using assms
proof (cases = Inull 11 N — Inull 12)
case True
then show “thesis
proof (cases — Inull (Itl 2))
case True
then show “thesis
proof —
have 1: (Ifuse 11 12) = lappend 11 (1t 12)
unfolding Ifuse-def using «— Inull I1 A = Inull 12> by simp
have 2: ridz R (lappend 11 (It1 12)) = (ridx R 11 A ( R (llast 11) (Ihd (It112))) A ride R (1tl 12))
using assms ridz-lappend-lfinite[of 11 R Itl12] True <— Inull 11 N = Inull 12>
by auto
have 3: ( R (llast 11) (Ihd (1tl 12)) A ride R (Itl 12)) = ridz R 12
using True <= Inull 11 A = Inull 12> ridz-LCons-1[of R lfirst 12 1tl 12]
by (simp add: assms lfirst-def)
show “thesis
by (simp add: 1 2 3)
qed
next
case Fulse
then show %thesis
proof —
have /: (Ifuse l1 12) = lappend 11 (1t 12)
unfolding Ifuse-def using «— Inull [1 N = Inull 2> by simp
have 5: ride R (lappend 11 (Itl 12)) = (ride R I1 A ridz R 12)
using assms ridz-lappend-lfinite[of 11 R Itl 12 ] False <— Inull I1 N — Inull 12
ridz-expand-1 by (metis lhd-LCons-ltl ridz-LCons-1)
show ?thesis by (simp add: 4 5)
qed
ged
next
case Fulse
then show ?thesis
by (metis lfuse-LNil-1 Ifuse-LNil-2 llist.collapse(1) ridz-expand-1)
qed

lemma ridx-Ifusecat-Ifuse:
assumes llastifirst xss
YV zs € lset xss. = Inull xs
YV zs € Iset xss. Ilfinite xs
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Vi. i < length xss — ridx R (Inth xss 1)
(Suc n) < llength zss
shows  ride R (Ifuse (Inth xss n) (Inth zss (Suc n)))
using assms
by (metis Suc-ile-eq Ifuse-inf llastlfirst-def order-less-imp-le ridz-lfuse-lfinite)

lemma ridz-Iifusecat-ltake-a:
assumes llastifirst xss
YV zs € lset xss. = Inull xs
Y xs € Iset xss. Ifinite xs
Vi. i < llength xss — ridx R (Inth xss i)
n < llength ss
shows ridz R (Ilfusecat (ltake (enat n) xss))
using assms
proof (induct n arbitrary: xss)
case (
then show Zcase
by (metis LNil-eq-ltake-iff gr-implies-not-zero Ifusecat-LNil llength-eq-0 llist.disc(1) ridz-def
zero-enat-def)
next
case (Suc n)
then show Zcase
proof —
have 0: n=0 = ?thesis
proof —
assume al0: n=0
have 000: —lnull zss
using Suc.prems(5) a0 one-enat-def by force
have 001: (ltake (enat (Suc n)) xzss) = (LCons (Inth xss 0) LNil)
using a0 000
by (metis One-nat-def lhd-LCons-Itl Inth-0-conv-lhd ltake.ctr(1) ltake-eSuc-LCons one-eSuc
one-enat-def)
have 002: Ifusecat (ltake (enat (Suc n)) zss) = (Inth zss 0)
using a0 000 001 lIfusecat-LCons[of (Inth xzss 0) LNil] by simp
show ?thesis using 002 Suc.prems(4) Suc.prems(5) Suc-ile-eq a0 by auto
qed
have 01: n>0 = ?thesis
proof —
assume a: n>0
have 1: (Ifusecat (ltake (enat (Suc n)) xss))
ltake (eSuc (Y i::nat = 0::nat..Suc n —
using [fusecat-ltake[of zss ( (Suc n))]
using Suc.prems(1) Suc.prems(2) Suc.prems(3) Suc.prems(5) Suc-ile-eq by force
have 2: ridz R (Ilfusecat (ltake (enat n) xss))
using Suc Suc-ile-eq order.strict-implies-order by blast
have 20: lfinite (ltake (enat n) xss)
by simp
have 21: = lnull (ltake (enat n) zss)
using Suc.prems(5) a enat-0-iff (2) by fastforce

(1::nat). epred (llength (Inth zss ©)))) (lfusecat zss)
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have 22: V xzscliset (ltake (enat n) xss). = Inull zs
by (meson Suc.prems(2) Iset-ltake subsetD)
have 23: Vzs€lset (ltake (enat n) zss). lfinite zs
by (meson Suc.prems(3) Iset-ltake subsetD)
have 24: llastlfirst (ltake (enat n) xss)
using Suc.prems(1) Suc.prems(5) Suc-ile-eq less-imp-le llastlfirst-ltake by blast
have 25: llast (Ifusecat (Iltake (enat n) zss)) = llast (llast (ltake (enat n) zss))
using 20 21 22 23 24 llastfirst-lfusecat-llast by blast
have 26: lfinite (llast (Itake (enat n) xss))
by (metis Suc.prems(3) Suc.prems(5) Suc-ile-eq Suc-pred’ a enat-ord-code(4) in-lset-conv-Inth
lfinite-ltake llast-lappend-LCons llast-singleton ltake-Suc-conv-snoc-Inth order-less-imp-le)
have 27: n< llength xss
using Suc.prems(5) Suc-ile-eq order-less-imp-le by blast
have 271: (llast (ltake (enat n) zss)) = (Inth zss (n—1))
by (metis 27 Suc-diff-1 Suc-ile-eq a enat-ord-code(4) lfinite-ltake llast-lappend-LCons
llast-singleton ltake-Suc-conv-snoc-Inth order.strict-implies-order)
have 28: llast (llast (ltake (enat n) xss)) = llast (Inth xss (n—1))
using 271 by auto
have 29: llast (Inth xzss (n—1)) = Ifirst (Inth zss n)
by (metis 27 Suc.prems(1) Suc-pred’ a llastifirst-def)
have 30: ride R (Ilfuse (lfusecat (ltake (enat n) xss)) (Inth xss ( n)))
by (metis 2 25 27 28 29 Suc.prems(4) lfuse-inf ridz-lfuse-lfinite)
have 31: (Ifuse (Ifusecat (ltake (enat n) zss)) (Inth zss ( n))) =
(lfusecat (ltake (enat (Suc n)) ss))
by (simp add: 27 Ilfusecat-lappend ltake-Suc-conv-snoc-Inth)
show ?thesis
using 30 31 by auto
qed
show “thesis
using 0 01 by fastforce
qed
qed

lemma Ifusecat-ltake-llength-less-than-llength-lfusecat:
assumes llastifirst xss
YV zs € Iset xss. 1 < llength xs
Y zs € Iset xss. Ifinite xs
(enat n)< llength xss
shows min
(if n =0 then 0 else eSuc(d i = 0 .. (n—1) . epred(llength (Inth zss i))))
(llength (lfusecat xss)) =
(if n =0 then 0 else eSuc(d i = 0 .. (n—1) . epred(llength (Inth zss i))))
proof —
have 0:V xs € Iset xss. ~lnull zs
using assms(2) by fastforce
have 1: lfinite zss = — Inull xss—> llength(lfusecat xss) =
eSuc(d ¢ = 0 .. (the-enat(epred(llength xss))) . epred(llength (Inth zss i)))
using Ifusecat-llength-lfinite[of xss| assms 0 by fastforce
have 2: - lfinite xss = —lfinite (Ilfusecat zss)
using assms Ilfusecat-lfinite]of xss| 0
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by (metis less-numeral-extra(4) lhd-LCons-Itl llength-LCons llength-LNil llist.collapse(1) one-eSuc)
have 3: = lfinite xss = llength (Ifusecat xss) = oo
using not-lfinite-llength 2 by blast
have 50: — Inull xzss=—> lIfusecat (ltake (enat n) xss) =
ltake (if n =0 then 0 else eSuc(d, i = 0 .. (n—1) . epred(llength (Inth xss 1))))
(Ifusecat xss)
using assms lfusecat-ltake[of xss n| 0 by fastforce
have 51: Ifinite (Ifusecat (ltake (enat n) xss))
by (meson assms(3) enat-ord-code(4) Ilfinite-ltake Ifusecat-lfinite-a lset-ltake subsetD)
have 52: lfinite (ltake (if n =0 then 0 else eSuc(> i = 0 .. (n—1) . epred(llength (Inth xss 7))))
(Ifusecat xss))
using 50 51 llist.collapse(1) by fastforce
have 53: I3m. llength (ltake (if n =0 then 0 else eSuc(d_ i = 0 .. (n—1) . epred(llength (Inth zss 7))))
(Ifusecat xss)) = (enat m)
using 52 lfinite-llength-enat by blast
have 54: llength (ltake (if n =0 then 0 else eSuc(d’ ¢ = 0 .. (n—1) . epred(llength (Inth zss 7))))
(lfusecat xss)) < llength (lfusecat xss)
by auto
have 55: llength (ltake (if n =0 then 0 else eSuc(d i = 0 .. (n—1) . epred(llength (Inth xss ))))
(Ifusecat zss)) =
min
(if n =0 then 0 else eSuc(d>_ i = 0 .. (n—1) . epred(llength (Inth zss 7))))
(llength (Ilfusecat xss))
using llength-ltake[of (if n =0 then 0 else eSuc(>_ i = 0 .. (n—1) . epred(llength (Inth zss 7))))
(Ifusecat xss) | by auto
have 56: min
(if n =0 then 0 else eSuc(d> i = 0 .. (n—1) . epred(llength (Inth zss 7))))
(llength (lfusecat zss)) < oo
by (metis 53 55 enat-ord-code(4))
have 57: (llength (lfusecat xss)) = llength (Ifusecat (lappend (ltake n xss) (ldrop n xss)))
by (simp add: lappend-ltake-ldrop)
have 58: llength (Ifusecat (lappend (ltake n xss) (ldrop n xss))) =
llength (Ifuse (lfusecat (ltake n xss)) (Ifusecat (Idrop n xss)))
by (metis 57 lfusecat-split)
have 59: Inull (Ifusecat (ltake (enat n) xzss)) «— n = 0
proof (cases xss)
case LNil
then show ?thesis using assms enat-0-iff (2) by force
next
case (LCons 221 x22)
then show ?thesis using 1 2 50 by force
qed
have 60: llength (Ifuse (lfusecat (ltake n xss)) (lfusecat (ldrop n zss))) =
llength (lfusecat (ltake (enat n) xss)) +
(if n= 0 then llength (lfusecat (Idrop (enat n) zss))
else epred (llength (Ilfusecat (Idrop (enat n) xss))))
using [fuse-llength[of (Ifusecat (ltake n xzss)) (Ifusecat (Idrop n xss))]
using 59 by presburger
have 62: n= 0 = llength (Ilfusecat (ldrop (enat n) xss)) = llength (Ifusecat zss)
using 57 58 59 llist.collapse(1) by force
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have 620: n>0 = n<llength zss => — Inull (ldrop (enat n) xss)
using Suc-ile-eq assms by simp
have 621: n>0 = n<llength zss = (zs€lset (ldrop (enat n) xss). = Inull xs)
by (meson 0 620 in-lset-ldropD Ifusecat-not-Inull lfusecat-not-Inull-var)
have 622: n>0 = n<llength xss => (= Inull (lfusecat (ldrop (enat n) xss)))
using 620 621 lIfusecat-not-Inull[of (ldrop (enat n) zss) | by blast
have 623: n>0 = - Inull zss
using assms 59 by force
have 63: n>0 = n<llength xss = (llength (Ifusecat (ldrop (enat n) xss))) =
(llength (ldrop (> i = 0 .. (n—1) . epred(llength (Inth xss ©)))) (Ifusecat xss) ))
using Ifusecat-ldrop[of zss n| assms
using 623 llength-LNil not-one-less-zero 0 by presburger
have 630: n>0 = n<llength xss = epred(llength (Ifusecat (ldrop (enat n) wss))) =
epred(llength (ldrop (3. i = 0 .. (n—1) . epred(llength (Inth zss ©)))) (Ifusecat zss) ))
using 63 by presburger
have 631: n>0 — n<llength xss —
(length (Idrop (> i = 0 .. (n—1) . epred(llength (Inth xss ©)))) (Ifusecat zss) )) > 0
by (metis 622 63 gr-zerol llength-eq-0)
have 6: llength (lfusecat (ltake (enat n) xss)) <
llength (lfuse (Ifusecat (ltake n xss)) (Ifusecat (Idrop n xss)))
using lfuse-llength-le-a by blast
have 65: 0 < n = n<llength xss = 0< (llength (lfusecat (ldrop (enat n) wss)))
using 63 631 by presburger
have 66: n>0 = llength zss > 0
using 623 gr-zerol llength-eq-0 by blast
have 67: n>0— n—1 < (epred (llength xss))
using assms 66
by (metis epred-enat epred-le-epredl)
have 68: min
(if n =0 then 0 else eSuc(> i = 0 .. (n—1) . epred(llength (Inth zss 7))))
(llength (lfusecat xss)) =
(if n =0 then 0 else eSuc(d>. i = 0 .. (n—1) . epred(llength (Inth zss 7))))
proof (cases Ifinite zss)
case True
then show ?thesis
proof —
have 681: n>0 =n<llength xss = eSuc(d_ i = 0 .. (n—1) . epred(llength (Inth zss i))) <
eSuc (Y1 = 0..the-enat (epred (llength xss)). epred (llength (Inth zss i)))
by (metis 1 631 True gr-implies-not-zero ilell linorder-not-less llength-Inull Inull-ldrop)
have 682: n>0 =n=llength xss = eSuc(}_ i = 0 .. (n—1) . epred(llength (Inth zss i))) <
eSuc (> ¢ = 0..the-enat (epred (llength xss)). epred (llength (Inth zss i)))
by (metis dual-order.refl epred-enat the-enat.simps)
show ?thesis
using 1 681 682 True 623 assms(4) min.absorbl order.order-iff-strict by auto
qed
next
case Fulse
then show ?thesis using 3 min-enat-simps(4) by presburger
qed
show ?thesis
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using 68 by blast
qed

lemma Ifusecat-ltake-llength-less-than-next:
assumes llastlfirst xss
V zs € lset xss. 1 < llength xs
YV zs € lset zss. lfinite s
(Suc n) < llength zss
shows (if n =0 then 0 else eSuc(d i = 0 .. (n—1) . epred(llength (Inth xss ))))
< (if (Suc n) =0 then 0 else eSuc(d i = 0 .. (n) . epred(llength (Inth xss i))))
proof —
have 0: n<oo
by simp
have 1: \i. i< llength xss = 1< llength (Inth xss i)
by (meson assms(2) in-lset-conv-Inth)
have 01: \i. i< llength zss = —inull (Inth xss i)
by (metis 1 llength-LNil llist.collapse(1) not-one-less-zero)
have 02: V zs € Iset xss. ~lnull zs
using assms(2) by fastforce
have 2: A\i . i< llength xss => 0<epred(llength (Inth xss 1))
by (metis 1 co.enat.exhaust-sel gr-zerol less-numeral-extra(4) not-one-less-zero one-eSuc)
have 3: n= 0 = ?thesis
by auto
have 4: 0<n = (>_ i = 0 .. (n) . epred(llength (Inth xss i))) =
(> i=0.. (n—1). epred(llength (Inth zss i))) +
epred(llength (Inth xss n))
by (metis (no-types, lifting) Suc-diff-1 sum.atLeast0-atMost-Suc)
have 5: \i. i< llength xss = epred(llength (Inth zss i)) < oo
using assms(3)
by (metis enat-ord-simps(4) epred-0 epred-Infty epred-inject in-lset-conv-Inth infinity-ne-i0
llength-eq-infty-conv-lfinite)
have 50: llength (Ilfusecat (ltake n xss)) < llength(lfusecat zss)
by (simp add: lprefiz-lfusecatl lprefiz-llength-le)

have 6: 0< n = eSuc(d_ i = 0 .. (n—1) . epred(llength (Inth zss i)))< oo
proof —
assume a: n>0
have 60: (Ilfusecat (ltake n xss)) =
(ltake (eSuc(d>’ i = 0 .. (n—1) . epred(llength (Inth zss 7)))) (Ifusecat zss))
using Ifusecat-ltake[of xss n| using assms 02 a by simp
(metis Suc-ile-eq gr-implies-not-zero llength-eq-0 order.strict-implies-order)
have 61: llength (Ifusecat (Iltake n xss)) =
llength (ltake (eSuc(d. i = 0 .. (n—1) . epred(llength (Inth zss 7)))) (lfusecat zss))
using 60 by fastforce
have 62: llength (ltake (eSuc(d>] i = 0 .. (n—1) . epred(llength (Inth xss i)))) (Ifusecat xss)) =
min (eSuc(d i = 0 .. (n—1) . epred(llength (Inth xss ))))
(llength (lfusecat xss))
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using llength-ltake by blast
have 63: min (eSuc(d. i = 0 .. (n—1) . epred(llength (Inth zss 7))))
(llength (Ifusecat xss)) =
(eSuc(d>] i = 0 .. (n—1) . epred(llength (Inth zss 7))))
using lfusecat-ltake-llength-less-than-llength-lfusecat[of xss n] a assms
using Suc-ile-eq order-less-imp-le by simp blast
show ?Zthesis
by (metis 0 60 62 63 assms(3) enat-ord-simps(4) lfinite-ltake [fusecat-lfinite-a
llength-eq-infty-conv-lfinite lset-ltake subsetD)
qed
have 7: 0<n = eSuc(d_ i = 0 .. (n—1) . epred(llength (Inth xss i))) <
eSuc(d i =0 .. (n—1) . epred(llength (Inth zss 7))) +
epred(llength (Inth zss n))
by (metis 2 6 Suc-ile-eq add.right-neutral assms(4) enat-add-mono less-infinityFEl
order-less-imp-le)
have 8: 0<n = ?thesis
using 4 7 eSuc-plus by auto
show “thesis
using 3 8§ by blast
qged

lemma ridz-Ifusecat-b:
assumes llastlfirst xss
V xs € lset zss. 1 < llength xs
YV zs € lset xss. Ilfinite xs
Vi. i < llength xss — ridz R (Inth xss i)
shows ridz R (Ilfusecat xss)
proof —
have 0:V zs € Iset xss. = Inull xs
using assms(2) gr-implies-not-zero llength-LNil llist.collapse(1) by blast
have 1: An. n< llength xss = ridx R (lfusecat (ltake (enat n) ss))
using assms 0 ridz-Ifusecat-ltake-a by blast
have 2: An. n< llength 1ss =
ride R (ltake (if n =0 then 0 else eSuc(d i = 0 .. (n—1) . epred(llength (Inth zss 7))))
(lfusecat xss))
using [fusecat-ltake[of xss | 1 assms using 0 llist.collapse(1) by fastforce
have 30: An . (enat n)< llength rss =
(if n =0 then 0 else eSuc(d>_ i = 0 .. (n—1) . epred(llength (Inth zss 7)))) <
llength (lfusecat xss)
proof —
fix n:nat
assume a: n< llength xss
show (if n =0 then 0 else eSuc(> i = 0 .. (n—1) . epred(llength (Inth xss 7)))) <
llength (Ifusecat xss)
using Ifusecat-ltake-llength-less-than-llength-lfusecat[of xss n | 0 assms
a min.order-iff[of (if n =0 then 0 else eSuc(>_ i = 0 .. (n—1) . epred(llength (Inth zss 7))))
llength (Ilfusecat xss) ]
by presburger
qed
have 3: An . (enat n)< llength zss =
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(if n =0 then 0 else eSuc(d>_ i = 0 .. (n—1) . epred(llength (Inth zss 7)))) <
llength (Ifuse (lfusecat (ltake n xss)) (Ifusecat (Idrop n zss)))
by (metis 30 Ifusecat-split)
have 6: An. (Suc n)< llength rss =
(if n =0 then 0 else eSuc(d>_ i = 0 .. (n—1) . epred(llength (Inth zss 7)))) <
(if (Suc n) =0 then 0 else eSuc(d_ i = 0 .. (n) . epred(llength (Inth zss 7))))
using assms(1) assms(2) assms(3) assms(4) lfusecat-ltake-llength-less-than-next by blast
have 61: Ni. i< llength xss = epred(llength (Inth zss 7)) < oo
by (metis assms(3) enat-ord-simps(4) epred-0 epred-Infty epred-inject i0-ne-infinity
in-lset-conv-Inth llength-eq-infty-conv-Ifinite)
have 62: An. n < llength xss —
(if n =0 then 0 else eSuc(d>_ i = 0 .. (n—1) . epred(llength (Inth xss 7))))< oo
by (metis (no-types, lifting) 30 6 add-diff-cancel-left’ assms(3) eSuc-enat enat-ord-code(4)
enat-ord-simps(4) ilell leD lfusecat-lfinite-a llength-eq-infty-conv-Ilfinite plus-1-eq-Suc)
have 7: Ak n. k < (if n =0 then 0 else eSuc(d_ i = 0 .. (n—1) . epred(llength (Inth zss 7))))
A n< llength xss
E—
ride R (ltake (enat k) (Ifusecat zss))
proof —
fix kn
show k < (if n =0 then 0 else eSuc(d_ i = 0 .. (n—1) . epred(llength (Inth zss i))))
A n< llength zss
= ride R (ltake (enat k) (lfusecat xss))
using ridz-ltake[of R (if n =0 then 0 else eSuc(d>_ i = 0 .. (n—1) . epred(llength (Inth zss i))))
(Ifusecat xss) k |
using 2 30 by presburger
ged
have 5: \k. k < llength xss =
ride R (ltake (enat k) (Ifusecat zss))
proof —
fix k
show k < llength rss —
ride R (ltake (enat k) (Ifusecat xss))
proof (cases Ifinite zss)
case True
then show ?thesis
by (metis 1 Ilfinite-llength-enat linorder-le-cases ltake-all ridz-ltake-a)
next
case Fulse
then show ?thesis
proof —
have 51: —lfinite(lfusecat xss)
using assms 0
by (metis False iless-Suc-eq lfusecat-lfinite-b lhd-LCons-ltl
llength-LCons not-lnull-llength one-enat-def)
have 52: A\k. (3n. enat k < (if n =0 then 0 else eSuc(d i = 0 .. (n—1) . epred(llength (Inth zss
)
A n<llength zss A
ride R (ltake (if n =0 then 0 else
eSuc(d’ i =0 .. (n—1) . epred(llength (Inth zss 7)))) (ifusecat xss)))

69



proof —
fix k
show (I n. enat k < (if n =0 then 0 else eSuc(d i = 0 .. (n—1) . epred(llength (Inth zss i))))
A n<llength zss A
ride R (ltake (if n =0 then 0 else
eSuc(d i =0 .. (n—1) . epred(llength (Inth zss 7)))) (ifusecat xss)))
using 2 6
proof (induct k)
case (
then show Zcase
proof —
have 521: (enat 0)< eSuc(d i = 0 .. (1—1) . epred(llength (Inth zss 7)))
using i0-iless-eSuc zero-enat-def by presburger
have 522: (enat 1) < llength zss
using Fualse
using Inull-imp-lfinite not-Inull-llength one-enat-def by auto
have 523: ridz R (ltake (if (enat 1) =0 then 0 else
eSuc(d, i =0 .. (1-1) . epred(llength (Inth xss 7)))) (Ifusecat xss))
using 0.prems(1) 522 one-enat-def by fastforce
show ?Zthesis using 521 522 523 one-enat-def by force
qed
next
case (Suc k)
then show ?case
by (metis (no-types, lifting) False antisym-conv2 diff-Suc-1 eSuc-enat enat-ord-code(4)
ilel1 llength-eq-infty-conv-Ifinite)
qed
qed
have 53: \k. (3m. (enat k) < m N ride R(ltake (enat m) (Ifusecat xss)))
proof —
fix k
show (Im. (enat k) < m A ride R (ltake (enat m) (Ilfusecat zss)))
proof —
have 54: (3n. enat k < (if n =0 then 0 else
eSuc(d. i = 0 .. (n—1) . epred(llength (Inth zss 7))))
A n<llength xss N
ride R (ltake (if n =0 then 0 else
eSuc(d i = 0 .. (n—1) . epred(llength (Inth zss 7)))) (Ifusecat xss)))
using 52 by blast
obtain n where 55: enat k < (if n =0 then 0 else
eSuc(d’ i =0 .. (n—1) . epred(llength (Inth zss 7)))) A
n<llength zss A
ride R (ltake (if n =0 then 0 else
eSuc(d i =0 .. (n—1) . epred(llength (Inth zss 7)))) (lfusecat xss))
using 5/ by blast
show ?Zthesis
using 55 62 by force
qed
qed
show “thesis
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by (metis 51 53 enat-ord-code(4) llength-eq-infty-conv-ifinite order.strict-implies-order
ridz-ltake)
qed
qed
qed
show ?thesis
by (metis 1 5 dual-order.refl enat-ord-code(4) lfinite-conv-llength-enat
llength-eq-infty-conv-lfinite ltake-all ridx-ltake-all)
qed

lemma ridx-lfusecat:
assumes llastlfirst xss
YV xs € lset zss. 1 < llength xs
YV zs € lset xss. Ilfinite xs
shows ridz R (Ilfusecat xss) «— (Vi. i < llength xss — ridz R (Inth zss i) )
using ridz-Ifusecat-a ridz-lfusecat-b assms
using gr-implies-not-zero llength-eq-0 by blast

lemma Ifusecat-split-lsub:

assumes llastlfirst xss
YV xs € lset zss. 1 < llength xs
YV zs € lset xss. Ilfinite xs

shows (V i. i< llength zss — ride (XA a b. f (Isub a b o)) (Inth xss i)) «—
ride (A a b. f (lsub a b o)) (lfusecat xss)

using assms ridz-lfusecat by blast

lemma lidz-lfuse-Ifinite:
assumes Ifinite xs
llast xs = lfirst ys
shows  lidz (lfuse xs ys) «— lidz xs A lidz ys
using assms
using ridz-Ifuse-lfinite ridz-lide by blast

lemma lidx-lfusecat-ltake:
assumes lidz (lfusecat xss)
n < llength wss
shows  lidz (Ifusecat (ltake n xss))
using assms ridz-lfusecat-ltake ridz-lidr by blast

lemma lidz-Ifusecat-ldrop:
assumes lidz ([fusecat xss)
(enat n) < llength xss
lastlfirst xss
YV zs € lset xss. = Inull xs
Y xs € Iset xss. Ifinite xs
shows  lidz (Ifusecat (ldrop n zss))
using assms ridx-lfusecat-ldrop ridz-lide by blast

lemma lidx-lfusecat-a:
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assumes llastlfirst xss
YV zs € lset xss. = Inull xs
YV zs € lset xss. Ilfinite xs
lidze (Ifusecat xss)
i < llength xss
shows  lidz (Inth zss i)
using assms ridz-lfusecat-a ridz-lide by blast

lemma lidz-Ifusecat-lfuse:
assumes llastifirst xss
YV xs € lset xss. = Inull xs
Y xs € Iset xss. Ifinite xs
Vi. i < length xss — lidz (Inth xss 1)
(Suc n) < llength zss
shows  lidz (Ifuse (Inth xss n) (Inth zss (Suc n)))
using assms ridx-lfusecat-lfuse ridz-lide by blast

lemma lidz-Ifusecat-ltake-a:
assumes llastifirst xss
YV xs € Ilset xss. = Inull xs
Y xs € Iset xss. Ifinite xs
Vi. i < length xss — lidz (Inth xss 1)
n < llength ss
shows lidz (Ifusecat (ltake (enat n) xss))
using assms ridx-lfusecat-ltake-a ridz-lide by blast

lemma lidz-Ifusecat-b:
assumes llastlfirst xss
YV zs € lset xss. 1 < llength xs
YV xs € lset zss. lfinite s
Vi. i < llength xss — lidz (Inth xss 1)
shows lidz (lfusecat xss)
using assms ridx-lfusecat-b ridx-lide by blast

lemma lidz-Ifusecat:

assumes llastlfirst xss
V xs € lset xss. 1 < llength xs
YV xs € lset xss. lfinite xs

shows lidz (Ifusecat xss) <— (Vi. i < llength xss — lidz (Inth zss i) )

using assms ridx-lfusecat ridx-lide by blast

lemma Inth-sum-expand:
assumes — Inull zss
llastlfirst xss
V xs € lset zss. 1 < llength xs
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YV zs € Iset xss. Ilfinite xs
(enat 7)< llength zss
Ifinite xss
shows (> i = 0 .. (the-enat(epred(llength xss))) . epred(llength (Inth zss ©))) =
epred(llength (Inth xss 7)) +
(>° j e {k. k#i A k< (the-enat(epred(llength xss)))} . epred(llength (Inth zss j)))
proof —
have 1: {k. k< (the-enat(epred(llength xss)))} = insert i {k. ki N k< (the-enat(epred(llength xss)))}
using assms by auto
(metis eSuc-epred enat-ord-simps(1) epred-enat gr-implies-not-zero iless-Suc-eq
Ifinite-llength-enat the-enat.simps)
have 2: {0.. (the-enat(epred(llength zss)))} = {k. k< (the-enat(epred(llength zss)))}
by auto
have 3: (> ¢ = 0 .. (the-enat(epred(llength xss))) . epred(llength (Inth xss ©))) =
(3> i €{k. k< (the-enat(epred(llength zss)))} . epred(llength (Inth xss i)))
using 2 by presburger
have 4: (> i €{k. k< (the-enat(epred(llength zss)))} . epred(llength (Inth zss i))) =
(5> j €linsert i {k. k#i N k< (the-enat(epred(llength xss)))}) . epred(llength (Inth xss 7)))
using 1 by presburger
have 5: (> j €(insert i {k. k#i N k< (the-enat(epred(llength xss)))}) . epred(llength (Inth zss j))) =
epred(llength (Inth xss 7)) +
(3> j e {k. k#i A k< (the-enat(epred(llength xss)))} . epred(llength (Inth zss j)))
by auto
show ?thesis
using & 4 5 by presburger
qed

lemma Ifusecat-llength-a:
assumes llastlfirst xss
YV zs € lset xss. 1 < llength xs
YV xs € lset zss. lfinite s
i < llength xss
(enat j) < llength (Inth xss i)
shows (enat j) < llength (Ifusecat xss)
proof (cases lfinite zss)
case True
then show “thesis
proof —
have I: Inull zss = ?thesis
using assms(4) gr-implies-not-zero llength-eq-0 by blast
have 2: = lnull zss =
llength (lfusecat xss) =
eSuc(d. i = 0 .. (the-enat(epred(llength xss))) . epred(llength (Inth xss i)))
using True assms lfusecat-llength-lfinite by fastforce
have 3: = lnull zss =
llength (Inth zss i) <
eSuc(d’ i = 0 .. (the-enat(epred(llength xss))) . epred(llength (Inth zss i)))
using [nth-sum-expand|of zss i| assms
by (metis (no-types, lifting) True co.enat.collapse eSuc-plus gr-implies-not-zero le-iff-add)
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have /: — Inull xss = ?thesis
using 2 3
by (metis assms(5) order-less-le-trans)
show ?thesis
using 1 4 by blast
qed
next
case Fulse
then show “thesis
proof —
have 5: - Ifinite (Ifusecat xss)
by (metis False assms(1) assms(2) assms(3) gr-implies-not-zero iless-Suc-eq lfusecat-lfinite-b
Ihd-LCons-ltl llength-LCons llength-eq-0 not-lnull-llength one-enat-def)
show ?thesis
using 5 enat-iless Ifinite-conv-llength-enat not-less-iff-gr-or-eq by blast
qged
qed

lemma Imap-Ifusecat:
Imap f (lfusecat zss) = (lfusecat (Imap ( Imap f ) xss))
proof (induct zss)
case adm
then show ?case by simp
next
case LNil
then show ?case
by simp
next
case (LCons xs xss)
then show ?case
by (simp add: lfuse-def )
(metis Imap-eq-LNil Imap-lappend-distrib Inull-def ltl-lmap)
qed

lemma Ifusecat-is-Ifirst-conv:
assumes VY i. i< llength xss — is-lfirst(Inth xss 1)
is-Ifirst xss
shows is-lfirst(Ifusecat xss)
using assms
proof (induction zss)
case adm
then show ?Zcase
by (rule ccpo.admissiblel) (auto, metis Inth-0 zero-enat-def)
next
case LNil
then show ?case by simp
next
case (LCons zs xss)
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then show Zcase
by (simp add: zero-enat-def)
qed

1.1.8 kfilter

lemma kfilter-code [simp, code]:
shows kfilter-LNil: kfilter P n LNil = LNil
and kfilter-LCons: kfilter P n (LCons © xs) =
(if Pz then LCons n (kfilter P (Suc n) xs) else kfilter P (Suc n) zs )
by (auto simp add: kfilter-def lzip.ctr(2))

lemma Imap-fst-imp-a:

assumes [null (Ilfilter P xs)

shows Inull (Imap fst (Ifilter (P o fst) (lzip zs (iterates Suc n))))
using assms lset-lzipD1 by fastforce

lemma Imap-fst-imp-b:
assumes [null (Imap fst (ifilter (P o fst) (lzip zs (iterates Suc n))))
shows  Ilnull (Ilfilter P xs)
proof —
have 0: Inull (Imap fst (Ifilter (X (z,k). P z) (lzip xs (iterates Suc n))))
using assms by auto
have 1: Inull (Ifilter (X (z,k). P z) (lzip xs (iterates Suc n)))
using 0 by auto
have 2: (V (z,k) € Iset(lzip zs (iterates Suc n)). — P x)
using 1 by (simp add: prod.case-eq-if)
have 3: (V (z,k) € { (Inth zs i , n+17) | i. enat i < llength xzs}. = P x)
using 2 by (simp add: Iset-lzip)
have 4: (V z € { Inth zs i | i. enat © < llength zs}. = P x)
using & by blast
from / show ?%thesis by (simp add: lset-conv-Inth)
qed

lemma Imap-snd-lnull:
Inull (Imap snd (Ifilter (P o fst) (lzip xs (iterates Suc n)))) = Inull(lfilter P xs)
by (metis llist.collapse(1) llist.disc(1) Imap-eq-LNil Imap-fst-imp-a lmap-fst-imp-b)

lemma kfilter-inull-conv:
Inull (kfilter P n xzs) «— (V x € Iset zs. = P )
unfolding kfilter-def using Imap-snd-lnull[of P xs| Inull-lfilter[of P xs] by blast

lemma kfilter-not-Inull-conv:
—lnull (kfilter P n zs) <— (3 z € lset zs. P x)
by (simp add: kfilter-Inull-conv)

lemma Imap-fst-lfilter:
lfilter P (Imap fst (lzip zs (iterates Suc n))) =
Imap fst (Ifilter (P o fst) (lzip xs (iterates Suc n)))
using [filter-lmap by blast
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lemma Imap-fst-lzip:
(Imap fst (Izip zs (iterates Suc n))) = xs
by (coinduction arbitrary: zs) (auto, simp add: Imap-fst-lzip-conv-ltake)

lemma Ifilter-kfilter-1:
(Imap fst (Ifilter (Pofst) (lzip xs (iterates Suc n)))) =
(Ifilter P xs)

by (metis (mono-tags, lifting) Imap-fst-lfilter Imap-fst-lzip)

lemma Ifilter-kfilter-snd-llength:
llength (Imap fst (Ifilter (Pofst) (lzip xs (iterates Suc n)))) =
llength (Imap snd (Ifilter (Pofst) (lzip zs (iterates Suc n))))
by simp

lemma kfilter-llength:
llength(kfilter P n xs) = llength(Ifilter P xs)
proof —
have 1: llength(kfilter P n zs) = llength (Imap snd (Ifilter (Pofst) (Izip zs (iterates Suc n))))
by (simp add: kfilter-def)
have 2: llength (Imap snd (Ifilter (Pofst) (lzip xs (iterates Suc n)))) =
llength (Imap fst (Ifilter (Pofst) (lzip xs (iterates Suc n))))
using Ifilter-kfilter-snd-llength by auto
have 3: llength (Imap fst (Ifilter (Pofst) (lzip zs (iterates Suc n)))) =
llength(lfilter P xs)
by (metis lfilter-kfilter-1)
from 1 2 8 show ?thesis by auto
qed

lemma Ildrop While-LEAST:
assumes 3 n<llength xs. (Not o P) (Inth xs n)
shows Idrop While P xs = ldropn (LEAST n. n < llength xs A (Not oP) (Inth zs n)) xs
proof —
from assms obtain m where
m< llength zs A (Not o P) (Inth xs m)
An. n< llength s — (Not oP) (Inth zs n) = m < n
and x: (LEAST n. n < llength xs N (Not o P) (Inth s n)) = m
by atomize-elim
(metis (no-types, lifting) dual-order.strict-transl enat-ord-code(2) less-imp-le not-le-imp-less
not-less-Least wellorder-Least-lemma(1))
thus ?thesis unfolding *
proof (induct m arbitrary: xs)
case (
then show ?Zcase
by (cases zs) simp-all
next
case (Suc m)
then show Zcase
proof —
have 1: ldropWhile P (itl zs) = ldropn m (Itl xs) using Suc
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by (cases xs)
(simp,
metis Suc-le-mono ldrop-eSuc-ltl ldropn-Suc-conv-ldropn ldropn-eq-LNil llist.simps(3)
Inth-Suc-LCons ltl-simps(2) not-le-imp-less)
have 2: P (Inth xs 0)
using Suc.prems(2) by auto
show “thesis
by (metis 1 2 ldrop While-LCons ldrop-eSuc-ltl Ihd-LCons-ltl llist.collapse(1)
Inth-0-conv-lhd Iltl-simps(1))
qed
qged
qed

lemma ldrop While-LEAST-not:

assumes 3 n<llength xs. P (Inth zs n)

shows [drop While (Not o P) xs = ldropn (LEAST n. n < llength zs A P (Inth zs n)) xs
using assms ldrop While-LEAST [of xs Not o P] by simp

lemma ltake While-LEAST:
assumes 3 n<llength zs. (Not o P) (Inth xs n)
shows (ltake While P xs) = (ltake (lleast (Not o P) xs) xs)
proof—
from assms obtain m where
m< llength zs A (Not o P) (Inth xs m)
An. n< llength rs — (Not oP) (Inth xs n) = m < n
and x: (lleast (Not o P) xs) = m unfolding lleast-def
by atomize-elim
(metis (no-types, lifting) Least-le dual-order.trans enat-ord-code(2) not-less not-less-iff-gr-or-eq
wellorder-Least-lemma(1))
thus ?thesis unfolding *
proof (induct m arbitrary: xs)
case (
then show “case
proof —
have ltakeWhile P (LCons (Inth xs 0) (Idropn (Suc 0) xs)) = LNil
using 0 by fastforce
then show ?thesis
by (metis (no-types) lappend.disc-iff (2) lappend-ltake While-ldrop While ldropn-0
ldropn-Suc-conv-ldropn llist.collapse(1) Inull-ldropn ltake.ctr(1) not-less zero-enat-def)
qed
next
case (Suc m)
then show Zcase
proof —
have 1: ltake While P (ltl xs) = ltake m (It zs)
using Suc by (cases xs)
(simp,
metis Extended-Nat.eSuc-mono Suc-le-mono eSuc-enat llength-LCons Inth-Suc-LCons ltl-simps(2))
have 2: P (Inth xs 0)
using Suc by auto
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show ?thesis
by (metis 1 2 eSuc-enat lhd-LCons-ltl Inth-0-conv-lhd ltake.ctr(1) ltake While.code
ltake-eSuc-LCons)
qed
qed
qed

lemma llength-LEAST-not:

assumes 3 n < llength zs. (Not o P) (Inth zs n)
shows (lleast (Not o P) xs) < llength xs

using assms unfolding lleast-def

by (metis (no-types, lifting) LeastI)

lemma llength-LEAST:

assumes 3 n < llength zs. P (Inth xs n)

shows (lleast P xs) < llength xs

using assms llength-LEAST-not[of s Not o P| unfolding lleast-def by simp

lemma llength-ltake While-LEAST:

assumes 3 n< llength xs. (Not o P) (Inth zs n)

shows (llength (ltake While P xs)) = (lleast (Not o P) xs)

using assms ltake While-LEAST[of zs P] unfolding lleast-def

by (metis (no-types, lifting) dual-order.strict-transl enat-ord-simps(2) le-cases llength-ltake
min-def not-less-Least)

lemma llength-ltake While-LEAST-not:

assumes 3 n< llength zs. P (Inth zs n)

shows (llength (ltake While (Not oP) xs)) = (lleast P xs)

using assms llength-ltake While-LEAST[of s Not o P] unfolding lleast-def by simp

lemma Izip-ldrop While-fst:
assumes llength (lzip zs ys) = llength zs
shows [zip (IdropWhile P xs) (Imap snd (ldrop While (P o fst) (lzip xs ys)) ) =
ldropWhile (P o fst) (lzip zs ys)
using assms
proof —
have f1: ldropWhile P xs = lmap fst (Idrop While (P o fst) (lzip xs ys))
by (metis (no-types) llength-lzip assms ldrop While-lmap Imap-fst-lzip-conv-ltake ltake-all order-refl)
have ltake (min (llength (ldrop (llength (ltake While (P o fst) (lzip xs ys))) zs))
(llength (Idrop (llength (ltakeWhile (P o fst) (Izip zs ys))) ys)))
(Idrop (llength (Itake While (P o fst) (lzip xs ys))) (lzip zs ys)) =
ldrop (llength (ltakeWhile (P o fst) (lzip xzs ys))) (lzip xs ys)
by (simp add: ltake-all)
then show “thesis
using fI1 by (simp add: ldrop While-eq-ldrop Imap-fst-lzip-conv-ltake lmap-snd-lzip-conv-ltake ltake-lzip)
qed

lemma [zip-ldrop While-fst-iterates:

ldrop While (Not o P o fst) (lzip zs (iterates Suc n)) =
lzip (Idrop While (Not oP) xs) (lmap snd (ldropWhile (Not oP o fst) (lzip xzs (iterates Suc n))) )
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by (metis llength-lmap Imap-fst-lzip lzip-ldrop While-fst)

lemma Ildrop While-iterates-split:
assumes 3 n<llength xs. P (Inth zs n)
shows ( (ldropWhile (Not oP o fst) (lzip xs (iterates Suc n)))) =
(lzip (ldrop While (Not oP) xs)
(iterates Suc (n+(lleast P xs))) )
proof —
have 1: Ina. enat na < llength (lzip zs (iterates Suc n)) A
(Noto (Noto P) o fst) (Inth (lzip zs (iterates Suc n)) na)
using Imap-fst-lzip[of xs n]
by (metis assms comp-apply llength-lmap Inth-Imap)
have 2: (ldrop While ((Not oP) o fst) (lzip zs (iterates Suc n))) =
(ldropn (LEAST na. na < llength(lzip zs (iterates Suc n)) A
((Not o (Not oPo fst))) (Inth (lzip zs (iterates Suc n)) na)) (lzip zs (iterates Suc n)))
using 1 ldrop While-LEAST [of (lzip zs (iterates Suc n)) (Not oP) o fst] by auto
have 3: (ldropn (LEAST na. na < llength(lzip zs (iterates Suc n)) A
((Not o (Not oPo fst))) (Inth (lzip zs (iterates Suc n)) na)) (lzip s (iterates Suc n))) =
(Idropn (LEAST na. na < llength(lzip zs (iterates Suc n)) A
(( (Po fst))) (Inth (lzip xs (iterates Suc n)) na)) (lzip zs (iterates Suc n)))
by auto
have 4: (ldropn (LEAST na. na < llength(lzip xs (iterates Suc n)) A
(( (Po fst))) (Inth (lzip xs (iterates Suc n)) na)) (lzip zs (iterates Suc n))) =
(lzip (ldropn (LEAST na. na < llength(lzip xs (iterates Suc n)) A
(( (Po fst))) (Inth (lzip xs (iterates Suc n)) na)) xs)
(ldropn (LEAST na. na < llength(lzip zs (iterates Suc n)) A
(( (Po fst))) (Inth (lzip xs (iterates Suc n)) na)) (iterates Suc n)))
using ldropn-lzip by blast
have 5: (ldropn (LEAST na. na < llength(lzip xs (iterates Suc n)) A
(( (Po fst))) (Inth (lzip xs (iterates Suc n)) na)) (iterates Suc n)) =
(iterates Suc (n+(LEAST na. na < llength(lzip xs (iterates Suc n)) A
(( (Po fst))) (Inth (Izip xs (iterates Suc n)) na))))
by (metis (no-types, lifting) funpow-Suc-conv ldropn-iterates)
have 6: (LEAST na. na < llength(lzip zs (iterates Suc n)) A
(( (Po fst))) (Inth (lzip xs (iterates Suc n)) na)) =
(LEAST na. na < llength(lzip zs (iterates Suc n)) A
(( (P ofst))) (Inth ( s ) na, Inth (iterates Suc n) na))
by (metis (no-types, opaque-lifting) comp-def fst-conv Imap-fst-lzip Inth-lmap)
have 7: llength(lzip xs (iterates Suc n)) = llength xs
by simp
have 8: (LEAST na. na < llength(lzip zs (iterates Suc n)) A
(( (P ofst))) (Inth ( zs ) na, Inth (iterates Suc n) na))
(LEAST na. na < llength xs N\ P (Inth zs na) )
by auto
have 9: (lzip (ldropn (LEAST na. na < llength(lzip zs (iterates Suc n)) A
(( (Po fst))) (Inth (lzip xs (iterates Suc n)) na)) xs)
(ldropn (LEAST na. na < llength(lzip xs (iterates Suc n)) N
(( (Po fst))) (Inth (lzip xs (iterates Suc n)) na)) (iterates Suc n))) =
(lzip (ldropn (LEAST na. na < llength zs A P (Inth zs na) ) xs)
(iterates Suc (n+(LEAST na. na < llength zs A P (Inth xs na) ))) )
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using 5 6 by auto
show ?thesis unfolding lleast-def

using assms 2 3 4 9 ldrop While-LEAST-not|of zs P] by presburger
qed

lemma kfilter-ldrop While :
assumes — [null(kfilter P n xs)
shows [kfilter P n zs =
(LCons (n+ (lleast P zs))
(Imap snd (Ifilter (Pofst)
(lzip (ldrop (Suc (lleast P xs)) ( xs))
(iterates Suc (Suc (n+(lleast P xs))))))))
proof —
let ?Least = (lleast P xs)
have 1: Ihd(Ifilter (Pofst) (lzip xs (iterates Suc n))) =
Ihd (ldrop While (Not o P o fst) (lzip xs (iterates Suc n)))
by simp
have 2: ltl(Ifilter (Pofst) (lzip zs (iterates Suc n))) =
(ifilter (Pofst) (Itl (ldrop While (Not o P o fst) (lzip xs (iterates Suc n)))))
by (simp add: ltl-lfilter)
have 3: [filter (Pofst) (lzip xs (iterates Suc n)) =
(LCons (Ihd(Ifilter (Pofst) (lzip zs (iterates Suc n))))
(ltl(lfilter (Pofst) (lzip xs (iterates Suc n)))))
by (metis assms kfilter-llength llength-eq-0 llength-Imap llist.disc(1) llist.exhaust-sel
Imap-fst-lfilter Imap-fst-lzip)
have 4: kfilter P n xs =
Imap snd (lfilter (Pofst) (lzip xs (iterates Suc n)))
by (simp add: kfilter-def)
have 5: ltl (Idrop While (Not o P o fst) (lzip xs (iterates Suc n))) =
tl((Izip (ldrop While (Not oP) xs)
(Imap snd (ldropWhile (Not o P o fst) (lzip zs (iterates Suc n))))))
by (metis lzip-ldrop While-fst-iterates)
have 6: ltl((Izip (Idrop While (Not oP) xs)
(Imap snd (ldropWhile (Not o P o fst) (lzip zs (iterates Suc n)))))) =
(Lzip (Itl (Idrop While (Not oP) xs))
(Itl (Imap snd (ldrop While (Not o P o fst) (lzip zs (iterates Suc n))))))
using lzip-ldrop While-fst-iterates[of P xs n]
ltl-lzip[of (ldrop While (Not o P) xs)
(Imap snd (Idrop While (Not o P o fst) (lzip xs (iterates Suc n))))]
by force
have 7: Imap snd (
(LCons (lhd (ldropWhile (Not o P o fst) (lzip xs (iterates Suc n))))
(lfilter (Pofst) (Itl (ldrop While (Not o P o fst) (lzip xs (iterates Suc n))))))) =
(LCons (snd (Ihd (IdropWhile (Not o P o fst) (lzip xs (iterates Suc n)))))
(Imap snd (Ifilter (Pofst) (Itl (ldropWhile (Not o P o fst) (lzip zs (iterates Suc n)))))))
by simp
have 8: 3n. enat n < llength s A P (Inth xs n)
by (metis assms in-lset-conv-Inth kfilter-llength llength-eq-0 Inull-ifilter)
have 9: (snd (Ihd (ldropWhile (Not o P o fst) (lzip zs (iterates Suc n))))) =
(snd (Ihd (lzip (ldrop While (Not oP) xs)
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(iterates Suc (n+?Least)) )))
using 8 ldrop While-iterates-split|of xs P n] by simp
have 10: (snd (Ihd (lzip (ldrop While (Not oP) xs)
(iterates Suc (n+?Least)) ))) =
Ihd (iterates Suc (n+ ?Least))
by (metis (no-types, lifting) 3 comp-assoc iterates.disc-iff lfilter-eq-LCons lhd-lzip
llist.disc(2) lzip.disc(1) lzip-ldrop While-fst-iterates snd-conv)
have 11: Ihd (iterates Suc (n+?Least)) = (n+ ?Least)
by simp
have 12: ltl (IdropWhile (Not o P o fst) (lzip xs (iterates Suc n))) =
Itl (lzip (ldrop While (Not oP) xs)
(iterates Suc (n+ ?Least)) )
using 8 ldrop While-iterates-split|of xs P n] by simp
have 13: ltl (Izip (IdropWhile (Not oP) zs) (iterates Suc (n+?Least)) ) =
(lzip (Il (ldropWhile (Not oP) zs)) (It (iterates Suc (n+ ?Least))))
by (metis (no-types, lifting) 8 comp-assoc iterates.disc-iff lfilter-eq-LCons llist.discI(2)
Itl-lzip lzip.disc-iff (2) lzip-ldrop While-fst-iterates)
have 14: (It (iterates Suc (n+?Least))) = (iterates Suc (Suc (n+?Least)))
by simp
have 15: ltl (ldropWhile (Not oP) zs) = [tl (Idrop (llength (ltake While (Not oP) xs)) xs)
by (simp add: ldrop While-eq-ldrop)
have 16: Itl (Idrop (llength (ltake While (Not oP) xs)) xs) =
ldrop (eSuc (llength (ltakeWhile (Not oP) xs))) ( xs)
by (simp add: ldrop-eSuc-conv-Itl)
have 17: (llength (ltake While (Not oP) xs)) = (llength (ltake ?Least xs))
using 8 ltake While-LEAST[of xs Not oP | unfolding lleast-def by auto
have 18: (llength (ltake ?Least xs)) = enat ?Least
using 17 8 llength-ltake While-LEAST-not unfolding lleast-def by fastforce
have 19: ldrop (eSuc (llength (ltake While (Not oP) zs))) ( zs) = ldrop (Suc ?Least) ( xs)
using 17 18 by (simp add: eSuc-enat)
have 20: ltl (IdropWhile (Not o P o fst) (lzip xs (iterates Suc n))) =
(lzip (Idrop (Suc ?Least) ( xs)) (iterates Suc (Suc (n+ ?Least))))
using 12 13 15 16 19 by auto
show ?thesis
using 2 3 4 10 20 9 by auto
qed

lemma kfilter-eq-LCons:
Kfilter P n s = LCons x 18’ —>
r = n+(lleast P xs) A
xs’ = (Imap snd (Ifilter (Pofst)
(lzip (ldrop (Suc (lleast P xs)) ( xs))
(iterates Suc (Suc (n+(lleast P xs)))))))
using kfilter-ldrop While[of P n xs| by auto

lemma kfilter-eq-LCons-1:
kfilter P n xs = LCons z xs' —>
z = (n+(lleast P xs)) A
zs’ = kfilter P (Suc (n+(lleast P xs))) (ldrop (Suc (lleast P xs)) xs)
using kfilter-eq-LCons|of P n xs z xs]
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kfilter-def[of P (Suc (n + (lleast P xs)))
(ldrop (Suc (lleast P xs)) xs)]
by auto

lemma kfilter-eq-conuv:
kfilter P n xs = LNil vV
kfilter P n zs =
LCons (n+(lleast P zs)) (kfilter P (Suc (n+(lleast P xs))) (ldrop (Suc (lleast P xs)) xs))
proof (cases kfilter P n xs)
case LNil
then show ?thesis by simp
next
case (LCons 221 x22)
then show ?Zthesis
proof —
let ?Least = (lleast P xs)
have 1: 221 = n+?Least
using kfilter-eq-LCons-1[of P n zs x21 x22] by (meson LCons)
have 2: 222= (kfilter P (Suc (n+ ?Least)) (ldrop (Suc ?Least) xs))
using kfilter-eq-LCons-1[of P n xs x21 z22] by (meson LCons)
show ?thesis
by (metis 1 2 LCons)
qed
qged

lemma kfilter-Inth-zero:

assumes —lnull(kfilter P n xs)

shows Inth (kfilter P n zs) 0 = n+ (lleast P zs)

using assms

by (metis kfilter-eq-LCons-1 lhd-LCons-Iltl Inth-0-conv-lhd)

lemma length-LEAST-a:

assumes —lnull(kfilter P n xs)

shows lleast P zs< llength s

using assms exist-lset-Inthof xs P| kfilter-not-Inull-conv|of P n xs]
llength-LEAST|of zs P] by blast

lemma kfilter-upperbound:
assumes i < llength(kfilter P n xs)
shows (Inth (kfilter P n xs) i) < n + llength zs
proof (cases Ifinite (kfilter P n xs))
case True
then show ?thesis using assms
proof (induct zs=kfilter P n s arbitrary: zs n i rule: lfinite-induct)
case (LNil xs)
then show ?Zcase
using gr-implies-not-zero llength-Inull by blast
next
case (LCons xs)
then show ?case
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proof —
let ?Least = (lleast P xs)
have 1: 3 z zs’. kfilter P n zs = LCons x xs’
using LCons.hyps(2) kfilter-ldrop While by blast
obtain z xs’ where 2:kfilter P n s = LCons x xs’
using 1 by auto
have 3: © = n+?Least
using kfilter-ldrop While[of P n xs| by (simp add: 2)
have /: i=0 = (Inth (kfilter P n xs) i) = x
by (simp add: 2)
have 5: enat n+ enat ?Least < enat n + llength xs
using length-LEAST-alof P n zs] LCons.hyps(2) enat-add-mono by blast
have 6: i=0 = enat (Inth (kfilter P n xs) i) < enat n + llength xs
using 3 4 5 by auto
have 7: zs’ = kfilter P (Suc (n+?Least)) (ldrop (Suc ?Least) xs)
using kfilter-ldrop While|of P n xzs] 2 kfilter-eq-LCons-1 by blast
have 8: i>0 = enat (Inth (kfilter P n xs) i) = enat (Inth zs’ (i—1))
by (simp add: 2 Inth-LCons')
have 9: i>0 A Ilnull zs’ = enat (Inth (kfilter P n xs) i) < enat n + llength xs
by (metis 2 LCons.prems(1) One-nat-def enat-ord-simps(2) llength-LCons llength-LNil
llist.collapse(1) not-less-eq one-eSuc one-enat-def)
have 10: i>0 A =inull zs' = (i—1) < llength zs'
using 2 LCons.prems(1) Suc-ile-eq by fastforce
have 11: i>0 A —lnull s’ =
enat (Inth zs’ (i—1)) < enat (Suc (n+?Least)) + llength (ldrop (Suc ?Least) xs)
by (metis (no-types, lifting) 10 2 7 LCons.hyps(3) ltl-simps(2))
have 111: lappend (ltake (Suc (?Least)) xs) (Idrop (Suc (?Least)) xs) = xs
using lappend-ltake-ldrop by blast
have 112: enat (Suc (n+?Least)) = n + (Suc ?Least)
by auto
have 113: Suc ?Least < (llength zs)
using 5 Suc-ile-eq enat-add-mono by blast
have 114: llength (ltake (Suc (?Least)) xs) = Suc ?Least
using llength-ltake[of (Suc (?Least)) zs] 113 by linarith
have 12: enat (Suc (n+?Least)) + llength (ldrop (Suc ?Least) xs) < enat n + llength xs
using llength-lappend|of (ltake (Suc (?Least)) xs) (ldrop (Suc (?Least)) zs)]
by (metis (no-types, lifting) 111 112 11/ eg-refl group-cancel.add1 plus-enat-simps(1))
have 14: i>0 A —lnull zs’ = enat (Inth (kfilter P n xs) i) < enat n + llength s
using 11 12 8 by auto
have 15: i>0 = enat (Inth (kfilter P n xs) i) < enat n + llength zs
using 14 9 dual-order.strict-implies-order by blast
show “thesis
using 15 6 by blast
qged

case Fulse

then show “thesis

by (metis enat-ord-simps(4) iadd-le-enat-iff kfilter-llength leD lel llength-eq-enat-lfinite D
llength-eq-infty-conv-lfinite llength-Ifilter-ile)
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qed

lemma kfilter-lowerbound:
assumes i < llength(kfilter P n xs)
shows n <(Inth (kfilter P n xs) 1)
using assms
proof (induct i arbitrary: zs n)
case (
then show Zcase
using kfilter-ldrop While zero-enat-def by fastforce
next
case (Suc 1)
then show ?Zcase
proof —
let ?Least = lleast P xs
have 7: 3 z zs". (kfilter P n xs) = LCons x xs’
using Suc.prems gr-implies-not-zero kfilter-ldrop While llength-Inull by blast
obtain z zs’ where 8: (kfilter P n xs) = LCons z xs’
using 7 by auto
have 9: inth (kfilter P n xs) (Suc i) = Inth zs’ i
by (simp add: 8)
have 10: zs' = kfilter P (Suc (n+?Least)) (Idrop (Suc ?Least) zs)
using kfilter-ldrop Whilelof P n xzs] 8 kfilter-eq-LCons-1 by blast
have 11: enat i < llength (kfilter P (Suc (n+?Least)) (ldrop (Suc ?Least) xs))
by (metis 10 8 Ezxtended-Nat.eSuc-mono Suc.prems(1) eSuc-enat llength-LCons)
have 12: Inull s’ = n < Inth (kfilter P n zs) (Suc i)
using 10 11 gr-implies-not-zero llength-eq-0 by blast
have 13: —lnull zs' = (Suc (n+?Least)) < Inth xzs' i
using 10 11 Suc.hyps by blast
have 14: = Inull s’ = n < Inth (kfilter P n xs) (Suc 17)
using 13 9 by linarith
show ?thesis using 12 1/ by blast
qed
qed

lemma kfilter-mono:
assumes (Suc i) < llength(kfilter P n xs)
shows (Inth (kfilter P n xs) ) < (Inth (kfilter P n xs) (Suc 7))
using assms
proof (induct i arbitrary: xs n)
case (
then show ?case
proof —
let ?Least = lleast P xs
have 1: 3 z zs’. kfilter P n zs = LCons = xs’
using 0.prems gr-implies-not-zero kfilter-ldrop While llength-Inull by blast
obtain z s’ where 2:kfilter P n zs = LCons x zs’
using I by auto
have 3: © = n+ ?Least
using kfilter-ldrop While[of P n xs] by (simp add: 2)

84



have 4: Inth (kfilter P n xzs) 0 = n+ ?Least
by (simp add: 2 3)
have 5: Inth (kfilter P n xs) (Suc 0) = Inth zs' 0
by (simp add: 2)
have 6: xs’ = kfilter P (Suc (n+?Least)) (ldrop (Suc ?Least) xs)
using kfilter-ldrop While|of P n xs| 2 kfilter-eq-LCons-1 by blast
have 7: n+?Least < Inth zs’ 0
by (metis 0.prems 2 6 Extended-Nat.eSuc-mono One-nat-def Suc-le-lessD kfilter-lowerbound
llength-LCons one-eSuc one-enat-def zero-enat-def)
show ?thesis by (simp add: 4 5 7)
qed
next
case (Suc 1)
then show ?case
proof —
let ?Least = lleast P xs
have 8: 3 z xs’. kfilter P n xs = LCons z xs’
using Suc.prems gr-implies-not-zero kfilter-ldrop While llength-Inull by blast
obtain z s’ where 9:kfilter P n s = LCons x xs’
using 8 by auto
have 10: zs' = kfilter P (Suc (n+ ?Least)) (ldrop (Suc ?Least) xs)
using kfilter-ldrop While[of P n xs| 9 kfilter-eq-LCons-1 by blast
have 11: Inth (kfilter P n xzs) (Suc (Suc i)) = Inth xs’ (Suc i)
by (simp add: 9)
have 12: inth (kfilter P n xs) (Suc ©) < Inth zs’ (Suc 1)
by (metis (no-types, lifting) 10 9 Extended-Nat.eSuc-mono Suc(1) Suc(2) eSuc-enat
llength-LCons Inth-Suc-LCons)
show ?thesis by (simp add: 11 12)
qed
qed

lemma Ifilter-kfilter:
assumes ¢ < llength(kfilter P n xs)
shows (Inth zs ((Inth (kfilter P n xs) i)—n)) = (Inth (Ifilter P xs) i)
using assms
proof (induct i arbitrary: zs n)
case (
then show Zcase
proof —
let ?Least = lleast P xs
have 1: Inth (kfilter P n zs) 0 = n + ?Least
using 0.prems kfilter-ldrop While zero-enat-def by fastforce
have 2: (Inth zs ((Inth (kfilter P n xs) 0)—n)) =
(Inth zs ?Least)
by (simp add: 1)
have 3: (Inth (Ifilter P xs) 0) = lhd (ldropWhile (Not o P) xs)
by (metis (full-types) 0.prems kfilter-llength lhd-conv-Inth [hd-Ifilter llength-eq-0 not-iless0)
have 4: 3 n<llength zs. P (Inth xs n)
by (metis 0.prems dual-order.irrefl in-lset-conv-Inth kfilter-llength llength-eq-0 Inull-lfilter
zero-enat-def)
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have 5: (ldropWhile (Not o P) xzs) = ldropn ?Least xs
using ldrop While-LEAST-not[of zs P | 4 unfolding lleast-def by blast
have 6: (hd (ldropn ?Least zs) = (Inth xs ?Least)
by (simp add: 4 lhd-ldropn llength-LEAST)
show ?thesis using 2 3 5 6 by auto
qed
next
case (Suc 1)
then show Zcase
proof —
let ?Least= lleast P xs
have 7: 3 z zs". (kfilter P n xs) = LCons x xs’
using Suc.prems gr-implies-not-zero kfilter-ldrop While llength-Inull by blast
obtain z zs’ where 8: (kfilter P n xs) = LCons z zs’
using 7 by auto
have 9: inth (kfilter P n xs) (Suc i) = Inth zs’ i
by (simp add: 8)
have 10: s’ = kfilter P (Suc (n+ ?Least)) (ldrop (Suc ?Least) xs)
using kfilter-ldrop While[of P n xs] by (simp add: 8 kfilter-eq-LCons-1)
have 11: enat i < llength (kfilter P (Suc (n+?Least)) (ldrop (Suc ?Least) xs))
by (metis 10 8 Extended-Nat.eSuc-mono Suc.prems(1) eSuc-enat llength-LCons)
have 12: Inull zs' =
Inth xs (Inth (kfilter P n xs) (Suc i) — n) = Inth (Ilfilter P zs) (Suc i)
by (metis 10 11 llength-LNil llist.collapse(1) not-less-zero)
have 13: —lnull zs' =
Inth (Idrop (Suc ?Least) xs) (Inth xs’ i — (Suc (n+?Least))) =
Inth (Ifilter P (ldrop (Suc ?Least) xs)) i
by (metis (no-types, lifting) 10 11 Suc.hyps)
have 14: (Inth (Ifilter P xs) (Suc 7)) = (Inth (ltl(Ifilter P xs)) i)
by (metis 8 kfilter-not-lnull-conv llist.disc(2) Inth-ltl Inull-Ifilter)
have 15: (lti(Ifilter P xs)) = Ifilter P (Itl (IdropWhile (Not o P) xs))
using ltl-lfilter by blast
have 16: (Itl (Idrop While (Not o P) zs)) =
(Itl (ldropn (LEAST n. n < llength zs A\ (Not o(Noto P)) (Inth zs n) ) xs))
using ldrop While-LEAST[of zs Not o P]
by (metis (no-types, lifting) 8 comp-apply in-lset-conv-Inth kfilter-lnull-conv llist.disc(2))
have 17: (ltl (ldropn (LEAST n. n < llength zs A (Not o(Noto P)) (Inth xs n) ) zs)) =
(Itl (Idropn ?Least xs))
unfolding lleast-def by auto
have 18: (Itl (Idropn ?Least xs)) =
Idropn (Suc ?Least) xs
by (simp add: ldropn-ltl ltl-ldropn)
have 19: ldropn (Suc ?Least) xs =
ldrop (Suc ?Least) xs
by (simp add: ldrop-enat)
have 20: Inth (Ifilter P xs) (Suc i) = Inth (Ifilter P (ldrop (Suc ?Least) xs)) i
using 14 15 16 18 19 unfolding lleast-def by auto
have 21: Inth zs (Inth (kfilter P n zs) (Suc i) — n) = Inth xs (Inth zs" i —n)
by (simp add: 10 9)
have 22: n< Inth zs' i
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using 9 Suc.prems(1) kfilter-lowerbound by fastforce
have 23: (Suc (n+?Least)) < Inth (kfilter P (Suc (n+ ?Least)) (ldrop (Suc ?Least) xs)) i
using kfilter-lowerbound|of i P Suc (n+?Least) (ldrop (Suc ?Least) xzs) | 11 by force
have 24: (Suc ?Least) > llength (ltake ?Least xs)
by (simp add: min.strict-coboundedl1)
have 25: (ldrop (Suc ?Least) (lappend (ltake ?Least xs) (Idrop ?Least xs))) =
ldrop ((Suc ?Least) — llength(ltake ?Least xs) ) (ldrop ?Least xs)
by (simp add: ldrop-lappend)
have 26: lappend (ltake (Suc ?Least) zs) (ldrop (Suc ?Least) xs) = xs
by (simp add: lappend-ltake-ldrop)
have 27: (Suc ?Least) < (Inth zs’ i —n)
using 10 23 by auto
have 271: Inth xs' i —n — (Suc ?Least) = Inth zs" i — (Suc (n+ ?Least))
by auto
have 28: Inth (lappend (ltake (Suc ?Least) xs) (ldrop (Suc ?Least) xs)) (Inth zs' i —n) =
Inth (Idrop (Suc ?Least) xs) (Inth zs" i — (Suc (n+ ?Least)))
using Inth-lappend|of (ltake (Suc ?Least) xzs) (Idrop (Suc ?Least) xs) (Inth xs' i —n)]
2727111 19
by (metis (no-types, lifting) gr-implies-not-zero kfilter-LNil ldropn-eq-LNil
le-cases llength-Inull llength-ltake llist.disc(1) Inth-lappend?2 min-def)
have 29: Inth zs (Inth zs' i —n) =
Inth (Idrop (Suc ?Least) xs) (Inth zs" i — (Suc (n+ ?Least)))
using 28 by (metis (no-types, lifting) 26)
have 30: —inull zs' =
Inth xs (Inth (kfilter P n xs) (Suc i) — n) = Inth (lfilter P zs) (Suc i)
by (metis 13 20 21 29)
show “thesis
using 12 30 by blast
qed
qed

lemma in-kfilter-lset:
shows =z € Iset (kfilter P n xs) <— z € { n+i | i. i<llength xs N\ P (Inth zs i) }
(is ?lhs = ?rhs)
proof
assume ?lhs
thus ?rhs
proof (induct zs=kfilter P n xs arbitrary: n xs rule:llist-set-induct)
case (find)
then show Zcase
proof —
let ?Least = lleast P xs
have 1: Ihd (kfilter P n zs) = n+ ?Least
using kfilter-ldrop While[of P n xs| find by auto
have 2: P (Inth xs ?Least) unfolding lleast-def
by (metis (mono-tags, lifting) Leastl exist-lset-Inth find.hyps kfilter-Inull-conv)
have 3: ?Least < llength zs
by (metis find.hyps length-LEAST-a )
have /: n+%Least € {n + i |i. enat i < llength zs A P (Inth xs i)}
using 2 3 by blast
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show ?thesis using 1 4 by auto
qed
next
case (step y)
then show Zcase
proof —
let ?Least = lleast P xs
have 5: Itl (kfilter P n xs) = kfilter P (Suc (n+?Least)) (ldrop (Suc ?Least) xs)
using kfilter-ldrop While[of P n xs]
by (metis kfilter-def ltl-simps(2) step.hyps(1))
have 6: Inull (kfilter P (Suc (n+?Least)) (ldrop (Suc ?Least) s)) =
y € {n + i |i. enat i < llength xs N\ P (Inth zs i)}
by (metis 5 gr-implies-not-zero in-lset-conv-Inth llength-eq-0 step.hyps(2))
have 7: = Inull (kfilter P (Suc (n+?Least)) (Idrop (Suc ?Least) zs)) =
y € {(Suc (n+?Least)) + i |i. enat ¢ < llength (ldrop (Suc ?Least) zs) A
P (Inth (ldrop (Suc ?Least) xs) i)}
using step.hyps using 5 by blast
have 8: (Suc (n+?Least)) = n + Suc ?Least
by auto
have 9: — Inull(kfilter P (Suc (n + ?Least)) (ldrop (enat (Suc ?Least)) xs)) =
Ji. y = n + Suc (?Least) + i A enat i < llength (ldrop (enat (Suc ?Least)) xs) A
P (Inth (Idrop (enat (Suc ?Least)) zs) i) =
di.y =n+ i A enat i < llength xs A P (Inth s 7)
proof —
assume a0: = Inull(kfilter P (Suc (n + ?Least)) (ldrop (enat (Suc ?Least)) xs))
assume al: 3i. y = n + Suc (?Least) + ¢ A enat i < llength (ldrop (enat (Suc ?Least)) xs) A
P (inth (Idrop (enat (Suc ?Least)) zs) 1)
show Ji. y = n + i A enat i < llength xs N\ P (Inth zs i)
proof —
obtain ¢ where 10: y = n + Suc (?Least) + i A enat i < llength (ldrop (enat (Suc ?Least)) zs) A
P (Inth (Idrop (enat (Suc ?Least)) xs) i)
using al by auto
have 11: Suc (?Least) + i < llength xs
by (metis 10 add.commute ldrop-enat ldrop-ldrop leD le-less-linear Inull-ldropn
plus-enat-simps(1))
have 12: P (Inth zs (Suc (?Least) + 1))
by (metis 10 11 add.commute ldrop-enat Inth-ldropn)
show ?thesis
using 10 11 12 ab-semigroup-add-class.add-ac(1) by blast
qed
qed
have 13: = Inull (kfilter P (Suc (n+?Least)) (ldrop (Suc ?Least) xs)) =
y € {n + i |i. enat i < llength xs N\ P (Inth zs i)}
using 7 9 by auto
show ?thesis
using 13 6 by blast
qed
qed
next
assume ?rhs
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then obtain ¢ where 15: x = n+i A enat ¢ < llength zs N P (Inth zs )
by blast
thus ?lhs
proof (induct i arbitrary: zs n)
case 0
then show ?Zcase
proof —
have 16: Ihd (kfilter P n zs) = n+(lleast P xs)
using kfilter-ldrop While[of P n xs| using 0.prems
by (metis in-lset-conv-Inth kfilter-inull-conv lhd-LCons)
show “thesis
by (metis 0.prems add.right-neutral kfilter-LCons ldropn-0 ldropn-Suc-conv-ldropn
llist.set-intros(1))
qed
next
case (Suc 1)
then show ?Zcase
proof —
have 18: Inull xs = z € Iset (kfilter P n zs)
using Suc(2) by auto
have 19: — lnull xs = P (Inth zs (Suc 7)) = P (Inth (Itl zs) ( 7))
by (simp add: Inth-Itl)
have 20: = lnull s = x = (Suc n) +i A enat i < llength (Itl xs) A P (Inth (Itl zs) ( 7))
by (metis 19 Extended-Nat.eSuc-mono Suc.prems(1) add-Suc-shift eSuc-enat lhd-LCons-Itl
llength-LCons)
have 21: = lnull s = Inull (kfilter P n (ltl xs)) = = € lset (kfilter P n zs)
by (metis 20 in-lset-conv-Inth kfilter-inull-conv)
have 22: = lnull xs = —lnull (kfilter P n (ltl zs)) = z € Iset (kfilter P (Suc n) (Itl zs))
by (metis 20 Suc.hyps)
have 23: —lnull s = z € Iset (kfilter P n xs)
using kfilter-LCons[of P n lhd xs It] xs]
in-lset-1tlD hd-LCons-ltl[of (kfilter P n (Itl xs))]
using 21 22 by fastforce
show ?thesis
using 18 23 by blast
qed
qed
qed

lemma kfilter-lset:
shows Iset (kfilter P n xs) = { n+i | i. i<llength zs N P (Inth xs i) }
using in-kfilter-lset by blast

lemma Ifilter-Inth-exist:
assumes
i < llength (lfilter P xs)
shows (3 k < llength xs. Inth (Ifilter P zs) i = Inth zs k)
using assms Iset-lfilter[of P xs]
by (metis (no-types, opaque-lifting) add.left-neutral diff-zero kfilter-llength kfilter-upperbound
Ifilter-kfilter zero-enat-def)
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lemma Idistinct-kfilter:
Idistinct(kfilter P n xs)
proof (coinduction arbitrary: n xs)
case (ldistinct nl xsl)
then show Zcase
proof —
have 1: [hd (kfilter P n1 xs1) ¢ lset (Itl (kfilter P nl1 xs1))
proof —
have f1: kfilter P nl zsl =
LCons (n1 + lleast P xs1)
(Imap snd
(Ifilter (P o fst)
(lzip
(ldrop (enat (Suc (lleast P xsl1))) wzs1)
(iterates Suc (Suc (nl + lleast P xsl1))))))
by (meson kfilter-ldrop While ldistinct)
then have [lmap snd
(Ifilter (P o fst)
(lzip (ldrop (enat (Suc (lleast P xs1))) zsl)
(iterates Suc (Suc (n1 + lleast P xsl1))))) =
kfilter P (Suc (n1 + least P zs1)) (ldrop (enat (Suc (lleast P xs1))) xs1)
using kfilter-eq-LCons-1 by blast
then show ?thesis
using f1 by (metis (no-types) in-lset-conv-Inth kfilter-lowerbound leD lessl lhd-LCons ltl-simps(2))
qed
have 2: ((3n xs. ltl (kfilter P nl xs1) = kfilter P n xs) V ldistinct (Itl (kfilter P n1 zs1)))
by (metis kfilter-eq-LCons-1 ldistinct llist.discI(1) llist.exhaust-sel)
show ?thesis
using 1 2 by auto
qed
qed

lemma kfilter-llength-ltake:
llength(kfilter P n (ltake k xs)) < llength(kfilter P n zs)
by (simp add: kfilter-llength lprefiz-lfilter] lprefiz-llength-le)

lemma kfilter-ldropn-lset:
assumes k< llength xs
shows  Iset(kfilter P n (ldropn k xs)) =
{ n+i| i i< llength xs — k N P (Inth zs (k+1i)) }
using assms
kfilter-lset[of P n (ldropn k xs) |
by auto
(metis (no-types, lifting) add.commute enat-min Inth-ldropn order.strict-implies-order
plus-enat-simps(1),
metis (no-types, lifting) add.commute dual-order.strict-implies-order enat-min Inth-ldropn
plus-enat-simps(1))
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lemma kfilter-ldropn-lset-a:
assumes k< llength xs
shows Iset(kfilter P n (ldropn k xs)) =
{ n+(i—k) | i. k<i A i< llength xs N P (Inth zs i) }
proof —
have 1: A\z. z€ { n+i | i. i< length xzs — k A P (Inth zs (k+1)) } +—
z € { n+(i—k) | i. k<i A i< llength xs A\ P (Inth xs i) }
proof auto
show Ai. enat i < llength zs — enat k =
P (inth zs (k + 1)) =
Jia. i = ia — k AN k < ia A enat ia < llength xs N P (Inth s ia)
using assms
by (metis add.commute add-diff-cancel-left’ enat-min le-addl less-imp-le plus-enat-simps(1))
show Ai. k < i =
enat ¢ < llength rs =
P (Inth xs i) =
Jia. n + i — k= n+ ia A enat ia < llength zs — enat k A P (Inth xs (k + ia))
using assms ldropn-Suc-conv-ldropn|of - xs| ldropn-eq-LConsD[of - ldropn k xs
Idropn-ldropn|of - - zs]
by (metis Nat.add-diff-assoc le-add-diff-inverse le-add-diff-inverse2 llength-ldropn)
qed
show ?thesis using assms 1 kfilter-ldropn-lset[of k xs P n] by auto
qed

lemma kfilter-ldropn-lset-b:
assumes k< llength xs
shows Iset(kfilter P n (ldropn k xs)) =
{ n+i | i. i< llength xs —k N P (Inth xs (i+k)) }
proof —
have 1: A\z. z€{ n+i | i. i< llength zs — k A P (Inth zs (k+1i)) } +—
z€ { n+i | i. i< llength zs —k N P (Inth zs (i+k)) }
by (auto simp add: add.commute)
show ?thesis using assms 1 kfilter-ldropn-lset[of k xs P n] by auto
qed

lemma kfilter-llength-n-zero:
shows llength(kfilter P n xs) = llength(kfilter P 0 xs)
by (simp add: kfilter-llength)

lemma kfilter-inth-n-zero-a:

assumes k < llength (kfilter P n xs)

shows n < (Inth (kfilter P n xs) k)

using assms by (simp add: kfilter-lnull-conv kfilter-lowerbound)

lemma kfilter-inth-n-zero:

assumes £k < llength (kfilter P n xs)

shows (Inth (kfilter P n zs) k) —n = (Inth (kfilter P 0 zs) k)
using assms

proof (induct k arbitrary: zs n)

case (
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then show ?case by (cases (kfilter P n xs))
(simp,
metis add.left-neutral add-left-cancel kfilter-ldrop While kfilter-lnull-conv kfilter-lowerbound
le-add-diff-inverse llength-eq-0 Inth-0 not-gr-zero zero-enat-def)
next
case (Suc k)
then show Zcase
proof —
have 1: Inull(kfilter P n zs) = Inth (kfilter P n zs) (Suc k) — n = Inth (kfilter P 0 xs) (Suc k)
using Suc.prems gr-implies-not-zero llength-lnull by blast
have 2: —lnull(kfilter P n xs) = Inth (kfilter P n xs) (Suc k) —n = Inth (kfilter P 0 xs) (Suc k)
proof —
assume a0: —lnull(kfilter P n xs)
show [nth (kfilter P n xs) (Suc k) —n = Inth (kfilter P 0 xzs) (Suc k)
proof —
let ?Least = lleast P xs
have 3: 3 z xs’.(kfilter P n zs) = LCons x xs’
using a0 kfilter-ldrop While by blast
obtain z xs’ where 4: (kfilter P n zs) = LCons x xs’
using & by auto
have 5: © = n+?Least
using kfilter-ldrop While[of P n xs]
by (simp add: 4)
have 6: —lnull(kfilter P n xs) «— —inull(kfilter P 0 xs)
by (simp add: kfilter-not-Inull-conv)
have 7: 3 y ys’.(kfilter P 0 xs) = LCons y ys’
using 6 a0 kfilter-ldrop While by blast
obtain y ys’ where 8: (kfilter P 0 xs) = LCons y ys’
using 7 by auto
have 9: y = ?Least
using kfilter-ldrop While[of P 0 xzs] by (simp add: 8)
have 10: z—n =y
using 5 9 diff-add-inverse by blast
have 11: zs’ = kfilter P (Suc (n+ ?Least)) (Idrop (Suc ?Least) xs)
using kfilter-ldrop While[of P n xs]
by (metis (no-types, lifting) 4 a0 kfilter-def ltl-simps(2))
have 12: ys' = kfilter P (Suc (0+?Least)) (ldrop (Suc ?Least) xs)
using kfilter-ldrop Whilelof P 0 xs]
by (metis (no-types, lifting) 6 8 a0 kfilter-def ltl-simps(2))
have 13: Inth (kfilter P n xs) (Suc k) — n = Inth xs’" k — n
by (simp add: 4)
have 14: Inth (kfilter P 0 zs) (Suc k) = Inth ys'k
by (simp add: 8)
have 15: =(3 z € Iset (ldrop (Suc ?Least) zs). P ) —
Inth (kfilter P n xs) (Suc k) —n = Inth (kfilter P 0 zs) (Suc k)
using 8 Suc by auto
(metis (full-types) gr-implies-not-zero kfilter-eq-conv kfilter-not-inull-conv
ldropn-Suc-LCons ldropn-Suc-conv-ldropn ldropn-eq-LConsD llength-LNil llist.disc(2))
have 16: enat k < llength (kfilter P (Suc (n+?Least)) (ldrop (Suc ?Least) xs))
by (metis (no-types, lifting) 12 8 Extended-Nat.eSuc-mono Suc.prems eSuc-enat
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kfilter-llength llength-LCons)
have 17: (3 z € Iset (Idrop (Suc ?Least) xs). P z) =
Inth zs" k — (Suc (n+?Least)) = Inth (kfilter P 0 (ldrop (Suc ?Least) xs)) k
using Suc.hyps using 11 16 by blast
have 18: enat k < llength (kfilter P (Suc (?Least)) (ldrop (Suc ?Least) xs))
by (metis 16 kfilter-llength)
have 19: (3 z € Iset (ldrop (Suc ?Least) zs). P ) =
Inth ys' k — (Suc (04 ?Least)) =
Inth (kfilter P 0 (ldrop (Suc ?Least) xs)) k
using Suc.hyps by (simp add: 12 18)
have 20: (3 z € Iset (ldrop (Suc ?Least) zs). P r) =
Inth (kfilter P n xzs) (Suc k) —n = Inth zs' k —n
using 13 by blast
have 21: (3 z € Iset (ldrop (Suc ?Least) xs). P x) =
Inth zs" k —n = Inth (kfilter P 0 (Idrop (Suc ?Least) xs)) k + (Suc (?Least))
using 11 16 17 kfilter-lowerbound by fastforce
have 22: (3 z € Iset (ldrop (Suc ?Least) zs). P ) =
Inth (kfilter P 0 (ldrop (Suc ?Least) xzs)) k + (Suc (?Least)) = Inth ys' k
using 12 18 19 kfilter-lowerbound by fastforce
have 23: (3 = € Iset (ldrop (Suc ?Least) zs). P ) =
Inth (kfilter P n xs) (Suc k) —n = Inth (kfilter P 0 zs) (Suc k)
using 14 20 21 22 by linarith
show ?thesis
using 15 23 by blast
qged
qged
show “thesis
using 1 2 by blast
qed
qed

lemma kfilter-n-zero:
shows (kfilter P n xs) = Imap (Ai. i+n) (kfilter P 0 xs)
proof —
have 1: llength(kfilter P n zs) = llength (Imap (\i. i+n) (kfilter P 0 xs))
by (simp add: kfilter-llength)
have 2: \k. k < llength(kfilter P n zs) —
Inth (kfilter P n xs) k = Inth (Imap (N\i. i+n) (kfilter P 0 xs)) k
using kfilter-Inth-n-zero kfilter-Inth-n-zero-a
by (metis 1 le-add-diff-inverse2 llength-lmap Inth-Imap )
show ?thesis
by (simp add: 1 2 llist-eq-Inth-eq)
qed

lemma kfilter-n-zero-a:

shows (kfilter P 0 zs) = lmap (\i. i—n) (kfilter P n xs)

proof —

have 1: llength(kfilter P 0 xs) = llength (Imap (\i. i—n) (kfilter P n xs))
by (simp add: kfilter-llength)

have 2: Ak. k < llength(kfilter P 0 zs) —
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Inth (kfilter P 0 zs) k = Inth (Imap (Xi. i—n) (kfilter P n xs)) k
by (simp add: kfilter-llength kfilter-Inth-n-zero)
show “thesis
using 1 2 llist-eq-Inth-eq by blast
qed

lemma kfilter-holds:

assumes y € Iset(kfilter P n zs)

shows P (Inth zs (y—n))

using assms in-kfilter-lset[of y P n xs| kfilter-Ilnull-conv[of P n xs
using [set-Inull by fastforce

lemma kfilter-holds-not:

assumes y € ({i+n| i. i < llength xs} — (lset (kfilter P n xs)))
shows — P (Inth zs (y—n))

using assms kfilter-lset[of P n xs| kfilter-lnull-conv[of P n xs]

by auto

lemma kfilter-holds-a:
assumes ¢ < llength zs
(i+n) € lset(kfilter P n xs)
shows P (Inth zs i)
using assms kfilter-holds[of i+n P n zs| by simp

lemma kfilter-holds-not-a:
assumes ¢ < llength zs
P (Inth s 1)
shows (i+n) € Iset(kfilter P n xs)
using assms
by (simp add: in-kfilter-lset kfilter-Inull-conv)

lemma kfilter-holds-b:

assumes ¢ < llength zs

shows (i+n) € Iset(kfilter P n zs) = P (Inth zs i)
using assms

by (meson kfilter-holds-a kfilter-holds-not-a)

lemma kfilter-holds-c:
assumes n < 7
i —n < llength xs
shows i € Iset(kfilter P n xs) = P (Inth zs (i—n))
using assms
by (metis diff-add idiff-enat-enat kfilter-holds kfilter-holds-not-a)

lemma kfilter-holds-not-b:
assumes n < ¢
i —n < llength xs
shows i ¢ Iset(kfilter P n xs) = (= P (Inth xs (i—n)))
using assms by (simp add: kfilter-holds-c)
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lemma kfilter-disjoint-lset-coset:
shows ({i+n| i. i < llength xs} — (Iset (kfilter P n xs))) N lset (kfilter P n xs) = {}
by blast

lemma lidz-kfilter-expand:

assumes (Suc na) < llength(kfilter P n xs)

shows [nth (kfilter P n xs) na < Inth (kfilter P n xs) (Suc na)
using assms kfilter-mono by force

lemma lidx-kfilter:

shows lidz (kfilter P n xs)
unfolding lidz-def

using lidz-kfilter-expand by blast

lemma lidx-kfilter-gr-eq:
assumes
k< j
j < llength(kfilter P n xs)
shows  Inth (kfilter P n xzs) k < Inth (kfilter P n xs) j
using assms
using lidz-kfilter lidz-less-eq by blast

lemma lidz-kfilter-gr:
shows V j. k<j A j < llength(kfilter P n xs) —
Inth (kfilter P n xzs) k < Inth (kfilter P n xs) j
using less-imp-Suc-add lidz-kfilter lidz-less by blast

lemma kfilter-not-before:
assumes 0<llength(kfilter P 0 xs)
i< Inth (kfilter P 0 xs) 0
shows — P (Inth zs i)
proof —
have 0: (Inth (kfilter P 0 zs) 0) < llength zs
by (metis assms(1) gen-llength-def kfilter-upperbound llength-code zero-enat-def)
have 1: = Ilnull (kfilter P 0 xs)
using assms(1) by auto
have 2: i € Iset (kfilter P 0 zs) =
= Inull (kfilter P 0 xs) =
i< Inth (kfilter P 0 xzs) 0 =
False
proof (induct zs=(kfilter P 0 xs) arbitrary: zs rule: lset-induct)
case (find zs)
then show ?Zcase by (metis less-not-refl3 lhd-LCons Inth-0-conv-lhd)
next
case (step z’ xs)
then show Zcase
proof —
have YV ns n. Ina. ((n::nat) ¢ lset ns V Inth ns na = n) A (n ¢ lset ns V enat na < llength ns)
by (meson in-lset-conv-Inth)
then show ?thesis using step
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by (metis (no-types) leD less-nat-zero-code lidz-kfilter-gr-eq llist.set-intros(2) not-le-imp-less)
qed
qed
have 3: i ¢ lset (kfilter P 0 xs) A i < llength xs — — P (Inth zs 1)
by (simp add: 1 in-kfilter-lset)
have 4: ¢ < llength s
using 0 assms(2) dual-order.strict-trans enat-ord-simps(2) by blast
show Zthesis
using 1 2 3 4 assms(2) by blast
qed

lemma kfilter-n-not-before:
assumes 0 < llength (kfilter P n (Idropn n xs) )
n < llength xs
n <41
i< Inth (kfilter P n (ldropn n xs) ) 0
shows — P (Inth zs i)
proof —
have 00: — Inull (kfilter P n (Idrop n xs))
by (metis assms(1) ldrop-enat less-numeral-extra(3) llength-LNil llist.collapse(1))
have 0: Inth (kfilter P n (Idrop n xs) ) 0 < llength s
using assms kfilter-upperbound[of 0 P n (ldropn n xs)]
by (metis lappend-ltake-enat-ldropn ldrop-enat llength-lappend llength-ltake min.strict-order-iff
zero-enat-def)
have 1: i € Iset (kfilter P n (Idropn n xs)) =
= Inull (kfilter P n (ldropn n zs)) =
i< Inth (kfilter P n (ldropn n xs) ) 0 =
n < llength s —
n < =
False
proof (induct zs=(kfilter P n (ldropn n xs)) arbitrary: n xs rule: lset-induct)
case (find xs)
then show ?Zcase
by (metis Inth-0 nat-less-le)
next
case (step z’ xs)
then show ?Zcase
by (metis (no-types, lifting) in-lset-conv-Inth kfilter-eq-LCons-1 kfilter-lowerbound leD
less-Sucl Inth-0 )
qed
have 2: i ¢ Iset (kfilter P n (ldropn n zs)) A n < i A i < llength s — — P (Inth xs 1)
using assms kfilter-holds-not-alof i) 00
by (simp add: kfilter-ldropn-lset-a ldrop-enat)
have 3: n < i A @ < llength zs
using assms 00 kfilter-ldrop While[of P n ldropn n xs ]
by (metis 0 enat-ord-simps(2) ldrop-enat less-trans)
show ?thesis
using 1 2 3 assms(1) assms(2) assms(4) kfilter-not-lnull-conv by auto
qed
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lemma kfilter-not-after:
assumes 0<llength(kfilter P 0 xs)
Inth (kfilter P 0 xs) (k—1) < i
llength (kfilter P 0 xs) = (enat k)
i < llength xs
shows — P (Inth zs i)
proof —
have 0: - Inull (kfilter P 0 xs)
using assms(1) by auto
have 01: 0<k
using 0 assms(3) gr0l zero-enat-def by fastforce
have 02: i ¢ Iset (kfilter P 0 zs)
by (metis 01 One-nat-def Suc-pred assms(2) assms(3) diff-less enat-ord-simps(2)
in-lset-conv-Inth leD less-Suc-eq-le lidx-kfilter-gr-eq zero-less-one)
from 0 01 02 show ?thesis
by (metis add.right-neutral assms(4) kfilter-holds-not-a)
qed

lemma kfilter-n-not-after:
assumes 0 < llength (kfilter P n (ldropn n xs))
n < llength xs
Inth (kfilter P n (ldropn n zs) ) (k—1) < i
llength (kfilter P n (Idropn n xs) ) = (enat k)
i < llength xs
shows - P (Inth zs i)
proof —
have 0: — Inull (kfilter P n (ldropn n xs))
using assms(1) by auto
have 1. 0<k
using assms(1) assms(4) by (simp add: zero-enat-def)
have 2: i ¢ Iset(kfilter P n (ldropn n xs))
using assms
by (metis 1 Suc-diff-1 enat-ord-simps(2) in-lset-conv-Inth leD less-Suc-eq-le
lidz-kfilter-gr-eq order-refl)
from 0 1 2 show ?thesis
using assms kfilter-ldropn-lset-alof n xs P n] kfilter-lowerbound[of - P n (ldropn n xs)]
by auto (metis One-nat-def diff-less le-trans less-imp-le zero-less-one)
qed

lemma kfilter-not-between:
assumes Inth (kfilter P 0 xs) (k) < @
i<lInth (kfilter P 0 zs) (Suc k)
(Suc k) < llength (kfilter P 0 xs)
shows — P (Inth zs i)
proof —
have 0: 3 z € lset zs. P x
using assms(3) gr-implies-not-zero kfilter-not-lnull-conv by fastforce
have 1: = Inull (kfilter P 0 xs)
by (simp add: 0 kfilter-not-Inull-conv)

97



have 2: Inth (kfilter P 0 zs) (Suc k) < llength s
using kfilter-upperbound|of Suc k P 0 xs]
using 1 assms(3) zero-enat-def by auto
have 3: { ¢ Iset(kfilter P 0 xs)
using assms
by (metis Suc-ile-eq dual-order.strict-implies-order in-lset-conv-Inth leD lidx-kfilter-gr-eq
not-less-eq-eq)
from 1 2 3 show ?thesis
by (metis add.right-neutral assms(2) enat-ord-simps(2) kfilter-holds-not-a less-le-trans)
qed

lemma Ifilter-kfilter-ltake-lidz-a:

assumes k < llength(lfilter P xs)

shows lidz (ltake k (kfilter P n zs))

unfolding lidx-def

using assms

by (metis Suc-ile-eq kfilter-mono less-imp-le llength-ltake Inth-ltake min.strict-boundedFE)

lemma Ifilter-kfilter-ldropn-lidz-a:
assumes k < llength(Ifilter P zs)
shows lidz (Idropn k (kfilter P n xs))
using assms unfolding lidz-def
proof auto
fix na
assume a0: enat k < llength (Ifilter P zs)
assume al: enat (Suc na) < llength (kfilter P n xs) — enat k
show Inth (ldropn k (kfilter P n zs)) na < Inth (ldropn k (kfilter P n xs)) (Suc na)
proof —
have 1: enat (k + (Suc na)) < llength (kfilter P n xs)
proof —
have Suc na + k = k + Suc na
by presburger
then show ?thesis
by (metis (no-types) al ldropn-eq-LNil ldropn-ldropn leD lel llength-ldropn)
qed
have 2 : enat (k + na) < llength (kfilter P n xs)
by (metis 1 Suc-ile-eq add-Suc-right less-imp-le)
have 3: Inth (kfilter P n xs) (k + (na)) < Inth (kfilter P n xs) (k + (Suc na))
using 1 kfilter-mono by auto
show ?thesis by (metis 1 2 3 add.commute Inth-ldropn)
qged
qged

lemma Ifilter-kfilter-ldropn-lidz-b:

assumes k < llength(Ifilter P zs)

shows lidz (kfilter P (Inth (kfilter P n xs) k) (Idropn (Inth (kfilter P n zs) k) xs))
using assms using lidz-kfilter by blast

lemma ltake-lset:
assumes k < llength xs
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shows  Iset (ltake k xs) = {(Inth zs i) | i. i < k}

using assms

by (auto simp add: in-lset-conv-Inth Inth-ltake)
(blast, meson less-trans Inth-ltake)

lemma Idropn-lset:
assumes k < llength xs
shows [set (Idropn k xs) = {(Inth zs i) | i. k < i A i < llength xs}
using assms
proof (auto simp add: in-lset-conv-Inth )
fix n :: nat
assume al: enat n < llength s — enat k
assume enat k < llength zs
then have enat k < llength zs
by (meson dual-order.strict-implies-order)
then have enat n + enat k < llength s
using al by (meson enat-min)
then show I na. Inth (Idropn k xs) n = Inth s na A k < na A enat na < llength xs
using al by (metis ldropn-ldropn le-add2 lhd-ldropn llength-ldropn plus-enat-simps(1))
next
fix 7 :: nat
assume al: enat © < llength xs
assume a2: k < ¢
have I: enat (i—k) < llength xs —enat k
by (metis al a2 diff-add ldropn-Suc-conv-ldropn ldropn-ldropn llength-ldropn llist.disc(2)
Inull-ldropn not-le-imp-less)
have 2: Inth (ldropn k zs) (i—k) = Inth zs i
by (simp add: al a2)
show dn. enat n < llength xs — enat k A Inth (ldropn k zs) n = Inth zs i
using 1 2 by blast
qged

lemma Ifilter-kfilter-ltake-lset-eq:
assumes
k < llength(lfilter P xs)
shows [set (ltake k (kfilter P 0 zs)) =
Iset (kfilter P 0 (ltake ((Inth (kfilter P 0 xs) k)) xs))
proof —
have 1: (Inth (kfilter P 0 xs) k) < llength xs
using kfilter-llength kfilter-upperbound
by (metis assms gen-llength-def kfilter-llength kfilter-upperbound llength-code )
have 2: 3 z € lsetzs. Px
using assms gr-implies-not-zero llength-eq-0 Inull-Ifilter by blast
have 3: {i. i< llength(ltake ((Inth (kfilter P 0 xs) k)) zs) A
P (inth (ltake ((Inth (kfilter P 0 zs) k)) xs) i)} =
{i. i< (Inth (kfilter P 0 xs) k) A P (Inth xs i)}
by (auto simp add: Inth-ltake 1 order-less-subst2)
have 5: {i. i< (Inth (kfilter P 0 xs) k) A P (Inth zs i)} =
{1. i< (Inth (kfilter P 0 xs) k) A i € Iset(kfilter P 0 xs)}
by (auto simp add: 1 kfilter-holds-c order-less-subst2)
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have 6: {i. i< (Inth (kfilter P 0 zs) k) A i € Iset(kfilter P 0 xs)} =
{i. i< (Inth (kfilter P 0 xs) k) N ¢ € {(Inth (kfilter P 0 zs) j) | j. j < llength(kfilter P 0 xs)}}
by (simp add: lset-conv-Inth)
have 7: {i. i< (Inth (kfilter P 0 xs) k) A i € {(Inth (kfilter P 0 xs) j) | j. j < length(kfilter P 0 zs)}} =
{(Inth (kfilter P 0 zs) j) | j. j<k}
by (auto simp add: assms lidx-kfilter-gr kfilter-llength)
(metis kfilter-llength leD lidx-kfilter-gr-eq not-le-imp-less,
metis assms enat-ord-simps(2) less-trans)
have 8: k < llength(kfilter P 0 xs)
by (simp add: assms kfilter-llength)
have 9: {(Inth (kfilter P 0 zs) j) | j. j<k} = lset(ltake k (kfilter P 0 xs))
using ltake-lset[of k (kfilter P 0 xs)] 8 by auto
have 10: Iset (kfilter P 0 (ltake ((Inth (kfilter P 0 xs) k)) xzs)) =
{i. i< (Inth (kfilter P 0 zs) k) A
P (Inth (ltake (Inth (kfilter P 0 zs) k) xs) i) }
by (auto simp add: in-kfilter-lset)
(meson 1 enat-ord-simps(2) less-trans)
have 11: (Inth (kfilter P 0 xs) k) = llength(ltake (Inth (kfilter P 0 xzs) k) xs)
by (simp add: 1 dual-order.strict-implies-order min-def)
have 12: {i. i< (Inth (kfilter P 0 xzs) k) A
P (Inth (ltake (Inth (kfilter P 0 zs) k) xs) 1)
{i. i< llength(ltake (Inth (kfilter P 0 xs) k) xs)
P (inth (ltake (Inth (kfilter P 0 xs) k) xs) i)
using 11 by auto
show ?thesis
using 10 12 8 5 6 7 9 by auto
qed

)} =
A
}

lemma Ifilter-kfilter-ldropn-lset-eq:
assumes k < llength(lfilter P xs)
shows  Iset(kfilter P (Inth (kfilter P 0 xs) k) (ldropn (Inth (kfilter P 0 zs) k) xs)) =
Iset(ldropn k (kfilter P 0 xs))
proof —
have 1: (Inth (kfilter P 0 zs) k) < llength s
using kfilter-llength kfilter-upperbound
by (metis assms gen-llength-def kfilter-llength kfilter-upperbound llength-code )
have 2: J z € lsetzs. Px
using assms gr-implies-not-zero llength-eq-0 Inull-lfilter by blast
have 10: Iset(kfilter P (Inth (kfilter P 0 xzs) k) (ldropn (Inth (kfilter P 0 xs) k) xs)) =
{(Inth (kfilter P 0 xzs) k) + i | i. i< length xs — (Inth (kfilter P 0 zs) k) A
P (Inth xs (i+(Inth (kfilter P 0 xs) k))) }
using 1 kfilter-ldropn-lset-blof (Inth (kfilter P 0 xs) k) xs P (Inth (kfilter P 0 zs) k)]
by linarith
have 5: {(Inth (kfilter P 0 zs) k) + i | i. i< llength s — (Inth (kfilter P 0 zs) k) A
P (inth zs (i+(Inth (kfilter P 0 zs) k))) } =
{(Inth (kfilter P 0 xzs) k) + i | i. i< length xs — (Inth (kfilter P 0 xs) k) A
(i+(Inth (kfilter P 0 xs) k)) € Iset(kfilter P 0 xs) }
using kfilter-holds-blof - zs 0 P] using 1 2
by auto
(metis ldropn-eq-LNil ldropn-ldropn leD llength-ldropn not-le-imp-less,
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metis gen-llength-def in-lset-conv-Inth kfilter-upperbound llength-code)
have 51: {(Inth (kfilter P 0 xs) k) + i | i. i< llength xs — (Inth (kfilter P 0 xs) k) A
(i+(Inth (kfilter P 0 xs) k)) € Iset(kfilter P 0 xs) } =
{(Inth (kfilter P 0 zs) k) + i | i.
(Inth (kfilter P 0 xs) k) < i + (Inth (kfilter P 0 zs) k) A
i + (Inth (kfilter P 0 zs) k) < llength s A
(i+(Inth (kfilter P 0 xs) k)) € lset(kfilter P 0 xs) }
by auto
(metis 1 enat-min less-imp-le plus-enat-simps(1),
metis ldropn-eq-LNil ldropn-ldropn leD llength-ldropn not-le-imp-less)
have 52: {(Inth (kfilter P 0 xzs) k) + i | i.
(Inth (kfilter P 0 xs) k) < i + (Inth (kfilter P 0 zs) k) A
i + (Inth (Kfilter P 0 zs) k) < llength xs A
(i+(Inth (kfilter P 0 xs) k)) € Iset(kfilter P 0 xs) } =
{j. (Inth (kfilter P 0 zs) k) <j A j < llength zs N\ j € Iset(kfilter P 0 xs)}
by (metis (no-types, lifting) add.commute le-iff-add)
have 53: {j. (Inth (kfilter P 0 xs) k) <j A j < llength xs A j € Iset(kfilter P 0 xs)} =
{j. (Inth (kfilter P 0 zs) k) <j A j < llength zs N\
j € { (Inth (kfilter P 0 xs) jj)| jj. i< llength(kfilter P 0 xs)}}
by (simp add: lset-conv-Inth)
have 54: {j. (Inth (kfilter P 0 zs) k) <j A j < llength zs A
j € { (Inth (kfilter P 0 xs) jj)| jj. 7i< llength(kfilter P 0 zs)}} =
{ (Inth (kfilter P 0 xs) j) | j. k<j A j < llength (kfilter P 0 xs)}
by auto
(metis assms kfilter-llength lidx-kfilter-gr not-less,
meson lidz-kfilter-gr-eq,
metis gen-llength-def kfilter-upperbound llength-code)
have 8: k < llength(kfilter P 0 xs)
by (simp add: assms kfilter-llength)
have 9: { (Inth (kfilter P 0 xs) j) | j. k<j A j < llength (kfilter P 0 xs)} =
Iset(ldropn k (kfilter P 0 xs))
using ldropn-lset[of k (kfilter P 0 xs)] using 8 by blast
show %thesis
using 10 5 51 52 53 5/ 9 by auto
qed

lemma kfilter-kfilter-ltake:
assumes k < llength(Ifilter P zs)
shows  (ltake k (kfilter P 0 xs)) =
(kfilter P 0 (ltake ((Inth (kfilter P 0 xs) k)) xs))
using assms

by (simp add: lfilter-kfilter-ltake-lidz-a Ilfilter-kfilter-ltake-lset-eq lidz-kfilter lidz-lset-eq)

lemma kfilter-kfilter-ldropn:
assumes k < llength(Ifilter P zs)
shows (ldropn k (kfilter P 0 zs)) =
(kfilter P (Inth (kfilter P 0 xs) k) (ldropn (Inth (kfilter P 0 zs) k) xs))
using assms
by (simp add: lfilter-kfilter-ldropn-lidz-a lfilter-kfilter-ldropn-lidxz-b
Ifilter-kfilter-ldropn-lset-eq lidz-lset-eq)
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lemma kfilter-Imap-lfilter:

shows  Imap (An. (Inth zs n)) (kfilter P 0 zs) = Ifilter P xs

using lfilter-kfilter[of - P 0 xs

by (metis (no-types, lifting) diff-zero kfilter-llength llength-Imap
llist-eq-Inth-eq Inth-lmap)

lemma Ifilter-kfilter-ltake:
assumes k < llength(lfilter P xs)
shows ltake k (Ifilter P xzs) =
(lfilter P (ltake (Inth (kfilter P 0 xs) k) xs))
proof —
have 2: Imap (An. (Inth zs n)) (kfilter P 0 zs) = Ifilter P xs
using kfilter-lmap-Ifilter by blast
have 3: ltake k (lfilter P xs) =
ltake k (Imap (An. (Inth xs n)) (kfilter P 0 xs))
by (simp add: 2)
have 4: ltake k (Imap (An. (Inth zs n)) (kfilter P 0 zs)) =
Imap (As. Inth xs s) (ltake k (kfilter P 0 xs))
using ltake-Imap by blast
have 6: (lfilter P (ltake (Inth (kfilter P 0 xs) k) zs)) =
Imap (As. (Inth (ltake (Inth (kfilter P 0 xs) k)
(kfilter P 0 (ltake (Inth (kfilter P 0 xs) k) ms))
by (simp add: kfilter-lmap-Ifilter)
have 7: lmap (As. Inth s s) (ltake k (kfilter P 0 zs)) =
Imap (As. Inth s s) (kfilter P 0 (ltake (Inth (kfilter P 0 zs) k) xs))
by (simp add: assms kfilter-kfilter-ltake)
have 8: Imap (As. Inth xs s) (kfilter P 0 (ltake (Inth (kfilter P 0 xs) k) xs)) =
Imap (As. (Inth (ltake (Inth (kfilter P 0 xzs) k) xs) s))
(kfilter P 0 (ltake (Inth (kfilter P 0 xs) k) xs))
using kfilter-kfilter-ltake[of k P xs]
by (metis gen-llength-def kfilter-upperbound lappend-ltake-enat-ldropn ldistinct-Ex1
ldistinct-kfilter llength-code llist.map-cong0 Inth-lappend)
show ?thesis
using 2 4 6 7 8§ by auto
qed

lemma kfilter-lmap-shift-ldropn:
shows  Imap (As. Inth xs (s+(Inth (kfilter P 0 zs) k)))
(kfilter P 0 (ldropn (Inth (kfilter P 0 xs) k) zs)) =
Imap (As. Inth xs s)
(kfilter P (Inth (Kfilter P 0 xs) k) (Idropn (Inth (kfilter P 0 zs) k) xs))
proof —
have 1: llength (Imap (As. Inth xs (s+(Inth (kfilter P 0 xs) k)))
(kfilter P 0 (Idropn (Inth (kfilter P 0 xs) k) zs))) =
llength (Ilmap (Xs. Inth xs s)
(kfilter P (Inth (kfilter P 0 xs) k) (ldropn (Inth (kfilter P 0 zs) k) xs)))
by (simp add: kfilter-llength)
have 2: \i. i< llength (Imap (As. Inth zs (s+(Inth (kfilter P 0 zs) k)))
(kfilter P 0 (ldropn (Inth (kfilter P 0 xs) k) zs))) =
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Inth (Imap (As. Inth xs (s+(Inth (kfilter P 0 xs) k)))
(kfilter P 0 (ldropn (Inth (kfilter P 0 xs) k) zs))) i =
Inth xs ((Inth (kfilter P 0 (Idropn (Inth (kfilter P 0 xs) k) xs)) i)+
(Inth (kfilter P 0 xs) k))
by simp
have 3: Ai. i< llength (Imap (As. Inth zs s)
(kfilter P (Inth (kfilter P 0 xs) k) (Idropn (Inth (kfilter P 0 xs) k) zs))) =
Inth (Imap (As. Inth xs s)
(kfilter P (Inth (kfilter P 0 xs) k)
(Idropn (Inth (kfilter P 0 xs) k) xs))) i =
Inth s (Inth (kfilter P (Inth (kfilter P 0 xs) k)
(ldropn (Inth (kfilter P 0 zs) k) xs)) )
by simp

have 4: \i. i< llength (Imap (As. Inth xs (s+(Inth (kfilter P 0 zs) k)))
(kfilter P 0 (ldropn (Inth (kfilter P 0 xs) k) xs))) =
Inth zs ((Inth (kfilter P 0 (Idropn (Inth (kfilter P 0 xs) k) xs)) )+
(Inth (kfilter P 0 zs) k)) =
Inth zs (Inth (kfilter P (Inth (kfilter P 0 xs) k)
(Idropn (Inth (kfilter P 0 xs) k) xs)) i)
using kfilter-Inth-n-zero[of - P (Inth (kfilter P 0 xs) k) (ldropn (Inth (kfilter P 0 xs) k) xs) |
kfilter-lowerbound|of - P (Inth (kfilter P 0 zs) k) (Idropn (Inth (kfilter P 0 xs) k) xs)]
using 1 diff-add by fastforce
show ?thesis
using llist-eq-Inth-eq[of lmap (As. Inth xs (s+(Inth (kfilter P 0 xs) k)))
(kfilter P 0 (ldropn (Inth (kfilter P 0 xs) k) zs))]
using 1 2 8 4 by presburger
qed

lemma Ifilter-kfilter-ldropmn:
assumes k < llength(lfilter P xs)
shows (ldropn k (Ifilter P xs)) =
(Ifilter P (ldropn (Inth (kfilter P 0 zs) k) xs))
proof —
have 1: 3 z € Iset zs. Pz
using assms gr-implies-not-zero llength-eq-0 Inull-Ifilter by blast
have 2: (lfilter P xs) = Imap (As. Inth xs s) (kfilter P 0 xs)
by (simp add: kfilter-lmap-Ifilter)
have 3: ldrop k (lfilter P zs) =
Idrop k (Imap (As. Inth xs s) (kfilter P 0 xs))
by (simp add: 2)
have 4: (ldrop k (Imap (As. Inth xs s) (kfilter P 0 xs))) =
(Imap (As. Inth zs s) (Idrop k (kfilter P 0 xs)))
using ldrop-lmap by blast
have 6: (Ifilter P (ldropn (Inth (kfilter P 0 zs) k) zs)) =
Imap (As. Inth (Idropn (Inth (kfilter P 0 xs) k) zs) s)
(kfilter P 0 (Ildropn (Inth (kfilter P 0 xs) k) xs))
by (simp add: kfilter-lmap-Ifilter)
have 61: Nz. z € Iset ((kfilter P 0 (ldropn (Inth (kfilter P 0 zs) k) xs)))
= (As. Inth (ldropn (Inth (kfilter P 0 zs) k) xs) s) z =
(As. Inth zs (s + (Inth (kfilter P 0 zs) k)) ) z
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using assms in-lset-conv-Inth|of - ((kfilter P 0 (ldropn (Inth (kfilter P 0 xs) k) xs)))]
by simp
(metis add.commute add.left-neutral kfilter-upperbound ldropn-eq-LNil ldropn-ldropn leD
Inth-ldropn not-le-imp-less zero-enat-def)
have 7: Imap (As. Inth (Idropn (Inth (kfilter P 0 xs) k) zs) s)
(kfilter P 0 (ldropn (Inth (kfilter P 0 xzs) k) xs)) =
Imap (As. Inth zs (s + (Inth (kfilter P 0 zs) k)) )
(kfilter P 0 (ldropn (Inth (kfilter P 0 zs) k) xs))
using 61 by auto
have 8: Imap (As. Inth zs (s + (Inth (kfilter P 0 zs) k)) )
(kfilter P 0 (ldropn (Inth (kfilter P 0 xzs) k) zs)) =
Imap (As. Inth zs s)
(kfilter P (Inth (kfilter P 0 xs) k) (Idropn (Inth (kfilter P 0 xs) k) xs))
by (simp add: kfilter-lmap-shift-ldropn)
have 9: lmap (As. Inth zs s)
(kfilter P (Inth (kfilter P 0 xs) k) (ldropn (Inth (kfilter P 0 zs) k) xs)) =
Imap (As. Inth xs s) (Idropn k (kfilter P 0 xs))
by (simp add: assms kfilter-kfilter-ldropn)
show “thesis
by (metis 4 7 8 9 kfilter-lmap-Ifilter ldrop-enat)
qed

lemma Ifilter-Inth-aa:

assumes n < llength (Ifilter P zs)

shows P (Inth (lfilter P zs) n)

using assms

by (meson in-lset-conv-Inth lfilter-id-conv lfilter-idem)

lemma ezist-one-conv:
(3! 4. i<llength zs N P (Inth xs i)) <—
(3 k < llength zs. P (Inth zs k) A
(V j < llength xs. j#k — — P (Inth s 7)))
by blast

lemma Ifilter-llength-one-conv-a:
assumes llength(lfilter P zs) =1
shows 3 k < llength zs. P (Inth zs k) A
(V j < llength zs. j#£k — — P (Inth xs j))
proof —
have 1: P (Inth zs (Inth (kfilter P 0 xs) 0))
by (metis assms(1) kfilter-llength kfilter-lmap-Ifilter less-numeral-extra(1) Ifilter-Inth-aa
Inth-lmap zero-enat-def)
have 2: (Inth (kfilter P 0 zs) 0) < llength xs
by (metis assms(1) gen-llength-def kfilter-llength kfilter-upperbound less-numeral-extra(1)
llength-code zero-enat-def)
have 3: (V j < llength zs. j# (Inth (kfilter P 0 zs) 0) — — P (Inth xs j))
using assms kfilter-not-after[of P zs| kfilter-not-before[of P xs]
by (metis One-nat-def diff-Suc-1 kfilter-llength linorder-neqE-nat one-enat-def zero-less-one)
show “thesis
using 1 2 3 by blast
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qed

lemma Ifilter-llength-one-conv-c:
(3 k < llength zs. P (Inth zs k) A
(V j < llength zs. j#k — — P (Inth xs j))) <—
(3 k < llength zs. P (Inth zs k) N
(V j < length zs. j<k V k<j — — P (Inth zs j)))
using antisym-conv3 by auto

lemma Ifilter-llength-one-conv-d:
( 3 k < llength xs. P (Inth zs k) A
(V j < length zs. j<k V k<j — — P (Inth zs j))) <—
(3 k < length xzs. P (Inth zs k) A
(V j.j<k — = P (Inth zs j)) A
(V j < llength xs. k<j — — P (Inth xs j)))
by (meson enat-ord-simps(2) less-trans)

lemma ezist-one-Ifilter-llength-one:
assumes (3! i. i<llength zs N\ P (Inth zs 7))
shows llength(lfilter P zs) <1
using assms
proof auto
fix 7 :: nat
assume al: Vy y'. enat y < llength xs A P (Inth zs y) A enat y’' < llength s A P (Inth zs y) —
y=1y'
show llength (Ifilter P xzs) < 1
proof —
have fI: Ve ea. (e:enat) < ea V ea < e
by (meson not-le-imp-less)
have f3: llength (kfilter P 0 xs) = gen-llength 0 (lfilter P xs)
by (metis kfilter-llength llength-code)
have f}: enat 0 + llength xs = llength xs
by (metis gen-llength-def llength-code)
have llength zs = enat 0 + llength xs
by (metis (full-types) gen-llength-def llength-code)
then have f5: = 1 < llength (Ifilter P xs)
proof —
have gI: Suc 0 = 0 + Suc 0
by auto
have g2: A\i. enat i < llength (kfilter P 0 xs)
Inth xs (Inth (kfilter P 0 xzs) i — 0) = Inth (lfilter P xs) i
using [lfilter-kfilter[of - P 0 zs] by auto
have ¢3: Nk. enat k < llength (kfilter P 0 zs) =
Inth (kfilter P 0 xs) k — 0 = Inth (kfilter P 0 xs) k
using kfilter-monolof - P 0 xs| by auto
have g4: An. enat n < llength (Ifilter P zs) = P (Inth (Ifilter P xs) n)
using [filter-Inth-aalof - P zs] by auto
have g5: enat (0 + Suc 0) = 1
using one-enat-def by auto
have — 1 < gen-llength 0 (Ifilter P zs) V enat 0 < gen-llength 0 (Ifilter P xs)
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using zero-enat-def by fastforce
then show %thesis
by (metis g1 g2 93 g4 g5 al f3 f4 kfilter-upperbound ldistinct-conv-Inth ldistinct-kfilter
llength-code n-not-Suc-n)
qed
show ?thesis
using f5 not-le by blast
qed
qed

lemma Ifilter-llength-one-conv-b:
assumes 3 k < llength zs. P (Inth zs k) A
(V j < llength xs. j2k — — P (Inth s j))

shows llength(lfilter P zs) =1
proof —
have 1: llength(lfilter P xzs) <1

by (metis assms exist-one-lfilter-llength-one)
have 2: O<llength(lfilter P zs)

by (metis assms gr-zerol in-lset-conv-Inth llength-eq-0 Inull-lfilter)
show ?thesis

by (metis 1 2 One-nat-def Suc-ile-eq dual-order.antisym one-enat-def zero-enat-def)
qed

lemma Ifilter-llength-one-conv:
shows (3 k < llength xzs. P (Inth zs k) N\
(V j < llength xs. j2k — — P (Inth xs j))) <—
llength(lfilter P xs) =1
using lfilter-llength-one-conv-alof P wxs] Ifilter-llength-one-conv-blof xs P] by blast

lemma Ifilter-llength-one-conv-1:
shows (3 k < llength xs. P (Inth zs k) N\
(V j < llength xs. j<k V k<j — = P (Inth zs j))) <—
llength(lfilter P xzs) =1
using [filter-llength-one-conv]of zs P] Ifilter-llength-one-conv-clof zs P]
by blast

lemma Ifilter-llength-one-conv-2:
shows ( 3 k < llength xs. P (Inth xs k) A
(V j.j<k — = P (Inth zs j)) A
(V j < llength xs. k<j — — P (Inth xs j))) <—
llength(lfilter P xs) =1
using lfilter-llength-one-conv-1[of xs P| Ifilter-llength-one-conv-d|of xs P]
by blast

lemma Ifilter-lappend-ltake:
assumes k < llength xs
shows  [filter P (ltake k zs) = ltake (llength(lfilter P (ltake k xs))) (Ifilter P xs)
proof —
have 1. Ifilter P zs =
lappend (Ifilter P (ltake (the-enat k) xs)) (Ifilter P (Idropn (the-enat k) xs))
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by (metis enat-ord-code(4) lappend-ltake-enat-ldropn Ifilter-lappend-lfinite lfinite-ltake)

have 2: ltake (llength(lfilter P (ltake k xs)))
(lappend (Ifilter P (ltake (the-enat k) xs)) (Ifilter P (ldropn (the-enat k) zs))) =
Ifilter P (ltake k xs)
by (metis assms enat-the-enat Ilfilter-idem lfinite-ltake llength-eq-infty-conv-lfinite
llength-lfilter-ile llength-ltake ltake-all ltake-lappendl min.strict-order-iff)

show ?thesis using 1 2 by simp
qed

lemma kfilter-lappend-Ifinite:
Ifinite xs —>
kfilter P n (lappend xs ys) =
lappend (kfilter P n xs) (kfilter P (n+ (the-enat(llength xs))) ys)
unfolding kfilter-def
proof (induct arbitrary: n rule: lfinite.induct)
case lfinite-LNil
then show ?case by simp
next
case (lfinite-LConsl s x)
then show Zcase
proof —
have 1: (Izip (lappend (LCons x xs) ys) (iterates Suc n)) =
(LCons (z , n) (lzip (lappend xs ys) (iterates Suc (Suc n))))
by (simp add: lzip.ctr(2))
have 3: Imap snd (lfilter (P o fst) (Izip (lappend (LCons x xs) ys) (iterates Suc n))) =
(if P z then (LCons n (Imap snd (Ifilter (P o fst) (lzip (lappend xs ys) (iterates Suc (Suc n))))))
else lmap snd (lfilter (P o fst) (lzip (lappend xs ys) (iterates Suc (Suc n)))))
using I by auto
have 4: (if P z then (LCons n (Imap snd (Ifilter (P o fst) (lzip (lappend zs ys) (iterates Suc (Suc n))))))
else lmap snd (lfilter (P o fst) (lzip (lappend xs ys) (iterates Suc (Suc n))))) =
(if P x then
(LCons n (lappend (Imap snd (Ifilter (P o fst) (lzip zs (iterates Suc (Suc n)))))
(Imap snd (lfilter (P o fst) (lzip ys (iterates Suc ((Suc n) + the-enat (llength
25))))))))
else (lappend (Imap snd (Ifilter (P o fst) (lzip zs (iterates Suc (Suc n)))))
(Imap snd (lfilter (P o fst) (lzip ys (iterates Suc ((Suc n) + the-enat (llength xs))))))))
using Ifinite-LConsI.hyps(2) by auto
have 5: (Imap snd (lfilter (P o fst) (Izip (LCons z xs) (iterates Suc n)))) =
(if P x then (LCons n (Imap snd (Ifilter (P o fst) (Izip ( xs) (iterates Suc (Suc n))))))
else (Imap snd (Ifilter (P o fst) (lzip ( zs) (iterates Suc (Suc n))))))
by (simp add: lzip.ctr(2))
have 6: (Imap snd (lfilter (P o fst) (lzip ys (iterates Suc (n + the-enat (llength (LCons x zs))))))) =
(Imap snd (Ifilter (P o fst) (Izip ys (iterates Suc ((Suc n) + the-enat (llength (zs)))))))
using eSuc-enat lfinite-LConsI.hyps(1) llength-eq-infty-conv-lfinite by force
have 7: lappend (Imap snd (lfilter (P o fst) (lzip (LCons z xs) (iterates Suc n))))
(Imap snd (Ifilter (P o fst) (Izip ys (iterates Suc (n + the-enat (llength (LCons z zs))))))) =
lappend (if P x then (LCons n (Imap snd (Ifilter (P o fst) (Izip zs (iterates Suc (Suc n))))))
else (Imap snd (lfilter (P o fst) (lzip zs (iterates Suc (Suc n))))))
(Imap snd (Ifilter (P o fst) (lzip ys (iterates Suc ((Suc n) + ( (the-enat (llength xs))))))))
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using 5 6 by auto
show ?thesis using 3 / 7 by auto
qed
qed

lemma kfilter-lappend-ltake:

assumes k < llength xs

shows  kfilter P n (ltake k xs) = ltake (llength(kfilter P n (ltake k xs))) (kfilter P n xs)
proof —

have 1: kfilter P n xs = lappend (kfilter P n (ltake (the-enat k) xs))

(kfilter P (n+ (the-enat k)) (ldropn (the-enat k) xs))
using kfilter-lappend-Ifinite[of (ltake (the-enat k) xs) P n (ldropn (the-enat k) zs) |
by (metis assms enat-iless enat-ord-code(4) lappend-ltake-ldrop ldrop-enat Ilfinite-ltake

llength-ltake min.strict-order-iff neq-iff the-enat.simps)
have 2: ltake (llength(kfilter P n (ltake k xs)))
(lappend (kfilter P n (ltake (the-enat k) xs))
(kfilter P (n+ (the-enat k)) (ldropn (the-enat k) xs))) =
kfilter P n (ltake k xs)
by (metis assms enat-the-enat lfinite-ltake llength-eq-infty-conv-Ilfinite llength-ltake
ltake-all ltake-lappendl min.strict-order-iff order-refl)
show ?thesis using 1 2 by simp
qed

lemma Ifilter-ldropn-llength:

assumes k < llength xs

shows llength (Ifilter P ( (Idropn k xs))) < llength (Ifilter P ( xs))

using assms

proof (induct k arbitrary: xs)

case (

then show ?case by simp

next

case (Suc k)

then show Zcase

proof (cases zs)

case LNil

then show ?thesis by simp

next

case (LCons 221 x22)

then show ?thesis using Suc Suc-ile-eq by auto
(meson Suc-ile-eq dual-order.trans ile-eSuc)

qed

qged

lemma Ifilter-nlength-imp:
shows  llength (Ifilter (Az. P x A Q x) xs) < llength (Ifilter P zs)
proof —
have 0: lfilter (Ax. Pz N\ Q z) zs = Ifilter (A\z. Q x N P x) xs
by meson
have I: lfilter (Az. Q = N P x) zs = lfilter Q (lfilter P xs)
using lfilter-lfilter[of Q P zs| by auto
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have 2: llength (Ifilter Q (Ifilter P xs)) < llength (Ifilter P zs)
using llength-Ifilter-ile by blast

show ?thesis by (simp add: 1 2 0)

qed

lemma Inths-kfilter-lfilter:

Inths xs (Iset(kfilter P 0 xs)) = lfilter P xs
using lfilter-conv-Inths[of P zs| kfilter-lset]of P 0 zs]
by simp

1.1.9 Irev

lemma [null-lrev[simp]:

Inull (lrev zs) = (Inull xs)

unfolding lrev-def

by (metis (full-types) llist-of-list-of Inull-llist-of rev.simps(1) rev-rev-ident)

lemma lrev-LNil[simp):
lrev LNil = LNil
unfolding Ilrev-def

by simp

lemma lrev-LCons|simp|:

lrev (LCons x zs) = (if lfinite xs then (lappend (lrev xs) (LCons x LNil)) else (LCons x xs))
unfolding Ilrev-def

by simp

(metis lappend-Ulist-of-llist-of llist-of .simps(1) llist-of .simps(2))

lemma ltl-lrev[simp]:
—lnull zs =
Il (lrev zs) =
(if lfinite zs then
(if (a. zs = (LCons a LNil)) then LNil else lappend (Itl (Irev (Itl zs))) (LCons (lhd xs) LNil))
else Itl xs)
using ltli-lappend[of (lrev (Itl xs)) (LCons (Ihd zs) LNil) ]
by (metis lfinite-ltl lhd-LCons-Itl llist.collapse(1) llist.disc(1) Inull-lrev lrev-LCons ltl-simps(2))

lemma Imap-lrev:

Imap f (lrev xs) = lrev (Imap f xs)
unfolding Ilrev-def

by (simp add: rev-map)

lemma [finite-lrev [simp]:
Ifinite (lrev zs) = lfinite xs
by (simp add: lrev-def)

lemma Iset-lrev:

Iset (lrev xzs) = lset xs
unfolding lrev-def
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by simp

lemma (llength-lrev[simp):
llength (lrev xs) = llength xs
unfolding Ilrev-def

by (simp add: length-list-of)

lemma lrev-llist-of [simp]:

lrev (llist-of xs) = llist-of (rev xs)
unfolding lrev-def
by simp

lemma list-of-lrev [simp):

lfinite xs = list-of (Irev xs) = rev (list-of xs)
unfolding Ilrev-def

by simp

lemma Inth-lrev:
assumes Ifinite xs
(enat i) < llength s

shows (Inth (lrev zs) i) = (Inth zs ((the-enat (llength zs)) — (Suc 1©)))
using assms
unfolding Ilrev-def
by simp
(metis enat-ord-simps(2) length-list-of length-list-of-conv-the-enat nth-list-of rev-nth)

lemma lappend-lrev-Ifinite:
assumes Ifinite s
Ifinite ys
shows lrev (lappend zs ys) = lappend (lrev ys) (lrev xs)
using assms
unfolding lrev-def
by (simp add: lappend-llist-of-llist-of list-of-lappend)

lemma lappend-lrev-infa:
assumes Ifinite xs
=lfinite ys
shows [rev (lappend zs ys) = lappend xs ys
using assms
unfolding lrev-def by auto

lemma lappend-lrev--infb:

assumes —lfinite s

shows lrev (lappend zs ys) = lappend (lrev xs) (lrev ys)
using assms

unfolding lrev-def by (simp add: lappend-inf)

lemma lrev-lrev:

lrev (lrev zs) = wxs
by (simp add: lrev-def)
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lemma Irev-ltake:
assumes Ifinite xs
enat k < llength xs
shows lrev (ltake k zs) = ldrop (the-enat(llength xs) —k) (lrev xs)
using assms
unfolding lrev-def
by simp
(metis ldrop-llist-of length-list-of-conv-the-enat rev-take take-list-of)

lemma lrev-ldrop:
assumes Ifinite xs
enat k < llength xs
shows lrev (ldrop k xs) = ltake (the-enat(llength xs) —k) (lrev xs)
using assms
unfolding lrev-def
by simp
(metis drop-list-of ldrop-enat length-list-of-conv-the-enat rev-drop)

lemma lrev-lsubc:
assumes Ifinite xs
enat © < j
enat j < llength s
shows lrev (Isubc i j xs) = lsubc ((the-enat(llength xzs)) —(j+1)) ((the-enat(llength zs)) — (i+1)) (Irev
s
)
proof —
have 1: lrev (Isubc i j xs) = lrev (ltake (eSuc(j—17)) (Idrop i xs))
unfolding Isubc-def min-def using assms apply simp
by (metis assms(2) co.enat.ezhaust-sel iless-Suc-eq not-less-zero order-le-less-trans)
have 20: i<oo
by simp
have 21: (llength (ldrop (enat ©) xs)) = llength xs — i
by (simp add: ldrop-enat)
have 22: (the-enat (llength xs — i)) — (j —i +1) = (llength zs) —eSuc j
using assms apply simp
using eSuc-enat llength-eq-infty-conv-lfinite by fastforce
have 23: (enat (the-enat (llength (ldrop (enat i) zs)) — (j — i + 1))) =
(llength zs) — eSuc j
using 21 22 by presburger
have 2: lrev (ltake (eSuc(j—1)) (ldrop i zs)) =
ldrop ((llength xzs) — eSuc j) (lrev (ldrop (enat i) xs))
using lrev-ltake[of (Idrop i xs) (j—i)+1] using assms 23 apply auto
by (metis 21 22 add.commute diff-is-0-eq’ eSuc-enat enat-ord-simps(1) enat-the-enat ldrop-enat
ldropn-0 Ifinite-ldrop llength-eq-infty-conv-lfinite ltake-all not-le-imp-less plus-1-eq-Suc)
have 3: (lrev (ldrop (enat ©) xs)) = (ltake ((llength xs) — i) (lrev zs))
using lrev-ldrop[of xs i| using assms order-le-less-trans
by (metis enat-the-enat idiff-enat-enat llength-eq-infty-conv-Ifinite)
have 30: eSuc j < llength xs
using assms(3) ilel1 by blast
have 31: llength (lrev (Idrop (enat i) xs)) = llength xs — i
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by (simp add: 21)
have 32: llength (ldrop ((llength xs) — eSuc j) (lrev (ldrop (enat i) zs))) =
( llength xs — i) — ((llength zs) — eSuc j)
by (metis 23 81 ldrop-enat llength-ldropn)
have 33: ( llength zs — i) — ((llength xs) — eSuc j) = (eSuc j) — i
by (metis 1 2 32 add.commute assms(2) assms(3) eSuc-enat enat-ord-simps(1) idiff-enat-enat llength-lrev
llength-lsubc ordered-cancel-comm-monoid-diff-class. diff-add-assoc2 plus-1-eq-Suc)

have 4: ldrop ((llength xs) — eSuc j) (lrev (ldrop (enat i) zs)) =
ldrop ((llength zs) — eSuc j) ( (ltake ((llength xs) — i) (lrev xs)))
using 3 by presburger
have 40: (min (enat (the-enat (llength zs) — (j+1))) (epred (llength (lrev zs)))) =
((llength xs) — eSuc j)
by (metis add.commute assms(1) diff-diff-left eSuc-plus-1 enat-less-imp-le enat-ord-simps(2) epred-enat
idiff-enat-enat less-imp-diff-less lfinite-llength-enat llength-lrev min.absorb1 one-enat-def plus-enat-simps(1)
the-enat.simps)
have /1: min (enat (the-enat (llength xs) — (j + 1))) (epred (llength (lrev xs))) =
(enat (the-enat (llength xs) — (j + 1)))
by (metis 40 add.commute assms(1) eSuc-enat enat-the-enat idiff-enat-enat llength-eq-infty-conv-lfinite
plus-1-eq-Suc)
have 42: eSuc (enat (the-enat (llength xs) — (i + 1)) — enat (the-enat (llength zs) — (j + 1))) =
eSuc ( llength xs — (i4+1) — (llength xs — (j+1)))
using assms(1) llength-eq-infty-conv-lfinite by fastforce
have 43: eSuc ( llength xs — (i+1) — (llength xs — (j+1))) =
eSuc (j —1)
using 30 assms(1) eSuc-enat llength-eq-infty-conv-lfinite by fastforce
have 44: eSuc ( j —i) + (enat (the-enat (llength xs) — (j + 1))) =
llength xs — i
using 30 assms(1) assms(2) eSuc-enat llength-eq-infty-conv-lfinite by fastforce
have 45: (eSuc (enat (the-enat (llength zs) — (i + 1)) — enat (the-enat (llength xs) — (j + 1))) +
(enat (the-enat (llength xs) — (j + 1))) ) =
llength s — 1
using 42 43 44 by presburger
have 5: ldrop ((llength zs) — eSuc j) ( (ltake ((llength xs) — i) (lrev zs))) =
Isubc ((the-enat(llength zs)) — (j+1)) ((the-enat(llength xs)) — (i+1)) (Irev zs)
unfolding Ilsubc-def ltake-ldrop
using 40 41 42 43 44 by presburger
show “thesis
using 1 2 4 5 by presburger
qed

lemma llast-lrev:

assumes — [null xs

shows llast (Irev xs) = (if lfinite xs then lfirst s else llast zs )
using assms

unfolding Ilrev-def

by (simp add: last-rev lfirst-def)

lemma Ifirst-lrev:
assumes — [null zs
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shows Ifirst (lrev zs) = (if lfinite xs then llast zs else lfirst xs)
using assms

unfolding lrev-def

by simp

(metis hd-rev lfirst-def lhd-llist-of llast-llist-of llist-of-list-of )

lemma llist-all2-lrevl:

llist-all2 P xs ys = llist-all2 P (lrev xs) (Irev ys)
unfolding Ilrev-def

by simp

(metis llist-all2-lfiniteD llist-all2-llist-of llist-of-list-of)

lemma [list-all2-lrevD-Ifinite:

assumes [list-all2 P (lrev zs) (lrev ys)
Ifinite s
Ifinite ys

shows [list-all2 P zs ys

using assms

unfolding Ilrev-def

by simp

(metis llist-all2-llist-of llist-of-list-of)

lemma llist-all2-lrevD-not-lfinite:
assumes [list-all2 P (lrev zs) (lrev ys)
=lfinite xs
=lfinite ys
shows [list-all2 P zs ys
using assms by (simp add: lrev-def)

lemma llist-all2-lrevD:

assumes [list-all2 P (lrev zs) (lrev ys)

shows [list-all2 P zs ys

by (metis assms lfinite-lrev llist-all2-lfiniteD llist-all2-lrevD-Ifinite llist-all2-lrevD-not-Ifinite)

lemma llist-all2-lrev:
llist-all2 P (lrev xs) (lrev ys) <— llist-all2 P xs ys
using llist-all2-lrevD llist-all2-lrevl by blast

1.1.10 Transfer rules

context includes lifting-syntaz
begin

lemma lbutlast-transfer [transfer-rule]:
(llist-all2 A ===> llist-all2 A) lbutlast lbutlast
by (auto simp add: rel-fun-def lbutlast-conv-ltake llist-all2-llengthD llist-all2-ltakel )

lemma [least-transfer [transfer-rulel:

(A ===> (=)) ===> llist-all2 A ===> (=)) lleast lleast
unfolding lleast-def[abs-def]
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by (auto simp add: rel-fun-def)
(metis (full-types, opaque-lifting) llist-all2-conv-all-Inth)

lemma Ifuse-transfer [transfer-rule]:
(list-all2 A ===> llist-all2 A ===> llist-all2 A) Ifuse Ifuse
by (auto simp add: rel-fun-def intro: llist-all2-lfusel)

lemma ridz-transfer [transfer-rule]:
((R ===> R ===> (=)) ===> llist-all2 R ===> (=)) ridz ridz
by (simp add: llist-all2-rsp rel-fun-def ridz-def llist-all2-conv-all-Inth)
(meson Suc-ile-eq order-less-imp-le)

lemma lsub-transfer [transfer-rule]:
( (=) ===> (=) ===> llist-all2 A ===> llist-all2 A) lsub lsub
by (auto simp add: lsub-def rel-fun-def intro: llist-all2-ltakel llist-all2-ldropI)

lemma lsubc-transfer [transfer-rule]:
( (=) ===> (=) ===> llist-all2 A ===> llist-all2 A) lsubc lsubc
by (auto simp add: lsubc-def rel-fun-def min-def llist-all2-llengthD
intro: llist-all2-ltakel llist-all2-ldropI)

lemma Ifusecat-transfer [transfer-rule]:
(Uist-all2 (llist-all2 A) ===> llist-all2 A) lfusecat [fusecat
by (auto intro: llist-all2-lfusecatl)
lemma lrev-parametric [transfer-rule]:
shows (llist-all2 A ===> llist-ali2 A) lrev lrev
by (rule rel-funl)(rule llist-all2-lrevl)

end

end

1.2 Non-empty coinductive lists

Coinductive lists are formalised by Andreas Lochbihler in [5]. We define coinductive non-empty
lists ‘a mellist as a subtype of coinductive lists using the quotient type construction. The usual
operators, like take, drop, length, nth, filter etc. are defined for ‘a nellist. The formalisation is based

on terminated coinductive list defined by Andreas Lochbihler.

theory NELList imports
LList-Extras
begin

Coinductive non-empty lists ‘a nellist are the codatatype defined by the constructors NNil of type

'a = 'a nellist and NCons of type ‘a = 'a nellist = 'a nellist.

1.2.1 Type definition

consts nlast0 :: 'a
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codatatype (nset: 'a) nellist =
NNil (nlast : 'a)
| NCons (nhd : 'a) (ntl : 'a nellist)
for
map: nmap
rel: nellist-all2
where
nhd (NNil -) = undefined
| ntl (NNil b) = NNil b
| nlast (NCons - nell) = nlast0 nell

overloading
nlast0 == nlast0::'a nellist = 'a
begin

partial-function (tailrec) nlast0
where nlast0 nell = (case nell of (NNil ) = z | (NCons y nell’) = nlast0 nell’)

end

lemma nlastO-nlast [simp]: nlast0 = nlast
proof —

have 1: Az. nlast0 x = nlast x

by (simp add: nlast0.simps nlast-def)
show ?thesis using 1 by (rule ext)

qed

lemmas nlast-NNil [code, nitpick-simp| = nellist.sel(1)

lemma nlast-NCons [simp, code, nitpick-simpl: nlast (NCons x nell) = nlast nell
by simp

declare nellist.sel(2) [simp del]

definition nfirst :: ‘a nellist = 'a
where nfirst nell = (case nell of (NNil b) = b | (NCons b nell’) = b)

primcorec unfold-nellist :: ('a = bool) = ('a = 'b) = (a = 'b) = ('a = 'a) = 'a = 'b nellist
where
p a = unfold-nellist p g1 921 g22 a = NNil (g1 a) |
- = unfold-nellist p g1 g21 g22 a =
NCons (g21 a) (unfold-nellist p g1 g21 g22 (g22 a))

declare

unfold-nellist.ctr(1) [simp]
nellist.corec(1) [simp]
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1.2.2 Code generator setup

More lemmas about generated constants

lemma ntl-unfold-nellist:
ntl (unfold-nellist IS-NNIL NNIL NHD NTL a) =
(if IS-NNIL a then NNil (NNIL a) else unfold-nellist IS-NNIL NNIL NHD NTL (NTL a))

by (simp)

lemma is-NNil-ntl [simp):
is-NNil nell = is-NNil (ntl nell)
by (cases nell) simp-all

lemma nlast-ntl [simp]: nlast (ntl nell) = nlast nell
by (cases nell) simp-all

lemma unfold-nellist-eq-NNil [simp]:
unfold-nellist IS-NNIL NNIL NHD NTL a = NNil b «<— IS-NNIL a A b = NNIL a
by (auto simp add: unfold-nellist.code)

lemma NNil-eq-unfold-nellist [simp]:
NNil b = unfold-nellist IS-NNIL NNIL NHD NTL a <— IS-NNIL a A b = NNIL a
by (auto simp add: unfold-nellist.code)

lemma nmap-is-NNil:
is-NNil nell = nmap f nell = NNil (f (nlast nell))
by (clarsimp simp add: is-NNil-def)
declare nellist.map-sel(2)[simp)
lemma ntl-nmap [simp):
ntl (nmap f nell) = nmap f (ntl nell)
by (cases nell) simp-all
lemma nmap-eq-NNil-conv:
nmap f nell = NNil y +— (Jy’. nell = NNil y' A fy' = y)
by (cases nell) simp-all
lemma NNil-eqg-nmap-conv:
NNil y = nmap f nell +— (3y’. nell = NNil y' A fy' = y)
by (cases nell) auto

declare nellist.set-sel(1)[simp]

lemma nset-ntl: nset (ntl nell) C nset nell
by (cases nell) auto

lemma in-nset-ntlD: x € nset (ntl nell) = x € nset nell
using nset-ntl[of nell] by auto

theorem nellist-set-induct[consumes 1, case-names findnil find step|:
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assumes z € nset nell
and Anell. is-NNil nell = P (nlast nell) nell
and Anell. = is-NNil nell => P (nhd nell) nell
and Anell y. [- is-NNil nell; y € nset (ntl nell); Py (ntl nell)] = P y nell
shows P z nell
using assms
proof (induct)
case (NNil z2)
then show ?case by force
next
case (NConsl z1 z2)
then show ?case by (fastforce simp del: nellist.disc(2) iff: nellist.disc(2))
next
case (NCons2 z1 22 za)
then show ?case by auto
qed

lemma nset-induct’ [consumes 1, case-names findnil find step:
assumes major: x € nset nell

and 0: Anell. is-NNil nell = P (nlast nell)

and 1: Anell. P (NCons z nell)

and 2: A\ z' nell. [ © € nset nell; P nell | = P (NCons z' nell)
shows P nell

using major

proof (induct y=x nell rule: nellist-set-induct)

case (findnil nell)

then show ?case using 0 1 2 by (metis nellist.collapse(1) nellist.map-disc-iff nellist.map-sel(1))
next

case (find nell)

then show ?case by (metis 1 nellist.collapse(2))

next

case (step nell)

then show ?case by (metis 2 nellist.collapse(2))

qed

lemma nset-induct [consumes 1, case-names findnil find step, induct set: nset:
assumes major: x € nset nell

and findnil: Anell. is-NNil nell = P (nlast nell)

and find: A\nell. P (NCons x nell)

and step: \ z' nell. [ x € nset nell; x # x'; P nell | = P (NCons z’ nell)
shows P nell

using major

proof (induct rule: nset-induct’)

case (findnil nell)

then show ?case by (simp add: assms(2))

next

case (find nell)

then show ?case by (simp add: assms(3))

next

case (step z’ nell)
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then show ?case by (metis assms(4) find)
qed

1.2.3 Connection with ’a llist

primcorec llist-of-nellist :: 'a nellist = 'a llist
where [list-of-nellist nell = (case nell of NNil b = LCons b LNil |
NCons x nell’ = LCons z (llist-of-nellist nell’))

context
fixes
b:'a
begin
primcorec nellist-of-llist-a :: 'a llist = 'a nellist where
nellist-of-llist-a 1l = (case Il of LNil = NNil b |
LCons z ll' = NCons x (nellist-of-llist-a 1l"))
end

abbreviation nellist-of-llist == (X . nellist-of-llist-a (llast 1) (lbutlast I1))
simps-of-case nellist-of-llist-a-simps [simp, code, nitpick-simp): nellist-of-llist-a.code

lemmas nellist-of-llist-a-LNil = nellist-of-llist-a-simps(1)
and nellist-of-llist-a-LCons = nellist-of-llist-a-simps(2)

lemma nlast-nellist-of-llist-a-Inull [simp):
Inull Il = nlast (nellist-of-llist-a b ll) = b
unfolding Inull-def by simp

declare nellist-of-llist-a.sel(1)[simp del]

lemma [lhd-LNil:
Ihd LNil = undefined
by (simp add: lhd-def)

lemma nhd-NNil:
nhd (NNil b) = undefined
by (simp add: nhd-def)

lemma nhd-nellist-of-llist-a [simp):
nhd (nellist-of-llist-a b 1) = hd [l
by (cases i)
(simp-all add: lhd-LNil nhd-NNil)

lemma ntl-nellist-of-llist-a [simp]:
ntl (nellist-of-llist-a b 1l) = nellist-of-llist-a b (It 1)
by (cases ll) simp-all

lemma llist-of-nellist-eq-LNil:
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llist-of-nellist nell = LCons (nlast nell) LNil <— is-NNil nell
by (simp add: nellist.case-eq-if llist-of-nellist.code)

simps-of-case [list-of-nellist-simps [simp, code, nitpick-simp]: llist-of-nellist.code

lemmas llist-of-nellist-NNil = llist-of-nellist-simps(1)
and llist-of-nellist-NCons = llist-of-nellist-simps(2)

declare llist-of-nellist.sel [simp del]

lemma lhd-llist-of-nellist [simp]:
= 45-NNil nell = lhd (llist-of-nellist nell) = nhd nell
by (cases nell) simp-all

lemma [hd-llist-of-nellist1 [simp]:
is-NNil nell = Ihd (llist-of-nellist nell) = nlast nell
by (cases nell) simp-all

lemma (hd-llist-of-nellist2 [simp]:
(case nell of (NNil b) = lhd LNil | (NCons b nell’) = [hd (llist-of-nellist nell)) = nhd nell
by (cases nell) (simp-all add: lhd-LNil nhd-NNil)

lemma [tl-llist-of-nellist [simp]:
= is-NNil nell = ltl (llist-of-nellist nell) = llist-of-nellist (ntl nell)
by (cases nell) simp-all

lemma [tl-llist-of-nellist1 [simp):
is-NNil nell = [l (llist-of-nellist nell) = LNil
by (cases nell) simp-all

lemma [tl-llist-of-nellist2 [simp:
(case nell of (NNil b) = (LCons b LNil) |
(NCons b nell’) = Itl (llist-of-nellist nell)) = llist-of-nellist (ntl nell)
by (simp add: llist-of-nellist.code nellist.case-eq-if)

lemma nellist-of-llist-a-cong [congl:
assumes [l = [l lfinite I' = b = b’
shows nellist-of-llist-a b 1l = nellist-of-llist-a b’ 11’
proof(unfold <l = 11")
from assms have [finite [l — b = b’ by simp
thus nellist-of-llist-a b 1’ = nellist-of-1list-a b" 11’
by (coinduction arbitrary: ') auto
qed

primcorec snocn :: 'a nellist = 'a = 'a nellist
where snocn nell a =
(case nell of (NNil z) = NCons x (NNil a) |
(NCons x nell’) = NCons x (snocn nell” a))
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simps-of-case snocn-code [code, simp, nitpick-simpl: snocn.code

lemma snocn-simps [simp):
shows nhd-snocn: nhd(snocn nell a) = nfirst nell
and ntl-snocn: ntl(snocn nell a) = (if is-NNil nell then (NNil a) else snocn (ntl nell) a)
by (case-tac [!] nell)
(auto simp add: nfirst-def)

lemma is-NNil-snocn:
is-NNil(snocn nell a) «— False
by (auto simp add: snocn-def)

lemma nmap-snocn-distrib:
nmap f (snocn nell a) = snocn (nmap f nell) (f a)
proof (coinduction arbitrary: nell rule: nellist.coinduct-strong)
case (FEg-nellist nella)
then show ?Zcase
by (auto simp add: nellist.case-eq-if nellist.map-sel(1))
qed

definition nfinite :: 'a nellist = bool
where nfinite nell = lfinite (llist-of-nellist nell)

lemma nfinite-induct [consumes 1, case-names NNil NCons]:
assumes nfinite nell
and Ay. P (NNil y)
and Az nell. [nfinite nell; P nell] = P (NCons z nell)
shows P nell
using assms
unfolding nfinite-def
proof (induct li=llist-of-nellist nell arbitrary: nell rule: lfinite-induct)
case LNil
then show ?case by simp
next
case LCons
then show ?Zcase by (metis lfinite.cases Inull-def Itl-llist-of-nellist ltl-simps(2)
nellist.collapse(1) nellist.exhaust-sel)
qed

lemma

shows nfinite-NNil: nfinite (NNil x)

and nfinite-NConsl: nfinite nell => nfinite (NCons x nell)
unfolding nfinite-def

by auto

declare nfinite-NNil [iff]
lemma is-NNil-imp-nfinite [simp):

1s-INNil nell = nfinite nell
using [finite.simps llist-of-nellist-eq-LNil by (auto simp add: nfinite-def )
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lemma nfinite-NCons [simp]:
nfinite (NCons x nell) = nfinite nell
by (simp add: nfinite-def)

lemma nfinite-ntl [simp]:
nfinite (ntl nell) = nfinite nell
by (cases nell) simp-all

lemma nfinite-code [code]:

nfinite (NNil ) = True

nfinite (NCons x nell) = nfinite nell
by simp-all

lemma nfinite-imp-finite-nset:

assumes nfinite nell

shows finite (nset nell)

using assms

by (induct nell rule:nfinite-induct) simp-all

lemma nfinite-snocn [simpl:
nfinite(snocn nell a) <— nfinite nell
(is ?lhs <— ?rhs)
proof
assume ?lhs thus ?rhs
proof (induct zs=snocn nell a arbitrary: nell rule: nfinite-induct)
case (NNil y)
then show Zcase
by (metis is-NNil-snocn nellist.disc(1))
next
case (NCons z nell)
then show Zcase

by (cases nell) simp-all
qed
next
assume ?rhs thus ?lhs

by (induct rule: nfinite-induct) auto
qed

lemma snocn-inf:
- nfinite nell = snocn nell a = nell
proof (coinduction arbitrary: nell)
case (FEg-nellist nella)
then show ?Zcase
proof —
have 1: is-NNil (snocn nella a) = is-NNil nella
using Fq-nellist by auto
have 2: (is-NNil (snocn nella a) — is-NNil nella — nlast (snocn nella a) = nlast nella)
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by auto
have 3: (= is-NNil (snocn nella a) — — is-NNil nella —
nhd (snocn nella a) = nhd nella A
(I nell. ntl (snocn nella a) = snocn nell a A ntl nella = nell A = nfinite nell))
by (simp add: Eg-nellist nellist.case-eq-if)
from 1 2 8 show ?thesis by blast
ged
qed

lemma nfinite-nmap [simp]:

nfinite (nmap f nell) = nfinite nell (is ?lhs «— ?rhs)

proof

assume ?lhs thus ?rhs
proof (induct zs=nmap f nell arbitrary: nell rule: nfinite-induct)
case (NNil y)
then show ?case by (metis nellist.disc(1) nellist.map-disc-iff is-NNil-imp-nfinite)
next
case (NCons z nell)
then show ?case by (metis nellist.sel(5) nfinite-ntl ntl-nmap)
qed

next

assume ¢rhs thus ?lhs
by (induct rule: nfinite-induct) simp-all

qged

lemma nset-snocn-nfinite [simpl:
nfinite nell = nset(snocn nell a) = nset nell U {a}
by (induct rule: nfinite-induct) auto

lemma nset-snocnli:

nset (snocn nell a) C nset nell U {a}

proof (cases nfinite nell)

case True

then show ?thesis by simp

next

case Fulse

then show ?thesis by (auto simp add: snocn-inf)
qed

lemma nset-snocn-conv:
nset (snocn nell a) = (if nfinite nell then nset nell U {a} else nset nell)
by (simp add: snocn-inf)

lemma in-nset-snocn-iff:
z € nset (snocn nell a) <— = € nset nell V nfinite nell N x = a
by (metis Un-iff empty-iff insert-iff nset-snocn-conv)

lemma llist-of-nellist-inverse-1:

assumes — nfinite nell
shows nellist-of-llist-a b (llist-of-nellist nell) = snocn nell b
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using assms
proof (coinduction arbitrary: nell)
case (Eg-nellist nella)
then show Zcase
proof —
have 1: is-NNil (nellist-of-llist-a b (llist-of-nellist nella)) = is-NNil (snocn nella b)
by auto
have 2: (is-NNil (nellist-of-llist-a b (llist-of-nellist nella)) —
is-NNil (snocn nella b) —
nlast (nellist-of-llist-a b (llist-of-nellist nella)) = nlast (snocn nella b))
by simp
have 3: (= is-NNil (nellist-of-llist-a b (llist-of-nellist nella)) —
= is-NNil (snocn nella b) —
nhd (nellist-of-llist-a b (llist-of-nellist nella)) = nhd (snocn nella b) A
(I nell.
ntl (nellist-of-llist-a b (llist-of-nellist nella)) =
nellist-of-llist-a b (llist-of-nellist nell) N\
ntl (snocn nella b) = snocn nell b A — nfinite nell))
by (metis Eg-nellist lhd-llist-of-nellist ltl-llist-of-nellist nfinite-ntl
nhd-nellist-of-llist-a ntl-nellist-of-llist-a snocn-inf)
from 1 2 8 show ?thesis by blast
qed
qed

lemma llist-of-nellist-inverse-2:

assumes nfinite nell

shows nellist-of-llist-a b (llist-of-nellist nell) = snocn nell b
using assms

by (induct rule: nfinite-induct) simp-all

lemma llist-of-nellist-inverse [simp):
shows nellist-of-llist-a b (llist-of-nellist nell) = snocn nell b
using [list-of-nellist-inverse-1 llist-of-nellist-inverse-2 by fastforce

lemma llist-of-nellist-inverse-3:
assumes — nfinite nell
shows nellist-of-llist-a (nlast nell) (lbutlast (llist-of-nellist nell)) = nell
using assms
proof (coinduction arbitrary: nell)
case (FEg-nellist nella)
then show Zcase
proof —
have 1: is-NNil (nellist-of-llist-a (nlast nella) (lbutlast (llist-of-nellist nella))) =
is-NNil nella
by (metis Eg-nellist is-NNil-imp-nfinite lbutlast.disc(2) llist-of-nellist.disc-iff
ltl-llist-of-nellist nellist-of-llist-a.disc(2))
have 2: (is-NNil (nellist-of-llist-a (nlast nella) (lbutlast (list-of-nellist nella))) —
is-NNil nella —
nlast (nellist-of-llist-a (nlast nella)
(Ibutlast (llist-of-nellist nella))) = nlast nella)
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using Fq-nellist is-NNil-imp-nfinite by blast
have 3: (- is-NNil (nellist-of-llist-a (nlast nella) (lbutlast (llist-of-nellist nella))) —
= is-NNil nella —
nhd (nellist-of-llist-a (nlast nella) (lbutlast (llist-of-nellist nella))) =
nhd nella A
(I nell.
ntl (nellist-of-llist-a (nlast nella) (Ibutlast (Ilist-of-nellist nella))) =
nellist-of-llist-a (nlast nell) (Ibutlast (llist-of-nellist nell)) N
ntl nella = nell A — nfinite nell))
by (auto simp add: llist.case-eq-if Eq-nellist)
from 1 2 8 show ?thesis by blast
qed
qged

lemma llist-of-nellist-inverse-4:

assumes nfinite nell

shows nellist-of-llist-a (nlast nell) (lbutlast (llist-of-nellist nell)) = nell
using assms

by (induct rule: nfinite-induct) (simp-all add: llist-of-nellist.code)

lemma [list-of-nellist-inverse-a [simp]:
shows nellist-of-llist-a (nlast nell) (lbutlast (llist-of-nellist nell)) = nell
using llist-of-nellist-inverse-3 llist-of-nellist-inverse-4 by fastforce

lemma nlast-llast:
assumes nfinite nell
shows nlast nell = llast(llist-of-nellist nell)
using assms
by (induct rule: nfinite-induct)
(simp-all add: llist-of-nellist.code)

lemma [list-of-nellist-inverse-b [simpl:

shows nellist-of-llist (llist-of-nellist nell) = nell

by (metis lappend-inf lbutlast-snoc llist-of-nellist-inverse llist-of-nellist-inverse-a
nfinite-def snocn-inf nlast-llast)

lemma nellist-of-llist-a-eq [simp]:
nellist-of-llist-a b' 1l = NNil b +— b = b’ A 1l = LNil
by (cases 1) auto

lemma NNil-eq-nellist-of-llist-a [simp]:
NNil b = nellist-of-llist-a b' 1l «+— b = b’ A 1l = LNil
by (cases 1) auto

lemma nellist-of-llist-a-inject [simp]:
nellist-of-llist-a b llx = nellist-of-llist-a ¢ lly «— llx = lly N (Ifinite lly — b = ¢)
(is ?lhs <— ?rhs)
proof(intro iffI conjl impl)
assume 9rhs
thus ?lhs by (auto intro: nellist-of-llist-a-cong)
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next
assume ?lhs
thus iz = lly
by (coinduction arbitrary: llz lly)(auto simp add: Inull-def neq-LNil-conv)
assume Ifinite lly
thus b = ¢ using ¢ ?lhs
unfolding «llx = lly» by(induct) simp-all
qed

lemma nellist-of-llist-a-inverse-1:

assumes — [finite []

shows llist-of-nellist (nellist-of-llist-a b 1) = lappend Il (LCons b LNil)
using assms

by (coinduction arbitrary: 1) auto

lemma nellist-of-llist-a-inverse-2:

assumes Ifinite [l

shows llist-of-nellist (nellist-of-llist-a b 1) = lappend 1l (LCons b LNil)

using assms

proof (induct Il rule: lfinite-induct)

case (LNil zs)

then show ?case by (simp add: Inull-def)

next

case (LCons zs)

then show Zcase

by (metis nellist-of-llist-a.disc(2) lappend-code(2) lhd-LCons-ltl lhd-llist-of-nellist

llist-of-nellist.code llist-of-nellist.simps(2) llist-of-nellist.simps(3)
ltl-llist-of-nellist nhd-nellist-of-llist-a ntl-nellist-of-llist-a)

qed

lemma nellist-of-llist-a-inverse [simp):
shows llist-of-nellist (nellist-of-llist-a b ll) = lappend Il (LCons b LNil)
using nellist-of-llist-a-inverse-1 nellist-of-llist-a-inverse-2 by metis

lemma nellist-of-llist-inverse [simp):
assumes — [null [l

shows llist-of-nellist (nellist-of-llist 1) = 1l
using assms by simp

lemma nmap-nellist-of-llist-a:
nmap f (nellist-of-llist-a b ll) = nellist-of-llist-a (f b) (Imap f 1)
by (coinduction arbitrary: ll) (auto simp add: nmap-is-NNil)

lemma nmap-nellist-of-llist:

assumes — [null [

shows nmap f (nellist-of-llist 1) = nellist-of-llist (Imap f 1)

using assms

by (metis lappend-inf lbutlast-snoc Ilfinite-Imap llast-Imap Imap-lbutlast nellist-of-llist-a-cong
nmap-nellist-of-llist-a)
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lemma Imap-llist-of-nellist:
Imap f (llist-of-nellist nell) = llist-of-nellist (nmap f nell)
by (metis llist.map-disc-iff llist-of-nellist.disc-iff llist-of-nellist-inverse-b
nellist-of-llist-inverse nmap-nellist-of-1list)

definition cr-nellist :: 'a llist = 'a nellist = bool
where cr-nellist = (X Il nell. llist-of-nellist nell = 1)

lemma [list-of-nellist-not-Inull:
= (Inull (Ilist-of-nellist nell))
by simp

lemma not-lnull-eq-lappend-lbutlast-llast:
=(lnull 1l) «— 1l = lappend (Ibutlast 1l) (LCons (llast Il) LNil)
using [list.collapse(1) by fastforce

lemma Domainp-help:
= Inull Il = A nell. llist-of-nellist nell = 1l
using nellist-of-llist-inverse by blast

lemma not-Inull-conv-llist-of-nellist:
= Inull 1l <+— (I nell. llist-of-nellist nell = 1)
using Domainp-help llist-of-nellist-not-Inull by blast

lemma Domainp-cr-nellist [transfer-domain-rule:

Domainp cr-nellist = (Nl. —(Inull I1))
unfolding cr-nellist-def Domainp-iff [abs-def]
using Domainp-help by fastforce

lemma bi-unique-cr-nellist-help:
llist-of-nellist nelly = llist-of-nellist nellz = nelly = nellz
by (coinduction arbitrary: nelly nellz)

(metis llist-of-nellist-inverse-b)

lemma quotient-help-2:
( = Inull (llist-of-nellist nell) A nellist-of-llist (llist-of-nellist nell) = nell)
by (simp add: bi-unique-cr-nellist-help)

lemma quotient-help-nellist-1:
cr-nellist 1l nell — nellist-of-llist 1l = nell
by (metis cr-nellist-def llist-of-nellist-inverse-b)

lemma quotient-help-nellist-2:
( cr-nellist (llist-of-nellist nell) nell)
by (simp add: cr-nellist-def)

lemma quotient-help-3-nellist:
( (= Inull llz Al = lly) =
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(cr-nellist llx (nellist-of-llist llz) N
er-nellist lly (nellist-of-llist lly) A
nellist-of-llist llx =
nellist-of-llist lly))
by (metis Domainp. Domainl Domainp-cr-nellist cr-nellist-def nellist-of-llist-inverse)

lemma Quotient-nellist:
Quotient (X Uz lly. — Inull llx A llz = lly)
nellist-of-llist llist-of-nellist cr-nellist
unfolding Quotient-alt-def
using quotient-help-3-nellist quotient-help-nellist-1 quotient-help-nellist-2 by blast

setup-lifting Quotient-nellist

context includes lifting-syntax
begin

lemma bi-unique-cr-nellist [transfer-rule):
bi-unique cr-nellist

unfolding cr-nellist-def bi-unique-def

by (auto simp add: bi-unique-cr-nellist-help)

lemma right-total-cr-nellist [transfer-rule]:
right-total cr-nellist

unfolding cr-nellist-def right-total-def

by simp

lemma NNil-transfer [transfer-rulel:
(A ===> per-nellist A) (Ab. LCons b LNil) NNil
by (auto simp add: pcr-nellist-def OO-def cr-nellist-def rel-fun-def)

lemma NCons-transfer [transfer-rule]:
(A ===> per-nellist A ===> pcr-nellist A) LCons NCons
by (auto simp add: pcr-nellist-def OO-def cr-nellist-def rel-fun-def)

lemma nmap-transfer [transfer-rule):
((=) ===> per-nellist (=) ===> per-nellist (=)) Imap nmap
by (auto simp add: cr-nellist-def nellist.pcr-cr-eq rel-fun-def Imap-llist-of-nellist)

lemma is-NNil-transfer [transfer-rulel:
(per-nellist (=) ===> (=)) is-lfirst is-NNil
by ( simp add: cr-nellist-def nellist.pcr-cr-eq rel-fun-def )
(metis lbutlast-simps(2) llast-singleton llist.disc(2) llist-of-nellist-eq-LNil
llist-of-nellist-inverse-a nellist-of-llist-inverse)

lemma is- NNil-nellist-of-llist-conv-is-1first:

assumes — lnull Iz
shows is-NNil(nellist-of-llist lx) +— is-lfirst lx
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using assms

by (cases lx)
(simp, metis lbutlast.ctr(1) lbutlast.disc-iff (2) lbutlast-eq-LNil-conv llist.disc(1)
nellist-of-llist-a.disc-iff (2))

lemma nfirst-transfer-a [transfer-rule:
(per-nellist (=) ===> (=)) lhd nfirst
by ( simp add: cr-nellist-def nellist.pcr-cr-eq nfirst-def rel-fun-def llist-of-nellist.simps(2))

lemma nhd-transfer-al [transfer-rule:

(per-nellist (=) ===> (=)) (A Ul. if is-lfirst 1l then lhd LNil else lhd ll) nhd

by ( simp add: cr-nellist-def nellist.pcr-cr-eq rel-fun-def OO-def)
(metis lbutlast-simps(2) lhd-llist-of-nellist llist-of-nellist-eq-LNil nhd-nellist-of-llist-a
quotient-help-2)

lemma ntl-transfer [transfer-rule]:
( per-nellist A ===> per-nellist A) (X . if is-lfirst 1l then [ else It 1l) ntl
proof (auto simp add: pcr-nellist-def cr-nellist-def OO-def rel-fun-def introl: llist-all2-1tl]
Ifinite-LConslI dest: llist-all2-InullD)
show Ab y. llist-all2 A (LCons b LNil) (llist-of-nellist y) =
llist-all2 A (LCons b LNil) (llist-of-nellist (ntl y))
using llist-all2-1tl]
by (metis eq-LConsD is-NNil-ntl llist-all2-LNill llist-of-nellist.code llist-of-nellist.simps(3)
llist-of-nellist-eq-LNil ltl-llist-of-nellist nlast-ntl)
next
show Az y. Vb. z # LCons b LNil = llist-all2 A z (llist-of-nellist y) =
list-all2 A (Itl z) (llist-of-nellist (ntl y))
by (metis lhd-LCons-Itl llist-all2-LNil2 llist-all2-InullD llist-all2-1t1]
llist-of-nellist.disc-iff ltl-llist-of-nellist ltl-llist-of-nellist1)
qed

lemma nfinite-transfer [transfer-rule]:
(per-nellist (=) ===> (=)) lfinite nfinite
by (auto simp add: nellist.pcr-cr-eq cr-nellist-def nfinite-def rel-fun-def)

lemma [list-of-nellist-transfer [transfer-rule]:
(per-nellist (=) ===> (=)) id llist-of-nellist
by (simp add: pcr-nellist-def cr-nellist-def OO-def rel-fun-def llist.rel-eq)

lemma nellist-of-llist-a-transfer [transfer-rulel:
(=) ===> (=) ===> pcr-nellist (=)) (\b ll. lappend 1l (LCons b LNil)) nellist-of-llist-a
by (auto simp add: pcr-nellist-def cr-nellist-def OO-def rel-fun-def)

lemma nlast-nellist-of-llist-a-lfinite [simp]:
lfinite Il = nlast (nellist-of-llist-a b 1l) = b
by (induct rule: lfinite.induct) simp-all

lemma snocn-transfer [transfer-rule]:

(per-nellist (A) ===> (A) ===> per-nellist (A)) (X Ul a. lappend Il (LCons a LNil)) snocn
unfolding rel-fun-def
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by (auto simp add: pcr-nellist-def nellist.pcr-cr-eq cr-nellist-def OO-def)
(metis LNil-transfer llist.rel-intros(2) llist-all2-lappendl llist-of-nellist-inverse
nellist-of-llist-a-inverse)

lemma nellist-all2-help-a:

llist-all2 P (llist-of-nellist nella) (llist-of-nellist nellb) = nellist-all2 P nella nellb

by (coinduction arbitrary: nella nellb)
(metis lhd-llist-of-nellist llist.disc(1) llist-all2-LCons-LCons llist-all2-LNill
list-all2-LNil2 llist-all2-lhdD llist-all2-1tl llist-of-nellist. disc-iff
llist-of-nellist-eq-LNil ltl-llist-of-nellist ltl-simps(2))

lemma nellist-all2-help-b:
nellist-all2 P nella nellb = llist-all2 P (llist-of-nellist nella) (llist-of-nellist nellb)
proof (coinduction arbitrary: nella nellb)
case LNl
then show Zcase
by simp
next
case LCons
then show “case
by auto
(metis llist-of-nellist.simps(2) nellist.case-eq-if nellist.rel-sel,
metis llist-all2-LNill ltl-llist-of-nellist ltl-llist-of-nellist1 nellist.rel-sel)
qged

lemma nellist-all2-transfer [transfer-rule]:

((=) ===> per-nellist (=) ===> pcr-nellist (=) ===> (=)) llist-all2 nellist-all2
unfolding nellist.pcr-cr-eq cr-nellist-def
using nellist-all2-help-a nellist-all2-help-b by blast

lift-definition nappend :: 'a nellist = 'a nellist = 'a nellist
is (A Uz lly. lappend iz lly)
by auto

lemma llist-all2-llist-of-nellist-1:
assumes — [null y
list-all2 (Azx z. llist-of-nellist z = x) llistl y
llist-all2 (\x z. llist-of-nellist z = x) llist2 y
shows llist1 = llist2
proof —
have 1: llist-all2 (A\z z. llist-of-nellist z = z) llistl y =
llist-all2 (=) llist1 (Imap llist-of-nellist y)
using llist-all2-lmap2|of (=) llist1 llist-of-nellist y]
using [list-all2-mono by fastforce
have 2: llist-all2 (Az z. llist-of-nellist z = x) llist2 y =
llist-all2 (=) llist2 (Imap llist-of-nellist y)
using llist-all2-lmap2[of (=) llist2 llist-of-nellist y]
using [list-all2-mono by fastforce
show ?thesis using assms
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by (metis (full-types) 1 2 llist.rel-eq)
qed

lemma [list-all2-1list-of-nellist-2:
assumes — [null y
llist-all2 (\z . llist-of-nellist z = x) y llist1
list-all2 (A\z . llist-of-nellist z = x) y llist2
shows llist1 = llist2
proof —
have 1: llist-all2 (A\z x. llist-of-nellist z = x) y llist] =
llist-all2 (=) (Imap llist-of-nellist y) llist1
using llist-all2-lmap1[of (=) ]
using [list-all2-mono by fastforce
have 2: [list-all2 (Az x. llist-of-nellist z = x) y llist2 =
llist-all2 (=) (Imap llist-of-nellist y) llist2
using llist-all2-lmap1[of (=) ]
using [list-all2-mono by fastforce
show ?thesis using assms
by (metis (full-types) 1 2 llist.rel-eq)
qged

lift-definition nconcat :: 'a nellist nellist = 'a nellist

is (X lzs. lconcat lzs)

apply ( simp add: pcr-nellist-def cr-nellist-def OO-def rel-fun-def llist.rel-eq )
using [list.rel-cases mem-Collect-eq llist-all2-llist-of-nellist-1 by fastforce

lift-definition nfilter :: (‘a = bool) = 'a nellist = 'a nellist
is A P ll.  (if Inull(Ifilter P l1) then Il else Ifilter P ll)
by auto

lift-definition lappendn :: 'a llist = 'a nellist = 'a nellist
is lappend
by auto

lift-definition nzip :: ‘a nellist = b nellist = (‘a x 'b) nellist
is (A Uz lly. lzip llx lly)
by auto

lift-definition niterates :: (‘a = ‘a) = 'a = 'a nellist
is (A fa . iterates f a)
by auto

lift-definition ndistinct :: 'a nellist = bool
is ldistinct

by auto

lift-definition nnth :: ‘a nellist = nat = 'a
is A Il n. Inth 1l (the-enat (min (enat n) ((epred (llength 11)))))
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by blast

lift-definition nlength :: 'a nellist = enat
is X\ ll. epred(llength 1)
by auto

lift-definition ndropn :: nat = 'a nellist = 'a nellist
is A n ll. ldropn (the-enat (min (enat n) ((epred(llength 11))))) 1
by auto
(metis co.enat.exhaust-sel enat-the-enat iless-Suc-eq infinity-ileE leD llength-eq-0
min.coboundedl min.cobounded2)

lift-definition ntake :: enat = 'a nellist = 'a nellist
is A n ll. ltake (eSuc n) 1l
by auto

lift-definition ntaken :: nat = ’a nellist = 'a nellist
is A n ll. ltake (Suc n) 1l
using enat-0-iff (2) by auto

1.2.4 The nlast element nlast

lemma nlast-not-nfinite:
assumes — nfinite nell
shows nlast nell = undefined
unfolding nlastO-nlast[symmetric]
using assms
by (rule contrapos-np)
(induct nell rule: nlast0.raw-induct|[rotated 1, OF refl, consumes 1],
auto split: nellist.split-asm)

lemma nlast-nellist-of-llist-a:
nlast (nellist-of-llist-a y ll) = (if lfinite 1l then y else undefined)
by (simp add: nfinite-def nlast-not-nfinite)

lemma nlast-transfer [transfer-rule]:
(per-nellist (=) ===> (=)) (ML if lfinite ll then llast [l else undefined) nlast
by (auto simp add: cr-nellist-def pcr-nellist-def nlast-nellist-of-llist-a OO-def
dest: llist-all2-lfiniteD)
(simp add: llist.rel-eq nfinite-def nlast-llast nlast-not-nfinite rel-funl)

lemma nlast-nmap [simp]:
nfinite nell = nlast (nmap f nell) = f (nlast nell)
by (induct rule: nfinite-induct)
(auto simp add: nellist.map-sel(1))

lemma nset-nlast:
nfinite nell = nlast nell € nset nell
by (induct rule: nfinite-induct)
(simp-all add: nellist.set-sel(3))
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1.2.5 nset

lemma Iset-llist-of-nellist-1:
assumes nfinite nell
shows [set (lbutlast (Ilist-of-nellist nell)) U {nlast nell}= nset nell (is ?lhs = ?rhs)
proof(intro set-eql iffI)
fix z
assume z € ?lhs
thus z € “rhs
proof —
have I: nlast nell = x = x € nset nell
using assms nset-nlast by blast
have 2: nlast nell = ©r = = € nset nell
unfolding nlastO-nlast[symmetric] by (simp add: 1)
have 3: z € Iset (Ibutlast(llist-of-nellist nell)) = = € nset nell
proof (induct lbutlast (llist-of-nellist nell) arbitrary: nell rule: llist-set-induct)
case find
then show ?Zcase
by (metis lbutlast.disc(1) llist.disc(1) llist-of-nellist-inverse-b ltl-llist-of-nellist1
nellist.set-sel(2) nhd-nellist-of-llist-a)
next
case (step y)
then show ?Zcase
by (metis lbutlast.disc(1) lbutlast-ltl llist.disc(1) ltl-llist-of-nellist ltl-llist-of-nellist1
nellist.disc(1) nellist.exhaust-sel nellist.set-intros(3))
qged
show “thesis
using 2 3 «x € Iset (lbutlast (llist-of-nellist nell)) U {nlast nell}> by blast
qed
next
fix z
assume z € ?rhs
thus z € ?lhs
proof(induct rule: nellist-set-induct)
case (findnil nell)
then show Zcase
by (cases nell) auto
next
case (find nell)
thus “case
by (metis Unll lbutlast.disc-iff (2) llist.set-sel(1) ltli-llist-of-nellist
nhd-nellist-of-llist-a quotient-help-2)
next
case step
thus Zcase
by (metis Un-iff in-lset-ItID lbutlast-ltl ltl-llist-of-nellist nlast-ntl)
ged
qed

lemma Iset-llist-of-nellist-2:
assumes —nfinite nell
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shows Iset (lbutlast (llist-of-nellist nell)) = nset nell (is ?lhs = ?rhs)
proof(intro set-eql iffI)
fix z
assume z € ?lhs
thus z € “rhs
proof —
have 3: z € Iset (lbutlast (llist-of-nellist nell)) = x € nset nell
proof (induct lbutlast (llist-of-nellist nell) arbitrary: nell rule: llist-set-induct)
case find
then show Zcase
by (metis lbutlast.disc(1) llist.disc(1) llist-of-nellist-inverse-a ltl-llist-of-nellist1
nellist.set-sel(2) nhd-nellist-of-llist-a)
next
case (step y)
then show ?Zcase
by (metis lbutlast.disc(1) lbutlast-Itl llist.disc(1) ltl-llist-of-nellist
ltl-llist-of-nellist1 nellist.collapse(2) nellist.set-intros(3))
qed
show ?thesis
using 3 «x € Iset (lbutlast (llist-of-nellist nell)) by blast
ged
next
fix z
assume z € ?rhs
thus z € ?lhs
using assms
proof(induct rule: nellist-set-induct)
case (findnil nell)
then show Zcase
by (cases nell) auto
next
case (find nell)
thus “case
by (metis lbutlast-not-lfinite lhd-llist-of-nellist llist.set-sel(1) llist-of-nellist-not-Inull
nfinite-def)
next
case step
thus “case
by (metis in-lset-ItID lbutlast-ltl ltl-llist-of-nellist nfinite-ntl)
ged
qed

lemma Iset-llist-of-nellist [simp]:

(if nfinite nell then Iset (lbutlast(llist-of-nellist nell)) U {nlast nell}
else lset (lbutlast (llist-of-nellist nell))) = nset nell

using [set-llist-of-nellist-1 Iset-llist-of-nellist-2 by auto

lemma Iset-llist-of-nellist-a [simp]:

Iset(llist-of-nellist nell) = nset nell
proof (cases nfinite nell )
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case True

then show ?thesis

by (metis lappend-lbutlast-llast-id-lfinite lbutlast-lfinite llist.simps(19)
llist-of-nellist-not-Inull Iset-LNil Iset-lappend-Ifinite lset-llist-of-nellist-1 nfinite-def
nlast-llast)

next

case Fulse

then show ?thesis by (metis lbutlast-not-lfinite Iset-llist-of-nellist-2 nfinite-def)

qed

lemma nset-nellist-of-llist-a [simp]:

shows nset (nellist-of-llist-a b ll) = (if finite [l then Iset 1l U {b} else Iset ll)

proof (cases lfinite 1)

case True

then show ?thesis

by (metis llist.simps(19) lset-LNil lset-lappend-lfinite lset-llist-of-nellist-a
nellist-of-llist-a-inverse)

next

case Fulse

then show ?thesis

by (metis lappend-inf lset-llist-of-nellist-a nellist-of-llist-a-inverse)

qed

lemma nset-transfer [transfer-rule]:
(per-nellist (=) ===> (=)) Ilset nset
by (auto simp add: cr-nellist-def nellist.pcr-cr-eq)

end

1.2.6 nmap

lemma nmap-eq-NCons-conuv:

nmap f nellt = NCons y nelly <—

(3 z nellz. nelle = NCons z nellz \ fz = y A nmap f nellz = nelly)
by (cases nellx) simp-all

lemma NCons-eq-nmap-conv:

NCons y nelly = nmap f nellt +—

(3 z nellz. nellt = NCons z nellz A\ fz =y A nmap f nellz = nelly)
by (cases nellz) auto

1.2.7 Appending two nonempty lazy lists nappend

lemma nappend-NNil [simp, code, nitpick-simp]:
nappend (NNil b) nell = (NCons b nell)
by transfer auto

lemma nappend-NCons [simp, code, nitpick-simp]:

nappend (NCons a nellx) nelly = NCons a (nappend nellx nelly)
by transfer auto
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lemma nhd-nappend [simp]:
nhd(nappend nellr nelly) = (if is-NNil nellx then nlast nellx else nhd nellx)
by (cases nellx) auto

lemma ntl-nappend [simp]:
ntl(nappend nellx nelly) = (if is-NNil nellx then nelly else nappend (ntl nellx) nelly)
by (cases nellx) auto

lemma is-NNil-nappend:
is-NNil(nappend nellz nelly) «— False
by (cases nellx) auto

lemma nappend-assoc:
nappend (nappend nellz nelly) nellz = nappend nellz (nappend nelly nellz)
by transfer (auto simp add: split-beta lappend-assoc)

lemma nmap-nappend-distrib:
nmap f (nappend nellz nelly) = nappend (nmap f nellz) (nmap f nelly)
by transfer (auto simp add: split-beta Imap-lappend-distrib)

lemma nlast-nappend:
nlast (nappend nellx nelly) = (if nfinite nellx then nlast nelly else nlast nellx)
by transfer (auto simp add: llast-lappend)

lemma nfinite-nappend:
nfinite (nappend nellx nelly) <— nfinite nellz A nfinite nelly
by transfer auto

lemma nappend-inf:
- nfinite nellt => nappend nellx nelly = nellx
by transfer (auto simp add: lappend-inf)

lemma nappend-snocn-inf:

assumes - nfinite nell

shows  nappend nell (NNil a) = snocn nell a
using assms

by (simp add: nappend-inf snocn-inf)

lemma nappend-snocn-finite:

assumes nfinite nell

shows  nappend nell (NNil a) = snocn nell a
using assms

by (induct rule: nfinite-induct) simp-all

lemma nappend-snocn:
nappend nell (NNil a) = snocn nell a

by (meson nappend-snocn-finite nappend-snocn-inf)

lemma split-nellist-first:
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assumes z € nset nell
shows nell = (NNil z) V (3 ys. nell = nappend (NNil z) ys) V
( Jys. nell = nappend ys (NNil ) A nfinite ys A\ z ¢ nset ys) V
( ys zs. nell = nappend ys (NCons x zs) A nfinite ys A\ © ¢ nset ys)
using assms
by transfer
(auto,
metis eq-LConsD Ihd-lappend llist.disc(1) llist.expand split-llist-first)

lemma split-nellist:

assumes z € nset nell

shows nell = (NNil z) V (3 ys. nell = nappend (NNil z) ys) V
( 3 ys zs. nell = nappend ys (NCons x zs) A nfinite ys) V
( 3 ys. nell = nappend ys (NNil z) N nfinite ys)

using assms

by (meson split-nellist-first)

lemma split-nellist-a:

assumes nell = (NNil z) V (3 ys. nell = nappend (NNil x) ys) V
(3 ys zs. nell = nappend ys (NCons z zs) N\ nfinite ys) V
( 3 ys. nell = nappend ys (NNil z) N nfinite ys)

shows z € nset nell

proof —

have 1: nell = (NNil z) = z € nset nell
by simp

have 2: (3 ys. nell = nappend (NNil ) ys) = x € nset nell
by auto

have 3: ( 3 ys zs. nell = nappend ys (NCons x zs) A\ nfinite ys) = x € nset nell
by transfer auto

have /: (3 ys. nell = nappend ys (NNil x) A nfinite ys) = = € nset nell
by transfer auto

show ?thesis using 1 2 8 4 assms by blast

qed

1.2.8 Appending a nonempty lazy list to a lazy list lappendn

lemma lappendn-LNil [simp, code, nitpick-simp]:
lappendn LNil nell = nell
by transfer auto

lemma lappendn-LCons [simp, code, nitpick-simp]:
lappendn (LCons z ll) nell = NCons x (lappendn 1l nell )
by transfer auto

lemma nlast-lappendn-lfinite [simp:

Ifinite Il = nlast (lappendn [l nell) = nlast nell
by transfer

(auto simp add: llast-lappend)

lemma nset-lappendn-lfinite [simp:
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Ifinite Il = nset (lappendn [l nell) = Iset Il U nset nell
by transfer auto

lemma nlength-nappend [simp:
nlength (nappend nellx nelly) = nlength nelle + nlength nelly +1
by transfer
(auto, metis co.enat.exhaust-sel epred-iaddl iadd-Suc-right llength-eq-0 plus-1-eSuc(2))

lemma nfinite-nlength-enat:

assumes nfinite nell

shows 3 n. nlength nell = enat n

using assms

by transfer (metis epred-conv-minus idiff-enat-enat Ilfinite-llength-enat one-enat-def)

lemma nlength-eq-enat-nfiniteD:
nlength nell = enat n = nfinite nell
by transfer (metis epred-Infty llength-eq-enat-lfiniteD not-lfinite-llength)

lemma nfinite-conv-nlength-enat:
nfinite nell <— (3 n. nlength nell = enat n)
using nfinite-nlength-enat nlength-eq-enat-nfiniteD by blast

1.2.9 The length of a nonempty lazy list nlength

lemma [simp, nitpick-simp]:

shows nlength-NNil: nlength (NNil b) = 0

and nlength-NCons: nlength (NCons x nell) = eSuc (nlength nell)
by (transfer, simp) (transfer, auto)

lemma llength-llist-of-nellist [simp]:
epred(llength (llist-of-nellist nell)) = nlength nell
by transfer auto

lemma nlength-nmap [simp):
nlength (nmap f nell) = nlength nell
by transfer simp

definition gen-nlength :: nat = 'a nellist = enat
where gen-nlength n nell = enat n + nlength nell

lemma gen-nlength-code [code]:
gen-nlength n (NNil b) = enat n
gen-nlength n (NCons x nell) = gen-nlength (n + 1) nell
by (simp-all add: gen-nlength-def iadd-Suc eSuc-enat|symmetric] iadd-Suc-right)

lemma nlength-code [code]:

nlength = gen-nlength 0
by (simp add: gen-nlength-def fun-eq-iff zero-enat-def)
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1.2.10 The nth element of a nonempty lazy list nnth

lemma nnth-NNil [nitpick-simp):
nnth (NNil b) n = b
by transfer simp

lemma nnth-NCons:
nnth (NCons z nell) n = (case n of 0 = z | Suc n’ = nnth nell n’)
by (transfer fizing: n)
(auto simp add: Inth-LCons Nitpick.case-nat-unfold zero-enat-def min-enatl-conv-enat,
metis enat-0-iff (1) less-not-refl3 llength-eq-0 min-def min-enat1-conv-enat,
metis enat-min-eq-0-iff min-enatl-conv-enat not-gr-zero the-enat.simps the-enat-0,
metis One-nat-def epred-enat epred-min min-enat1-conv-enat the-enat.simps)

lemma nnth-code [simp, nitpick-simp, codel:

shows nnth-0: nnth (NCons x nell) 0 = z

and nnth-Suc-NCons: nnth (NCons x nell) (Suc n) = nnth nell n
by (simp-all add: nnth-NCons)

lemma Inth-llist-of-nellist [simp):
Inth (llist-of-nellist nell) (the-enat (min (enat n) ((epred(llength (llist-of-nellist nell))))))
= nnth nell n

by transfer auto

lemma nnth-nmap [simp]:
enat n < nlength nell => nnth (nmap f nell) n = f (nnth nell n)
by transfer
(metis co.enat.exhaust-sel iless-Suc-eq llength-eq-0 llength-Imap Inth-Imap min.orderE
the-enat.simps)

lemma nhd-conv-nnth:
= 18-INNil nell = nhd nell = nnth nell 0
by (metis nellist.collapse(2) nnth-0)

lemmas nnth-0-conv-nhd = nhd-conv-nnth[symmetric]

lemma nnth-ntl:
nnth (ntl nell) n = nnth nell (Suc n)
by (metis nellist.exhaust-sel nellist.sel(4) nnth-NNil nnth-Suc-NCons)

lemma in-nset-conv-nnth:
z € nset nell <— (3 n. enat n < nlength nell A nnth nell n = x)
by transfer
(metis eSuc-epred iless-Suc-eq in-lset-conv-Inth llength-eq-0 min-absorbl the-enat.simps)

lemma nnth-beyond:
nlength nell < enat n = nnth nell n = nlast nell

by transfer

(metis co.enat.exhaust-sel epred-llength less-enatE Ilfinite-1tl llast-conv-Inth llength-eq-0
llength-eq-enat-lfiniteD min.absorbs the-enat.simps)
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lemma ezists-Pred-nnth-nset:
(3 z € nset nell. P x) = (3 n. n< nlength nell A P (nnth nell n))
by (metis in-nset-conv-nnth)

lemma nset-conv-nnth:
nset nell = {nnth nell n| n. enat n < nlength nell}
by (auto simp add: in-nset-conv-nnth)

lemma nnth-nappendl:
enat n < nlength nellt = nnth (nappend nellx nelly) n = nnth nellz n
proof (induct n arbitrary: nellx)
case (
then show ?case
by (metis is-NNil-def is-NNil-nappend nellist.sel(1) nhd-nappend nnth-0-conv-nhd nnth-NNil)
next
case (Suc n)
then show ?case
proof (cases nellx)
case (NNil z1)
then show ?thesis
using Suc.prems enat-0-iff (1) by auto
next
case (NCons 121 z22)
then show ?thesis
using Suc.hyps Suc.prems Suc-ile-eq by auto
qed
qed

lemma nnth-nappend2:

[nlength nelle = enat k; k<n] = nnth (nappend nellz nelly) n = nnth nelly (n —Suc k)
proof (induct n arbitrary: nellz k)

case (

then show ?case by blast

next

case (Suc n)

then show ?case

by (cases nellr)

(auto simp add: eSuc-def zero-enat-def split: enat.split-asm)

qed

lemma nnth-nappend:

nnth (nappend nellx nelly) n =

(if enat n < nlength nellx then nnth nellz n else nnth nelly (n— Suc(the-enat(nlength nellx))))
by (cases nlength nellx)

(auto simp add: nnth-nappendl nnth-nappend?2)

lemma nnth-nlast:

nfinite nell = nlast nell = nnth nell (the-enat (nlength nell))
by transfer

(simp,
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metis co.enat.exhaust-sel enat-the-enat ile-eSuc infinity-ileE lfinite-llength-enat
llast-conv-Inth llength-eq-0 min.idem)

1.2.11 ntake

lemma ntake-NNil [simp, code, nitpick-simp]:
ntake n (NNil b) = (NNil b)
by transfer auto

lemma ntake-0 [simp]:
ntake 0 nell = (NNil (nfirst nell))
by transfer (auto simp add: ltake.ctr(2))

lemma ntake-Suc-NCons [simp):
ntake (eSuc n) (NCons x nell) = (NCons z (ntake n nell))
by transfer auto

lemma ntake-Suc:

ntake (eSuc n) nell =

(case nell of (NNil b) = (NNil b) | (NCons z nell’) = (NCons z (ntake n nell’)))
by (cases nell) simp-all

lemma is-NNil-ntake [simp]:
is-NNil(ntake n nell) «— is-NNil nell V n=0
proof (cases nell)
case (NNil z1)
then show ?thesis by simp
next
case (NCons z nelll)
then show ?thesis
proof (cases n)
case (enat nat)
then show ?thesis
by (metis NCons enat-coexhaust nellist.disc(1) nellist.disc(2) ntake-0 ntake-Suc-NCons)
next
case infinity
then show ?thesis
by (metis NCons eSuc-infinity i0-ne-infinity nellist.disc(2) ntake-Suc-NCons)
qged
ged
lemma ntake-eq-NNil-iff [simp):
ntake n nell = (NNil x) <— nell = (NNil ) V (n = 0 A nfirst nell = z)
proof (cases nell)
case (NNil z1)
then show ?thesis
using ntake-0 by fastforce
next
case (NCons z nelll)
then show ?thesis
proof (cases n)
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case (enat nat)

then show %thesis

by (metis NCons is-NNil-ntake nellist.disc(1) nellist.disc(2) nellist.inject(1) ntake-0)

next

case infinity

then show %thesis

by (metis NCons eSuc-infinity infinity-ne-i0 nellist.distinct(1) ntake-Suc-NCons)
qed
qed

lemma NNil-eq-ntake-iff [simp):
(NNil ) = ntake n nell <— nell = (NNil z) V (n = 0 A nfirst nell = x)
by (metis ntake-eq-NNil-iff)

lemma ntake-NCons [code, nitpick-simp):

ntake n (NCons z nell) = (case n of 0 = (NNil z) | (eSuc n’) = (NCons z (ntake n' nell)) )
by (simp add: co.enat.case-eq-if)

(metis eSuc-epred nellist.simps(6) nfirst-def ntake-Suc-NCons)

lemma nhd-ntake [simp]:
n # 0 = nhd(ntake n nell) = nhd nell
unfolding nhd-def
by (simp add: nellist.case-eq-if )
(metis (no-types, lifting) co.enat.case-eq-if nellist.collapse(2) nellist.sel(3) ntake-NCons)

lemma ntl-ntake:
n # 0 = ntl(ntake n nell) = ntake (epred n) (ntl nell)
by (cases nell) (simp, metis eSuc-epred nellist.sel(5) ntake-Suc-NCons)

lemma ntl-ntake-0:
ntl(ntake 0 nell) = (NNil (nfirst nell))
by simp

lemma ntake-ntl:
ntake n (ntl nell) = ntl(ntake (Suc n) nell)
by (simp add: enat-0-iff (1) ntl-ntake)

lemma nlength-ntake [simp):
nlength (ntake n nell) = min n (nlength nell)
by transfer simp

lemma ntake-nmap [simp):

ntake n (nmap f nell) = nmap f (ntake n nell)
by transfer simp
lemma ntake-ntake [simp]:

ntake n (ntake m nell) = ntake (min n m) nell

by transfer simp

lemma nset-ntake:
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nset (ntake n nell) C nset nell
by transfer (simp add: Iset-ltake)

lemma ntake-all:
nlength nell < m = ntake m nell = nell
by transfer (auto, metis eSuc-epred eSuc-ile-mono llength-eq-0 ltake-all)

lemma nfinite-ntake [simp]:
nfinite (ntake n nell) <— nfinite nell V n < oo
by transfer (metis Extended-Nat.eSuc-mono eSuc-infinity lfinite-ltake)

lemma ntake-nappendl:
n < nlength nellt = ntake n (nappend nellx nelly) = ntake n nellx
by transfer (auto, metis eSuc-epred eSuc-ile-mono llength-eq-0 ltake-lappendl)

lemma ntake-nappend?2:
assumes nlength nellt < n
shows ntake n (nappend nellx nelly) = nappend nellr (ntake (n — nlength nellz —1) nelly)
proof (cases nellx)
case (NNil z1)
then show ?thesis using assms
by (metis eSuc-le-iff eSuc-minus-1 idiff-0-right ilel1 nappend-NNil nlength-NNil ntake-Suc-NCons)
next
case (NCons x21 222)
then show ?thesis
proof (cases nfinite nellx)
case True
then show ?thesis
using assms
proof (transfer)
fix llza :: 'a llist
fix na
fix llya :: 'a llist
assume a0: = Inull llza N llza = llza
assume al: Ifinite llxa
assume a2: epred (llength llza) < na
assume a3: = Inull llya A llya = llya
show — lnull (ltake (eSuc na) (lappend llza llya)) N
ltake (eSuc na) (lappend llza llya) =
lappend llza (ltake (eSuc (na — epred (llength llza) — 1)) lya)
proof —
have 1: = Inull (ltake (eSuc na) (lappend lliza llya))
using a0 by force
have 2: ltake (eSuc na) (lappend llza llya) =
lappend (ltake (eSuc na) llza) (ltake ((eSuc na) — llength llza) llya)
by (meson ltake-lappend)
have 21: llength llxa < (eSuc na)
by (metis a0 a2 co.enat.exhaust-sel eSuc-ile-mono leD le-cases llength-eq-0)
have 3: lappend (ltake (eSuc na) llza) (ltake ((eSuc na) — llength llza) llya) =
lappend llza (ltake (eSuc na — llength llza) llya)

142



using ltake-lappend?2]of llza (eSuc na) llya] 21 2 by auto
have /: (eSuc na — llength llxa) = (eSuc (na — epred (llength llza) — 1))
by (metis a0 al a2 canonically-ordered-monoid-add-class.lessE co.enat.exhaust-sel eSuc-infinity
eSuc-minus-1 eSuc-minus-eSuc enat-add-sub-same llength-eq-0 llength-eq-infty-conv-Ifinite)
have 5: (ltake (eSuc na — llength llza) llya) =
(ltake (eSuc (na — epred (llength llza) — 1)) llya)
using 4 by auto
show ?thesis using 1 2 8 5 by fastforce
ged
ged
next
case Fulse
then show ?thesis using assms
by (simp add: nappend-inf ntake-all)
qed
qed

lemma ntake-eqg-ntake-antimono:
[ ntake n nellt = ntake n nelly; m < n | = ntake m nellt = ntake m nelly
by (metis min.orderE ntake-ntake)

lemma ntake-nnth:
assumes enat m < n
shows (nnth (ntake n nell) m) = (nnth nell m)
using assms
proof (induct m arbitrary: nell n)
case (
then show “case
proof (cases n rule: enat-coexhaust)
case (
then show ?thesis
using 0.prems
by (metis nellist.case(2) nellist.collapse(1) nellist.exhaust-sel nfirst-def
nnth-0-conv-nhd nnth-NNil ntake-eq-NNil-iff)
next
case (eSuc n')
then show ?thesis
by (simp add: nellist.case-eq-if nnth-0-conv-nhd ntake-Suc)
qed
next
case (Suc m)
then show ?Zcase
proof (cases n rule: enat-coexhaust)
case (
then show ?thesis
using Suc.prems by (simp add: enat-0-iff (1))
next
case (eSuc n')
then show ?thesis
proof (cases nell)
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case (NNil z1)
then show ?thesis by simp
next
case (NCons z21 222)
then show ?thesis
using Suc.hyps Suc.prems Suc-ile-eq eSuc by force
ged
qed
qed

1.2.12 ntaken

lemma ntaken-NNil [simp, code, nitpick-simp]:
ntaken n (NNil b) = (NNil b)
by transfer
(metis eSuc-enat llist.disc(2) ltake-LNil ltake-eSuc-LCons)

lemma ntaken-0 [simp):
ntaken 0 nell = (NNil (nfirst nell))
proof (cases nell)
case (NNil z1)
then show ?thesis by (metis ntake-0 ntake-NNil ntaken-NNil)
next
case (NCons 121 z22)
then show ?thesis
by transfer (simp, (metis One-nat-def ltake-0 ltake-eSuc-LCons one-eSuc one-enat-def zero-neg-one))
qed

lemma ntaken-Suc-NCons [simp]:
ntaken (Suc n) (NCons x nell) = (NCons x (ntaken n nell))

by transfer (auto simp add: zero-enat-def, metis eSuc-enat ltake-eSuc-LCons)

lemma ntaken-Suc:

ntaken (Suc n) nell =

(case nell of (NNil b) = (NNil b) | (NCons z nell’) = (NCons z (ntaken n nell’)))
by (cases nell) simp-all

lemma is-NNil-ntaken [simp):
is-NNil(ntaken n nell) <— is-NNil nell V n=0
proof (cases nell)
case (NNil z1)
then show ?thesis
by simp
next
case (NCons z nelll)
then show ?thesis
proof (cases n)
case ()
then show ?thesis
by simp
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next
case (Suc nat)
then show ?thesis
by (simp add: NCons)
qed
qed

lemma ntaken-eq-NNil-iff [simp]:
ntaken n nell = (NNil z) «— nell = (NNil ) V (n = 0 A nfirst nell = x)
proof (cases nell)
case (NNil z1)
then show ?thesis
by (metis ntake-0 ntake-NNil ntaken-NNil)
next
case (NCons z nelll)
then show ?thesis
proof (cases n)
case (
then show ?thesis
by (simp add: NCons)
next
case (Suc nat)
then show ?thesis
using NCons by force
qed
qed

lemma NNil-eq-ntaken-iff [simp]:
(NNil z) = ntaken n nell <— nell = (NNil z) V (n = 0 A nfirst nell = z)
by (metis ntaken-eq-NNil-iff)

lemma ntaken-NCons [code, nitpick-simp]:
ntaken n (NCons z nell) = (case n of 0 = (NNil z) | (Suc n') = (NCons z (ntaken n' nell)) )
by (cases n) (auto simp add: nfirst-def)

lemma nhd-ntaken [simp]:
n # 0 = nhd(ntaken n nell) = nhd nell
by (cases nell)
(simp-all add: Nitpick.case-nat-unfold ntaken-NCons)

lemma ntl-ntaken:
n # 0 = ntl(ntaken n nell) = ntaken (n—1) (ntl nell)
by simp-all
(metis Suc-pred nellist.exhaust-sel nellist.sel(4) nellist.sel(5) ntaken-NNil ntaken-Suc-NCons)

lemma ntl-ntaken-0:
ntl(ntaken 0 nell) = (NNil (nfirst nell))
by simp

lemma ntaken-ntl:
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ntaken n (ntl nell) = ntl(ntaken (Suc n) nell)
by (simp add: enat-0-iff (1) ntl-ntaken)

lemma ntaken-nlength [simp]:
nlength (ntaken n nell) = min n (nlength nell)
by transfer simp

lemma ntaken-nmap [simp:
ntaken n (nmap f nell) = nmap f (ntaken n nell)
using enat-0-iff (2) by transfer auto

lemma ntaken-ntaken [simp):
ntaken n (ntaken m nell) = ntaken (min n m) nell
using enat-0-iff (2) by transfer auto

lemma nset-ntaken:
nset (ntaken n nell) C nset nell
by transfer (simp add: lset-ltake)

lemma ntaken-all:
nlength nell < m = ntaken m nell = nell
by transfer
(auto simp add: zero-enat-def, metis eSuc-enat eSuc-epred eSuc-ile-mono llength-eq-0 ltake-all)

lemma ntaken-nnth:
shows (nnth (ntaken m nell) k) = (nnth nell (min k m))
apply transfer
by (auto simp add: min-def Inth-ltake ltake-all)
(metis co.enat.sel(2) enat-eSuc-iff enat-ord-simps(1) epred-le-epredl order-trans,
metis Suc-ile-eq co.enat.exhaust-sel iless-Suc-eq llength-eq-0,
metis Suc-ile-eq co.enat.exhaust-sel iless-Suc-eq llength-eq-0,
meson dual-order.strict-iff-order enat-ord-simps(2) linorder-not-less order-less-le-trans,
metis Suc-ile-eq co.enat.exhaust-sel iless-Suc-eq llength-eq-0)

lemma nfinite-ntaken [simp):
nfinite (ntaken n nell)
by transfer simp

lemma ntaken-nlast:
nlast (ntaken n nell) = nnth nell n
using nnth-nlast[of ntaken n nell] ntaken-nlength|of n nell
by (metis min.absorbd min.idem min.orderl nfinite-ntaken nnth-beyond not-less-iff-gr-or-eq
ntaken-all ntaken-nnth the-enat.simps)

lemma ntaken-nfirst:
nfirst (ntaken n nell) = nfirst nell
by transfer (simp add: enat-0-iff (1))

lemma ntaken-nappendl:
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n < nlength nellt = ntaken n (nappend nellz nelly) = ntaken n nellx
by transfer
(simp add: zero-enat-def, metis eSuc-enat eSuc-epred eSuc-ile-mono llength-eq-0 ltake-lappendl)

lemma ntaken-nappend?:
nlength nellx < (enat n) =
ntaken n (nappend nellz nelly) = nappend nellz (ntaken (n — (the-enat(nlength nellx)) —1) nelly)
proof (induct n arbitrary: nellx nelly)
case (
then show ?case using zero-enat-def by auto
next
case (Suc n)
then show ?Zcase
proof (cases nellx)
case (NNil z1)
then show ?thesis
by simp
next
case (NCons 121 222)
then show “thesis using Suc by simp
(metis Extended-Nat.eSuc-mono eSuc-enat enat-ord-code(4) order-less-imp-not-less the-enat-eSuc)
qed
qed

lemma ntaken-eq-ntaken-antimono:
[ ntaken n nellt = ntaken n nelly; m < n | = ntaken m nellz = ntaken m nelly
by (metis min.orderE ntaken-ntaken)

lemma ntake-eqg-ntaken:

assumes (enat k) = m

shows ntake m nell = ntaken k nell
using assms apply transfer

using eSuc-enat by auto

1.2.13 Concatenating a nonempty lazy list of nonempty lazy lists nconcat

lemma nconcat-NNil [simp]:
nconcat (NNil nell) = nell
by transfer auto

lemma nconcat-NCons [simp]:
nconcat (NCons nell nells) = nappend nell (nconcat nells)
by transfer auto

lemma nconcat-def2:
neconcat = nellist-of-llist o lconcat o (Imap llist-of-nellist o llist-of-nellist)

by (simp add: map-fun-def nconcat-def)

lemma not-null-lconcat:
—lnull((lconcat o (Imap llist-of-nellist o llist-of-nellist)) nells)
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by (simp add: llist-of-nellist.code)

lemma nconcat-def3:
((llist-of-nellist o nconcat) nells) =
((lconcat o (Imap llist-of-nellist o llist-of-nellist)) nells)
proof —
let ?n2l = (Imap llist-of-nellist o llist-of-nellist)
have I1: llist-of-nellist o nconcat =
llist-of-nellist o nellist-of-llist o lconcat o ?n2l
by (simp add: nconcat-def2 rewriteL-comp-comp)
have 2: —inull((lconcat o ?n2l) nells)
using not-null-lconcat by blast
have 3: (llist-of-nellist o nellist-of-llist o lconcat o ?n2l) nells =
(lconcat o #n2l) nells
using 2 nellist-of-llist-inverse by simp
show ?thesis
by (metis 1 3)
qed

lemma nmap-Imap-inverse:
nmap nellist-of-llist (nellist-of-llist (Imap llist-of-nellist (llist-of-nellist nells))) = nells
proof —
let ?n2l = (Imap llist-of-nellist o llist-of-nellist)
have 1: nmap nellist-of-llist (nellist-of-llist (?n2l nells)) =
nmap nellist-of-llist (nmap llist-of-nellist nells)
by (simp add: Imap-llist-of-nellist)
have 2: nmap nellist-of-llist (nmap llist-of-nellist nells) =
nmap (nellist-of-llistollist-of-nellist) nells
by (simp add: nellist.map-comp)
have 3: (nellist-of-llistollist-of-nellist) = id
by auto
show “thesis
by (metis 1 2 3 comp-apply nellist. map-id)
qed

lemma Imap-nmap-inverse:
assumes — Inull nells
V nell€lset nells. = Inull nell
shows (Imap llist-of-nellist (llist-of-nellist (nmap nellist-of-llist (nellist-of-llist nells)))) = nells
proof —
let ?12n = nmap nellist-of-llist o nellist-of-llist
have 0: (nmap nellist-of-llist (nellist-of-llist nells)) =
nellist-of-llist (Imap nellist-of-llist nells)
using nmap-nellist-of-llist assms by simp
have 00: (llist-of-nellist (nellist-of-llist (Imap nellist-of-llist nells))) =
(Imap nellist-of-llist nells)
using assms by simp
have 1: (Imap llist-of-nellist (Ilist-of-nellist (?12n nells)) ) =
(Imap llist-of-nellist ( ( (Imap nellist-of-llist nells))))
using 0 00 by auto
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have 2: (Imap llist-of-nellist ( ( (Imap nellist-of-llist nells)))) =
(Imap (llist-of-nellistonellist-of-llist) nells)

using [list.map-comp by blast

have 3: Vnell € Iset nells. (llist-of-nellistonellist-of-llist) nell = nell
using assms by simp

have J: (Imap (llist-of-nellistonellist-of-llist) nells) = nells
using & by auto

show Zthesis

using 1 2 4 0 00 by presburger

qed

lemma nconcat-expand:
nconcat nells =
(if is-NNil nells then nfirst nells else nappend (nfirst nells) (nconcat (ntl nells)))
by (metis nconcat-NCons nconcat-NNil nellist.case-eq-if nellist.collapse(1) nellist.collapse(2)
nfirst-def)

lemma Imap-llist-of-nellist-nmap:
(Imap (Imap f) (Imap llist-of-nellist (llist-of-nellist nells))) =
(Imap llist-of-nellist (Imap (nmap f) (llist-of-nellist nells)))
proof —
have 5: (Imap (Imap f) (Imap llist-of-nellist (llist-of-nellist nells))) =
(Imap ((Imap f) o llist-of-nellist) (llist-of-nellist nells))
using llist.map-comp by blast
have 6: (Imap ((Imap f) o llist-of-nellist) (llist-of-nellist nells)) =
(Imap (llist-of-nellist o (nmap f)) (llist-of-nellist nells))
by (simp add: Imap-llist-of-nellist)
have 7: (Imap (llist-of-nellist o (nmap f)) (llist-of-nellist nells)) =
(Imap llist-of-nellist (Imap (nmap f) (llist-of-nellist nells)))
using llist.map-complof llist-of-nellist (nmap f) (llist-of-nellist nells)]
by presburger
show “thesis
using 5 6 7 by presburger
qed

lemma nmap-nconcat :
nmap f (nconcat nells) = nconcat (nmap (nmap f) nells)
proof —
let ?n2l = (Imap llist-of-nellist o llist-of-nellist)
have 1: nmap f (nconcat nells) =
nmap [ ((nellist-of-llist o lconcat o ?n2l) nells)
by (simp add: nconcat-def2)
have 2: nmap f ((nellist-of-llist o lconcat o ?n2l) nells) =
nellist-of-llist (Imap f ((lconcat o ?n2l) nells))
using nmap-nellist-of-llist
using not-null-lconcat by fastforce
have 3: (Imap f ((lconcat o ?n2l) nells)) =
lconcat (Imap (Imap f) (9n2l nells))
by (simp add: Imap-lconcat)
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have 4: (nconcat (nmap ( nmap f ) nells)) =
(nellist-of-llist o lconcat o ?n2l) (nmap ( nmap f ) nells)
by (simp add: nconcat-def2)
have 8: (Imap (Imap f) (7n2l nells)) =
(Imap llist-of-nellist (Imap (nmap f) (llist-of-nellist nells)))
using Imap-llist-of-nellist-nmap by auto
show %thesis
using 1 234 §
by (metis (no-types, opaque-lifting) comp-eq-dest-lhs llist.map-disc-iff llist-of-nellist-inverse-b
llist-of-nellist-not-lnull Imap-lconcat Imap-llist-of-nellist-nmap nconcat-defs
nellist-of-llist-inverse nmap-nellist-of-llist)
qed

lemma nconcat-eq-NNil:
nconcat nells = (NNil z) <— nells = (NNil (NNil z))
by (metis is-NNil-def is-NNil-nappend nconcat-NNil nconcat-expand)

lemma nhd-nconcat [simp]:
[ = is-NNil nells; = is-NNil (nhd nells) | = nhd (nconcat nells) = nhd (nhd nells)
by (metis nconcat-NCons nellist.collapse(2) nhd-nappend)

lemma ntl-nconcat [simp]:
[ = is-NNil nells; = is-NNil (nhd nells) | =
ntl (nconcat nells) = nappend (ntl (nhd nells)) (nconcat (ntl nells))
by (metis nconcat-NCons nellist.collapse(2) ntl-nappend)

lemma nconcat-nappend [simp]:

assumes nfinite nells

shows nconcat (nappend nells nells1) = nappend (nconcat nells) (nconcat nellsi)
using assms
by (induct rule:nfinite-induct) (simp-all add: nappend-assoc)

lemma nconcat-eq-NCons-conv:
nconcat nells = NCons z nell «—
nells = (NNil (NCons z nell)) V
(3 nells’. nells = (NCons (NNil x) nells’) A nell = nconcat nells’) v
(3 nell’ nells”. nells = (NCons (NCons x nell’) nells"”) N nell = nappend nell’ (nconcat nells”) )
proof (cases nells)
case (NNil nelll)
then show ?thesis by simp
next
case (NCons nell nell2)
then show ?Zthesis
proof (cases is-NNil nell)
case True
then show ?thesis
using NCons by simp
(metis nappend-NCons nappend-NNil nellist.collapse(1) nellist.sel(3) nellist.sel(5))
next
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case Fulse
then show ?thesis
using NCons by simp
(metis nappend-NCons nellist.collapse(2) nellist.distinct(1) nellist.sel(3) nellist.sel(5))
qed
qed

lemma nlength-nconcat:
shows nlength (nconcat nells) =
(case nells of (NNil nell) = nlength nell |
(NCons nell nells1) = eSuc(nlength nell) + nlength (nconcat nells1))
proof (cases nells)
case (NNil nelll)
then show ?thesis by simp
next
case (NCons nell nell2)
then show ?thesis by (simp add: eSuc-plus plus-1-eSuc(2))
qed

lemma nlength-nconcat-nfinite-conv-sum:

assumes nfinite nells

shows nlength (nconcat nells) =

nlength nells + (> i = 0.. (the-enat (nlength nells)). nlength (nnth nells 7))

using assms
proof(induct rule: nfinite-induct)
case (NNil y)
then show ?case by (simp add: zero-enat-def) (simp add: enat-0-iff (2) nnth-NNil)
next
case (NCons nell nells)
then show Zcase

proof —

have I: nlength (nconcat (NCons nell nells)) = 1+ nlength nell + nlength (nconcat nells)

by simp
have 2: nlength (nconcat nells) =
nlength nells + (> i = 0.. (the-enat (nlength nells)). nlength (nnth nells 7))
using NCons.hyps(2) by blast
have 3: nlength (NCons x nells) = 1+ nlength nells
by (simp add: plus-1-eSuc(1))

have 4: (> i = 0..the-enat (nlength (NCons nell nells)). nlength (nnth (NCons nell nells) 7))

nlength (nnth (NCons nell nells) 0) +

(>3- i = 1..the-enat (nlength (NCons nell nells)). nlength (nnth (NCons nell nells) 7))

by (simp add: sum.atLeast-Suc-atMost)

have 5: (> i = 1..the-enat (nlength (NCons nell nells)). nlength (nnth (NCons nell nells) 7))
(> i = 1..(Suc (the-enat (nlength ( nells)))). nlength (nnth (NCons nell nells) i))

using NCons.hyps(1) eSuc-enat nfinite-nlength-enat by fastforce

have 6: (> i = 1..(Suc (the-enat (nlength ( nells)))). nlength (nnth (NCons nell nells) 7)) =
(3> i = 0..( (the-enat (nlength ( nells)))). nlength (nnth (NCons nell nells) (Suc 1)))

using sum.shift-bounds-cl-nat-ivljof X i. nlength (nnth (NCons nell nells) i) 0 1
( (the-enat (nlength ( nells))))]
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by simp

have 7: (>_ i = 0..( (the-enat (nlength ( nells)))). nlength (nnth (NCons nell nells) (Suc i))) =

(>> i = 0..( (the-enat (nlength ( nells)))). nlength (nnth ( nells) ( 7)))
by auto
show ?thesis
using 2 3 4 5 6 by force
qged
qed

lemma nlength-nconcat-nfinite-conv-sum-alt:
assumes nfinite nells
shows nlength nells + (> i = 0.. (the-enat (nlength nells)). nlength (nnth nells 7)) =
epred(d_ i = 0.. (the-enat (nlength nells)). eSuc (nlength (nnth nells 7)))
using assms
proof(induct rule: nfinite-induct)
case (NNil y)
then show ?case by simp
next
case (NCons nell nells)
then show Zcase
proof —
have 1: (> i = 0..the-enat (nlength (NCons nell nells)). nlength (nnth (NCons nell nells) i)) =
nlength (nnth (NCons nell nells) 0) +
(> i = 1..the-enat (nlength (NCons nell nells)). nlength (nnth (NCons nell nells) 7))
by (simp add: sum.atLeast-Suc-atMost)
have 2: (3. i = 1..the-enat (nlength (NCons nell nells)). nlength (nnth (NCons nell nells) 7)) =
(> i = 1..(Suc (the-enat (nlength ( nells)))). nlength (nnth (NCons nell nells) 7))
using NCons.hyps(1) eSuc-enat nfinite-nlength-enat by fastforce
have 3: (i = 1..(Suc (the-enat (nlength ( nells)))). nlength (nnth (NCons nell nells) i)) =
(3> i = 0..( (the-enat (nlength ( nells)))). nlength (nnth (NCons nell nells) (Suc 7))
using sum.shift-bounds-cl-nat-wl[of X i. nlength (nnth (NCons nell nells) i) 0 1
( (the-enat (nlength ( nells))))]
by simp
have 4: (> i = 0..( (the-enat (nlength ( nells)))). nlength (nnth (NCons nell nells) (Suc i))) =
(3> i = 0..( (the-enat (nlength ( nells)))). nlength (nnth ( nells) ( 7)))
by auto
have 5: (> i = 0.. (the-enat (nlength (NCons nell nells))). eSuc (nlength (nnth (NCons nell nells) i)))

eSuc (nlength (nnth (NCons nell nells) 0)) +
(3@ = 1.. (the-enat (nlength (NCons nell nells))). eSuc (nlength (nnth (NCons nell nells) 7)))
by (simp add: sum.atLeast-Suc-atMost)
have 6: (> i = 1.. (the-enat (nlength (NCons nell nells))). eSuc (nlength (nnth (NCons nell nells) i)))

(> i = 1.. (Suc (the-enat (nlength ( nells)))). eSuc (nlength (nnth (NCons nell nells) i)))
using NCons.hyps(1) eSuc-enat nfinite-nlength-enat by fastforce
have 7: (> i = 1.. (Suc (the-enat (nlength ( nells)))). eSuc (nlength (nnth (NCons nell nells) i))) =
(>-i = 0.. ( (the-enat (nlength ( nells)))). eSuc (nlength (nnth (NCons nell nells) (Suc 1))))
using sum.shift-bounds-cl-nat-ivl[of X i. eSuc(nlength (nnth (NCons nell nells) )) 0 1
( (the-enat (nlength ( nells))))]
by simp
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have 8: (3. ¢ = 0.. ( (the-enat (nlength ( nells)))). eSuc (nlength (nnth (NCons nell nells) (Suc i)))) =
(3> i = 0.. ( (the-enat (nlength ( nells)))). eSuc (nlength (nnth ( nells) ( 7))))

by auto
have 9: (3 i = 0.. (the-enat (nlength (NCons nell nells))). eSuc (nlength (nnth (NCons nell nells) i)))

( eSuc(nlength nell) +
(> i = 0.. ( (the-enat (nlength ( nells)))). eSuc (nlength (nnth ( nells) ( 7)))))
by (metis 5 6 7 8 nnth-0)
have 10: epred(>_ i = 0.. (the-enat (nlength (NCons nell nells))). eSuc (nlength (nnth (NCons nell nells)
i) =
epred( eSuc(nlength nell) +
(>>i = 0.. ( (the-enat (nlength ( nells)))). eSuc (nlength (nnth ( nells) ( 7)))))
using 9 by presburger
have 11: epred( eSuc(nlength nell) +
(3> i = 0.. ( (the-enat (nlength ( nells)))). eSuc (nlength (nnth ( nells) ( 7))))) =
eSuc(nlength nell) +
epred(d_ i = 0.. ( (the-enat (nlength ( nells)))). eSuc (nlength (nnth ( nells) ( ©))))
by (metis add.commute eSuc-ne-0 epred-iaddl le-addl le-add-same-cancell sum.last-plus
zero-eq-add-iff-both-eq-0)
show “thesis
using 1 11 2 8 9 NCons.hyps(2) eSuc-plus by fastforce
qed
qed

lemma nset-nconcat-nfinite:
assumes Vs € nset nells. nfinite xs
shows nset (nconcat nells) = (|J zs€nset nells. nset xs)
proof —
let ?n2l = (Imap llist-of-nellist o llist-of-nellist)
have I: nset (nconcat nells) =
nset (((nellist-of-llist o lconcat o ?n2l) nells))
by (simp add: nconcat-def2)
have 2: nset (((nellist-of-llist o lconcat o ?n2l) nells)) =
Iset (llist-of-nellist (((nellist-of-llist o lconcat o ?n2l) nells)))
by (metis lset-llist-of-nellist-a)
have 3: (llist-of-nellist (((nellist-of-llist o lconcat o ?n2l) nells))) =
( ((( lconcat o ?n2l) nells)))
using nellist-of-llist-inverse not-null-lconcat by fastforce
have 4: Iset (Ilist-of-nellist (((nellist-of-llist o lconcat o ?n2l) nells))) =
Iset ( ((( lconcat o ?n2l) nells)))
using & by presburger
have 5: Vnell € Iset (?n2l nells) . lfinite nell
using assms nfinite-def by fastforce
have 6: Iset ( ((( lconcat o ?n2l) nells))) = (| nelle Iset (?n2l nells). Iset nell)
by (simp add: 5 Iset-lconcat-Ifinite)
have 7: (| nelle Iset (¥n2l nells). lset nell) = |J (nset ‘ nset nells)
by simp
show ?thesis
by (metis 6 7 lset-llist-of-nellist-a nconcat-def3 o-apply)

153



qed

lemma nconcat-ntake:
shows nconcat (ntake (enat n) nells) =
ntake (n +(>_ i=0..n. nlength (nnth nells 7))) (nconcat nells)
proof(induct n arbitrary: nells)
case 0 thus ?case
proof (cases nells)
case (NNil nell)
then show ?thesis by (simp add: zero-enat-def[symmetric] nnth-NNil ntake-all)
next
case (NCons nell nell2)
then show ?thesis by (simp add: zero-enat-def[symmetric])
(metis dual-order.refl nlast-NNil nnth-0 ntake-all ntake-nappendl ntaken-0 ntaken-nlast)
qed
next
case (Suc n)
show Zcase
proof (cases nells)
case (NNil nell)
then show ?thesis
by (metis (no-types, lifting) dual-order.trans enat-le-plus-same(1) enat-le-plus-same(2) nconcat-NNil
nfinite-NNil nlast-NNil nlength-NNil nnth-nlast ntake-NNil ntake-all sum.atLeast0-atMost-Suc-shift
the-enat-0)
next
case (NCons nell nells)
then show ?thesis
proof —
have I: nconcat (ntake (enat (Suc n)) nells) =
nappend nell (nconcat (ntake (enat n) nells1))
by (metis NCons eSuc-enat nconcat-NCons ntake-Suc-NCons)
have 2: (nconcat (ntake (enat n) nellsl)) =
ntake (enat n + ()¢ = 0..n. nlength (nnth nells 7))) (nconcat nells1)
using NCons Suc.hyps Suc.prems Suc-ile-eq by auto
have 3: nlength (nappend nell (nconcat nellsl)) =
nlength nell + 1 + nlength (nconcat nells?)
by simp
have J: nappend nell (ntake (enat n + (> i = 0..n. nlength (nnth nells1 ©))) (nconcat nells1)) =
ntake (nlength nell + 1 + (enat n + (3. i = 0..n. nlength (nnth nells! i)))) (nappend nell
(nconcat nells1))
proof (cases nlength nell = co)
case True
then show ?thesis by (metis enat-le-plus-same(2) ntake-all ntake-nappend1 plus-enat-simps(2))
next
case Fulse
then show ?thesis by (simp add: ab-semigroup-add-class.add-ac(1) enat-0-iff (1) ntake-nappend?2)
qed
have 5: (> i = 0..Suc n. nlength (nnth nells 7)) =
nlength (nnth nells 0) + (> i = 1..Suc n. nlength (nnth nells 7))
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by (simp add: sum.atLeast-Suc-atMost)
have 6: nlength (nnth nells 0) = nlength nell
by (simp add: NCons)
have 7: (> i = 1..Suc n. nlength (nnth nells 7)) =
(> i = 0..n. nlength (nnth nells (Suc 7)))
using sum.shift-bounds-cl-nat-ivl[of Ai . nlength (nnth nells i) 0 1 n]
by simp
have 8: (>_ ¢ = 0..n. nlength (nnth nells (Suc i))) =
(>- @ = 0..n. nlength (nnth nellst ( )))
using NCons by auto
have 9: nlength nell + 1 + (enat n + (> i = 0..n. nlength (nnth nellsl i))) =
(enat (Suc n) + (> i = 0..Suc n. nlength (nnth nells 7)))
by (metis (no-types, lifting) 5 6 7 8 ab-semigroup-add-class.add-ac(1)
add.left-commute eSuc-enat plus-1-eSuc(2))
show ?thesis
by (metis 1 2 4 9 NCons nconcat-NCons)
qed
ged
qed

lemma nnth-nconcat-conv:
assumes enat n < nlength (nconcat nells)
shows 3m n'. nnth (nconcat nells) n = nnth (nnth nells m) n' A enat n’ < nlength (nnth nells m) A
enat m < nlength nells A
enat n = (> i<m . eSuc(nlength (nnth nells i))) + enat n’
proof —
let ?n2l = (Imap llist-of-nellist o llist-of-nellist)
have 1: Anell. nlength nell = epred (llength (llist-of-nellist nell))
unfolding nlength-def by auto
have 2: Anell j. j< nlength nell — nnth nell j = Inth (llist-of-nellist nell) j
unfolding nnth-def by auto
have 3: nlength (nconcat nells) =
nlength (((nellist-of-llist o lconcat o ?n2l) nells))
by (simp add: nconcat-def2)
have 4: nlength (((nellist-of-llist o lconcat o ?n2l) nells)) =
epred (llength (llist-of-nellist (((nellist-of-llist o lconcat o ?n2l) nells))))
using nlength.rep-eq by blast
have 5: (llist-of-nellist (((nellist-of-llist o lconcat o ?n2l) nells))) =
( ((( lconcat o ?n2l) nells)))
using nellist-of-llist-inverse not-null-lconcat by fastforce
have 6: epred (llength (llist-of-nellist (((nellist-of-llist o lconcat o ?n2l) nells)))) =
epred (llength ((( lconcat o ?n2l) nells)))
using 5 by presburger
have 7: enat n < (llength ((( lconcat o ?n2l) nells)))
by (metis (no-types, lifting) 8 4 5 assms co.enat.collapse iless-Suc-eq llength-eq-0
llist-of-nellist-not-Inull)
have 8: ((( lconcat o ?n2l) nells)) =
lconcat (7n2l nells)
by simp
have 9: 3m n’.
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Inth (lconcat (?n2l nells)) n = Inth (Inth (?n2l nells) m) n’ A
enat n' < llength (Inth (9n2l nells) m) A enat m < llength (?n2l nells) A
enat n = (> i<m. llength (Inth (?n2l nells) i)) + enat n’
using 7 Inth-lconcat-conv[of n (7n2l nells)]
by fastforce
obtain m n’ where 10: Inth (lconcat (?n2l nells)) n = Inth (Inth (?n2l nells) m) n' A
enat n' < llength (Inth (?n2l nells) m) A enat m < llength (?n2l nells) A
enat n = (> i<m. llength (Inth (?n2l nells) i)) + enat n’
using 9 by blast
have 11: Inth (lconcat (?n2l nells)) n = nnth (nconcat nells) n
by (metis 2 5 8 assms nconcat-def2)
have 12: Inth (Inth (?n2l nells) m) n' = nnth (nnth nells m) n’
by (metis 10 2 comp-apply co.enat.collapse iless-Suc-eq llength-eq-0 llength-Imap
llist-of-nellist-not-lnull Inth-Imap nlength.rep-eq)
have 13: llength (Inth (?n2l nells) m) = eSuc (nlength (nnth nells m))
by (metis 10 2 comp-apply co.enat.collapse iless-Suc-eq llength-eq-0 llength-Imap
llist-of-nellist-not-lnull Inth-Imap nlength.rep-eq)
have 14: llength (?n2l nells) = eSuc(nlength nells)
by (metis comp-apply co.enat.exhaust-sel llength-eq-0 llength-llist-of-nellist llength-Imap
llist-of-nellist-not-lnull)
have 15: \i. i<m = llength (Inth (?n2l nells) i) = eSuc(nlength(nnth nells 7))
proof —
fix ¢
assume a: 1<m
show llength (Inth (?n2l nells) i) = eSuc(nlength(nnth nells 7))
proof —
have 151: (Inth (?n2l nells) i) = llist-of-nellist (nnth nells ©)
using a 10 14 2
by (metis comp-apply enat-ord-simps(2) iless-Suc-eq llength-lmap Inth-Imap order-less-trans)
have 152: llength (llist-of-nellist (nnth nells ©)) = eSuc(nlength(nnth nells 7))
using epred-inject by force
show ?thesis using 151 152 by presburger
qed
ged
have 16: (> i<m. llength (Inth (?n2l nells) i)) = (3. i<m. eSuc(nlength(nnth nells i)))
by (meson 15 lessThan-iff sum.cong)
show %thesis
using 10 11 12 13 14 16 by (metis iless-Suc-eq)
qed

lemma nnth-nconcat-ntake:

assumes enat w < nlength (nconcat (ntake (enat n) nells))

shows nnth (nconcat (ntake (enat n) nells)) w = nnth (nconcat nells) w
using assms by (simp add: nconcat-ntake ntake-nnth)

lemma nfinite-nconcat [simp):
nfinite (nconcat nells) <— nfinite nells A (V nell € nset nells. nfinite nell)
(is ?lhs <— ?rhs)

proof

assume ?lhs
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thus ?rhs (is Zconcl nells)

proof(induct nconcat nells arbitrary: nells rule: nfinite-induct)

case (NNil y)

then show ?case

by (metis is-NNil-imp-nfinite nconcat-eq-NNil nellist.discI(1) nellist.simps(20) singleton-iff)

next

case (NCons z nell)

then show ?case
proof (cases nells)
case (NNil nelll)
then show ?thesis using NCons.hyps by auto
next
case (NCons nelll nells1)
then show ¢thesis using NCons.hyps by simp
(metis nconcat-NCons nellist.sel(5) nellist.set-intros(3) nfinite-NCons nfinite-nappend ntl-nappend)
qed

qed

next

assume ?rhs

then obtain nfinite ( nells)
and V nellenset nells. nfinite nell ..

thus ?lhs

proof(induct nells rule: nfinite-induct)

case (NNil nell)

then show ?Zcase

by simp

next

case (NCons nell nells)

then show ?case

by (simp add: nfinite-nappend)

qed

qed

lemma nfilter-nconcat-nfinite-help:
assumes (V nell € nset nells. (3 = € nset nell. P x))
shows (I nell € nset (nconcat nells). P nell)
proof (cases nells)
case (NNil nell)
then show ?thesis using assms by simp
next
case (NCons nell nells)
then show ?thesis using assms
by simp (metis dual-order.trans enat-le-plus-same(1) in-nset-conv-nnth nlength-nappend nnth-nappend?)
qed

lemma nfilter-nconcat-nfinite:
assumes V nellenset nells. nfinite nell
Vnell € nset nells. (3 x € nset nell. P z)
shows nfilter P (nconcat nells) = nconcat (nmap (nfilter P) nells)
proof —
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let ?n2l = (Imap llist-of-nellist o llist-of-nellist)
have 0: I nell € nset (nconcat nells). P nell
using assms nfilter-nconcat-nfinite-help by blast
have 1: nset nells = Iset(llist-of-nellist nells)
by simp
have 2: Anell. nell € Iset(llist-of-nellist nells)— Ifinite (llist-of-nellist nell)
using 1 assms nfinite-def by blast
have 3: Anell Q. (3z€nset nell. Q ©) —
nfilter @ nell = nellist-of-llist (Ifilter @ (llist-of-nellist nell))
unfolding nfilter-def by simp
have 4: nfilter P (nconcat nells) =
nfilter P (((nellist-of-llist o lconcat o ?n2l) nells))
by (simp add: nconcat-def2)
have 5: nfilter P (((nellist-of-llist o lconcat o ?n2l) nells)) =
nellist-of-llist (Ifilter P (llist-of-nellist (((nellist-of-llist o lconcat o ?n2l) nells))))
by (metis 3 0 nconcat-def2)
have 6: (llist-of-nellist (((nellist-of-llist o lconcat o ?n2l) nells))) =
( ((( lconcat o ?n2l) nells)))
using nellist-of-llist-inverse not-null-lconcat by fastforce
have 7: (Ifilter P (llist-of-nellist (((nellist-of-llist o lconcat o ?n2l) nells)))) =
(Ifilter P ( ((( lconcat o ?n2l) nells))))
using 6 by presburger
have 8: ((( lconcat o ?n2l) nells)) = lconcat (?n2l nells)
by simp
have 9: V nellelset (7n2l nells). lfinite nell
by (simp add: 2)
have 10: (Ifilter P ( ((( lconcat o ?n2l) nells)))) = lconcat (Imap (Ifilter P) ( ?n2l nells))
by (simp add: 9 lfilter-lconcat-Ilfinite)
have 11: nconcat (nmap (nfilter P) nells) =
(((nellist-of-llist o lconcat o ?n2l) (nmap (nfilter P) nells)))
by (simp add: nconcat-def2)
have 12: Anell f. nmap f nell = nellist-of-llist (Imap f (llist-of-nellist nell))
by (metis llist-of-nellist-inverse-b llist-of-nellist-not-Inull nmap-nellist-of-llist)
have 13: (nmap (nfilter P) nells) = nellist-of-llist (Imap (nfilter P) (llist-of-nellist nells))
using 12 by blast
have 1/: nellist-of-llist (Imap (nfilter P) (llist-of-nellist nells)) =
nellist-of-llist (Imap (A\ys. nellist-of-llist (Ifilter P (llist-of-nellist ys))) (llist-of-nellist nells))
by (metis (mono-tags, lifting) 1 3 assms(2) llist.map-cong)
have 15: Imap (Ifilter P) (Ilmap llist-of-nellist (llist-of-nellist nells)) =
Imap ((Ifilter P)o llist-of-nellist) (llist-of-nellist nells)
using llist.map-comp by blast
have 16: ( (?n2l (nmap (nfilter P) nells))) =
( (?n2l (nellist-of-llist (Imap (nfilter P) (llist-of-nellist nells)))))
using 13 by presburger
have 17: ( (?n2l (nellist-of-llist (Imap (nfilter P) (llist-of-nellist nells))))) =
( (7n2l (nellist-of-llist
(Imap (Ays. nellist-of-llist (Ifilter P (llist-of-nellist ys))) (llist-of-nellist nells)))))
using 14 by presburger
have 18: ( (?n2l (nellist-of-llist
(Imap (Ays. nellist-of-llist (Ifilter P (llist-of-nellist ys))) (llist-of-nellist nells))))) =
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( (Imap llist-of-nellist
( ( (Imap (Ays. nellist-of-llist (Ifilter P (llist-of-nellist ys))) (llist-of-nellist nells))))))
by simp
have 19: ( (Imap llist-of-nellist
( ( (Imap (Ays. nellist-of-llist (Ifilter P (llist-of-nellist ys))) (llist-of-nellist nells)))))) =
( (Imap (llist-of-nellisto(Ays. nellist-of-llist (Ifilter P (llist-of-nellist ys)))) (llist-of-nellist nells)))
using llist.map-comp by blast
have 20: A\ nell. nell € Iset(llist-of-nellist nells) — —inull (Ifilter P (llist-of-nellist nell))
by (simp add: assms(2))
have 21: ( (Imap (llist-of-nellisto(Ays. nellist-of-llist (Ifilter P (llist-of-nellist ys)))) (llist-of-nellist nells)))

( (Imap ((Ays. (ifilter P (llist-of-nellist ys)))) (llist-of-nellist nells)))
by (metis (no-types, lifting) 20 comp-def llist.map-cong0 nellist-of-llist-inverse)
have 22: ( (Imap llist-of-nellist (llist-of-nellist (nmap (nfilter P) nells)))) =
(Imap (Ifilter P) ( ((( (Imap llist-of-nellist o list-of-nellist)) nells))))
using 13 14 15 19 21 by force
have 23: nellist-of-llist (lconcat (Imap (Ifilter P) ( ?n2l nells))) =
nconcat (nmap (nfilter P) nells)
by (simp add: 22 nconcat-def2)
show ?thesis
by (metis 10 23 5 6 nconcat-def2)
qed

lemma nconcat-nmap-singleton [simpl:
nconcat (nmap (Az. NNil (f z) ) nell) = nmap f nell
proof —
let ?n2l = (Imap llist-of-nellist o llist-of-nellist)
have 1: nconcat (nmap (Az. NNil (f x) ) nell) =
(((nellist-of-llist o lconcat o ?n2l) (nmap (Az. NNil (f x) ) nell)))
by (simp add: nconcat-def2)
have 2: (nmap (Az. NNil (f ) ) nell) =
nellist-of-llist (Imap (Ax. NNil (f z) ) (llist-of-nellist nell))
by (simp add: Ilmap-llist-of-nellist)
have 3: nellist-of-llist (Imap (Az. NNil (f x) ) (llist-of-nellist nell)) =
nellist-of-llist (Imap (Az. nellist-of-llist (LCons (f x) LNil) ) (llist-of-nellist nell))
by force
have 4: nmap f nell = nellist-of-llist (Imap f (llist-of-nellist nell))
by (simp add: Imap-llist-of-nellist)
have 5: lconcat (9n2l (nellist-of-llist
(Imap (Ax. nellist-of-llist (LCons (f x) LNil) ) (llist-of-nellist nell)))) =
lconcat (Imap llist-of-nellist (Imap (Az. NNil (f z)) (llist-of-nellist nell)))
by simp
have 6: (Imap llist-of-nellist (Imap (Az. NNil (f z)) (llist-of-nellist nell))) =
(Imap (llist-of-nellisto(Az. NNil (f z))) (llist-of-nellist nell))
using llist.map-comp by metis
have 7: (Imap (llist-of-nellisto(Az. NNil (f z))) (llist-of-nellist nell)) =
(Imap (Az. LCons (f z) LNil) (llist-of-nellist nell))
by auto
have 8: lconcat (?n2l (nellist-of-llist
(Imap (Az. nellist-of-llist (LCons (f x) LNil) ) (llist-of-nellist nell))))
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= (Imap f (llist-of-nellist nell))
using 6 by force
have 9: (((nellist-of-llist o lconcat o ?n2l) (nmap (Az. NNil (f z) ) nell))) =
nellist-of-llist (Imap f (llist-of-nellist nell))
using 2 8 by auto
show ?thesis
using 1 4 9 by presburger
qed

lemma nset-nconcat-subset:
nset (nconcat nells) C (| nellenset nells. nset nell)
proof —
let ?n2l = (Imap llist-of-nellist o llist-of-nellist)
have I: nset (nconcat nells) =
nset (((nellist-of-llist o lconcat o ?n2l) nells))
by (simp add: nconcat-def2)
have 2: nset (((nellist-of-llist o lconcat o ?n2l) nells)) =
Iset (llist-of-nellist (((nellist-of-llist o lconcat o ?n2l) nells)))
by (metis Iset-llist-of-nellist-a)
have 3: (llist-of-nellist (((nellist-of-llist o lconcat o ?n2l) nells))) =
( ((( leconcat o ?n2l) nells)))
using nellist-of-llist-inverse not-null-lconcat by fastforce
have 4: Iset (Ilist-of-nellist (((nellist-of-llist o lconcat o ?n2l) nells))) =
Iset ( ((( lconcat o ?n2l) nells)))
using & by presburger
have 5: Iset ( ((( lconcat o ?n2l) nells))) C
(U nellelset (?n2l nells). Iset nell)
using [set-lconcat-subset by fastforce
have 6: (|J nellelset (7n2l nells). lset nell) =
U (nset ¢ nset nells)
by simp
show ?thesis
by (metis 1 2 3 5 6)
qed

lemma ndistinct-nconcat:
assumes ndistinct nells
Anell. nell € nset nells = ndistinct nell
Anell nelll. [ nell € nset nells; nelll € nset nells; nell # nelll | = nset nell N nset nelll = {}
shows  ndistinct (nconcat nells)
proof —
let ?n2l = (Imap llist-of-nellist o llist-of-nellist)
have 1: ldistinct (llist-of-nellist nells)
using assms(1) ndistinct.rep-eq by auto
have 2: Anell. nell € Iset (llist-of-nellist nells) = ldistinct (llist-of-nellist nell)
using assms(2) ndistinct.rep-eq by auto
have 3: Anell nelll. [ nell € lset (llist-of-nellist nells); nelll € Iset (llist-of-nellist nells); nell # nelll |
= Iset (llist-of-nellist nell) N lset (Ilist-of-nellist nelll) = {}
using assms(3) by simp
have /: ndistinct (nconcat nells) =
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ndistinct (((nellist-of-llist o lconcat o ?n2l) nells))
by (simp add: nconcat-def2)
have 5: ndistinct (((nellist-of-llist o lconcat o ?n2l) nells)) =
Idistinct (llist-of-nellist (((nellist-of-llist o lconcat o ?n2l) nells)))
using ndistinct.rep-eq by blast
have 6: (llist-of-nellist (((nellist-of-llist o lconcat o ?n2l) nells))) =
( ((( lconcat o ?n2l) nells)))
using nellist-of-llist-inverse not-null-lconcat by fastforce
have 7: ldistinct (llist-of-nellist (((nellist-of-llist o lconcat o ?n2l) nells))) =
Idistinct ( ((( lconcat o ?n2l) nells)))
using 6 by presburger
have 8: [distinct (?n2l nells)
by (metis 1 bi-unique-cr-nellist-help comp-eq-dest-lhs inj-on-def ldistinct-lmap)
have 9: Anell. nell € Iset (?n2l nells) = ldistinct nell
using 2 by auto
have 10: Anell nelll. [ nell € Iset (?n2l nells);
nelll € lset (7n2l nells); nell # nelll] =
Iset nell N Ilset nelll = {}
by (metis (no-types, lifting) assms(3) comp-def imageE lset-llist-of-nellist-a lset-Imap)
have 11: ldistinct (lconcat (?n2l nells))
using 10 8 9 ldistinct-lconcat by blast
show ?thesis
using 11 4 5 6 by fastforce
qged

1.2.14 nellist-all2

lemmas nellist-all2-NNil = nellist.rel-inject(1)
lemmas nellist-all2-NCons = nellist.rel-inject(2)

lemma nellist-all2-NNil1:
nellist-all2 Q (NNil b) nell +— (3b". nell = NNil b’ A Q b b)

using nellist.rel-cases by fastforce

lemma nellist-all2-NNil2:

nellist-all2 @Q nell (NNil b’y +— (3 b. nell = NNil b A Q b b
using nellist.rel-sel
by (metis is-NNil-def nellist-all2-NNil)

lemma nellist-all2-NCons1:
nellist-all2 P (NCons z nell) nell’ +—
(32’ nell”. nell’ = NCons z’ nell’” N Pz z' A nellist-all2 P nell nell”)
using nellist.rel-sel
by (metis nellist.collapse(2) nellist.disc(2) nellist.sel(3) nellist.sel(5))

lemma nellist-all2-NCons2:
nellist-all2 P nell’ (NCons z nell) +—
(32’ nell”. nell’ = NCons ' nell” N P z' x A nellist-all2 P nell” nell)
by (metis nellist.collapse(2) nellist.disc(2) nellist.rel-sel nellist.sel(3) nellist.sel(5H))
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lemma nellist-all2-coinduct [consumes 1, case-names ilist-all2,
case-conclusion nellist-all2 is-NNil NNil NCons,
coinduct pred: nellist-all2):
assumes X nellr nelly
and Anelliz nelliy.
X nelliz nelliy =
(is-NNil nelliz = is-NNil nelliy) A
(is-NNil nelliv — is-NNil nelliy — P (nlast nelliz) (nlast nelliy)) A
(= is-NNil nelliv — — is-NNil nelliy — P (nhd nellix) (nhd nelliy) A
(X (ntl nellix) (ntl nelliy) V nellist-all2 P (ntl nelliz) (ntl nelliy)))
shows nellist-all2 P nellx nelly
using assms
nellist.rel-coinduct[of (A nelx nely. X nelr nely V nellist-all2 P nelx nely) nellx nelly P]
by (metis nellist.rel-sel)

lemma nellist-all2-cases[consumes 1, case-names NNil NCons, cases pred):
assumes nellist-all2 P nellx nelly
obtains (NNil) b b’ where nellt = NNil b nelly = NNil b' P b b’
| (NCons) x nellz’ y nelly’
where nellt = NCons z nellz’ and nelly = NCons y nelly’
and P z y and nellist-all2 P nellz’ nelly’
using assms
using nellist.rel-cases by blast

lemma nellist-all2-nmap:
nellist-all2 P (nmap f nellz) nelly «— nellist-all2 (Az y. P (f ) y) nellx nelly
using nellist.rel-map(1) by blast

lemma nellist-all2-nmap2:
nellist-all2 P nellx (nmap f nelly) <— nellist-all2 (Az y. P x (fy)) nellx nelly
using nellist.rel-map(2) by blast

lemma nellist-all2-mono:
[ nellist-all2 P nellz nelly; Nz y. Pxy = P’z y]
= nellist-all2 P’ nellx nelly

using nellist.rel-mono-strong by blast

lemma nellist-all2-nlengthD:
nellist-all2 P nellr nelly = nlength nellr = nlength nelly
by (transfer)(auto dest: llist-all2-llengthD)

lemma nellist-all2-nfiniteD:

nellist-all2 P nellr nelly = nfinite nellr = nfinite nelly
by transfer

(auto dest: llist-all2-IlfiniteD)

lemma nellist-all2-nfinite1-nlastD:

[ nellist-all2 P nellz nelly; nfinite nellr | = P (nlast nellz) (nlast nelly)
by (frule nellist-all2-nfiniteD)

(transfer,
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auto simp add: llist-all2-conv-all-Inth,
metis Suc-ile-eq eSuc-enat lfinite.simps lfinite-llength-enat llast-conv-Inth llength-LCons
llist.discI (1) order-refl)

lemma nellist-all2-nfinite2-nlastD:
[ nellist-all2 P nellz nelly; nfinite nelly | = P (nlast nellz) (nlast nelly)
by (metis nellist-all2-nfinite1-nlastD nellist-all2-nfiniteD)

lemma nellist-all2D-llist-all2-1list-of-nellist:

nellist-all2 P nellx nelly = llist-all2 P (llist-of-nellist nellx) (llist-of-nellist nelly)
by transfer

(simp add: nellist-all2-help-b)

lemma nellist-all2-is-NNilD:
nellist-all2 P nellr nelly = is-NNil nellr <— is-NNil nelly
by (cases nellz) (auto simp add: nellist-all2-NNill nellist-all2-NCons1)

lemma nellist-all2-nhdD:
[ nellist-all2 P nellz nelly; = is-NNil nellz V = is-NNil nelly | = P (nhd nellz) (nhd nelly)
by (cases nellz) (auto simp add: nellist-all2-NNill nellist-all2-NCons1)

lemma nellist-all2-ntll:
[ nellist-all2 P nellx nelly; — is-NNil nellt \V/ = is-NNil nelly | =
nellist-all2 P (ntl nellz) (ntl nelly)
by (cases nellz) (auto simp add: nellist-all2-NNill nellist-all2-NCons1)

lemma nellist-all2-refi:
nellist-all2 P nell nell <—
(Vz € nset nell. Pz xz) A\ (nfinite nell — P (nlast nell) (nlast nell))
by transfer
(auto, metis in-lset-lappend-iff lappend-lbutlast-llast-id-Ifinite Ifinite-lappend
llist.set-intros(1))

lemma nellist-all2-refil:
[ Az. z € nset nell = P z z; nfinite nell = P (nlast nell) (nlast nell) ]
= nellist-all2 P nell nell

by (simp add: nellist-all2-refl)

lemma nellist-all2-conv-all-nnth-help1:
= Inull nellt = — Inull nelly = lfinite nelly = llist-all2 P nellx nelly —
P (llast nellzx) (llast nelly)

proof —

assume al: lfinite nelly

assume a2: llist-all2 P nellx nelly

assume a3: - [null nellx

assume a4: = Inull nelly

have f5: lfinite (lappend (lbutlast nellx) (LCons (llast nellz) LNil))

using a8 a2 al by (simp add: llist-all2-lfiniteD)

have f6: llength (Itl nellz) = epred (llength nelly)

using a2 by (metis (no-types) epred-llength llist-all2-llengthD)

163



have f7: lappend (Ibutlast nelly) (LCons (llast nelly) LNil) = nelly

using a4 by (meson lappend-lbutlast-llast-id)

have llength (lbutlast nellr) = llength (Itl nellz)

using epred-llength by auto

then show “thesis

using f7 f6 f5 a3 a2 al

by (metis (no-types) lappend-eq-lappend-conv lappend-lbutlast-llast-id lappend-ltake-ldrop
Ibutlast-conv-ltake lfinite-lappend lhd-LCons llist.disc(2) llist-all2-lappend1D(2)
llist-all2-lhdD2)

qed

lemma nellist-all2-conv-all-nnth:
nellist-all2 P nellr nelly +—
nlength nellt = nlength nelly N
(Vn. enat n < nlength nellt — P (nnth nellr n) (nnth nelly n))
by transfer
(auto simp add: llist-all2-llengthD,
metis eSuc-epred iless-Suc-eq llength-eq-0 llist-all2-InthD2,
metis eSuc-epred iless-Suc-eq llength-eq-0 llist-all2-conv-all-Inth)

lemma nellist-all2-True [simp]:
nellist-all2 (- -. True) nellx nelly «— nlength nellz = nlength nelly
by (simp add: nellist-all2-conv-all-nnth)

lemma nellist-all2-nnthD:
[ nellist-all2 P nellx nelly; enat n < nlength nellt | = P (nnth nellz n) (nnth nelly n)
by (simp add: nellist-all2-conv-all-nnth)

lemma nellist-all2-nnthD2:
[ nellist-all2 P nellx nelly; enat n < nlength nelly | = P (nnth nellx n) (nnth nelly n)
by (simp add: nellist-all2-conv-all-nnth)

lemmas nellist-all2-eq = nellist.rel-eq

lemma nmap-eqg-nmap-conv-nellist-all2:
nmap f nellt = nmap ' nelly «—
nellist-all2 (A\z y. fx = f" y) nellz nelly
by transfer
(clarsimp simp add: lmap-eq-lmap-conv-llist-all2)

lemma nellist-all2-trans:
[ nellist-all2 P nellz nelly; nellist-all2 P nelly nellz; transp P ]
= nellist-all2 P nellx nellz
by transfer (auto elim: llist-all2-trans dest: llist-all2-IfiniteD transpD)

lemma nellist-all2-nappendl:
[ nellist-all2 P nellz nelly;
[ nfinite nellz; nfinite nelly; P (nlast nellz) (nlast nelly) |
= nellist-all2 P nellz’ nelly’ |
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= nellist-all2 P (nappend nellx nellz’) (nappend nelly nelly’)

by transfer

(auto simp add: Inull-def lappend-eq-lappend-conv nellist-all2-conv-all-nnth-help1
intro: llist-all2-lappendI)

lemma nested-nellist-all2-nested-llist-all2:
nellist-all2 (nellist-all2 A) nells nells1 =
llist-all2 (llist-all2 A) (Ilmap llist-of-nellist (llist-of-nellist nells))
(Imap llist-of-nellist (Ilist-of-nellist nells1))
proof —
have 1: nellist-all2 (nellist-all2 A) nells nells1 =
llist-all2 (nellist-all2 A) (llist-of-nellist nells) (Ilist-of-nellist nells1)
using nellist-all2-help-a nellist-all2-help-b by blast
have 2: (\ zz yy. nellist-all2 A zx yy) =
(X zz yy. llist-all2 A (llist-of-nellist xx) (llist-of-nellist yy))
by (meson nellist-all2D-llist-all2-1list-of-nellist nellist-all2-help-a)
have 3: llist-all2 (nellist-all2 A) (llist-of-nellist nells) (llist-of-nellist nells1) =
llist-all2 (X zx yy. Uist-all2 A (llist-of-nellist xz) (llist-of-nellist yy))
(llist-of-nellist nells) (llist-of-nellist nells1)
using 2 by auto
have 6: llist-all2 (X zz yy. llist-all2 A (llist-of-nellist xx) (llist-of-nellist yy))
(llist-of-nellist nells) (llist-of-nellist nells1) =
llist-all2 (llist-all2 A) (Imap llist-of-nellist (llist-of-nellist nells))
(Imap llist-of-nellist (llist-of-nellist nells?))
using llist-all2-lmap1[of (llist-all2 A) llist-of-nellist (llist-of-nellist nells)
(Imap llist-of-nellist (llist-of-nellist nells1))]
list-all2-lmap2|of (llist-all2 A) - llist-of-nellist (Ilist-of-nellist nells1)]
by (simp add: llist-all2-conv-all-Inth)
show “thesis
using 1 3 6 by blast
qged

lemma nellist-all2-nconcatl:
assumes nellist-all2 (nellist-all2 A) nells nells1
shows nellist-all2 A (nconcat nells) (nconcat nells1)
proof —
have 3: nellist-all2 A (nconcat nells) (nconcat nellsl) =
llist-all2 A (llist-of-nellist (nconcat nells)) (llist-of-nellist (nconcat nells1))
using nellist-all2-help-a nellist-all2-help-b by blast
have /: (llist-of-nellist (nconcat nells)) =
((lconcat o (Imap llist-of-nellist o llist-of-nellist)) nells)
using nconcat-def3 by auto
have 5: (llist-of-nellist (nconcat nellsl)) =
((lconcat o (Imap llist-of-nellist o llist-of-nellist)) nells1)
using nconcat-def3 by auto
have 7: llist-all2 (llist-all2 A) (Imap llist-of-nellist (llist-of-nellist nells)
(Imap llist-of-nellist (llist-of-nellist nells1)) =
llist-all2 A ((lconcat o (Imap llist-of-nellist o llist-of-nellist)) nells)
((lconcat o (Imap llist-of-nellist o llist-of-nellist)) nells)
using llist-all2-lconcatl[of A (Imap llist-of-nellist (llist-of-nellist nells))
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(Imap llist-of-nellist (llist-of-nellist nells1)) |
by simp
have §:
llist-all2 A ((lconcat o (Imap llist-of-nellist o llist-of-nellist)) nells)
((lconcat o (Imap llist-of-nellist o llist-of-nellist)) nells)
= nellist-all2 A (nconcat nells) (nconcat nells1)
using & 4 5 by presburger
have 9: nellist-all2 (nellist-all2 A) nells nells1 =
list-all2 (llist-all2 A) (Imap llist-of-nellist (Ilist-of-nellist nells))
(Imap llist-of-nellist (llist-of-nellist nells1))
using nested-nellist-all2-nested-1list-all2 by blast
show Zthesis using assms 7 8 9
by blast
qed

lemma nlength-nconcat-eql:
fixes nells :: 'a nellist nellist and nells! :: 'b nellist nellist
assumes nellist-all2 (\zs ys. nlength xs = nlength ys) nells nells1
shows nlength (nconcat nells) = nlength (nconcat nells1)
proof —
have nellist-all2 (nellist-all2 (Aa b. True)) nells nells1
using assms nellist.rel-mono-strong nellist-all2-True by blast
then show ?thesis using nellist-all2-nconcatl nellist-all2-nlengthD by blast
qed

lemma [list-all2-nellist-of-llistI:
nellist-all2 A nellx nelly =
llist-all2 A (Ibutlast(llist-of-nellist nellr)) (Ibutlast(llist-of-nellist nelly))
proof (coinduction arbitrary: nellx nelly)
case LNil
then show ?Zcase
by (metis lbutlast.disc-iff (1) llist.disc(1) llist-of-nellist-inverse-a ltl-llist-of-nellist1
nellist-all2-is-NNilD nellist-of-llist-a.disc(1))
next
case (LCons nelll nell2)
then show ?Zcase
proof —
assume a0: nellist-all2 A nelll nell2
assume al: = Inull (Ibutlast (Ilist-of-nellist nelll))
assume a2: — Inull (lbutlast (Ilist-of-nellist nell2))
have 1: A (Ihd (lbutlast (llist-of-nellist nelll))) (Ihd (lbutlast (llist-of-nellist nell2)))
using a0 al a2
by (metis lbutlast.disc(1) llist.disc(1) llist-of-nellist-inverse-a ltl-llist-of-nellist1
nellist-all2-nhdD nhd-nellist-of-llist-a)
have 2: ((3 nellx nelly.
Itl (lbutlast (llist-of-nellist nelll)) = Ilbutlast (llist-of-nellist nellz) N
Itl (lbutlast (llist-of-nellist nell2)) = lbutlast (llist-of-nellist nelly) A
nellist-all2 A nellz nelly) Vv
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llist-all2 A (Itl (lbutlast (llist-of-nellist nelll))) (Itl (Ibutlast (llist-of-nellist nell2))))
by (metis a0 al lbutlast.ctr(1) lbutlast-ltl llist.discI(1) ltl-llist-of-nellist ltl-llist-of-nellist1
nellist.rel-sel)
show ?thesis using 1 2 by blast
qged
qed

lemma nellist-all2-nellist-of-llist-a [simp]:
nellist-all2 A (nellist-of-llist-a b llx) (nellist-of-llist-a ¢ lly) +—
llist-all2 A llz lly A (Ifinite llx — A b ¢)
proof (cases lfinite liz)
case True
then show ?thesis
using llist-all2-nellist-of-llist]
by (auto simp add: llist-all2-lappendl nellist-all2-help-a, fastforce,
metis lbutlast-lfinite lbutlast-snoc llist-all2-IfiniteD nellist-all2-nfinitel-nlastD
nellist-of-llist-a-inverse nfinite-def nlast-nellist-of-llist-a-Ifinite)
next
case Fulse
then show %thesis
by (metis lbutlast-snoc llist-all2-lappendl llist-all2-nellist-of-llistI nellist-all2-help-a
nellist-of-llist-a-inverse)
qed

1.2.15 From a nonempty lazy list to a lazy list [list-of-nellist

lemma llist-of-nellist-nmap [simp]:
llist-of-nellist (nmap f nell) = Imap f (llist-of-nellist nell)
by (simp add: Imap-llist-of-nellist)

lemma llist-of-nellist-nappend:
llist-of-nellist (nappend nellx nelly) = lappend (llist-of-nellist nellz) (llist-of-nellist nelly)
by (transfer) auto

lemma [list-of-nellist-lappendn [simp):
llist-of-nellist (lappendn 1l nell) = lappend 1l (llist-of-nellist nell)
by transfer auto

lemma list-of-nellist-nconcat [simp]:
llist-of-nellist (nconcat nell) = lconcat ((Imap llist-of-nellist o llist-of-nellist) nell)
using nconcat-def3 by fastforce

lemma (list-of-nellist-nfilter [simp]:

assumes 3 = € nset nell. P x

shows [list-of-nellist (nfilter P nell) = Ifilter P (llist-of-nellist nell)
using assms

by transfer auto
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1.2.16 ndropn

lemma ndropn-0 [simp, code, nitpick-simp|:
ndropn 0 nell = nell
using zero-enat-def by transfer auto

lemma ndropn-NNil [simp, code]:
ndropn n (NNil b) = (NNil b)
by transfer auto

lemma ndropn-Suc-NCons [simp, code]:

ndropn (Suc n) (NCons z nell) = ndropn n nell

proof (cases nfinite nell)

case True

then show ?thesis

by transfer
(auto simp add: min-def not-lnull-conv Suc-ile-eq llength-eq-infty-conv-Ilfinite the-enat-eSuc ,
metis Ertended-Nat.eSuc-mono eSuc-enat iless-Suc-eq leD,
metis antisym eSuc-enat enat-the-enat ile-eSuc llength-eq-infty-conv-Ilfinite n-not-Suc-n
the-enat.simps)

next

case Fulse

then show ?thesis

by transfer
(simp,
metis co.enat.sel(2) eSuc-infinity infinity-ileE ldropn-Suc-LCons llength-eq-infty-conv-lfinite
min.coboundedl min-def the-enat.simps)

qed

lemma ndropn-Suc [nitpick-simp]:
ndropn (Suc n) nell = (case nell of NNil b = NNil b | NCons z nell’ = ndropn n nell’)
by (cases nell) simp-all

lemma Itl-power-NNil-help:
((All. 4f 3b. 1l = LCons b LNil then Il else Itl I1l) =" n) (LCons b LNil) = LCons b LNil
by (induction n) simp-all

lemma ntl-power-NNil:
(ntl =" n) (NNil b) = (NNil b)
by transfer (auto simp add: Inull-def ltl-power-NNil-help)

lemma ntl-power-NCons:
ntl ((ntl =" n) (NCons z nell)) = (ntl =" n) nell
by (induction n) ( transfer, auto)

lemma ntl-power-Suc [simp]:
(ntl =~ (Suc n)) nell = (case nell of NNil b = NNil b | NCons z nell’ = (ntl =" n) nell’)
by (cases nell)
(simp-all add: ntl-power-NNil ntl-power-NCons)

lemma llist-of-nellist-ndropn [simp]:
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llist-of-nellist (ndropn n nell) =
Idropn (the-enat (min (enat n) ((epred(llength((llist-of-nellist nell)))))))
(llist-of-nellist nell)
by transfer auto

lemma ndropn-Suc-conv-ndropn:
enat n < nlength nell = NCons (nnth nell n) (ndropn (Suc n) nell) = ndropn n nell
proof (induct n arbitrary: nell)
case (
then show ?Zcase
proof (cases nell)
case (NNil z1)
then show ?thesis using 0.prems by auto
next
case (NCons z nelll)
then show ?thesis by simp
qed
next
case (Suc n)
then show “case
proof (cases nell)
case (NNil z1)
then show ?thesis using Suc.prems by auto
next
case (NCons z nelll)
then show ?thesis using Suc
by (metis One-nat-def add.commute add-left-mono gen-nlength-code(2) gen-nlength-def leD
ndropn-Suc-NCons nlength-code nnth-Suc-NCons not-le-imp-less of-nat-Suc of-nat-eq-enat
one-enat-def plus-1-eq-Suc)
qed
qged

lemma ndropn-nlength [simp]:
nlength (ndropn n nell) = nlength nell — enat n
proof (induct n arbitrary: nell)
case (
then show ?case by simp
next
case (Suc n)
then show ?case
proof (cases nell)
case (NNil z1)
then show ?thesis by simp
next
case (NCons z nelll)
then show ?thesis using Suc
by (metis eSuc-enat eSuc-minus-eSuc ndropn-Suc-NCons nlength-NCons)
qged
qed
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lemma ndropn-nnth [simp]:
nnth (ndropn n nell) m = nnth nell (n+m)
proof (induct n arbitrary: m nell)
case ()
then show ?case by simp
next
case (Suc n)
then show ?Zcase
proof (cases nell)
case (NNil z1)
then show ?thesis by (simp add: nnth-NNil)
next
case (NCons x nelll)
then show ?thesis by (simp add: Suc.hyps)
qed
qed

lemma ndropn-nnth-a:

assumes nlength nell < enat(n+m)

shows nnth (ndropn n nell) m = (nlast nell)

proof —

have I: nfinite nell

using assms enat-ile nfinite-conv-nlength-enat by auto

have 2: nfinite nell = nlength nell < enat(n+m) = nnth (ndropn n nell) m = (nlast nell)

proof (induct arbitrary: n m rule: nfinite-induct)

case (NNil y)

then show ?Zcase by (simp add: nnth-NNil)

next

case (NCons z nell)

then show Zcase

proof (cases n)

case (

then show ?thesis

by (metis NCons(2) NCons(3) Suc-ile-eq Suc-pred add-cancel-right-left enat-le-plus-same(1)
gen-nlength-def iless-Suc-eq leD le-addl ndropn-0 nellist.sel(2) nlastO-nlast nlength-NCons
nlength-code nnth-Suc-NCons not-le-imp-less order.not-eq-order-implies-strict)

next

case (Suc nat)

then show ?thesis

by (metis NCons(2) NCons(3) add-Suc eSuc-enat epred-eSuc epred-le-epredl ndropn-Suc-NCons
nlast-NCons nlength-NCons)

qed

qed

show ?thesis using 1 2 assms by auto

qed

lemma ndropn-ntl :

ndropn n nell = (ntl =" n) nell
proof (induction n arbitrary: nell)
case (
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then show ?case by simp
next
case (Suc n)
then show ?case
proof (cases nell)
case (NNil x1)
then show %thesis
by (simp add: ntl-power-NNil)
next
case (NCons z nell)
then show ?thesis
by (metis Suc.IH funpow-Suc-right ndropn-Suc-NCons nellist.sel(5) o-apply)
qed
qed

lemma ndropn-is-NNil:
1s-NNil nell = ndropn n nell = nell
proof (induct n arbitrary: nell)
case (
then show ?case by auto
next
case (Suc n)
then show ?Zcase by (simp add: ndropn-Suc nellist.case-eq-if )
qged

lemma is-NNil-ndropn:
is-NNil(ndropn n nell) «— nlength nell < (enat n)
proof (induct n arbitrary: nell)
case (
then show ?case
proof (cases nell)
case (NNil z1)
then show ?thesis by simp
next
case (NCons z nell)
then show ?thesis using zero-enat-def by auto
qed
next
case (Suc n)
then show ?case
proof (cases nell)
case (NNil z1)
then show ?thesis by simp
next
case (NCons z nell)
then show %thesis
by (metis One-nat-def Suc.hyps add.commute add-left-mono co.enat.sel(2) eSuc-enat epred-le-epredl
gen-nlength-code(2) gen-nlength-def ndropn-Suc-NCons nlength-NCons nlength-code of-nat-Suc
of-nat-eq-enat one-enat-def plus-1-eq-Suc)
qed
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qed

lemma ndropn-eq- NNil:
ndropn n nell = (NNil b) <— nnth nell (the-enat(nlength nell)) = b A nlength nell < (enat n)
proof —
have I: nfinite nell = ndropn n nell = NNil b => nnth nell (the-enat (nlength nell)) = b
by (metis add-cancel-left-right enat-le-plus-same(2) gen-nlength-def is-NNil-ndropn ndropn-NNil
ndropn-nnth ndropn-nnth-a nfinite-nlength-enat nlast-NNil nlength-NNil nlength-code
plus-enat-simps(1) the-enat.simps zero-enat-def)
have 2: nfinite nell = ndropn n nell = NNil b = nlength nell < enat n
by (metis is-NNil-ndropn nellist.disc(1))
have 3: nfinite nell = nlength nell < enat n = b = nnth nell (the-enat (nlength nell)) =
ndropn n nell = NNil (nnth nell (the-enat (nlength nell)))
by (metis add.right-neutral is-NNil-ndropn ndropn-nnth-a nellist.collapse(1) nfinite-NNil
nlength-NNil nnth-nlast the-enat-0)
have 4: —nfinite nell =
ndropn n nell = (NNil b) +—
nnth nell (the-enat(nlength nell)) = b A nlength nell < (enat n)
by (metis enat-ile is-NNil-ndropn nellist.disc(1) nfinite-conv-nlength-enat)
show ?thesis
using 1 2 & 4 by fastforce
qed

lemma ntl-ndropn:
ntl(ndropn n nell) = ndropn n (ntl nell)
by (simp add: funpow-swap1 ndropn-ntl)

lemma nfinite-ndropn-a:
assumes nfinite nell

shows  nfinite(ndropn n nell)
using assms

proof (induct n arbitrary: nell)
case (

then show ?case by auto
next

case (Suc n)

then show ?case by (simp add: ndropn-ntl)
qed

lemma nfinite-ndropn-b:

assumes nfinite(ndropn n nell)

shows  nfinite nell

using assms

proof (induct ys=ndropn n nell arbitrary: n nell rule: nfinite-induct)
case (NNil y)

then show ?case by (metis enat-ile ndropn-eq-NNil nfinite-conv-nlength-enat)
next

case (NCons z nell)

then show ?case by (metis nellist.sel(5) nfinite-ntl ntl-ndropn)
qed
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lemma nfinite-ndropn[simp]:
nfinite(ndropn n nell) = nfinite nell
using nfinite-ndropn-a nfinite-ndropn-b by blast

lemma ndropn-ndropn:
ndropn m (ndropn n nell) = ndropn (n+m) nell
proof (induct n arbitrary: nell)
case (
then show ?case by simp
next
case (Suc n)
then show Zcase
by (metis add-Suc ndropn-NNil ndropn-Suc nellist.case-eq-if )
qed

lemma ndropn-nlast:

nfinite nell => ndropn (the-enat(nlength nell)) nell = (NNil (nlast nell))

by (metis add.left-neutral enat.simps(3) enat-the-enat ndropn-eq-NNil ndropn-nnth ndropn-nnth-a
nfinite-conv-nlength-enat order-refl)

lemma ndropn-nfirst:

nfirst (ndropn n nell) = (nnth nell n)

by transfer
(metis lhd-ldropn llist-of-nellist-ndropn Inull-ldropn not-le-imp-less
not-Inull-conv-llist-of-nellist)

lemma ndropn-all:
nlength nell < enat n = ndropn n nell = (NNil (nlast nell))
by (metis enat-ile ndropn-eq-NNil ndropn-nlast nlength-eq-enat-nfiniteD)

lemma ndropn-nappend1:
nfinite nellt = n < nlength nelly =
ndropn (Suc(the-enat (nlength nellr) + n)) (nappend nellz nelly) = ndropn n nelly
proof (induct arbitrary: nelly n rule: nfinite-induct)
case (NNil y)
then show ?case by simp
next
case (NCons x nell)
then show ?case
by (metis ab-semigroup-add-class.add-ac(1) eSuc-enat nappend-NCons ndropn-Suc-NCons
nfinite-nlength-enat nlength-NCons plus-1-eq-Suc the-enat.simps)
qed

lemma ndropn-nappend?2:
enat n < (nlength nellt) = ndropn n (nappend nellx nelly) = nappend (ndropn n nellz) nelly
proof (induct n arbitrary: nellx nelly)
case (
then show ?case by simp
next
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case (Suc n)
then show ?case
proof (cases nellx)
case (NNil z1)
then show ?thesis
using Suc.prems enat-0-iff (1) by auto
next
case (NCons 121 222)
then show ?thesis
by (metis Suc.hyps Suc.prems eSuc-enat eSuc-ile-mono nappend-NCons ndropn-Suc-NCons nlength-NCons)
qed
qed

lemma ndropn-nappends3:
nlength nellr < enat n —
ndropn n (nappend nellx nelly) = ndropn (n — (the-enat (eSuc(nlength nellz))) ) nelly

proof (induct n arbitrary: nellx nelly)

case (

then show ?case using zero-enat-def by auto

next

case (Suc n)

then show Zcase

proof (cases nellz)

case (NNil z1)

then show ?thesis

by (metis add-diff-cancel-left’ nappend-NNil ndropn-Suc-NCons nlength-NNil one-eSuc
one-enat-def plus-1-eq-Suc the-enat.simps)

next

case (NCons 121 222)

then show ?thesis

by (metis Extended-Nat.eSuc-mono Suc.hyps Suc.prems add-diff-cancel-left’ diff-Suc-eq-diff-pred
eSuc-enat enat-ord-code(4) nappend-NCons ndropn-Suc-NCons nlength-NCons
order-less-imp-not-less plus-1-eq-Suc the-enat-eSuc)

qed

qed

lemma nset-ndropn:
nset (ndropn n nell) C nset nell
by transfer (simp add: Iset-ldropn-subset)

lemma ndropn-nmap:

ndropn n (nmap f nell) = nmap f (ndropn n nell)

by transfer
(auto,
metis eSuc-epred enat-the-enat iless-Suc-eq infinity-ileE leD llength-eq-0 min.coboundedl
min.cobounded?2)

lemma nappend-ntaken-ndropn:
assumes (Suc k) < nlength nell
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shows  nappend (ntaken k nell) (ndropn (Suc k) nell) = nell
using assms
by transfer (simp add: min-absorbl)

lemma nfirst-eq-nnth-zero:
nfirst nell = nnth nell 0
by (metis ndropn-0 ndropn-nfirst)

1.2.17 nzip

lemma nzip-nhd:
—is-NNil nellz A\ —is-NNil nelly = nhd (nzip nellz nelly) = (nhd nellz, nhd nelly)
by transfer
(auto simp add: lzip-eq-LCons-conv,
metis lzip-eq-LNil-conv)

lemma nzip-nil:
—is-NNil nelle N —is-NNil nelly = ntl(nzip nellz nelly) = nzip (ntl nellz) (ntl nelly)
by transfer

(auto,

metis lhd-LCons-ltl ltl-lzip ltl-simps(2) lzip-eq-LNil-conv,

metis (full-types) lhd-LCons-ltl Inull-def,

metis lhd-LCons-lItl llist.collapse(1))

lemma nzip-simps [simp, code, nitpick-simp]:

nzip (NNil b) nelly = (NNil (b, (nnth nelly 0)))

nzip nellz (NNil b) = (NNl ((nnth nellx 0), b))

nzip (NCons x nellx) (NCons y nelly) = NCons (z, y) (nzip nellr nelly)
apply transfer

apply (auto simp add: not-lnull-conv)

apply (metis Inth-0 min-enat-simps(3) the-enat-0 zero-enat-def)
apply transfer

apply (auto simp add: not-lnull-conv)

apply (metis Inth-0 min-enat-simps(3) the-enat-0 zero-enat-def)
apply transfer

by (auto simp add: not-lnull-conv)

lemma is-NNil-nzip [simp]:
is-NNil (nzip nellz nelly) «— (is-NNil nellx) V (is-NNil nelly)
by transfer

(auto simp add: lzip-eq-LCons-conv not-lnull-conv,

metis lzip-eq-LNil-conv)

lemma nzip-eq-NNil-conuv:
nzip nellr nelly = (NNil (z, y)) «—
((is-NNil nellz) V (is-NNil nelly)) A (nnth nellr 0) = z A (nnth nelly 0) =y
by auto
(metis is-NNil-nzip nellist.disc(1),
metis Pair-inject is-NNil-nzip nellist.collapse(1) nellist.disc(1) nlast-NNil nzip-simps(1)
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nzip-simps(2),

metis Pair-inject is-NNil-def is-NNil-nzip nellist.inject(1) nzip-simps(1) nzip-simps(2),
metis nellist.collapse(1) nnth-NNil nzip-simps(1),

metis nellist.collapse(1) nnth-NNil nzip-simps(2))

lemma nzip-eq-NCons-conv:
nzip nellr nelly = (NCons z zs) «—
(3 z nellz" y nelly’. nellx = (NCons x nellz’) A nelly = (NCons y nelly’) A
z = (z, y) N\ zs = (nzip nellz’ nelly’) )
by (cases nellx nelly rule: nellist.exhaust|case-product nellist.exhaust))
auto

lemma nzip-nappend:
nlength nellr = nlength nellu
= nzip (nappend nellz nelly) (nappend nellu nellv) =
nappend (nzip nellr nellu) (nzip nelly nellv)
by transfer
(simp,
meson co.enat.expand llength-eq-0 lzip-lappend)

lemma nlength-nzip [simp]:
nlength (nzip nellx nelly) = (min (nlength nellz) (nlength nelly))
by transfer simp

lemma ntake-nzip:
ntake n (nzip nellx nelly) = nzip (ntake n nellz) (ntake n nelly)
by transfer

(simp add: ltake-lzip)

lemma ntaken-nzip:
ntaken n (nzip nellr nelly) = nzip (ntaken n nellr) (ntaken n nelly)
by transfer

(simp add: enat-0-iff (1) ltake-lzip)

lemma ndropn-nzip [simp]:
n < nlength nellt N n < nlength nelly —
ndropn n (nzip nellr nelly) = nzip (ndropn n nellz) (ndropn n nelly)
by transfer
(auto simp add: min-def,
metis co.enat.exhaust-sel iless-Suc-eq leD llength-eq-0,
metis co.enat.exhaust-sel iless-Suc-eq leD llength-eq-0)

lemma nzip-niterates:
nzip (niterates f x) (niterates g y) = niterates (AN(x,y). (fz, g v)) (z, y)
by transfer

(simp add: lzip-iterates)

lemma nnth-nzip:

assumes n < nlength nellr
n < nlength nelly
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shows  nnth (nzip nellx nelly) n = (nnth nellr n, nnth nelly n)
using assms
by transfer

(auto simp add: min-def,

metis co.enat.exhaust-sel iless-Suc-eq llength-eq-0 Inth-lzip)

lemma nset-nzip:
nset (nzip nellr nelly) =
{ (nnth nellz n, nnth nelly n) | n. n < min (nlength nellx) (nlength nelly)}
by transfer
(auto simp add: in-lset-conv-Inth,
metis Pair-inject co.enat.exhaust-sel iless-Suc-eq llength-eq-0 Inth-lzip min.orderE
the-enat.simps,
metis eSuc-epred iless-Suc-eq llength-eq-0 Inth-lzip)

lemma nset-nzipD1:
(z, y) € nset (nzip nellr nelly) = = € nset nellx
by transfer

(meson Iset-lzipD1)

lemma nset-nzipD2:
(z, y) € nset (nzip nellr nelly) = y € nset nelly
by transfer

(meson lset-lzipD2)

lemma nset-nzip-same [simp):

nset (nzip nellr nell) = (X z. (z, z)) ‘ nset nellx
by transfer

stmp

lemma nfinite-nzip [simp]:
nfinite (nzip nellz nelly) «— nfinite nellz V nfinite nelly
by transfer

simp

lemma nzip-eg-nappend-conv:

assumes eq: nzip nellr nelly = nappend nellu nellv

shows 3 nellz’ nellz” nelly’ nelly”.
nellr = nappend nellz’ nellz” A nelly = nappend nelly’ nelly” A
nlength nellr’ = nlength nelly’ A
nellu = nzip nellz’ nelly’ A\ nellv = nzip nellx” nelly"”

using assms

apply transfer

using [zip-eq-lappend-conv

by (auto simp add: lzip-eq-lappend-conv)

fastforce

lemma nzip-nmap [simp:

nzip (nmap f nellr) (nmap g nelly) = nmap (A(z, y). (fz, g y)) (nzip nellr nelly)
by transfer auto
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lemma nzip-nmapl:
nzip (nmap f nellz) nelly = nmap (A(z, y). (f z, y)) (nzip nellx nelly)
by transfer

(simp add: lzip-lmap1)

lemma nzip-nmap2:
nzip nellx (nmap f nelly) = nmap (N(z, y). (z, fy)) (nzip nellz nelly)
by transfer

(simp add: lzip-lmap?2)

lemma nmap-fst-nzip-conv-ntake:
nmap fst (nzip nellx nelly) = ntake (min (nlength nellx) (nlength nelly)) nellx
by transfer

(auto,

metis co.enat.exhaust-sel llength-eq-0 Imap-fst-lzip-conv-ltake min-eSuc-eSuc)

lemma nmap-snd-nzip-conv-ntake:
nmap snd (nzip nellx nelly) = ntake (min (nlength nellx) (nlength nelly)) nelly
by transfer
(auto,
metis co.enat.exhaust-sel llength-eq-0 Imap-snd-lzip-conv-ltake min-eSuc-eSuc)

lemma nzip-conv-nzip-ntake-min-nlength:
nzip nellr nelly =
nzip (ntake (min (nlength nellx) (nlength nelly)) nellz)
(ntake (min (nlength nellr) (nlength nelly)) nelly)
by transfer
(auto,
metis co.enat.exhaust-sel epred-min i0-1b llength-lzip ltake-all ltake-lzip order-refl)

lemma nellist-all2-conv-nzip:

nellist-all2 P nellr nelly +—

nlength nellr = nlength nelly N (VY (z, y) € nset(nzip nellx nelly). P x y)
using nset-nzip[of nellz nelly]
by (auto simp add: nellist-all2-conv-all-nnth)

blast

lemma nellist-all2-all-nnthl:
assumes nlength nellt = nlength nelly
An. enat n < nlength nellt = P (nnth nellz n) (nnth nelly n)
shows nellist-all2 P nellx nelly
using assms by (simp add: nellist-all2-conv-all-nnth)

lemma nellist-all2-nsetD1:
assumes nellist-all2 P nellr nelly
x € nset nellx
shows dy € nset nelly. Pz y
using assms
by (metis in-nset-conv-nnth nellist-all2-conv-all-nnth)
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lemma nellist-all2-nsetD2:
assumes nellist-all2 P nellx nelly
y € nset nelly
shows dz € nset nellr. Pz y
using assms
by (metis in-nset-conv-nnth nellist-all2-conv-all-nnth)

lemma nellist-all2-nzipl:
assumes nellist-all2 P nellx nelly
nellist-all2 P’ nellz’ nelly’
shows  nellist-all2 (rel-prod P P') (nzip nellx nellz’) (nzip nelly nelly")
using assms
proof (coinduction arbitrary: nellx nellz’ nelly nelly’)
case (ilist-all2 nx nz' ny ny’)
then show Zcase
proof —
have 1: is-NNil (nzip nx nz') = is-NNil (nzip ny ny’)
by (metis ilist-all2(1) ilist-all2(2) is-NNil-nzip nellist-all2-is-NNilD)
have 2: (is-NNil (nzip nz nz') =
is-NNil (nzip ny ny") =
rel-prod P P’ (nlast (nzip nz nz’)) (nlast (nzip ny ny’)))
by (metis (no-types, lifting) enat-min-eq-0-iff ilist-all2(1) ilist-all2(2)
is-NNil-nzip min-def-raw nellist.sel(1) nellist-all2-conv-all-nnth
nzip-eq-NNil-conv order-refl rel-prod-inject zero-enat-def)
have 3: (= is-NNil (nzip nz nz') =
= 4s-NNil (nzip ny ny') =
(3 nellz nellz’ nelly nelly'.
ntl (nzip nx nz') = nzip nellx nellt’ A
ntl (nzip ny ny") = nzip nelly nelly’ A
nellist-all2 P nellx nelly A nellist-all2 P’ nellz’ nelly’) v
nellist-all2 (rel-prod P P') (ntl (nzip nx nz')) (ntl (nzip ny ny’))))
by (auto simp add: nzip-eq-NCons-conv dest: nellist-all2-nhdD intro: nellist-all2-ntlI)
(meson list-all2(1) ilist-all2(2) nellist-all2-ntll nzip-ntl)
have 4: = is-NNil (nzip nz nz') —
= 4s-NNil (nzip ny ny') —
rel-prod P P' (nhd (nzip nx nz')) (nhd (nzip ny ny’))
by (simp add: ilist-all2(1) ilist-all2(2) nellist-all2-nhdD nzip-nhd)
have 5: (= is-NNil (nzip nz nz’) —
= 4s-NNil (nzip ny ny') —
rel-prod P P’ (nhd (nzip nxz nz')) (nhd (nzip ny ny’)) A
(I nellz nellx’ nelly nelly'.
ntl (nzip nx nz') = nzip nellz nellz’ A
ntl (nzip ny ny’) = nzip nelly nelly’ A
nellist-all2 P nellz nelly A nellist-all2 P’ nellx’ nelly”) v
nellist-all2 (rel-prod P P') (ntl (nzip nz nz')) (ntl (nzip ny ny’))))
using & 4 by blast
show “thesis
using 1 2 3 4 by presburger
qed
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qed

lemma ndistinct-nzipl1:

ndistinct nellt = ndistinct (nzip nellx nelly)
by transfer

(simp add: ldistinct-lzipl1)

lemma ndistinct-nzipI2:

ndistinct nelly = ndistinct (nzip nellz nelly)
by transfer

(simp add: ldistinct-lzipI2)

1.2.18 naterates

lemma niterates-not-is-NNil [nitpick-simp, simp]:
= is-NNil (niterates f x)
by transfer
(metis lfinite-LConsl lfinite-code(1) Ifinite-iterates)

lemma nhd-niterates [code, simp, nitpick-simp):
nhd(niterates f x) = x

by transfer
(metis lfinite-LConslI Ifinite-LNil lfinite-iterates lhd-iterates)

lemma ntl-niterates [code, simp, nitpick-simp:
ntl(niterates f x) = niterates f (f )
by transfer
(simp,
metis lfinite-LConsl lfinite-LNil lfinite-iterates)

lemma nfinite-niterates [iff]:
- nfinite (niterates f x)
by transfer simp

lemma niterates-nmap:

niterates f x = NCons x (nmap f (niterates f x))
by transfer

(meson iterates.disc-iff iterates-lmap)

lemma [simp]:
fixes f:: 'la = 'a
shows is-NNil-funpow-nmap: is-NNil ((nmap f = n) nellz) «+— is-NNil nellx
and nhd-funpow-nmap: — is-NNil nellt = nhd ((nmap f ~ " n) nellt) = (f = n) (nhd nellx)
and ntl-funpow-nmap: — is-NNil nellt = ntl ((nmap f = n) nellt) = (nmap f ~ n) (ntl nellz)
by (induct n) simp-all

lemma niterates-equality:

assumes h: A\z. h x = NCons x (nmap f (h x))
shows h = niterates f

proof —
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{ fix z
have — is-NNil (h z) nhd (h z) = = ntl (h ) = nmap f (h )
by (subst h, simp)+ }
note [simp| = this
{ fix z
define n :: nat where n = 0
have (nmap f ~ " n) (hx) = (nmap f ~ n) (niterates f z)
proof (coinduction arbitrary: n)
case (FEg-nellist nn)
then show ?Zcase
proof —
have 1: is-NNil ((nmap f =" nn) (h z)) = is-NNil ((nmap f ~ nn) (niterates f x))
by auto
have 2: (is-NNil ((nmap f ~ nn) (h z)) —
is-NNil ((nmap f = nn) (niterates f x)) —
nlast ((nmap f ~ " nn) (h x)) = nlast ((nmap f = nn) (niterates f x)))
by simp
have 3: (= is-NNil ((nmap f ~ nn) (h z)) —
= is-NNil ((nmap f = nn) (niterates f x)) —
nhd ((nmap f " nn) (h z)) = nhd ((nmap f ~ nn) (niterates f x)))
by simp
have 4: (- is-NNil ((nmap f =" nn) (h z)) —
= is-NNil ((nmap f = nn) (niterates f x)) —
( ntl ((nmap f =" nn) (hx)) = (nmap f = (Suc nn)) (h x) A
ntl ((nmap f =" nn) (niterates f x)) = (nmap f ~ (Suc nn)) (niterates f x)))
by (metis «\z. = is-NNil (h z)» <A\z. ntl (h x) = nmap [ (h z)> funpow-simps-right(2)
nellist.sel(5) niterates-nmap niterates-not-is-NNil ntl-funpow-nmap o-apply)
show ?thesis using 1 2 3 4 by blast
qed
qed
}
thus ?thesis by auto
qed

lemma nlength-niterates [simp]:
nlength (niterates f x) = oo
by transfer auto

lemma ndropn-niterates:

ndropn n (niterates f x) = niterates f ((f ~ n) x)
by transfer

(simp add: ldropn-iterates)

lemma nnth-niterates [simp:
nnth (niterates fx) n = (f
by transfer auto

n)

lemma nset-niterates:
nset (niterates fx) = { (f
by transfer

A~

n) z|n. True}
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(metis lset-iterates)

lemma nnth-niterates-Suc:
nnth (niterates Suc 0) i = i
proof (induct 7)

case (

then show Zcase

by force

next

case (Suc 1)

then show ?case by simp
qed

1.2.19 Filtering non-empty lazy lists nfilter

lemma nfilter-NNil [simp]:
shows nfilter P (NNil b) = NNil b
by transfer auto

lemma nfilter-True [simp]:
shows nfilter (Ax. True) nell = nell
by transfer auto

lemma nfilter-False-finite:

assumes nfinite nell

shows nfilter (A z. False) nell = nell
using assms by transfer auto

lemma nfilter-NCons [simp]:

assumes (3 z € nset nell. P x)

shows nfilter P (NCons z nell) = (if P x then NCons x (nfilter P nell) else nfilter P nell)
using assms by transfer auto

lemma nfilter-NCons-a [simp]:
assumes —(3 z € nset nell. P z)
Px
shows nfilter P (NCons z nell) = (NNil )
using assms by transfer auto

lemma nfilter-expand:
assumes 3 z € nset nell. P x
shows nfilter P nell =
(if is-NNil nell then nell
else
(if (3z € nset(ntl nell). P z) then
(if P (nhd nell) then (NCons (nhd nell) (nfilter P (ntl nell)))
else (nfilter P (ntl nell) ) )
else (NNil (nhd nell)) ))
using assms by (cases nell) auto
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lemma nset-nfilter:

assumes 3 z € nset nell. P x

shows nset (nfilter P nell) = nset nell N {za. P za}
using assms

by transfer auto

lemma exist-cony:

assumes 1 = € nset (nfilter @ nell). P z
d z € nset nell. Q «

shows 3 = € nset nell. Pz A Q

using assms

by transfer (auto split: if-split-asm)

lemma nfilter-nfilter [simpl:
assumes 3 z € nset (nfilter Q nell). P x
3 x € nset nell. Q z
shows nfilter P (nfilter @ nell) = nfilter (A\z. P x N Q z) nell
using assms
proof (transfer fixing: P Q)
fix zsa :: 'a llist
assume — [null xsa N zsa = zsa
assume al: Bex (Iset (if Inull (Ifilter Q xsa) then zsa else lfilter Q) zsa)) P
assume Bezx (lset zsa) Q
then have — Ilnull (Ifilter Q zsa)
by simp
then have [filter P (if Inull (Ifilter Q zsa) then xsa else lfilter Q zsa) = Ifilter P (Ifilter @ zsa) A
= Inull (Ifilter P (Ifilter Q xsa)) A
= Inull (if Inull (ifilter P (if Inull (Ilfilter Q xsa) then zsa else lfilter Q xsa))
then if Inull (Ifilter Q zsa) then xzsa else lfilter Q) zsa
else lfilter P (if Inull (Ifilter Q xsa) then zsa else lfilter @ xsa))
using al by (auto split: if-split-asm)
then show — [null (if Inull (Ifilter P (if Inull (Ifilter @ zsa) then zsa else Ifilter Q) zsa))
then if Inull (Ifilter Q zsa) then xsa else lfilter @ zsa
else lfilter P (if Inull (Ifilter Q xsa) then zsa else lfilter @ xsa)) A
(if Inull (Ifilter P (if Inull (Ifilter Q zsa) then xsa else lfilter @ zsa))
then if Inull (Ifilter @ zsa) then zsa else lfilter @ zsa
else lfilter P (if Inull (Ilfilter Q zsa) then zsa else lfilter Q xsa)) =
(if Inull (Ifilter (Aa. P a N @Q a) zsa) then xsa else lfilter (Aa. P a A Q a) xsa)
using [filter-lfilter by auto
qed

lemma length-nfilter-le [simp]:
nlength (nfilter P nell) < nlength nell
by transfer (simp add: epred-le-epredl llength-lfilter-ile)

lemma nfilter-nnth:
assumes (3 z € nset nell. P z)
i< nlength (nfilter P nell)
shows (3 k < nlength nell. nnth(nfilter P nell) i = nnth nell k)
using assms nset-nfilter|of nell P)]
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using in-nset-conv-nnth
by (metis Int-iff)

lemma nfilter-nappend1:
assumes Y z€nset nell. -~ Pz
nfinite nell
3 y € nset nelll. Py
shows nfilter P (nappend nell nelll) = nfilter P nelll
using assms by transfer auto

lemma nfilter-nappend?2:
assumes YV z€nset nell. - Pz
Jyenset nelll. Py

shows nfilter P (nappend nelll mnell) = nfilter P nelll
using assms
by transfer

(auto split: if-split-asm,

meson in-lset-lappend-iff

metis lappend-LNil2 lappend-inf lfilter-empty-conv lfilter-lappend-Ifinite)

lemma nfilter-nappend [simp]:
assumes (3 z € nset (nappend nell nelll). P z)
(3 z € nset nell. P x)
(3 x € nset nelll. P x)
shows nfilter P (nappend nell nelll) =
(if nfinite nell then nappend (nfilter P nell) (nfilter P nelll)
else (nfilter P nell) )
proof (cases nfinite nell)
case True
then show ?thesis using assms by transfer auto
next
case Fulse
then show ?thesis using assms by transfer (auto simp add: lappend-inf)
qed

lemma nfilter-nmap:
shows  nfilter P (nmap f nell) = nmap f (nfilter (Pof) nell)
by transfer (auto simp add: Ifilter-lmap)

lemma nlength-nfilter-nmap[simp]:
shows nlength (nfilter P (nmap f nell)) = nlength(nfilter (P o f) nell)
by (simp add: nfilter-nmap)

lemma nfilter-is-subset [simp):

assumes 3 z € nset nell. P x

shows nset (nfilter P nell) < nset nell
using assms by (simp add: nset-nfilter)

lemma nfilter-cong|fundef-cong]:
assumes nell = nelll
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(Az. z € nset nelll = Pz = Q x)

shows  nfilter P nell = nfilter Q nelll
using assms by transfer auto

lemma nset-nappend:
nset (nappend nell nelll) = (if nfinite nell then nset nell U nset nelll else nset nell)
by transfer (simp add: lappend-inf)

lemma split-nellist-nappend:
assumes 3 i < nlength nell. nnth nell i = © A P (nnth nell i) A
(V 4. j # i A j < nlength nell — — P(nnth nell j))
shows P z A
( nell = (NNil z) Vv
(3 wvs. nell = (NCons xz vs) A (VY v € nset vs. = P v)) V
(3 us. nell = nappend us (NNil z) A nfinite us A (V u € nset us. = P u)) V
(3 us vs . nell = nappend us (NCons x vs) A\ nfinite us A
(V u € nset us. = Pu) A (V v € nset vs. = P v))
)

proof —
obtain i where 1: i < nlength nell A nnth nell i = © N P (nnth nell i) A
(V 4.4 # i N j < nlength nell — — P(nnth nell 7))
using assms by auto
have 01: (V j. (j<i V i<j) A j < nlength nell — — P(nnth nell j))
using 1
by auto
have 2: i=0 A nlength nell = 0 = P = A nell = (NNil x)
by (metis 1 ndropn-0 ndropn-eq-NNil the-enat-0 zero-enat-def)
have 3: i=0 Anlength nell > 0 = P A nell = (NCons x (ntl nell)) N (¥ v € nset (ntl nell). = P v)
using 1 in-nset-conv-nnth[of - ntl nell|
by (metis Suc-ile-eq iless-Suc-eq nat.simps(3) nellist.disc(2) nellist.exhaust-sel nlength-NCons
nlength-NNil nnth-0-conv-nhd nnth-ntl not-less-iff-gr-or-eq)
have /: i=0 Anlength nell > 0 = P xz A (3 vs. nell = (NCons x vs) A (V v € nset vs. = P v))
using & by auto
have 5: i >0 A i = nlength nell N\ nfinite nell = P x A nell = nappend (ntaken (i—1) nell) (NNil x)
using 1
by transfer
(auto,
metis eSuc-epred lappend-lbutlast-llast-id-Ifinite [butlast-conv-ltake llast-conv-Inth
llength-eq-0 the-enat.simps)
have 6: i >0 A i = nlength nell N\ nfinite nell = (V¥ u € nset (ntaken (i—1) nell). = P u)
using 1
by transfer
(auto,
metis in-lset-conv-Inth lbutlast-conv-ltake less-imp-le llength-lbutlast Inth-ltake
min.strict-order-iff)
have 7: i >0 A i = nlength nell N\ nfinite nell = P = A (3 us. nell = nappend us (NNil z) A
nfinite us A (V u € nset us. = P u))
using 5 6 by auto
have 8: i >0 A i < nlength nell =
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Pz A nell = nappend (ntaken (i—1) nell) (NCons = (ndropn (i+1) nell))
using 1
by transfer
(auto,
metis co.enat.collapse eSuc-enat ilell iless-Suc-eq lappend-ltake-enat-ldropn
ldropn-Suc-conv-ldropn llength-eq-0 min.absorbl1 the-enat.simps)
have 9: i >0 A i < nlength nell => nfinite (ntaken (i—1) nell)
using enat-ord-code(4) nfinite-ntaken by blast
have 10: i >0 N i < nlength nell = (V¥ u € nset (ntaken (i—1) nell). = P u)
using 01 in-nset-conv-nnthlof - (ntaken (i—1) nell) | by simp
(metis Suc-pred le-imp-less-Suc min.orderE ntaken-nnth)
have 11: i >0 A i < nlength nell => (V v € nset (ndropn (i+1) nell). = P v)
using 1 01 in-nset-conv-nnth[of - (ndropn (i+1) nell) ]
by simp
(metis Suc-ile-eq iless-Suc-eq is-NNil-ndropn le-addl le-imp-less-Suc ndropn-Suc-conv-ndropn
ndropn-ndropn ndropn-nlength nlength-NCons not-less)
have 12: i >0 N i < nlength nell = (3 us vs . nell = nappend us (NCons x wvs) A nfinite us A
(V u € nset us. = Pu) A (V v € nset vs. = P v))
using § 9 10 11 by blast
show %thesis
by (metis 1 12 2 4 7 dual-order.order-iff-strict neq0-conv nlength-eq-enat-nfiniteD
zero-enat-def)
qed

lemma nellist-split-2-first:

assumes 0 < nlength nell

shows nell = (NCons (nnth nell 0) (ntl nell))

using assms by (metis ndropn-0 ndropn-Suc-conv-ndropn nellist.sel(5) zero-enat-def)

lemma nellist-split-2-last:
assumes 0< 1@
1 = nlength nell
nfinite nell
shows nell = nappend (ntaken (i—1) nell) (NNil (nnth nell 7))
using assms
by transfer
(simp,
metis Suc-ile-eq co.enat.exhaust-sel eSuc-enat llength-eq-0 ltake-Suc-conv-snoc-Inth ltake-all
order-refl the-enat.simps)

lemma nellist-split-3:
assumes 0 < ¢
1 < nlength nell
shows  nell = nappend (ntaken (i—1) nell) (NCons (nnth nell i) (ndropn (i+1) nell))
using assms by transfer
(auto,
metis eSuc-enat eSuc-epred ilell iless-Suc-eq lappend-ltake-enat-ldropn ldropn-Suc-conv-ldropn
less-imp-le llength-eq-0 min-def the-enat.simps)

lemma NNil-eq-nfilterD:
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assumes 3 z € nset nell. Px
(NNil z) = nfilter P nell
shows (3 us vs . (nell = (NNil z) V
(nell = (NCons z vs) A (¥ v € nset vs. = P v)) V
(nell = nappend us (NNil x) A nfinite us A (V u € nset us. = P u)) V
(nell = nappend us (NCons x vs) A\ nfinite us A
(V u € nset us. = Pu) A (V v € nset vs. = P v))
) A P )
proof —
have 1: (3 i < nlength nell. P (nnth nell 7))
by (metis assms(1) in-nset-conv-nnth)
obtain ¢ where 2: ¢ < nlength nell A P (nnth nell )
using 1 by auto
have 3: i = 0 A nlength nell = 0 = P x A nell = (NNil z)
by (metis 2 assms(2) ndropn-0 ndropn-eq-NNil nfilter-NNil the-enat-0 zero-enat-def)
have 4: i=0 Anlength nell > 0 =P x A nell = (NCons z (ntl nell)) A (V v € nset (ntl nell). = P v)
using 2 assms nellist-split-2-first|of nell] nfilter-expand|of nell P]
by (metis nellist.distinct(1) nellist.sel(3) nlast-NNil)
have 5: i=0 Anlength nell > 0 = P x A (3 vs. nell = (NCons z vs) A (VY v € nset vs. = P v))
using 4 by auto
have 60: 0< i A i = nlength nell A\ nfinite nell = x= (nnth nell 7)
using 2 assms nellist-split-2-last[of i nell]
proof simp
assume al: nell = nappend (ntaken (i — Suc 0) nell) (NNil (nnth nell i))
assume a2: P (nnth nell i)
assume a3: NNil x = nfilter P nell
assume a4: Jzenset nell. Pz
have f5: Vas p asa. ((Fa. (a::'a) € nset as A p a) V = nfinite as V (Va. a ¢ nset asa V — p a))
V nfilter p (nappend as asa) = nfilter p asa
by (metis (full-types) nfilter-nappendl)
have f7: 3a. a € nset (NNil (nnth nell ©)) A P a
using a2 by auto
have f8: nfilter P (nappend (ntaken (i — Suc 0) nell) (NNil (nnth nell i))) #
nappend (nfilter P (ntaken (i — Suc 0) nell)) (nfilter P (NNil (nnth nell 7)))
using a3 al by (metis (full-types) is-NNil-nappend nellist.disc(1))
have f9: nfinite (ntaken (i — Suc 0) nell)
by simp
obtain aaa :: 'a where
f9: aaa € nset nell A P aaa
using a4 by blast
then have aaa € nset (nappend (ntaken (i — Suc 0) nell) (NNil (nnth nell ©)))
using al by presburger
then have f10: Va. a ¢ nset (ntaken (i — Suc 0) nell) V - P a
using f9 f8 f7 by (meson nfilter-nappend nfinite-ntaken)
then show ?thesis
using f9 f7 f5 a8 al
proof —
have NNil (nnth nell i) = NNil x
using nfilter-NNil[of P (nnth nell i) | by (metis (no-types) f10 al a3 f5 f7 nfinite-ntaken)
then show “thesis
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by blast
qed
qed
have 6: 0< i A i = nlength nell A\ nfinite nell = P = A nell = nappend (ntaken (i—1) nell) (NNil z)
using 2 60 assms nellist-split-2-last[of i nell]
by blast
have 7: i >0 A i = nlength nell A\ nfinite nell = (¥ u € nset (ntaken (i—1) nell). = P u)
using assms 6 nfilter-nappend[of (ntaken (i—1) nell) - P]
by (metis is-NNil-nappend nellist.disc(1) nfinite-ntaken split-nellist-a)
have 8: i >0 A i = nlength nell N\ nfinite nell = P z N\ (3 us. nell = nappend us (NNil ) A
nfinite us A (¥ u € nset us. = P u))
using 6 7 by auto
have 9: i >0 A i < nlength nell =
P x A nell = nappend (ntaken (i—1) nell) (NCons z (ndropn (i+1) nell))
using 2 assms nellist-split-3]of i nell]
nfilter-nappend1]of (ntaken (i—1) nell) P (NCons z (ndropn (i+1) nell))]
nfilter-nappend|of (ntaken (i — 1) nell) - P]
proof simp
assume al: enat i < nlength nell N P (nnth nell 7)
assume a2: NNil z = nfilter P nell
assume a3: dzcnset nell. Pz
assume a4: nell = nappend (ntaken (i — Suc 0) nell) (NCons (nnth nell i) (ndropn (Suc i) nell))
have f5: P (nnth (nappend (ntaken (i — Suc 0) nell) (NCons (nnth nell ©) (ndropn (Suc i) nell))) 7)
using al a4 by auto
have f6: NNil x = nfilter P (nappend (ntaken (i — Suc 0) nell) (NCons (nnth nell ©) (ndropn (Suc )
nell)))
using a2 a4 by auto
have f7: Vas p asa. ((Fa. (a::'a) € nset as A p a) V = nfinite as V (Va. a ¢ nset asa V = p a)) V
nfilter p (nappend as asa) = nfilter p asa
by (metis (full-types) nfilter-nappendl)
have nfilter P (nappend (ntaken (i — Suc 0) nell) (NCons (nnth nell i) (ndropn (Suc i) nell))) =
nappend (nfilter P (ntaken (i — Suc 0) nell)) (nfilter P (NCons (nnth nell i) (ndropn (Suc 7)
nell)))
N
nappend (nfilter P (ntaken (i — Suc 0) nell)) (nfilter P (NCons (nnth nell i) (ndropn (Suc 7)
nell))) =
NNil z
using f6 by presburger
then have nfilter P (nappend (ntaken (i — Suc 0) nell) (NCons (nnth nell i) (ndropn (Suc i) nell)))

]
nappend (nfilter P (ntaken (i — Suc 0) nell)) (nfilter P (NCons (nnth nell i) (ndropn (Suc )
nell)))
by (metis (no-types) is-NNil-nappend nellist.disc(1))
then have f9: (Va. a ¢ nset (NCons (nnth nell i) (ndropn (Suc i) nell)) V = P a) V
nfilter P (nappend (ntaken (i — Suc 0) nell) (NCons (nnth nell i) (ndropn (Suc i) nell)))
nfilter P (NCons (nnth nell i) (ndropn (Suc i) nell)) V
(Va. a ¢ nset (nappend (ntaken (i — Suc 0) nell) (NCons (nnth nell i) (ndropn (Suc 7)
nell)))

V = Pa)
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using nfilter-nappend|of (ntaken (i — Suc 0) nell) (NCons (nnth nell i) (ndropn (Suc ) nell)) P]
nfinite-ntaken[of (i — Suc 0) nell]

by (metis f7)

obtain aaa :: 'a where f10: aaa € nset nell A P aaa

using a3 by blast

then have f11: aaa € nset (nappend (ntaken (i — Suc 0) nell) (NCons (nnth nell i) (ndropn (Suc 7)

nell)))
using a4 by presburger
have f12: nnth (nappend (ntaken (i — Suc 0) nell) (NCons (nnth nell i) (ndropn (Suc i) nell))) i €
nset (NCons (nnth nell i) (ndropn (Suc ) nell))
using a4 by fastforce
then have NNil z = nfilter P (NCons (nnth nell i) (ndropn (Suc i) nell))
using f11 f10 f9 f6 f5 by (metis (no-types))
then have NNil © = nfilter P (NCons (nnth (nappend (ntaken (i — Suc 0) nell)
(NCons (nnth nell ©) (ndropn (Suc i) nell)))
i) (ndropn (Suc ©) nell))

using a4 by presburger
then have f13: Va. a ¢ nset (ndropn (Suc 7) nell) V= P a
using f5 by (metis (full-types) nellist.distinct(1) nfilter-NCons)
have nfilter P (NCons (nnth (nappend (ntaken (i — Suc 0) nell)

(NCons (nnth nell i) (ndropn (Suc i) nell)))

i) (ndropn (Suc i) nell)) = NNil z

using «NNil x = nfilter P (NCons (nnth nell i) (ndropn (Suc i) nell))) a4 by presburger

then have z = nnth (nappend (ntaken (i — Suc 0) nell) (NCons (nnth nell i) (ndropn (Suc i) nell))) i

using f13 f5 by simp
then have f14: © = nnth nell i
using a4 by presburger
then have nell = nappend (ntaken (i — Suc 0) nell) (NCons z (ndropn (Suc i) nell))
using a4 by blast
then show P z A nell = nappend (ntaken (i — Suc 0) nell) (NCons x (ndropn (Suc i) nell))
using f14 al by blast
qed
have 10: i >0 A i < nlength nell = (¥ u € nset (ntaken (i—1) nell). = P u)
using 9 assms nfilter-nappend|of (ntaken (i—1) nell) - P]
by (metis is-NNil-nappend nellist.disc(1) nellist.set-intros(2) nfinite-ntaken)
have 11: i >0 A i < nlength nell = (V v € nset (ndropn (i+1) nell). = P v)
using 9 10 assms nfilter-nappend|of (ntaken (i—1) nell) - P]
nfilter-nappend1]of (ntaken (i—1) nell) P (NCons x (ndropn (i+1) nell))]
by (metis nellist.distinct(1) nellist.set-intros(2) nfilter-NCons nfinite-ntaken)
have 12: i >0 N ¢ < nlength nell =
Pz A (3 us vs. nell = nappend us (NCons x vs) A nfinite us A
(V u € nset us. =~ Pu) A (V v € nset vs. = P v))
using 9 10 11 using assms(1) by fastforce
show “thesis
by (metis 12 2 8 5 8 dual-order.order-iff-strict neq0-conv nlength-eq-enat-nfiniteD
zero-enat-def)
qed

lemma nfilter-eq- NNilD:
assumes 1 z € nset nell. Pz
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nfilter P nell = (NNil x)
shows (3 us vs . (nell = (NNil ) V
(nell = (NCons z vs) N (¥ v € nset vs. = P v)) V
(nell = nappend us (NNil x) A nfinite us A (V u € nset us. = P u)) V
(nell = nappend us (NCons x wvs) A nfinite us A
(V u € nset us. = Pu) A (Y v € nset vs. = P v))
) A Px)
using assms NNil-eq-nfilterD]of nell P z] by simp

lemma nfilter-eq- NNil-iff:
assumes 3 z € nset nell. Px
shows (nfilter P nell = (NNil x)) <—
(3 us vs . (nell = (NNil ) V
nell = (NCons x vs) A (V v € nset vs. = P v)) V
nell = nappend us (NNil z) A nfinite us A (V u € nset us. = P u)) V
nell = nappend us (NCons x wvs) A nfinite us A
YV u € nset us. = Pu) A (VY v € nset vs. = P v))
) A Px)
proof —
have 1: (nfilter P nell = (NNil z)) =
(3 us vs . (nell = (NNil ) vV
(nell = (NCons z vs) A (¥ v € nset vs. = P v)) V
(nell = nappend us (NNil x) A nfinite us A (V u € nset us. = P u)) V
(nell = nappend us (NCons x wvs) A nfinite us A
(V u € nset us. = Pu) A (V v € nset vs. = P v))
) A Px)
using assms nfilter-eq-NNilD[of nell P z| by simp
have 2: (3 us vs . (nell = (NNil x) vV
(nell = (NCons z vs) N (V v € nset vs. = P v)) V
(nell = nappend us (NNil ) A\ nfinite us A (V u € nset us. = P u)) V
(nell = nappend us (NCons x wvs) A nfinite us A
(V u € nset us. = Pu) A (VY v € nset vs. = P v))
) A P z) = (nfilter P nell = (NNil z))
using nfilter-NCons-a nfilter-NNil[of P x
by (auto simp add: nfilter-nappend?)
show ?thesis
using 1 2 by blast
qed

(
(
(
(

lemma NCons-eg-nfilterD-help:
assumes — Inull ys
= Inull zs
LCons © xs = Ifilter P ys
xa € lset ys
P xa
shows Jus. = Inull us A
(Fus. (Fz€lset vs. P x) A
((Fz€lset vs. P x) —»
= Inull vs A\ (ys = LCons x vs V ys = lappend us (LCons x vs) A lfinite us N\
(Vu€lset us. = P u)) A Px A xs = Ifilter P vs))
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unfolding Inull-def using assms lfilter-eq-LConsD[of P ys x xs
by (metis diverge-lfilter-LNil lappend-code(1) Ifilter-LNil llist.disc(1))

lemma NCons-eg-nfilterD:
assumes 3 z € nset nell. Pz
(NCons z nelll) = nfilter P nell
shows (3 us vs.
( nell = (NCons x vs) V

nell = nappend us (NCons x vs) A nfinite us A\ (V u € nset us. = P u)) A

(3 = € nset vs. P x) A Px A nelll = nfilter P vs)
using assms by transfer (auto split: if-split-asm simp add: NCons-eq-nfilterD-help)

lemma nfilter-eq-NConsD:
assumes 3 z € nset nell. Px
nfilter P nell = (NCons x nelll)
shows (3 us vs.
( nell = (NCons x vs) V
nell = nappend us (NCons x vs) A nfinite us A\ (V u € nset us. = P u)) A
(3 = € nset vs. P x) A Px A nelll = nfilter P vs)
using assms NCons-eq-nfilterD|[of nell P x nelll] by simp

lemma nfilter-eq-NCons-iff:
assumes 3 z € nset nell. Px
shows  nfilter P nell = (NCons z nelll) <—
(3 us vs.
( nell = (NCons z vs) V
nell = nappend us (NCons x vs) A nfinite us A (¥ u € nset us. = P u)) A
(3 = € nset vs. P x) AN Px A nelll = nfilter P vs)
proof —
have 1: nfilter P nell = (NCons x nelll) =
(3 us vs.
( nell = (NCons z vs) V
nell = nappend us (NCons x vs) A nfinite us A (¥ u € nset us. = P u)) A
(3 z € nset vs. Px) A Px A nelll = nfilter P vs )
using assms nfilter-eq-NConsD|of nell P z nelll] by simp
have 2: (3 us vs.
( nell = (NCons z vs) V
nell = nappend us (NCons x vs) A nfinite us A (¥ u € nset us. = P u)) A
(3 z € nset vs. P x) A Px A nelll = nfilter P vs ) = nfilter P nell = (NCons x nelll)
using nfilter-nappendl[of - P] nfilter-NCons|of - P z]
by (auto, meson nfilter-NCons, metis)
show %thesis using 1 2 by blast
qed

lemma nfilter-id-conv:
assumes (3 z € nset nell. P z)
shows (nfilter P nell = nell) = (VY z€nset nell. P x) (is ?lhs = ?rhs)

using assms by transfer (auto simp add: Ifilter-id-conv)

lemma nfilter-idem:
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assumes (3 z € nset nell. P z)
shows  nfilter P (nfilter P nell) = nfilter P nell
using assms by transfer auto

lemma nfilter-ndropn-nlength:

assumes k < nlength nell

3 z € nset ( (ndropn k nell)). Pz

shows  nlength(nfilter P ( (ndropn k nell))) < nlength (nfilter P ( nell))
using assms
by transfer

(auto simp add: min-def dest: in-lset-ldropnD,

metis co.enat.exhaust-sel epred-le-epredl iless-Suc-eq Ifilter-ldropn-llength llength-eq-0)

1.2.20 Setup for Lifting/Transfer

Relator and predicator properties

abbreviation nellist-all == pred-nellist

Transfer rules for the Transfer package

context includes lifting-syntaz
begin

lemma set!-pre-nellist-transfer [transfer-rulel:
(rel-pre-nellist A C ===> rel-set A) setl-pre-nellist set1-pre-nellist

by (auto simp add: rel-pre-nellist-def vimage2p-def rel-fun-def set1-pre-nellist-def rel-set-def
collect-def sum-set-defs prod-set-defs elim: rel-sum.cases split: sum.split-asm)

lemma set2-pre-nellist-transfer [transfer-rulel:
(rel-pre-nellist A C ===> rel-set C) set2-pre-nellist set2-pre-nellist
by (auto simp add: rel-pre-nellist-def vimage2p-def rel-fun-def set2-pre-nellist-def
rel-set-def collect-def sum-set-defs prod-set-defs elim: rel-sum.cases split: sum.split-asm)

lemma NCons-transfer2 [transfer-rule]:

(A ===> nellist-all2 A ===> nellist-all2 A ) NCons NCons
unfolding rel-fun-def by simp
declare NCons-transfer [transfer-rule]

lemma case-nellist-transfer [transfer-rule]:
(A ===> () ===> (A ===> nellist-all2 A ===> () ===> nellist-all2 A ===> ()
case-nellist case-nellist
unfolding rel-fun-def
by (simp add: nellist-all2-NNill nellist-all2-NNil2 split: nellist.split)

lemma unfold-nellist-transfer [transfer-rulel:
(A ===> (=) ===> (A ===> () ===> (A ===> () ===> (A ===> A) ===> A ===>
nellist-all2 C')
unfold-nellist unfold-nellist
proof(rule rel-funl )+
fix IS-NNILI :: 'a = bool and IS-NNIL2
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NLAST1 NLAST2 NHD1 NHD2 NTL1 NTL2 z y

assume rel: (A ===> (=)) IS-NNIL1 IS-NNIL2 (A ===> C) NLAST1 NLAST?2
(A ===> () NHD1 NHD2 (A ===> A) NTL1 NTL?
and Az y

show nellist-all2 C (unfold-nellist IS-NNIL1 NLAST1 NHD1 NTL1 x)
(unfold-nellist IS-NNIL2 NLAST2 NHD2 NTL2 y)
using <A z y> using rel by (coinduction arbitrary: x y) (auto 4 4 elim: rel-funE)
qed

lemma corec-nellist-transfer [transfer-rule]:
(A===>(5)) ===> (A===> () ===> (A ===> C) ===> (A ===> (5)) ===> (A ===>
nellist-all2 C)
===> (A ===> A) ===> A ===> nellist-all2 C) corec-nellist corec-nellist
by (simp add: nellist.corec-transfer)

lemma ntl-transfer? [transfer-rule:
(nellist-all2 A ===> nellist-all2 A) ntl ntl
unfolding ntl-def[abs-def] by transfer-prover
declare ntl-transfer [transfer-rule]

lemma nset-transfer?2 [transfer-rule]:
(nellist-all2 A ===> rel-set A) nset nset
by (simp add: nellist.set-transfer)

lemma nmap-transfers [transfer-rulel:

((A ===> B) ===> nellist-all2 A ===> nellist-all2 B) nmap nmap
by (simp add: nellist.map-transfer)
declare nmap-transfer [transfer-rule]

lemma is-NNil-transfer2 [transfer-rule]:
(nellist-all2 A ===> (=)) is-NNil is-NNil

by (auto dest: nellist-all2-is-NNilD)

declare is-NNil-transfer [transfer-rule]

lemma snocn-transfer2 [transfer-rule]:

(nellist-all2 A ===> A ===> nellist-all2 A ) snocn snocn
unfolding rel-fun-def
by (metis nappend-snocn nellist-all2-NNil nellist-all2-nappendl )
declare snocn-transfer(transfer-rule]

lemma nappend-transfer [transfer-rule:

(nellist-all2 A ===> ( nellist-all2 A) ===> nellist-all2 A) nappend nappend
by (auto intro: nellist-all2-nappendl elim: rel-funkE)
declare nappend.transfer [transfer-rule]

lemma lappendn-transfer [transfer-rule]:
(llist-all2 A ===> nellist-all2 A ===> nellist-all2 A) lappendn lappendn
unfolding rel-fun-def
by transfer(auto intro: llist-all2-lappendl)
declare lappendn.transfer [transfer-rule]
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lemma nellist-of-llist-a-transfer2 [transfer-rule]:

(A ===> llist-all2 A ===> nellist-all2 A) nellist-of-llist-a nellist-of-llist-a
by (simp add: rel-funl)
declare nellist-of-llist-a-transfer [transfer-rule]

lemma nlength-transfer [transfer-rulel:
(nellist-all2 A ===> (=)) nlength nlength

by (auto dest: nellist-all2-nlengthD)

declare nlength.transfer [transfer-rule]

lemma ndropn-transfer [transfer-rulel:
(=) ===> nellist-all2 A ===> nellist-all2 A) ndropn ndropn
unfolding rel-fun-def
by transfer (auto intro: llist-all2-ldropnl simp add: llist-all2-ldropnl llist-all2-llengthD )
declare ndropn.transfer [transfer-rule]

lemma ntake-transfer [transfer-rule]:
((=) ===> nellist-all2 A ===> nellist-all2 A) ntake ntake
unfolding rel-fun-def
by transfer (auto simp add: llist-all2-ltakel)
declare ntake.transfer [transfer-rule]

lemma ntaken-transfer [transfer-rule]:
((=) ===> nellist-all2 A ===> nellist-all2 A) ntaken ntaken
unfolding rel-fun-def
by transfer (auto simp add: llist-all2-ltakel)
declare ntaken.transfer [transfer-rule]

lemma nzip-transfer [transfer-rule]:
(nellist-all2 A ===> nellist-all2 B ===> nellist-all2 (rel-prod A B)) nzip nzip
by (auto intro: nellist-all2-nzipl)

lemma niterates-transfer [transfer-rule]:
(A ===> A) ===> A ===> nellist-all2 A) niterates niterates
unfolding rel-fun-def
apply transfer
using iterates-transfer unfolding rel-fun-def
by blast

lemma nfilter-transfer [transfer-rule:
( (A ===> (=)) ===> nellist-all2 A ===> nellist-all2 A) nfilter nfilter
unfolding rel-fun-def
by transfer
(auto intro: llist-all2-lfilter] dest: llist-all2-IfiniteD llist-all2-lsetD1,
meson llist-all2-1setD2)
declare nfilter.transfer [transfer-rule]

lemma nconcat-transfer [transfer-rule:
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( nellist-all2 (nellist-all2 A) ===> nellist-all2 A ) nconcat nconcat
unfolding rel-fun-def
using nellist-all2-nconcatl
by auto
declare nconcat.transfer [transfer-rule]

lemma nellist-all2-rsp:
assumes RI: Vzy. Rl xy — (WVab. Rlab— Sza=Tyb)
and R2:Vzy. R2zy — (Vab. R2ab— S'"za=T"yb)
and zsys: nellist-all2 R1 zs ys
and zs'ys” nellist-all2 R1 xs' ys’
shows nellist-all2 S xs xs’ = nellist-all2 T ys ys’
proof
assume nellist-all2 S zs xs'
with zsys zs'ys’ show nellist-all2 T ys ys'
proof(coinduction arbitrary: ys ys' zs xs’)
case (ilist-all2 ys ys' xs xs’)
thus Zcase
by cases (auto 4 4 simp add: nellist-all2-NConsl nellist-all2-NCons2 nellist-all2-NNil1
nellist-all2-NNil2 dest: R1[rule-format] R2[rule-format])
ged
next
assume nellist-all2 T ys ys’
with zsys zs'ys’ show nellist-all2 S zs xs’
proof(coinduction arbitrary: zs xs’ ys ys’)
case (ilist-all2 xs xs’ ys ys’)
thus Zcase
by cases (auto 4 4 simp add: nellist-all2-NConsl nellist-all2-NCons2 nellist-all2-NNil1
nellist-all2-NNil2 dest: RI1[rule-format] R2[rule-format])
qed
qged

lemma nellist-all2-transfer2 [transfer-rule]:
((R1 ===> Rl ===> (=) ) ===>
nellist-all2 R1 ===> nellist-all2 R1 ===> (=)) nellist-all2 nellist-all2
by (simp add: nellist-all2-rsp rel-fun-def)
declare nellist-all2-transfer [transfer-rule]

end

Delete lifting rules for ‘a nellist because the parametricity rules take precedence over most of the
transfer rules. They can be restored by including the bundle nellist.lifting.

lifting-update nellist.lifting
lifting-forget nellist.lifting

end
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1.3 Extra operations on non-empty conductive lists

The operations ndropns, nkfilter, nleast, nidx, nfuse, nbutlast, nsubn, nfuse, nridx, nlastnfirst, nfuse-
cat and nrev are defined for nellists together with a library of lemmas.

theory NELList-Extras
imports NFELList
begin

1.3.1 ndropns

primcorec ndropns :: 'a nellist = 'a nellist nellist
where ndropns nell =
(case nell of (NNil b) = (NNil (NNil b)) |
(NCons x nell’) = (NCons (NCons z nell’) (ndropns nell’)))

simps-of-case ndropns-code [code, simp, nitpick-simpl|: ndropns.code

lemma ndropns-simps [simp]:
shows nhd-ndropns: — is-NNil nell = nhd (ndropns nell) = nell
and ndropns-NCons: ntl (ndropns nell) = (case nell of (NNil b) = (NNil (NNil b)) |
(NCons z nell’) = ndropns nell’)
by (auto simp add: nellist.case-eq-if)
(metis ndropns-code(1) nellist.collapse(1) nellist.sel(4))

lemma ndropns-nnth:
assumes 1 < nlength nell
shows nnth (ndropns nell) i = ndropn i nell
using assms
proof (induction i arbitrary: nell)
case (
then show Zcase
proof (cases nell)
case (NNil z1)
then show ?thesis by (simp add: nnth-NNil)
next
case (NCons 121 222)
then show ?thesis by simp
qed
next
case (Suc 1)
then show ?Zcase
proof (cases nell)
case (NNil z1)
then show ?thesis by (simp add: nnth-NNil)
next
case (NCons 221 122)
then show ?thesis using Suc by (simp add: Suc-ile-eq)
qed
qed
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lemma ndropns-nlength:
nlength (ndropns nell) = (nlength nell)

by (coinduction arbitrary: nell rule: enat-coinduct)
(case-tac nell, auto)

lemma in-nset-ndropns:
nell € nset(ndropns nellr) <— (3 4. i < nlength nellz A nell = ndropn i nellz)
by (metis in-nset-conv-nnth ndropns-nlength ndropns-nnth)

lemma nset-ndropns:

nset (ndropns nell) = { ndropn i nell | i. i < nlength nell}
using in-nset-conv-nnth|of - ndropns nell] nset-conv-nnth[of ndropns nell]
using in-nset-ndropns[of - nell] by auto

lemma nmap-first-ndropns:

nmap (A nell. nnth nell 0) (ndropns nell) = nell
by (coinduction arbitrary: nell)

(case-tac nell, auto simp add: nnth-NNil)

lemma ndropn-ndropns:
assumes i < nlength(ndropns nell)
shows ndropn i (ndropns nell) = ndropns (ndropn i nell)
using assms
proof (coinduction arbitrary: nell i)
case (FEg-nellist ia nellx)
then show Zcase
proof —
have I: enat nellt < nlength (ndropns ia) =
is-NNil (ndropn nellz (ndropns ia)) = is-NNil (ndropns (ndropn nellz ia))
by (simp add: is-NNil-ndropn ndropns-nlength)
have 2: enat nellt < nlength (ndropns ia) =
(is-NNil (ndropn nellr (ndropns ia)) —
is-NNil (ndropns (ndropn nellz ia)) —
nlast (ndropn nellz (ndropns ia)) = nlast (ndropns (ndropn nellz ia)))
by (metis dual-order.antisym ndropn-eq-NNil ndropns.disc(2) ndropns.simps(3) ndropns-nlength
ndropns-nnth nellist.case-eq-if nellist.collapse(1) the-enat.simps)
have 3: enat nellx < nlength (ndropns ia) =
(= is-NNil (ndropn nellz (ndropns ia)) —
— is-NNil (ndropns (ndropn nellz ia)) —
nhd (ndropn nellz (ndropns ia)) = nhd (ndropns (ndropn nellz ia)))
by (metis Nat.add-0-right ndropn-nnth ndropns.disc(1) ndropns-nlength ndropns-nnth nhd-conv-nnth
nhd-ndropns)
have /: enat nellr < nlength (ndropns ia) =
(= is-NNil (ndropn nellz (ndropns ia)) —
= is-NNil (ndropns (ndropn nellx ia)) —
(I nell 1.
ntl (ndropn nellz (ndropns ia)) = ndropn i (ndropns nell) A
ntl (ndropns (ndropn nellr ia)) = ndropns (ndropn i nell) A
enat i < nlength (ndropns nell)))
by (metis Suc-ile-eq is-NNil-ndropn ndropn-Suc-conv-ndropn ndropns-code(2) ndropns-nlength
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nellist.sel(5) order.order-iff-strict)
show ?Zthesis
using 1 2 3 4 Eg-nellist by blast
qed
qed

lemma ndropns-nfilter-nnth;:
assumes i < nlength (nfilter P (ndropns nell))
3 nelly € nset(ndropns nell). P nelly
shows P (nnth (nfilter P (ndropns nell)) )
using assms using nset-nfilter|of ndropns nell P]
by (metis (full-types) Int-iff in-nset-conv-nnth mem-Collect-eq )

lemma nnth-zero-ndropn:
nnth (ndropn n nell) 0 = nnth nell n
by simp

lemma in-nset-ndropns-nhd:

z € nset nell «—( 3 ys. x=(nnth ys 0) A ys € nset(ndropns nell))

by auto
(metis in-nset-conv-nnth ndropns-nlength nmap-first-ndropns nnth-nmap,
metis Nat.add-0-right in-nset-conv-nnth in-nset-ndropns ndropn-nnth)

lemma nset-ndropns-nhd:
nset nell = {(nnth nelly 0) | nelly. nelly € nset(ndropns nell) }
by auto

(meson in-nset-ndropns-nhd,

metis in-nset-conv-nnth in-nset-ndropns nnth-zero-ndropn)

lemma nellist-all2-ndropnsl:
nellist-all2 A nellx nelly == nellist-all2 (nellist-all2 A) (ndropns nellx) (ndropns nelly)
by (coinduction arbitrary: nellx nelly)
(auto simp add: nellist.case-eq-if dest: nellist-all2-nhdD nellist-all2-is-NNilD
intro: nellist-all2-ntll)

1.3.2 Definitions

context
includes nellist.lifting
begin

lift-definition nkfilter :: (‘a = bool) = nat ='a nellist = nat nellist

is A\ Pnas. (if lnull(kfilter P n xs) then (iterates Suc n) else kfilter P n xs)
by simp

lift-definition nleast :: (‘a = bool) = 'a nellist = nat

is A P xs. lleast P xs

by auto

lift-definition nridz :: (‘a = 'a = bool) = 'a nellist = bool
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is A R zs. ride R zs
by auto

lift-definition nidz :: nat nellist = bool
is A zs. lidx zs
by auto

lift-definition nbutlast :: 'a nellist = 'a nellist
is A ws. (if Inull (lbutlast xs) then (LCons (llast xs) LNil) else lbutlast xs)
by auto

lift-definition nfuse :: ‘a nellist = 'a nellist = 'a nellist
is A xs ys. Ifuse xs ys
using Ifuse-conv-Inull by blast

lift-definition nsubn :: ‘a nellist = nat = nat = ’a nellist
is (X xs n1 n2. lsubc n1 n2 xs)
unfolding lsubc-def
by auto
(metis co.enat.exhaust-sel dual-order.refl enat-ile iless-Suc-eq leD llength-eq-0)

lift-definition nlastnfirst :: 'a nellist nellist = bool

is \ wss. llastlfirst zss

apply ( simp add: pcr-nellist-def cr-nellist-def OO-def rel-fun-def llist.rel-eq )
unfolding llastlfirst-def

using [list-all2-llist-of-nellist-1 by blast

lemma nfusecat-help:
assumes 3 y. llist-all2 (\z z. llist-of-nellist z = z) llist] y N\ y # LNil A
llist-all2 (A\x z. llist-of-nellist z = x) list2 y
shows Ifusecat llist1 # LNil A lfusecat llist1 = lfusecat llist2
proof —
have I1: Ifusecat llist] = Ifusecat llist2
using assms llist-all2-llist-of-nellist-1 Inull-def by blast
have 2: Ifusecat llist1 # LNil
using assms apply auto
using [fusecat-not-Inull-var llist-all2-InullD llist-all2-lsetD1 by fastforce
show ?thesis using 1 2 by auto
qed

lift-definition nfusecat :: 'a nellist nellist = 'a nellist

is \ wss. lfusecat xss

using nfusecat-help

by (simp add: per-nellist-def OO-def cr-nellist-def nellist.pcr-cr-eq rel-fun-def Inull-def
llist-all2-cases llist-all2-rsp llist.rel-eq not-Inull-conv-llist-of-nellist) blast

lift-definition nrev :: ‘a nellist = 'a nellist

is A zs. if lfinite xs then lrev s else xs
by auto
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1.3.3 nbutlast

lemma nbutlast-NNil[simp]:
nbutlast (NNil z) = (NNil x)
apply transfer

by auto

lemma nbutlast-snoc [simp]:

nbutlast (nappend nell (NNil z)) = nell
apply transfer

by auto

lemma nbutlast-def1:
nbutlast nell =
(case nell of (NNil z) = (NNil z) |
(NCons z nelll) =
(case nelll of (NNil y) = (NNil z) |
(NCons z nell2) = (NCons x (nbutlast nelll))))
proof (cases nell)
case (NNil z1)
then show ?thesis by simp
next
case (NCons z21 z22)
then show ?thesis
proof —
have 1: is-NNil 222 = nbutlast (NCons x21 122) = (NNil z21)
by (metis nappend-NNil nbutlast-snoc nellist.collapse(1))
have 2: —is-NNil 222 =—> nbutlast (NCons x21 x22) = (NCons x21 (nbutlast x22))
apply transfer
by auto
(metis thd-LCons-ltl llist.collapse(1),
metis lbutlast-simps(3) lhd-LCons-Itl)
show “thesis
by (simp add: 1 2 NCons nellist.case-eq-if)
qed
qed

lemma ntl-nbutlast:
ntl (nbutlast nell) =
(if is-NNil nell then ntl nell else
(if is-NNil (ntl nell) then NNil (nhd nell) else nbutlast (ntl nell)))
by (auto simp add: nbutlast-def1 nellist.case-eq-if )

lemma nbutlast-not-nfinite:
assumes — nfinite nell
shows nbutlast nell = nell
using assms
apply transfer
by simp
(metis lbutlast.disc-iff (2) lbutlast-not-Ilfinite)
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lemma nbutlast-nfinite:

nfinite (nbutlast nell) «— nfinite nell

apply transfer

by (metis (full-types) lbutlast-lfinite lbutlast-not-lfinite Ilfinite-LNil lfinite-code(2))

lemma nlength-nbutlast [simpl:

nlength (nbutlast nell) = epred (nlength nell)
apply transfer
by (simp, simp add: epred-llength)

lemma nbutlast-nappend:
nbutlast (nappend nellx nelly) =
(if is-NNil nelly then nellx else nappend nellz (nbutlast nelly))
apply transfer
by simp
(metis lbutlast-lappend lbutlast-snoc lhd-LCons-Itl Inull-def)

lemma nappend-nbutlast-nlast-id-nfinite:
assumes nfinite nellx
—is-NNil nellzx

shows (nappend (nbutlast nellz) (NNil (nlast nellz))) = nellx
using assms
apply transfer
by simp

(metis lhd-LCons-ltl llist.collapse(1))

lemma nappend-nbutlast-nlast-id-not-nfinite:
assumes —nfinite nellr
- i5-NNil nellz

shows (nappend (nbutlast nellz) (NNil (nlast nellz))) = nellx
using assms
apply transfer
by simp

(metis lappend-inf lbutlast.disc-iff (2) lbutlast-snoc)

lemma nappend-nbutlast-nlast-id [simp]:
shows - is-NNil nell = (nappend (nbutlast nell) (NNil (nlast nell))) = nell
using nappend-nbutlast-nlast-id-nfinite nappend-nbutlast-nlast-id-not-nfinite by blast

lemma nbutlast-eq-NNil-conv:
nbutlast nell = (NNil (nfirst nell)) <—
nell= (NNil (nfirst nell)) V (z. nell = (NCons x (NNil (nlast nell))))
apply transfer
by (auto simp add: llist.expand lbutlast-not-Ilfinite )
(metis lhd-LCons-ltl llast-LCons,
metis eq-LConsD lbutlast-eq-LNil-conv lbutlast-ltl lhd-LCons-ltl llast-LCons2 llast-singleton,
simp add: eq-LConsD,
simp add: eq-LConsD lbutlast-eq-L Cons-conv,
metis Ifinite-LINil Ifinite-1tl llist.collapse(1))
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lemma nbutlast-eq-NCons-conv:
nbutlast nell = (NCons x ys) <—
nell = (NCons x (nappend ys (NNil (nlast nell))))
apply transfer
by (auto simp add: eq-LConsD lbutlast-eq-LCons-conv llast-linfinite)

lemma nbutlast-conv-ntake:
nbutlast nell = ntake (epred (nlength nell)) nell

apply transfer

by simp

(metis co.enat.exhaust-sel ilell iless-eSucO lappend-lbutlast-llast-id lappend-Inulll
Ibutlast.disc-iff (2) lbutlast-conv-ltake llength-eq-0 llength-lbutlast ltake-all)

lemma nmap-nbutlast:
nmap f (nbutlast nell) = nbutlast (nmap f nell)
apply transfer
by simp
(metis Ifinite-1tl llast-Imap Imap-lbutlast Inull-imp-Ifinite)

lemma snocs-eq-iff-nbutlast:
nappend nell (NNil x) = nelll +—
(( nfinite nelll N = is-NNil nelll N\ nbutlast nelll = nell A nlast nelll = z)
V (= nfinite nelll A nbutlast nell = nelll))
by (metis is-NNil-nappend nappend-inf nappend-nbutlast-nlast-id nbutlast-nfinite nbutlast-snoc
nlast-NNil nlast-nappend)

lemma in-nset-nbutlastD:
z € nset(nbutlast nell) = x € nset nell
by (metis in-nset-snocn-iff nappend-nbutlast-nlast-id-nfinite nappend-snocn nbutlast-NNil
nbutlast-not-nfinite nellist.collapse(1))

lemma in-nset-nbutlast-nappendl:
z € nset (nbutlast nell) V (nfinite nell A = is-NNil nelll A\ z € nset(nbutlast nelll)) =
z € nset (nbutlast (nappend nell nelll))

unfolding nbutlast-nappend

by (metis (full-types) Un-iff in-nset-nbutlastD nset-nappend)

lemma nnth-nbutlast:

assumes n < nlength(nbutlast nell)

shows  nnth (nbutlast nell) n = nnth nell n

by (metis assms nappend-nbutlast-nlast-id-nfinite nbutlast-eq- NNil-conv nbutlast-not-nfinite
ndropn-is-NNil ndropn-nfirst nellist.collapse(1) nnth-nappendl nnth-nlast)

1.3.4 nsubn

lemma nsubn-def1:
nsubn nell i j = ntaken (j—1i) (ndropn i nell)
apply transfer
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unfolding lsubc-def

by auto
(metis co.enat.exhaust-sel dual-order.refl enat-ile iless-Suc-eq leD llength-eq-0
metis eSuc-enat enat-the-enat infinity-ileE ldrop-enat min.coboundedl)

lemma nsubn-same:

shows nsubn nell k k = (NNil (nnth nell k))
unfolding nsubn-def1

by (simp add: ndropn-nfirst)

lemma nsubn-nlength;:
nlength(nsubn nell ¢ j) = min (j—1i) (nlength nell — 7)
by (simp add: nsubn-def1)

lemma nsubn-nlength-gr-one:
assumes k<n
n < nlength nell
shows 0< nlength (nsubn nell k n)
using assms
unfolding nsubn-nlength
by (metis enat-minus-monol enat-ord-simps(2) idiff-enat-enat min-def zero-enat-def zero-less-diff)

lemma nsubn-nfinite:
shows nfinite (nsubn nell k n)
by (simp add: nsubn-def1)

lemma nsubn-nnth:

shows nnth (nsubn nell i j) k = nnth nell (i + min k (j — 7))

unfolding nsubn-defl

using ntaken-nnth[of j—i (ndropn i nell) k| ndropn-nnth[of i nell (min k (j — 7))]
by simp

lemma ntaken-ndropn:
ntaken n (ndropn k nell) = nsubn nell k (n+k)
by (simp add: nsubn-def1)

lemma ntaken-ndropn-nfirst:
nfirst (ntaken n (ndropn k nell)) = nnth nell k
by (metis min-0L ndropn-nfirst ntaken-0 ntaken-ntaken nlast-NNil)

lemma ntaken-ndropn-nfirst-a:
nfirst (ntaken n (ndropn k nell)) = nfirst(ndropn k nell)
by (simp add: ndropn-nfirst ntaken-ndropn-nfirst)

lemma ntaken-ndropn-nlast:

nlast(ntaken n (ndropn k nell)) = nnth nell (n+k)
by (simp add: add.commute ntaken-nlast)
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lemma nsubn-nfirst:
nfirst (nsubn nell i j) = nnth nell i
by (simp add: nsubn-def1 ntaken-ndropn-nfirst)

lemma nsubn-nlast:
nlast (nsubn nell i j) = nnth nell (j — i + 1)
by ( simp add: nsubn-def1 ntaken-ndropn-nlast)

lemma nsubn-ndropn:

assumes <j

shows nsubn nell (i+k) (j+k) = nsubn (ndropn k nell) i j
using assms

by (simp add: add.commute ndropn-ndropn nsubn-def1)

lemma pref-ntaken-3:
(ntaken i (ntaken (i+k) nell)) = (ntaken i nell)
by (metis le-add1 min.orderE ntaken-ntaken)

lemma ntaken-ndropn-swap-nlength:
assumes ia+ ¢ < nlength nell
shows nlength (ntaken ia (ndropn i nell)) = nlength (ndropn i (ntaken (ia+1) nell))
using assms ndropn-nlength[of i (ntaken (ia+1i) nell)] ntaken-nlength[of ia (ndropn i nell) ]
by auto

(metis add-diff-cancel-right’ enat-minus-monol idiff-enat-enat min.orderE)

lemma ntaken-ndropn-swap-nnth:
assumes m < ia
ia+ ¢ < nlength nell
shows nnth (ntaken ia (ndropn i nell)) m = nnth (ndropn i (ntaken (ia+i) nell)) m
using assms
by (simp add: ntaken-nnth)

lemma nellist-eq-nnth-eq:

(nellx = nelly) «<— nlength nelle = nlength nelly A (V i < nlength nellx. nnth nellz i = nnth nelly i)
by transfer

(metis co.enat.exhaust-sel iless-Suc-eq llength-eq-0 llist-eq-Inth-eq min-absorbl1 the-enat.simps)

lemma ntaken-ndropn-swap:

assumes ta+ ¢ < nlength nell

shows (ntaken ia (ndropn i nell)) = (ndropn i (ntaken (ia+17) nell))

using assms nellist-eq-nnth-eq[of (ntaken ia (ndropn i nell)) (ndropn i (ntaken (ia+1i) nell))]
using ntaken-ndropn-swap-nlength

using ntaken-ndropn-swap-nnth by fastforce

lemma ntaken-nsubn:
assumes n < nlength nell
m+ k< n
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shows ntaken m (nsubn nell k n) = nsubn nell k (m+k)
using assms

unfolding nsubn-def1

by simp

lemma ndropn-nsubn:
assumes n < nlength nell
m+ k< n

shows ndropn m (nsubn nell k n) = nsubn nell (m~+k) n
proof —
have I: ntaken (n—Fk) (ndropn k nell) = ndropn k (ntaken n nell)

by (metis add-leD2 assms(1) assms(2) diff-add ntaken-ndropn-swap plus-enat-simps(1))
have 2: ndropn m (ndropn k (ntaken n nell)) =

ndropn (m +k) (ntaken n nell)

by (simp add: add.commute ndropn-ndropn)
show ?thesis unfolding nsubn-def1 using 1 2
by (simp add: assms(1) assms(2) ntaken-ndropn-swap)
qed

lemma ntl-nsubn:
assumes n < nlength nell
kEk<n
shows ntl(nsubn nell k n) = (if n=Fk then (NNil (nnth nell k)) else nsubn (ntl nell) k (n—1))
using assms unfolding nsubn-def1
using ntl-ntaken|of n—k ndropn k nell | ntl-ndropn[of k nell]
by (metis diff-diff-cancel diff-right-commute diff-zero nellist.sel(4) nsubn-defl nsubn-same)

lemma nsubn-nsubn:
assumes nl < n2
n0 < n4
n2 < ng—nl
ng < nd
ng < nlength nell
shows  (nsubn (nsubn nell n0 n3) n1 n2 ) = (nsubn (nsubn nell n0 n4) nl n2)
proof —
have 1: nlength(nsubn nell n0 n8 ) = n3 —n0
using assms by (metis enat-minus-monol idiff-enat-enat min.orderE nsubn-nlength)
have 2: nlength (nsubn (nsubn nell n0 n3 ) ni1 n2 ) = n2 —nl
using assms
by (metis Nat.le-diff-conv2 enat-minus-monol enat-ord-simps(1) idiff-enat-enat le-trans
min.orderE nsubn-nlength)
have 3: nlength(nsubn nell n0 n4) = ng —n0
using assms nsubn-nlength[of nell n0 n4]
unfolding min-def
by (metis enat-minus-monol idiff-enat-enat min.coboundedll min.left-commute min-absorbl
min-enat-simps(1))
have 4: nlength (nsubn (nsubn nell n0 n4 ) nl n2 ) = n2 —nl
using assms
by (metis 3 enat-minus-monol enat-ord-simps(1) idiff-enat-enat min.orderE nsubn-nlength)
have 5: Ai. i< (n8 —n0) — (nnth (nsubn nell n0 n3 ) i ) = (nnth nell (n0+7))
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using assms by (simp add: nsubn-def1 ntaken-nnth)
have 6: Ai. i< (n2—-nl) —
(nnth (nsubn (nsubn nell n0 n3 ) n1 n2 ) i) = (nnth (nsubn nell n0 n3 ) (ni+17))
using assms by (simp add: Nat.le-diff-conv2 nsubn-nnth)
have 7: \i . i< (n2—nl) —
(nnth (nsubn (nsubn nell n0 n3 ) ni1 n2 ) i) = (nnth nell (n0+(ni+1i)))
using 5 6 assms by auto
have §: n0< n4 A n4d < nlength nell
using assms by (simp add: order-subst2)
have 9: Ai. i< (n4 —n0) — (nnth (nsubn nell n0 n4) i ) = (nnth nell (n0+1))
using 8 by (simp add: nsubn-defl ntaken-nnth)
have 10: \i. i< (n2—nl) —
(nnth (nsubn (nsubn nell n0 n4) n1 n2 ) i) = (nnth (nsubn nell n0 n4) (ni1+i))
by (simp add: nsubn-defl ntaken-nnth)
have 11: \i. i< (n2—nl) —
(nnth (nsubn (nsubn nell n0 n4) nl n2 ) i) = (nnth nell (n0 +(n1+17)))
by (metis 10 9 Nat.le-diff-conv2 add.commute assms(1) assms(3) le-trans)
have 12: \i. i< (n2—nl) —
(nnth (nsubn (nsubn nell n0 n3) n1 n2 ) i) = (nnth (nsubn (nsubn nell n0 n4) ni n2) i)
by (simp add: 11 7)
from 12 2 / show ?thesis
using nellist-eq-nnth-eq[of (nsubn (nsubn nell n0 n3) nl n2 ) (nsubn (nsubn nell n0 n4) nl n2 )]
enat-ord-simps(1) by presburger
qged

lemma nsubn-nsubn-1:
assumes nl < n2
nd < nd
n2 < nd8—nl
nd < nlength nell
shows (nsubn (nsubn nell n0 n8) n1 n2 ) = (nsubn nell (n0+n1) (n0+n2))
proof —
have 0: nlength(nsubn (nsubn nell n0 n3) n1 n2 ) = n2 — nl
using assms
by (metis enat-minus-monol idiff-enat-enat min.orderE nsubn-nlength of-nat-eg-enat of-nat-mono)
have 1: nlength(nsubn nell (n14+n0) (n2+n0)) = (n24+n0) —(ni+n0)
using assms nsubn-nlength[of nell (n1+n0) (n2+4n0)]
unfolding min-def
by (metis Nat.le-diff-conv2 dual-order.trans enat-minus-monol enat-ord-simps(1) idiff-enat-enat)
have 10: (n2+n0) —(nl+n0) = n2 —nl
using diff-cancel2 by blast
have 2: Ai. i< (n2—nl) —
(nnth (nsubn (nsubn nell n0 n3) n1 n2 ) i) = (nnth nell (n0+(ni+1i)))
using assms by (simp add: nsubn-nnth)
have 3: \i. i< (n2—nl) —
(nnth (nsubn nell (n0+nl1) (n0+n2)) i) = (nnth nell (n0+(ni+1)))
using assms by (metis 10 add.assoc add.commute min.orderE nsubn-nnth)
have /: A\i. i< (n2—nl) —
(nnth (nsubn (nsubn nell n0 n8) nl n2 ) i) = (nnth (nsubn nell (n0+nl1) (n0+n2)) i)
by (simp add: 2 3)
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show ?thesis using nellist-eq-nnth-eq[of (nsubn (nsubn nell n0 n3) n1 n2)
(nsubn nell (n0+nl1) (n0+n2))]

0104 1

by (metis add.commute enat-ord-simps(1))
qed

lemma nsubn-eq:
assumes n<m
m<nlength nellx
m<nlength nelly
Vi.n <jAj<m — nnth nellt j = nnth nelly j
shows nsubn nellt n m = nsubn nelly n m
proof —
have I: nlength (nsubn nellt n m) = nlength (nsubn nelly n m)
using assms by (metis enat-minus-monol min-def nsubn-nlength)
have 2: \j. j<nlength (nsubn nellt n m) — nnth (nsubn nellt n m) j = nnth (nsubn nelly n m) j
using assms by (simp add: Nat.le-diff-conv2 nsubn-nlength nsubn-nnth)
show “thesis
by (simp add: 1 2 nellist-eq-nnth-eq)
qged

1.3.5 nfuse

lemma nfuse-def1:

nfuse nellr nelly = (if is-NNil nelly then nellz else nappend nellr (ntl nelly))
apply transfer

unfolding [fuse-def by simp force

lemma nfuse-NCons-a:
nfuse (NCons z nellz) nelly = (NCons x (nfuse nellz nelly))
by (simp add: nfuse-defI)

lemma nfuse-NCons-b:
nfuse nellr (NCons y nelly) = nappend nellz nelly
by (simp add: nfuse-def1)

lemma nfuse-simps [simp]:
shows nhd-nfuse: nhd(nfuse nellx nelly) =
(if is-NNil nellx then
(if is-NNil nelly then nhd nellx else nlast nellx)
else nhd nellr)

and ntl-nfuse: ntl(nfuse nellz nelly) =
(if is-NNil nellx then
(if is-NNil nelly then ntl nellx else ntl nelly)
else (if is-NNil nelly then ntl nellx
else nappend (ntl nellz) (ntl nelly)))
by (simp-all add: nfuse-def1)

lemma nfuse-nbutlast:
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assumes nlast nellt = nfirst nelly
= 4s-NNil nellx
= is-NNil nelly
shows nfuse nellr nelly = nappend (nbutlast nellx) nelly
using assms
by (metis nappend-NCons nappend-NNil nappend-assoc nappend-nbutlast-nlast-id nappend-snocn
nellist.collapse(2) nellist.sel(3) nfuse-defl nhd-snocn)

lemma nfuse-nlength:
shows  nlength (nfuse nellx nelly) = (nlength nellr) + (nlength nelly)
unfolding nfuse-def1
by (cases nelly) (simp, simp add: eSuc-plus-1)

lemma nfuse-nnth:
assumes i< nlength (nfuse nellz nelly)
nlast nellr = nfirst nelly
shows (i < nlength nelle — nnth (nfuse nellz nelly) i = nnth nellz 7)
A
(nlength nellx < i N i< nlength (nfuse nellr nelly) —
nnth (nfuse nellz nelly) ¢ = nnth nelly (i — (the-enat (nlength nellx))))
unfolding nfuse-def!
by (cases nelly)
(auto simp add: nnth-nappend,
metis Suc-diff-Suc enat-iless enat-ord-simps(2) ndropn-Suc-NCons ndropn-nfirst the-enat.simps)

lemma nfuse-nnth-a:
assumes j < nlength nelly
nlast nelle = nfirst nelly
nfinite nellx
shows  nnth (nfuse nellz nelly) ((the-enat(nlength nellz)) +j) = (nnth nelly j)
using assms unfolding nfuse-def1
by (cases is-NNil nelly)
(simp-all,
metis assms(2) assms(8) is-NNil-def is-NNil-imp-nfinite ndropn-nlast ndropn-nfirst
ndropn-nnth nnth-NNil,
metis enat-le-plus-same(2) gen-nlength-def nappend-NNil ndropn-nlast ndropn-nappend?2
ndropn-nnth nellist.case-eq-if nellist.collapse(2) nfinite-nlength-enat nfirst-def
nlength-code the-enat.simps)

lemma nfuse-nappend:
assumes nlast nellt = nfirst nelly
shows  nfuse nellx nelly =
(if nfinite nellx then
(if is-NNil nellz then nelly else nappend (ntaken (the-enat(epred(nlength nellz))) nellx) nelly)
else nellr)
proof (cases nelly)
case (NNil z1)
then show ?thesis
proof (cases nfinite nellx)
case True
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then show ?thesis

proof (cases nellz)

case (NNil z1)

then show ?thesis using assms
by (simp add: nfuse-def1)

(metis nappend-snocn nellist.collapse(1) nellist.collapse(2) nhd-nappend nhd-snocn)

next

case (NCons 121 222)

then show ?thesis unfolding nfuse-defl using assms NNil NCons True
by (auto simp add: nfirst-def)

(metis True add-diff-cancel-left’ assms eSuc-enat ndropn-nfirst ndropn-nlast
nellist-split-2-last nfinite-nlength-enat nlast-NCons nlength-NCons plus-1-eq-Suc
the-enat.simps zero-less-Suc)

ged

next

case Fulse

then show ?thesis

by (simp add: NNil nfuse-def1)

qed

next

case (NCons 121 222)

then show ?thesis

proof (cases nfinite nellx)

case True

then show ¢thesis
unfolding nfuse-def1
proof auto

show is-NNil nelly = is-NNil nellt = nellx = nelly
by (simp add: NCons)

show nfinite nelly = is-NNil nelly = — is-NNil nellr =

nellr = nappend (ntaken (the-enat (epred (nlength nellx))) nellz) nelly
using assms NCons True by simp

show — is-NNil nelly = is-NNil nellt = nappend nellz (ntl nelly) = nelly

using assms NCons True

by (metis nappend-NNil nellist.collapse(1) nellist.sel(5) nnth-0 ntaken-0 ntaken-nlast)

show nfinite nelle = — is-NNil nelly = — is-NNil nelly —

nappend nellr (ntl nelly) = nappend (ntaken (the-enat (epred (nlength nellx))) nellr) nelly

using assms NCons True
by (cases nellx)
( auto,

metis True add-diff-cancel-left’ eSuc-enat nappend-NCons nappend-NNil nappend-assoc

ndropn-eq-NNil ndropn-nlast nellist.sel(5) nellist-split-2-last nfinite-nlength-enat
nlast-NNil nlast-ntl nlength-NCons nnth-0 ntaken-nlast ntl-ntaken-0 plus-1-eq-Suc
the-enat.simps zero-less-Suc)
qed

next

case Fulse

then show ?thesis

by (simp add: nappend-inf nfuse-def1)

qed
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qed

lemma nfuse-leftneutral :
nfuse (NNil (nfirst nell)) nell = nell
by (simp add: nfuse-nappend)

lemma nfuse-rightneutral :

nfuse nell (NNil (nlast nell)) = nell
unfolding nfuse-def
by simp

lemma nfirst-nfuse :

assumes nlast nellr = nfirst nelly

shows  nfirst (nfuse nellr nelly) = nfirst nellx
using assms unfolding nfuse-defl by transfer auto

lemma nlast-nfuse :
assumes nlast nellr = nfirst nelly
nfinite nellx
shows  nlast (nfuse nellx nelly) = nlast nelly
using assms unfolding nfuse-defl by transfer (auto, metis lhd-LCons-ltl llast-LCons llast-lappend)

lemma nfuseassoc :

shows  (nfuse nellr (nfuse nelly nellz)) = (nfuse (nfuse nellz nelly) nellz)
unfolding nfuse-def1

by transfer (auto simp add: lappend-assoc, simp add: lappend-Itl)

lemma ntaken-nfuse :

assumes nlast nellt = nfirst nelly

nfinite nellx

shows  (ntaken (the-enat (nlength nellr)) (nfuse nellz nelly)) = nellx
proof (cases is-NNil nelly)
case True
then show ?thesis using assms by (metis ndropn-eq-NNil ndropn-nlast nfuse-def1 ntaken-all)
next
case Fulse
then show ?thesis using assms
by (metis add.left-neutral enat-le-plus-same(2) nfinite-nlength-enat nfuse-defl ntaken-all

ntaken-nappendl the-enat.simps)

qed

lemma ndropn-nfuse :
assumes nlast nellt = nfirst nelly
nfinite nellx
shows  (ndropn (the-enat (nlength nellx)) (nfuse nellx nelly)) = nelly
proof (cases is-NNil nelly)
case True
then show ?thesis using assms by (metis ndropn-nlast nfuse-def1 nfuse-leftneutral)
next
case Fulse
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then show ?thesis using assms

by (metis enat-le-plus-same(2) gen-nlength-def ndropn-nappend2 ndropn-nlast nfinite-nlength-enat
nfuse-def1 nfuse-leftneutral nlength-code the-enat.simps)

qed

lemma nfuse-ntaken-ndropn-nlength :

assumes n < nlength nell

shows nlength (nfuse (ntaken n nell) (ndropn n nell)) = nlength nell

using assms

by (metis dual-order.order-iff-strict enat-add-sub-same infinity-ileE less-eqE min.absorb1
ndropn-nlength nfuse-nlength ntaken-nlength)

lemma nfuse-ntaken-ndropn-nnth :
assumes n < nlength nell
1 < nlength nell
shows nnth (nfuse (ntaken n nell) (ndropn n nell)) i = nnth nell i
using assms
nfuse-nnth|of i (ntaken n nell) (ndropn n nell)]
nfuse-ntaken-ndropn-nlength[of n nell]
by (metis dual-order.strict-iff-order enat-ord-simps(1) le-add-diff-inverse min.orderE ndropn-nfirst
ndropn-nnth not-less ntaken-nlast ntaken-nlength ntaken-nnth the-enat.simps)

lemma nfuse-ntaken-ndropn:

assumes n< nlength nell

shows nfuse (ntaken n nell) (ndropn n nell) = nell

using assms

by (simp add: nfuse-ntaken-ndropn-nlength nfuse-ntaken-ndropn-nnth nellist-eq-nnth-eq)

lemma nfuse-nnth-var:
assumes enat i < nlength (nfuse nellx nelly)
nlast nellx = nfirst nelly
shows  (enat i < nlength nellt — nnth (nfuse nellx nelly) i = nnth nellx i) A
(nlength nellx < enat i A enat © < nlength (nfuse nellr nelly) —
nnth (nfuse nellz nelly) i = nnth nelly (i — the-enat (nlength nellz)))
using nfuse-nnth assms
by (metis cancel-comm-monoid-add-class.diff-cancel dual-order.strict-iff-order
ndropn-nfuse nlength-eq-enat-nfiniteD nnth-zero-ndropn the-enat.simps)

lemma nset-nfuse:
nset (nfuse nellr nelly) =
(if nfinite nellx then
(if is-NNil nelly then nset nellx else nset nellz U nset (ntl nelly))
else nset nellr)
by (simp add: nfuse-defl nset-nappend)

lemma nsubn-nfuse:
assumes (enat k) < n
(enat n) < m
(enat m) < nlength nell
shows nfuse (nsubn nell k n) (nsubn nell n m) = (nsubn nell k m)
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using assms
proof —
have 1: nlast(nsubn nell k n) = (nnth nell n)
by (metis assms(1) enat-ord-simps(1) le-add-diff-inverse2 nsubn-def1 ntaken-ndropn-nlast)
have 2: nfirst(nsubn nell n m) = (nnth nell n)
by (simp add: ndropn-nfirst nsubn-defl ntaken-ndropn-nfirst-a)
have 3: nlength (nsubn nell k n) = n —k
using assms nsubn-nlength[of nell k n]
by (metis dual-order.trans enat-minus-monol idiff-enat-enat min-absorb1)
have /: nlength (nsubn nelln m) = m —n
by (metis assms(3) enat-minus-monol idiff-enat-enat min-def nsubn-nlength)
have 5: nlength (nsubn nell k m) = m —k
by (metis assms(3) enat-minus-monol idiff-enat-enat min-absorbl nsubn-nlength)
have 6: nlength(nfuse (nsubn nell k n) (nsubn nell n m)) = nlength(nsubn nell k m)
unfolding nsubn-def
by (metis 3 4 5 Nat.add-diff-assoc2 assms(1) assms(2) enat-ord-simps(1) nfuse-nlength
nsubn-def ordered-cancel-comm-monoid-diff-class.add-diff-inverse plus-enat-simps(1))
have 7: (V i. i < nlength(nsubn nell k m) —
(nnth (nfuse (nsubn nell k n) (nsubn nell n m)) i) = (nnth nell (k+7)))
proof
fix ¢
show ¢ < nlength(nsubn nell k m) —
(nnth (nfuse (nsubn nell k n) (nsubn nell n . m)) i) = (nnth nell (k+1))
proof —
have 41: nlength (nsubn nell k m) = (m—k)
using 5 by blast
have 42: i < nlength (nsubn nell k m) — nnth (nfuse (nsubn nell k n) (nsubn nell n m)) i =
(if i < n —k then (nnth (nsubn nell k n) 7)
else (nnth (nsubn nell n m) (i—(n—k))))
by (simp add: 1 2 8 6 nfuse-nnth)
have 43: i < (m—k) — nnth (nfuse (nsubn nell k n) (nsubn nell n m)) i
(if i< (n—k) then (nnth nell (k+1)) else (nnth nell (n+(i—(n—k)))))
using assms 42 5 unfolding nsubn-def1
by (auto simp add: ntaken-nnth)
(metis enat-ord-simps(1) min.bounded-iff
metis enat-ord-simps(1) min.bounded-iff)
have /4: i < (m—k) — nnth (nfuse (nsubn nell k n) (nsubn nell n m)) i =
(nnth nell (k+1))
by (metis 43 Nat.diff-diff-right Nat.le-diff-conv2 add.commute assms(1) enat-ord-simps(1)
le-add-diff-inverse nat-le-linear)
show “thesis
by (simp add: 41 44)
qed
qged
have 8: (V 4. i < nlength(nsubn nell k m) — (nnth (nsubn nell k m) i) = (nnth nell (k+1i)))
using assms by (simp add: nsubn-defl ntaken-nnth)
show ?thesis
by (simp add: 6 7 8 nellist-eq-nnth-eq)
qed
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lemma nmap-nfuse:
nmap [ (nfuse nellr nelly) = nfuse (nmap f nellr) (nmap f nelly)
by (simp add: nfuse-defl nmap-nappend-distrib)

lemma nzip-nfuse:
assumes nlength o1 = nlength [1
nlength o2 = nlength 12
nfirst 02 = nlast o1
nfinite o1
nfirst 12 = nlast 11
shows (nzip (nfuse o1 02) (nfuse U1 12)) = nfuse (nzip o1 11) (nzip 02 12)
using assms
apply transfer
by (simp add: epred-inject lfuse-def lzip-lappend)

1.3.6 nridx and nidx

lemma nridz-nidz:

nride (<) nell = nidz nell
apply transfer

by (simp add: ridz-lidz)

lemma nridz-expand:
nride R nell «<— (Vi. (Suc i) < nlength nell — R (nnth nell i) (nnth nell (Suc 7)))
by transfer
(auto simp add: min-def Suc-ile-eq,
metis co.enat.exhaust-sel eSuc-enat ilell iless-Suc-eq llength-eq-0 ridx-def,
metis Extended-Nat.eSuc-mono co.enat.exhaust-sel eSuc-enat llength-eq-0 order-le-less ridz-def)

lemma nidz-expand:
nidz nell «<— (Vi. (Suc ©) < nlength nell — nnth nell i < nnth nell (Suc 7))
using nridz-nidx nridz-expand by blast

lemma nridz-NCons:

nride R (NCons z nell) «—

(Vn. (Suc n) < eSuc (nlength nell) — R (nnth (NCons z nell) n) (nnth (NCons z nell) (Suc n)))
using nridz-expand[of R (NCons z nell)]
by auto

lemma nidz-NCons:

nidx (NCons z nell) <—

(Vn. (Suc n) < eSuc (nlength nell) — (nnth (NCons x nell) n) < (nnth (NCons z nell) (Suc n)))
using nridz-NCons|of (<) z nell] nride-nidz by blast

lemma nridxz-LCons-conv:

(Vn. (Suc n) < eSuc (nlength nell) — R (nnth (NCons z nell) n) (nnth (NCons x nell) (Suc n))) <—
R z (nfirst nell) A
(Vn. 0<n A (Suc n) < (nlength nell) — R (nnth nell n) (nnth nell (Suc n)))

proof —
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have 1: (Vn. (Suc n) < eSuc (nlength nell) — R (nnth (NCons x nell) n) (nnth (NCons z nell) (Suc
n))) «—
(Vn. 0<n A (Suc n) < eSuc (nlength nell) — R (nnth (NCons x nell) n) (nnth (NCons x nell)
(Suc n)))
by blast
have 2: (Vn. 0<n A (Suc n) < eSuc (nlength nell) — R (nnth (NCons z nell) n) (nnth (NCons z nell)
(Suc n))) +—
R x (nfirst nell) A
(Vn. 1<n A (Suc n) < eSuc (nlength nell) — R (nnth (NCons z nell) n) (nnth (NCons z nell)
(Suc n)))
by (metis 1 One-nat-def add-diff-cancel-left’ eSuc-ile-mono enat-le-plus-same(1) gen-nlength-def le-SucE
le-add1
ndropn-Suc-NCons ndropn-nfirst ndropn-nfuse nfuse-leftneutral nlast-NNil nlength-NNil nlength-code
nlength-eq-enat-nfiniteD nnth-0 one-eSuc one-enat-def plus-1-eq-Suc the-enat-0 zero-enat-def)
have 3: R x (nfirst nell) A
(Vn. 1<n A (Suc n) < eSuc (nlength nell) — R (nnth (NCons z nell) n) (nnth (NCons z nell)
(Suc n))) «—
R z (nfirst nell) A
(Vn. 1<n A (n) < (nlength nell) — R (nnth (NCons x nell) n) (nnth (NCons z nell) (Suc n)))
by (metis eSuc-enat eSuc-ile-mono)
have /: R z (nfirst nell) A
(Vn. 1<n A (n) < (nlength nell) — R (nnth (NCons z nell) n) (nnth (NCons x nell) (Suc n)))
—
R z (nfirst nell) A
(Vn. 0<(n—1) A (Suc(n—1)) < (nlength nell) — R (nnth nell (n—1)) (nnth nell (Suc (n—1))))
by (metis add.commute add.right-neutral diff-add le-add1 nnth-Suc-NCons plus-1-eq-Suc)
have 5: R z (nfirst nell) A
(Vn. 0<(n—1) A (Suc(n—1)) < (nlength nell) — R (nnth nell (n—1)) (nnth nell (Suc (n—1))))
—
R x (nfirst nell) A
(Vn. 0<n A (Suc n) < (nlength nell) — R (nnth nell n) (nnth nell (Suc n)))
by (metis diff-Suc-1)
show “thesis
using 1 2 8 4 5 by presburger
qed

lemma nidz-LCons-conv:

(Vn. (Suc n) < eSuc (nlength nell) — (nnth (NCons z nell) n) < (nnth (NCons = nell) (Suc n))) «—
x < (nfirst nell) N
(Vn. 0<n A (Suc n) < (nlength nell) — (nnth nell n) < (nnth nell (Suc n)))

by (metis nridz-LCons-conv)

lemma nridz-LCons-1 [simpl:
nride R (NCons x nell) «<— ( R x (nfirst nell) A nride R nell )

by (metis nridz-LCons-conv nridz-NCons nridz-expand zero-le)
lemma nidz-LCons-1 [simp]:

nidez (NCons z nell) «— ( x < (nfirst nell) A nidz nell )
by (metis nride-LCons-1 nridz-nidz)
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lemma nridx-less:
assumes nridz R nell
Suc(n+k) < nlength nell
transp R
shows R (nnth nell n) (nnth nell (Suc(n+k)))
using assms
proof (induct k)
case (
then show Zcase
by (simp add: nridz-expand)
next
case (Suc k)
then show ?case
by (metis add-Suc-right dual-order.trans eSuc-enat ile-eSuc nridz-expand transpE)
qed

lemma nidz-less:
assumes nidx nell
Suc(n+k) < nlength nell
shows  nnth nell n < nnth nell (Suc(n+k))
using assms
by (simp add: nridz-less nridz-nidz)

lemma nridz-less-eq:
assumes nridz R nell
k<
j < nlength nell
transp R
reflp R
shows R (nnth nell k) (nnth nell j)
proof (cases k=j)
case True
then show ?thesis using assms by (meson reflpE)
next
case Fulse
then show ?thesis using assms
by (metis (full-types) Suc-diff-Suc add.left-commute le-add-diff-inverse nridx-less order-neq-le-trans
plus-1-eq-Suc)
qed

lemma nidx-less-eq:
assumes nidr nell
k<j
j < nlength nell
shows  (nnth nell k) < (nnth nell j)
using assms
by (metis Orderings.order-eq-iff antisym-conv2 less-iff-Suc-add nidz-less order.strict-implies-order)

lemma nridz-less-last:
assumes nride R nell
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Suc i < k
nlength nell = (enat k)
transp R
shows R (nnth nell i) (nnth nell (k—1))
using assms less-imp-Suc-add nridz-less by fastforce

lemma nidz-less-last:
assumes nidzr nell
Suc i < k
nlength nell = (enat k)
shows  nnth nell i < nnth nell (k—1)
using assms less-imp-Suc-add nidz-less by fastforce

lemma nidz-less-last-1:
assumes nidz nell
i<nlength nell
nlength nell = (enat k)
shows  nnth nell i < nnth nell (k)
using assms
by (metis enat-ord-simps(2) less-imp-Suc-add linorder-le-cases nridz-less nridz-nidz transp-on-less)

lemma nridz-gr-first:
assumes nridz R nell
0<i
i < nlength nell
transp R
shows R (nnth nell 0) (nnth nell 7)
using assms nridz-less[of R nell 0 i—1] by simp

lemma nidz-gr-first:
assumes nidx nell

0<i

1 < nlength nell
shows  (nnth nell 0) < nnth nell i
using assms nidz-less[of nell 0 i—1]
by simp

lemma nridz-ntake-a:
assumes nride R nell
n < nlength nell
shows nride R (ntake n nell)
using assms
by transfer
(metis co.enat.exhaust-sel eSuc-ile-mono llength-eq-0 ridz-ltake-a)

lemma nidz-ntake-a:

assumes nidx nell
n < nlength nell
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shows nidz (ntake n nell)
using assms
using nridz-ntake-a nridz-nide by blast

lemma nridz-nappend-nfinite:
assumes nfinite nelll
shows  nride R (nappend nelll nell2) «—
nride R nelll A (R (nlast nelll) (nfirst nell2)) N nride R nell2
using assms
by transfer
(simp add: ridz-lappend-lfinite)

lemma nidz-nappend-nfinite:
assumes nfinite nelll
shows  nidx (nappend nelll nell2) +—
nidr nelll A ( (nlast nelll) < (nfirst nell2)) A nidz nell2
using assms
by (metis nridz-nappend-nfinite nridz-nidz)

lemma nidz-nfuse:
assumes nfinite nelll
nidz nelll
nnth nelll 0 = 0
nidz nell2
nnth nell2 0 = nlast nelll
shows nidz (nfuse nelll nell2)
using assms
proof (cases is-NNil nell2)
case True
then show ?thesis unfolding nfuse-def1
by (simp add: assms(2))
next
case Fulse
then show “thesis
proof —
have I: nlast nelll = nfirst nell2
by (metis assms(5) ndropn-0 ndropn-nfirst)
have 2: nidz (ntl nell2)
by (metis False assms(4) eSuc-enat ilell iless-Suc-eq nellist.collapse(2) nidz-expand
nlength-NCons nnth-ntl)
have 3: nlast nelll < nfirst(ntl nell2)
by (metis False assms(4) assms(5) eSuc-enat ilell iless-Suc-eq ndropn-0 ndropn-nfirst
nellist.collapse(2) nhd-conv-nnth nidz-expand nlength-NCons nnth-ntl zero-enat-def zero-le)
have /: nidz (nappend nelll (ntl nell2))
by (simp add: 2 3 assms(1) assms(2) nidz-nappend-nfinite)
show ?thesis using Fulse unfolding nfuse-def!
using 4 by auto
qed
qed

217



lemma nridz-ndropn:
assumes nridr R nell
n < nlength nell
shows nride R (ndropn n nell)
using assms
by transfer
(metis co.enat.exhaust-sel iless-Suc-eq ldrop-enat llength-eq-0 min.orderE nless-le
ridz-ldrop the-enat.simps)

lemma nidx-ndropn:
assumes nidz nell
n < nlength nell
shows nidz (ndropn n nell)
using assms
using nridz-ndropn nridz-nidx by blast

lemma nridz-ntake-all:
assumes An. n< nlength nell = nridz R (ntake (enat n) nell)
shows nride R nell
using assms
by (auto simp add: nridz-expand)
(metis Suc-ile-eq linorder-le-cases ntake-nnth ntake-nnth order-less-imp-le )

lemma nidz-ntake-all:

assumes An. n< nlength nell = nidz (ntake (enat n) nell)
shows nidz nell

using assms

using nridz-nidx nridz-ntake-all by blast

lemma nridz-ntake:
assumes nride R (ntake n nell)
n < nlength nell
kEk<n
shows nride R (ntake (enat k) nell)
using assms
using nridz-ntake-a by fastforce

lemma nidz-ntake:
assumes nidz (ntake n nell)
n < nlength nell
kEk<mn
shows nidz (ntake (enat k) nell)
using assms
using nridz-nidx nridz-ntake by blast

lemma nidz-imp-ndistinct:
assumes nidr nell
shows ndistinct nell
using assms
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apply transfer
using lidz-imp-ldistinct by auto

lemma ndistinct-FExl:
assumes ndistinct nell
z € nset nell
shows  3!i. i < nlength nell A (nnth nell i) = x
using assms
by transfer
(auto,
metis co.enat.exhaust-sel iless-Suc-eq ldistinct-FExl llength-eq-0 min.orderE the-enat.simps,
metis co.enat.exhaust-sel iless-Suc-eq ldistinct-conv-Inth llength-eq-0)

lemma nidz-nset-eq:
assumes nidz nellx
nidx nelly
nset nellr = nset nelly
shows nellr = nelly
using assms
by transfer
(simp add: bi-unique-cr-nellist-help lidz-lset-eq nidx.rep-eq)

lemma nridz-nfuse-nfirst-nlast:
assumes nride R nelll
(nnth nelll 0) = (0::nat)
nride R nell2
(nnth nell2 0 ) = 0
nfinite nelll
nfinite nell
nlast nelll = cp
shows nlast nelll = nfirst(nmap (A\z. z+cp) nell2)
using assms
by (metis add.commute add.right-neutral ndropn-0 ndropn-nfirst nnth-nmap zero-enat-def zero-le)

lemma nidz-nfuse-nfirst-nlast:
assumes nidr nelll
(nnth nelll 0) = (0::nat)
nidx nell2
(nnth nell2 0) = 0
nfinite nelll
nfinite nell
nlast nelll = cp
shows nlast nelll = nfirst(nmap (Az. x+cp) nell2)
using assms
by (metis add.commute add.right-neutral ndropn-0 ndropn-nfirst nnth-nmap zero-enat-def zero-le)

lemma nridx-nfuse-nnth-cp:

assumes nridr R nelll
(nnth nelll 0) = 0
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nridez R nell2
(nnth nell2 0) = 0
nfinite nelll
nfinite nell2
nfinite nell
nlast nelll = cp
nlast nell2 = the-enat((nlength nell)) — cp
i < (nlength nell2)
cp < nlength nell
shows nnth (nfuse nelll (nmap (Az. x+cp) nell2)) (the-enat((nlength nelll)) + i) = cp + (nnth nell2 7)
proof —
have 1: nlast nelll = nfirst (nmap (A\z. x+cp) nell2)
by (metis add-0 assms(4) assms(8) ndropn-0 ndropn-nfirst nnth-nmap zero-enat-def zero-le)
have 2: nnth (nfuse nelll (nmap (Az. x+cp) nell2)) (the-enat((nlength nelll)) + i) =
nnth (nmap (\z. z+cp) nell2) i
by (simp add: 1 assms nfuse-nnth-a)
have 3: nnth (nmap (Az. z+cp) nell2) i = cp + (nnth nell2 i)
by (simp add: assms)
show “thesis
by (simp add: 2 3)
qed

lemma nidz-nfuse-nnth-cp:
assumes nidr nelll
(nnth nelll 0) = 0
nidr nell2
(nnth nell2 0) = 0
nfinite nelll
nfinite nell2
nfinite nell
nlast nelll = cp
nlast nell2 = the-enat((nlength nell)) — cp
i < (nlength nell2)
cp < nlength nell
shows nnth (nfuse nelll (nmap (Az. z+cp) nell2)) (the-enat((nlength nelll)) + i) = cp + (nnth nell2 7)
using assms nridz-nfuse-nnth-cp nridz-nidez by blast

lemma nridz-nfuse-nnth-cp-a:
assumes nride R nelll
(nnth nelll 0) = (0::nat)
nridr R nell2
(nnth nell2 0) = 0
nfinite nelll
nfinite nell2
nfinite nell
nlast nelll = cp
nlast nell2 = the-enat((nlength nell)) — cp
i < ((nlength nelll)) + (nlength neli2)
the-enat((nlength nelll)) < i
cp < nlength nell
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shows nnth (nfuse nelll (nmap (Az. x+cp) nell2)) (i) = cp + (nnth nell2 (i —the-enat((nlength nelll))))

proof —
have 1: i = (the-enat ( (nlength nelll)) + (i — the-enat ( (nlength nelll))))
by (simp add: assms)
have 2: enat ((i::nat) — the-enat ( (nlength nelll))) < nlength nell2
using assms
by (metis enat-add-sub-same enat-minus-monol enat-ord-simps(1)
idiff-enat-enat infinity-ileE nfinite-conv-nlength-enat the-enat.simps)
show ?Zthesis using 1 2 assms nridz-nfuse-nnth-cp|of R nelll nell2 nell cp (i — the-enat ( (nlength nelll)))]
by presburger
qed

lemma nidz-nfuse-nnth-cp-a:
assumes nidx nelll
(nnth nelll 0) = (0::nat)
nidr nell2
(nnth nell2 0 ) = 0
nfinite nelll
nfinite nell2
nfinite nell
nlast nelll = cp
nlast nell2 = the-enat((nlength nell)) — cp
i < ((nlength nelll)) + (nlength nell2)
the-enat((nlength nelll)) < i
cp < nlength nell
shows nnth (nfuse nelll (nmap (A\z. z+cp) nell2)) (i) = cp + (nnth nell2 (i —the-enat((nlength nelll))))

using assms nridz-nide nridz-nfuse-nnth-cp-a by blast

lemma nridz-nfuse-nnth-cp-nlast:
assumes nride R nelll
(nnth nelll 0) = 0
nride R nell2
(nnth nell2 0) = 0
nfinite nelll
nfinite nell2
nfinite nell
nlast nelll = cp
nlast nell2 = the-enat( (nlength nell)) — cp
i < (nlength nell2)
cp < nlength nell
shows nlast (nfuse nelll (nmap (Az. x+cp) nell2)) = (the-enat ((nlength nell)))
proof —
have 1: nlast (nfuse nelll (nmap (Az. z+cp) nell2)) = nlast (nmap (Az. x+cp) nell2)
using assms
by (metis add-0 ndropn-0 ndropn-nfirst nlast-nfuse nnth-nmap zero-enat-def zero-le)
have 2: nlast (nmap (Az. z+cp) nell2) = cp + (nlast nell2)
by (simp add: assms(6))
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have 3: c¢p + (nlast nell2) = (the-enat ((nlength nell)))
using assms
by (metis add.commute diff-add enat-ord-simps(1) nfinite-conv-nlength-enat the-enat.simps)
show %thesis
by (simp add: 1 3 add.commute assms(6))
qed

lemma nidz-nfuse-nnth-cp-nlast:
assumes nidr nelll
(nnth nelll 0) = 0
nidr nell2
(nnth nell2 0) = 0
nfinite nelll
nfinite nell2
nfinite nell
nlast nelll = cp
nlast nell2 = the-enat( (nlength nell)) — cp
i < (nlength nell2)
cp < nlength nell
shows nlast (nfuse nelll (nmap (Az. x+cp) nell2)) = (the-enat ((nlength nell)))
using assms nridz-nidz nridz-nfuse-nnth-cp-nlast by blast

lemma nridz-nfuse-nnth-cp-infinite:
assumes nride R nelll
(nnth nelll 0) = (0::nat)
nride R nell2
(nnth nell2 0) = 0
nfinite nelll
—nfinite nell2
—nfinite nell
nlast nelll = cp
shows nnth (nfuse nelll (nmap (Ax. x+cp) nell2)) (the-enat((nlength nelll)) + i) = cp + (nnth nell2 7)
proof —
have 1: nlast nelll = nfirst(nmap (Az. z+cp) nell2)
by (metis assms(1) assms(2) assms(3) assms(4) assms(5) assms(8) nridz-nfuse-nfirst-nlast)
have 2: nnth (nfuse nelll (nmap (Az. z+cp) nell2)) (the-enat((nlength nelll)) + 0) = nlast nelll
using assms by (metis 1 add.right-neutral ntaken-nfuse ntaken-nlast)
have 3: nfirst(nmap (A\z. x+cp) nell2) = cp + (nnth nell2 0)
using 1 assms by auto
have 8: i< (nlength nell2)
by (metis assms(6) enat-ile nfinite-conv-nlength-enat wlog-linorder-le)
have 10: (nlength nelll) < enat (the-enat ( (nlength nelll)) + (i::nat))
using assms(5) nfinite-nlength-enat by fastforce
have 11: enat (the-enat ( (nlength nelll)) + i) < nlength (nfuse nelll (nmap (Az::nat. © + cp) nell2))
by (metis 10 assms(6) enat-less-enat-plusI2 enat-ord-code(4) enat-the-enat leD nfuse-nlength
nlength-eq-enat-nfiniteD nlength-nmap order-less-imp-le)
have 12: (the-enat ( (nlength nelll)) + i — the-enat ((nlength nelll))) = i
by auto
have 4: nnth (nfuse nelll (nmap (Az. x+cp) nell2)) (the-enat((nlength nelll)) + i ) =
(nnth (nmap (Az. z+cp) nell2) i)
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by (simp add: 1 8 assms nfuse-nnth-a)

have 5: (nnth (nmap (Az. z+cp) nell2) i) = cp + (nnth nell2 i)
by (simp add: 8)

show %thesis

using 4 5 by presburger

qed

lemma nidz-nfuse-nnth-cp-infinite:
assumes nidx nelll
(nnth nelll 0) = 0
nidz nell2
(nnth nell2 0) = 0
nfinite nelll
—nfinite nell2
—nfinite nell
nlast nelll = cp
shows nnth (nfuse nelll (nmap (Ax. x+cp) nell2)) (the-enat((nlength nelll)) + i) = cp + (nnth nell2 7)
using assms nridx-nide nridz-nfuse-nnth-cp-infinite by blast

lemma nidz-nfuse-nidx:
assumes nidr nelll
nnth nelll 0 = 0
nidx nell2
nnth nell2 0 = 0
nfinite nelll
nlast nelll = cp
nfinite nell2
nfinite nell
nlast nell2 = the-enat((nlength nell)) —cp
cp < nlength nell
shows nidz (nfuse nelll (nmap (Az. z+ cp) nell2)) A (nnth (nfuse nelll (nmap (Az. z+ cp) nell2)) 0)
=0
proof —
have 1: nlast nelll = nfirst(nmap (Az. z+ cp) nell2)
using assms(1) assms(2) assms(3) assms(4) assms(5) assms(6) nidz-nfuse-nfirst-nlast by blast
have 2: nfirst (nfuse nelll (nmap (A\z. z+ cp) nell2)) = nfirst nelll
by (simp add: 1 nfirst-nfuse)
have 4: \j. j<nlength nelll = nnth (nfuse nelll (nmap (Az. z+ cp) nell2)) j= nnth nelll j
using assms by (simp add: 1 add-increasing2 nfuse-nlength nfuse-nnth)
have 40: 3 k1. nlength nelll = (enat k1)
by (simp add: assms(H) nfinite-nlength-enat)
obtain k! where 41: nlength nelll = (enat k1)
using 40 by blast
have 5: A\j. (nlength nelll) <j A j <(nlength nelll) + nlength nell2 —
nnth (nfuse nelll (nmap (Az. z+ cp) nell2)) j =
cp + (nnth nell2 (j— the-enat((nlength nelll))))
using assms nidz-nfuse-nnth-cp-alof nelll nell2 nell cp]
by (metis 41 enat-ord-simps(1) the-enat.simps)
have /5: \j. k1 <j A j < (enat (k1)) + nlength nell2 =
nnth (nfuse nelll (nmap (Ax. x+ cp) nell2)) j =
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cp + (nnth nell2 (j— (k1)))
by (simp add: 41 5 order-less-imp-le)
have 50: nlength(nfuse nelll (nmap (Az. z+ cp) nell2)) = (nlength nelll) + nlength nell2
by (simp add: nfuse-nlength)
have 51: \j. enat (Suc j) < nlength nelll =
(nnth (nfuse nelll (nmap (Az. x+ cp) nell2)) j) <
(nnth (nfuse nelll (nmap (Az. z+ cp) nell2)) (Suc j))
using 4 Suc-ile-eq assms(1) nidz-expand by auto
have 52: \j. k1 <j A (Suc j) < enat (k1) + nlength nell2 —
cp + (nnth nell2 (j— (k1)) <
cp + (nnth nell2 ((Suc j)— (k1)))
using assms(3) unfolding nidz-def
by (metis Nat.add-diff-assoc add-strict-left-mono assms(3) enat.simps(3) enat-add-sub-same
enat-minus-monol idiff-enat-enat nidz-expand plus-1-eq-Suc)
have 6: \j. enat (Suc j) < nlength(nfuse nelll (nmap (Az. xz+ cp) nell2)) =
(nnth (nfuse nelll (nmap (Az. z+ cp) nell2)) j) <
(nnth (nfuse nelll (nmap (Az. x+ cp) nell2)) (Suc j))
proof —
fix j
assume a: enat (Suc j) < nlength(nfuse nelll (nmap (A\z. z+ cp) nell2))
show (nnth (nfuse nelll (nmap (Az. z+ cp) nell2)) j) < (nnth (nfuse nelll (nmap (Az. x+ cp)
nell2)) (Suc 7))
proof —
have 61: enat (Suc j) < nlength nelll —
(nnth (nfuse nelll (nmap (Az. z+ cp) nell2)) j) < (nnth (nfuse nelll (nmap (Az. z+ cp) nell2))
(Suc 7))
using 51 by blast
have 62: k1 <j A (Suc j) < nlength(nfuse nelll (nmap (A\z. z+ cp) nell2)) =
(nnth (nfuse nelll (nmap (A\z. z+ cp) nell2)) j) < (nnth (nfuse nelll (nmap (Az. z+ cp) nell2))
(Suc j))
using 41 5 50 52 Suc-ile-eq by force
show ?thesis
using 41 61 62 a by fastforce
ged
qed
show ?thesis
unfolding nidz-expand
using 4 6 assms zero-enat-def by force
qed

lemma nidz-nfuse-nidz-infinite:
assumes nidr nelll
nnth nelll 0 = 0
nide nell2
nnth nell2 0 = 0
nfinite nelll
nlast nelll = cp
—nfinite nell2
—nfinite nell
shows nidr (nfuse nelll (nmap (Az. x+ cp) nell2)) A (nnth (nfuse nelll (nmap (Az. x+ cp) nell2)) 0)
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=0
proof —
have 1: nlast nelll = nfirst(nmap (Az. =+ cp) nell2)
by (metis add-0 assms(4) assms(6) assms(7) enat-le-plus-same(1) enat-le-plus-same(2) enat-the-enat
infinity-ileE ndropn-0 ndropn-nfirst nfinite-conv-nlength-enat nnth-nmap)
have 2: nfirst (nfuse nelll (nmap (Az. =+ cp) nell2)) = nfirst nelll
by (simp add: 1 nfirst-nfuse)
have /: \j. j<nlength nelll = nnth (nfuse nelll (nmap (A\z. z+ cp) nell2)) j= nnth nelll j
by (simp add: 1 add-increasing2 nfuse-nlength nfuse-nnth)
have 40: 3 k1. nlength nelll = (enat k1)
by (simp add: assms(5) nfinite-nlength-enat)
obtain k! where 41: nlength nelll = (enat k1)
using 40 by blast
have 5: A\j. (nlength nelll) <j A j < (nlength nelll) + nlength nell2 —
nnth (nfuse nelll (nmap (Az. z+ cp) nell2)) j =
cp + (nnth nell2 (j— the-enat((nlength nelll))))
using assms nidz-nfuse-nnth-cp-infinite[of nelll nell2 nell cp |
by (metis 41 enat-ord-simps(1) le-add-diff-inverse the-enat.simps)
have /5: \j. k1 <j A j < (enat (k1)) + nlength nell2 =
nnth (nfuse nelll (nmap (Az. x+ cp) nell2)) j =
cp + (nnth nell2 (j— (k1)))
using 41 5 enat-ord-simps(1) the-enat.simps by presburger
have 50: nlength(nfuse nelll (nmap (Az. z+ cp) nell2)) = (nlength nelll) + nlength nell2
by (simp add: nfuse-nlength)
have 51: A\j. enat (Suc j) < nlength nelll =
(nnth (nfuse nelll (nmap (Az. z+ cp) nell2)) j) <
(nnth (nfuse nelll (nmap (Az. z+ cp) nell2)) (Suc j))
using 4 Suc-ile-eq assms(1) nidx-expand by auto
have 52: \j. k1 <j A (Suc j) < enat (k1) + nlength nell2 =
cp + (nnth nell2 (j— (k1)) <
cp + (nnth nell2 ((Suc j)— (k1)))
by (metis Nat.add-diff-assoc add-strict-left-mono assms(3) enat.simps(3) enat-add-sub-same
enat-minus-monol idiff-enat-enat nidx-expand plus-1-eq-Suc)
have 53: \j. k1 <j A (Suc j) < enat (k1) + nlength nell2 =
nnth (nfuse nelll (nmap (Az. z+ cp) nell2)) j <
nnth (nfuse nelll (nmap (Az. z+ cp) nell2)) (Suc j)
by (metis 45 52 Suc-ile-eq nle-le not-less-eq-eq order-less-imp-le)
have 6: \j. enat (Suc j) < nlength(nfuse nelll (nmap (A\z. z+ cp) nell2)) =
(nnth (nfuse nelll (nmap (Az. x+ cp) nell2)) j) <
(nnth (nfuse nelll (nmap (Az. z+ cp) nell2)) (Suc j))
by (metis 41 50 51 53 enat-ord-simps(1) le-SucE linorder-le-cases)
show ?thesis unfolding nidz-expand
using 4 6 assms zero-enat-def by fastforce
qed

lemma nsubn-nfuse-nidx:
assumes nidz nl

nfinite nl

nfinite nell
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nlast nl = (nlength nell)
(Suc i) < (nlength nl)
shows  nfuse (nsubn nell (nnth nl i) (nnth nl (Suc ©))) (nsubn nell (nnth nl (Suc 7)) (nlast nl)) =
(nsubn nell (nnth nl ©) (nlast nl))
proof —
have 1: (nnth nl i) < (nnth nl (Suc 7))
by (simp add: assms(1) assms(5) nidz-less-eq)
have 2: nlast nl = (nnth nl (the-enat( (nlength nl))))
by (simp add: assms(2) nnth-nlast)
have 3: 1 < nlength nl
by (metis assms(5) dual-order.trans enat-0-iff (1) iless-Suc-eq le-zero-eq linorder-le-cases
nat.simps(3) one-eSuc order-neg-le-trans)
have 4: (nnth nl (Suc 7)) < (nlast nl)
by (metis 2 assms(1) assms(2) assms(5) dual-order.eq-iff enat-ord-simps(1)
nfinite-conv-nlength-enat nidz-less-eq the-enat.simps)
have 5: enat (nnth nl (Suc 7)) < nlength nell
by (metis 4 assms(4) enat-ord-simps(1))
have 6: nlast (nsubn nell (nnth nl i) (nnth nl (Suc ©))) = (nnth nell (nnth nl (Suc 7)))
by (simp add: 1 nsubn-defl ntaken-nlast)
have 7: nfirst (nsubn nell (nnth nl (Suc 7)) (nlast nl)) = (nnth nell (nnth nl (Suc 1))
by (simp add: nsubn-defl ntaken-ndropn-nfirst)
show ?thesis
by (simp add: 1 5 assms(4) nsubn-nfuse)
qged

lemma nidz-nfuse-split:
assumes nlast nelll = nfirst nell2
shows nride R (nfuse nelll nell2) +—
(if nfinite nelll then nridz R nelll A nride R nell2 else nridz R nelll)
proof (cases nfinite nelll)
case True
then show ?Zthesis
by (metis assms nappend-nbutlast-nlast-id nbutlast-nfinite nellist.collapse(2) nellist.disc(1)
nfuse-defl nfuse-leftneutral nhd-nfuse nlast-NNil nridz-LCons-1 nridz-nappend-nfinite)
next
case Fulse
then show ?thesis by (simp add: assms nfuse-nappend)
qed

lemma nidz-all-le-nlast:
assumes nidz nell
nfinite nell
i< nlength nell
shows nnth nell j < nlast nell
using assms
by (metis nfinite-conv-nlength-enat nidz-less-last-1 nnth-nlast order.order-iff-strict the-enat.simps)

lemma nidz-shiftm :
assumes nidr nell
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nnth nell 0 = k
shows  nidz (nmap (Az .z— k) nell) A nnth (nmap (Az .x— k) nell) 0 = 0 Ak < (nnth nell 0)
using assms zero-enat-def
by (auto simp add: nidz-expand )
(metis Suc-ile-eq add-diff-inverse-nat add-gr-0 assms(1) diff-less-mono nidz-gr-first
nnth-nmap order-less-imp-le zero-less-Suc zero-less-diff)

lemma nidz-nsubn:
assumes k<n
n < nlength nell
nidr nell
nnth nell 0 = 0
shows nidx (nsubn nell kn ) A nnth (nsubn nell kn ) 0 = (nnth nell k)
using assms unfolding nidz-expand nsubn-defl
by (auto simp add: ntaken-nnth)
(simp add: Nat.le-diff-conv2 add.commute order-subst2)

lemma nidz-ntaken-niterates-Suc:
nidz (ntaken n (niterates Suc 0))
proof —
have I1: nidz (ntaken n (niterates Suc 0)) =
(Vi::nat.
enat (Suc i) < nlength (ntaken n (niterates Suc (0::nat))) —
nnth (ntaken n (niterates Suc (0::nat))) i <
nnth (ntaken n (niterates Suc (0::nat))) (Suc 7))
unfolding nidz-expand by auto
have 2: (Vi:nat.
enat (Suc i) < nlength (ntaken n (niterates Suc (0::nat))) —
nnth (ntaken n (niterates Suc (0::nat))) i <
nnth (ntaken n (niterates Suc (0::nat))) (Suc 7))
proof
fix ¢
show enat (Suc i) < nlength (ntaken n (niterates Suc (0::nat))) —
nnth (ntaken n (niterates Suc (0::nat))) i <
nnth (ntaken n (niterates Suc (0::nat))) (Suc 7)
proof (induct i arbitrary: n)
case ()
then show “case
by (simp add: ntaken-nnth)
next
case (Suc 0)
then show ?Zcase by (simp add: ntaken-nnth)
qed
qed
show ?thesis
using 1 2 by fastforce
qed

lemma forall-nappend-single:
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assumes nfinite |
shows (V i< nlength (nappend | (NNil z)). P i (Suc i)) +—
(P (the-enat(nlength 1)) (Suc(the-enat(nlength 1))) A (V i< nlength . P i (Suc 1)))
proof (cases nlength | = 0)
case True
then show ?thesis using assms
by (metis enat-0-iff (1) gr-implies-not-zero iless-eSucO nappend-NNil
ndropn-0 ndropn-nlast nlength-NCons nlength-NNil the-enat-0)
next
case Fulse
then show ?thesis using assms
by (simp add: enat-the-enat nfinite-conv-nlength-enat)
(metis dual-order.order-iff-strict iless-Suc-eq plus-1-eSuc(2) the-enat.simps)
qed

lemma forall-ncons-split:
assumes nfinite |
shows (V1. enat i < nlength (NCons 0 1) —
P (nnth (NCons 01) i) (nnth (NCons 0 1) (Suc 7))) «—
P 0 (nnth 1 0) N
(Vi. enat © < nlength | —
P (nnth 1) (nnth | (Suc 7)))
using assms
by (auto simp add: zero-enat-def )
(metis nnth-0 zero-enat-def zero-le,
metis eSuc-enat ilell nnth-Suc-NCons,
metis Suc-ile-eq Suc-pred less-le-not-le nle-le nnth-0 nnth-Suc-NCons zero-le)

lemma forall-ncons-split-alt:
assumes —nfinite [
shows (Vi. enat i < nlength (NCons 01) —
P (nnth (NCons 01) i) (nnth (NCons 0 1) (Suc 7))) «—
P 0 (nnth 1 0) N
(Vi. enat © < nlength | —
P (nnth 1) (nnth 1 (Suc 7))
using assms
by auto
(metis nnth-0 zero-enat-def zero-le,
metis eSuc-enat ilell nnth-Suc-NCons,
metis Suc-ile-eq Suc-pred le-zero-eq less-le-not-le nle-le nnth-0 nnth-Suc-NCons)

lemma nidz-Ncons-shift:
assumes nfinite |
nide
shows nidx (NCons 0 (nmap (Az. z+ Suc ia) 1))
proof —
have 1: nidz (NCons 0 (nmap (Az. z+ Suc ia) 1)) <—
0 < nfirst (nmap (Az. z+ Suc ia) 1) A
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nidz (nmap (Az. z+ Suc ia) [)
by auto
have 2: 0 < nfirst (nmap (Az. z+ Suc ia) [)
by (metis Zero-not-Suc add-Suc-right bot-nat-0.not-eg-extremum enat-defs(1) ndropn-0
ndropn-nfirst nnth-nmap zero-le)
have 3: nidz (nmap (Az. z+ Suc ia) 1)
using nidz-expand Suc-ile-eq assms(2) by force
show ?thesis
using 2 3 by auto
qed

lemma nidz-Ncons-shift-alt:
assumes —nfinite |
nidx |
shows nidx (NCons 0 (nmap (Az. z+ Suc ia) 1))
proof —
have 1: nidz (NCons 0 (nmap (Az. z+ Suc ia) 1)) +—
0 < nfirst (nmap (Az. z+ Suc ia) 1) A
nidr (nmap (Az. z+ Suc ia) 1)
by auto
have 2: 0 < nfirst (nmap (Az. x+ Suc ia) I)
by (metis Zero-not-Suc add-Suc-right bot-nat-0.not-eq-extremum enat-defs(1) ndropn-0
ndropn-nfirst nnth-nmap zero-le)
have 3: nidz (nmap (Az. z+ Suc ia) 1)
using nidz-expand Suc-ile-eq assms(2) by force
show %thesis
using 2 3 by auto
qed

lemma infinite-nidz-imp-infinite-interval:
assumes — nfinite |
nidz
(nnth 1 0) = 0
Vi. (nnth 1 i) < nlength s
shows — nfinite s
proof
assume nfinite s
thus Fulse
using assms
proof (induct s rule: nfinite-induct)
case (NNil y)
then show “case
by (metis dual-order.antisym enat-ord-simps(1) linorder-linear nfinite-ntaken nidz-gr-first nlength-NNil
not-gr-zero ntaken-all zero-le zero-less-Suc)
next
case (NCons z nell)
then show ?Zcase
proof —
have 1: A\j. (nnth 1 j) < (nnth [ (Suc j))
by (metis assms(1) assms(2) linorder-le-cases nfinite-ntaken nidz-expand ntaken-all)
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have 2: Vi. enat (nnth [ i) < nlength (NCons z nell) => False
by (metis 1 NCons.hyps(2) assms(1) assms(2) assms(3) dual-order.strict-iff-order
enat-ord-simps(1) iless-Suc-eq linorder-not-le nlength-NCons)
show ?thesis
using 2 NCons.prems(4) by auto
qed
qed
qed

1.3.7 nlastnfirst

lemma nlastnfirst-def2:
nlastnfirst = llastlfirst o (Imap llist-of-nellist o llist-of-nellist)
by (simp add: map-fun-def nlastnfirst-def)

lemma nlastnfirst-NNil[simp]:
nlastnfirst (NNil x)

apply transfer

by simp

lemma nlastnfirst-LCons|simp):
shows nlastnfirst (NCons nell nells) «—
nlast nell = nfirst (nfirst nells) A nlastnfirst nells
proof —
let ?n2l = (Imap llist-of-nellist o llist-of-nellist)
have 1: nlastnfirst (NCons nell nells) =
(lastlfirst o ?n2l) (NCons nell nells)

by (simp add: nlastnfirst-def2)

have 2: (llastlfirst o ?n2l) (NCons nell nells) =
(last (llist-of-nellist nell) = Ifirst (Ifirst (?n2l nells)) A lastlfirst (?n2l nells))

by simp
have 3: llastlfirst (?n2l nells) = nlastnfirst nells

by (simp add: nlastnfirst.rep-eq)
have 4: llast (llist-of-nellist nell) = nlast nell

by (metis llast-linfinite nfinite-def nlast-llast nlast-not-nfinite)
have 5: lfirst (Ifirst (?n2l nells)) = nfirst (nfirst nells)

by (simp add: lfirst-def llist-of-nellist.simps(2) nfirst-def)
show ?thesis
using 1 2 8 4 5 by presburger
qed

lemma nlastnfirst-def1:
shows nlastnfirst nells =
(Vi. (Suc 7)< nlength nells — nlast(nnth nells i) = nfirst(nnth nells (Suc 1)))
proof —
let ?n2l = (Imap llist-of-nellist o llist-of-nellist)
have I: nlastnfirst nells = (llastlfirst o ?n2l) nells
by (simp add: nlastnfirst-def2)
have 2: (llastlfirst o ?n2l) nells = llastlfirst (?n2l nells)

230



by simp
have 3: llastlfirst (?n2l nells) «—
(V. (Suc i) < llength (?n2l nells) —
last (Inth (?n2l nells) i) = lfirst (Inth (?n2l nells) (Suc ©)))
using llastlfirst-def by blast
have /: epred (llength (?n2l nells)) = nlength nells
by simp
have 5: Azs j. j< nlength xs — nnth xs j = Inth (llist-of-nellist xs) j
unfolding nnth-def by auto
have 6: N\lz j . j<llength lz N — Inull lt— Inth lz j = nnth (nellist-of-llist lx) j
by (metis 5 co.enat.exhaust-sel iless-Suc-eq llength-eq-0 nellist-of-llist-inverse nlength.abs-eq)
have 7: Awzs. nlast xs = llast (llist-of-nellist s)
by (metis llast-linfinite nfinite-def nlast-llast nlast-not-nfinite)
have 8: Azs. nfirst xs = Ilfirst (llist-of-nellist xs)
by (simp add: lfirst-def llist-of-nellist.simps(2) nfirst-def)
have 9: Alz. = Inull It = llast Iz = nlast (nellist-of-llist lx)
by (simp add: 7)
have 10: Alz. = Inull lx = Ifirst lx = nfirst (nellist-of-llist lx)
by (simp add: 8)
have 11: A j. j < llength (?n2l nells) —
last (Inth (?n2l nells) j) =
nlast (nellist-of-llist (Inth (?n2l nells) j))
by (simp add: 9)
have 12: A j. (enat j) < llength (?n2l nells) —
nlast (nellist-of-llist (Inth (?n2l nells) j)) =
nlast (nellist-of-llist (llist-of-nellist (Inth (llist-of-nellist nells) j7)))
by simp
have 13: A j. (enat j) < llength (?n2l nells) —
nlast (nellist-of-llist (llist-of-nellist (Inth (llist-of-nellist nells) j))) =
nlast (Inth (llist-of-nellist nells) j)
by auto
have 14: A\ j. (enat j) < llength (?n2l nells) —
nlast (Inth (llist-of-nellist nells) j) = nlast(nnth nells j)
by (simp add: 6)
have 15: A\ j. j < llength (9n2l nells) —
last (Inth (?n2l nells) j) =
nlast(nnth nells 7)
using 11 12 13 14 by presburger
have 16: A j. (Suc j) < llength (?n2l nells) —
lfirst (Inth (?n2l nells) (Suc j)) =
nfirst (nellist-of-llist (Inth (?n2l nells) (Suc j7)))
by (simp add: 10)
have 17: A j. (Suc j) < llength (?n2l nells) —
nfirst (nellist-of-llist (Inth (9n2l nells) (Suc j))) =
nfirst (nellist-of-llist (1list-of-nellist (Inth (llist-of-nellist nells) (Suc j7))))
by simp
have 18: A j. (Suc j) < length (¢n2l nells) —
nfirst (nellist-of-llist (1list-of-nellist (Inth (llist-of-nellist nells) (Suc j)))) =
nfirst (Inth (llist-of-nellist nells) (Suc j))
by auto
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have 19: A j. (Suc j) < length (?n2l nells) —
nfirst (Inth (llist-of-nellist nells) (Suc j)) = nfirst (nnth nells (Suc j))
by (simp add: 6)
have 20: A j. (Suc j) < llength (?n2l nells) —
lfirst (Inth (?n2l nells) (Suc j)) = nfirst (nnth nells (Suc 7))
using 16 17 18 19 by presburger
have 21: A j. (Suc j) < llength (?n2l nells) <—
(Suc j) < nlength nells
by (metis 4 co.enat.exhaust-sel dual-order.strict-iff-order enat-0-iff (1) epred-0 iless-Suc-eq
nat.simps(3))
have 22: (Vi. (Suc i) < llength (?n2l nells) —
last (Inth (?n2l nells) i) = Ifirst (Inth (?n2l nells) (Suc ©)))
—
(V. (Suc i)< nlength nells — nlast(nnth nells i) = nfirst(nnth nells (Suc 7)))
by (metis 15 20 21 Suc-ile-eq order-less-imp-le)
have 23: llastlfirst (¥n2l nells) <—
(Vi. (Suc i)< nlength nells — nlast(nnth nells i) = nfirst(nnth nells (Suc ©)))
using 22 8 by presburger
show ?thesis using 1 23 by auto
qged

lemma nlastnfirst-nridz:
nlastnfirst nells = nride (A a b. nlast a = nfirst b) nells
by (simp add: nlastnfirst-defl nridz-expand)

lemma nlastnfirst-nappend-nfinite:
assumes nfinite nellxs
shows nlastnfirst (nappend nellzs nellys) «—
nlastnfirst nellzs N\ nlastnfirst nellys A nlast(nlast nellrs) = nfirst(nfirst nellys)
using assms
by (metis (mono-tags, lifting) nlastnfirst-nride nridz-nappend-nfinite)

1.3.8 nfusecat

lemma nfusecat-def2:
nfusecat = nellist-of-llist o lfusecat o (Imap llist-of-nellist o llist-of-nellist)
by (simp add: map-fun-def nfusecat-def)

lemma not-null-lfusecat:
=lnull((Ifusecat o (Ilmap llist-of-nellist o llist-of-nellist)) nells)
by (simp add: llist-of-nellist.code)

lemma nfusecat-def3:
((llist-of-nellist o nfusecat) nells) =
((Ufusecat o (Imap llist-of-nellist o llist-of-nellist)) nells)
proof —
let ?n2l = (Imap llist-of-nellist o llist-of-nellist)
have I1: llist-of-nellist o nfusecat =
llist-of-nellist o nellist-of-llist o lfusecat o ?n2l
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by (simp add: nfusecat-def2 rewriteL-comp-comp)
have 2: —inull((Ifusecat o ?n2l) nells)
using not-null-lfusecat by auto
have 3: (llist-of-nellist o nellist-of-llist o lfusecat o ?n2l) nells =
(lfusecat o ?n2l) nells
using 2 nellist-of-llist-inverse by simp
show %thesis
by (metis 1 3)
qed

lemma nfusecat-NNil[simp]:
nfusecat (NNil nell) = nell

apply transfer

by simp

lemma nfusecat-NCons[simp]:

nfusecat (NCons nell nells) = nfuse nell (nfusecat nells)
apply transfer

by (simp add: lfuse-def llist.case-eq-if )

lemma nfusecat-nfirst:
assumes (3 z1. nells = NNil z1)
shows nfusecat nells = nfirst nells
proof —
obtain nell where 1: nells = NNil nell
using assms by auto
have 2: nfusecat nells = nell
by (simp add: 1)
have 3: nfirst nells = nell
by (metis 1 ndropn-0 ndropn-nfirst nnth-NNil)
show %thesis
by (simp add: 2 3)
qed

lemma nfusecat-NCons-nfirst:
assumes (Y nell. nells # NNil nell)
shows  nfusecat nells = nfuse (nfirst nells) (nfusecat (ntl nells))

by (metis assms nellist-split-2-first nlast-NNil nfusecat-NCons not-le-imp-less ntaken-0

ntaken-all ntaken-nlast zero-enat-def)

lemma nfusecat-expand:
nfusecat nells =

(if is-NNil nells then nfirst nells else nfuse (nfirst nells) (nfusecat (ntl nells)))

unfolding is-NNil-def
using nfusecat-NCons-nfirst nfusecat-nfirst by simp blast

lemma nfusecat-expand-case:
nfusecat nells = (case nells of (NNil nell) = nell |
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(NCons nell’ nells1) = nfuse nell’ (nfusecat nells?))
by (metis is-NNil-def nellist.case-eq-if nellist.collapse(2) nlast-NNil nfusecat-NCons nfusecat-NNil)

lemma nmap-nfusecat:
nmap f (nfusecat nells) = (nfusecat (nmap ( nmap f ) nells))
proof —
let ?n2l = (Imap llist-of-nellist o llist-of-nellist)
have 1: nmap f (nfusecat nells) =
nmap f ((nellist-of-llist o lfusecat o ?n2l) nells)
by (simp add: nfusecat-def2)
have 2: nmap f ((nellist-of-llist o lfusecat o ?n2l) nells) =
nellist-of-llist (Imap f ((Ifusecat o?n2l) nells))
using nmap-nellist-of-llist not-null-Ifusecat by auto
have 3: (Imap f ((Ifusecat o ?n2l) nells)) =
lfusecat (Imap (Imap f) ((Imap Uist-of-nellist o llist-of-nellist) nells))
by (simp add: Ilmap-Ifusecat)
have 4: (nfusecat (nmap ( nmap f ) nells)) =
(nellist-of-llist o lfusecat o ?n2l) (nmap ( nmap f ) nells)
by (simp add: nfusecat-def2)
have 8: (Imap (Imap f) (Imap llist-of-nellist (llist-of-nellist nells))) =
(Imap llist-of-nellist (Imap (nmap f) (llist-of-nellist nells)))
using Imap-llist-of-nellist-nmap by blast
show ?thesis
using 1 2 8 4 8 by fastforce
qed

lemma nfirst-nfuse-var:
nfirst (nfuse nellx nelly) = nfirst nellx
by (metis nfuse-defl nlast-NNil ntaken-0 ntaken-nappendl zero-enat-def zero-le)

lemma nfirst-nfusecat-nfirst:
shows nfirst(nfusecat nells) = nfirst(nfirst nells)
proof (cases nells)
case (NNil nell)
then show ?thesis
by (simp add: nfusecat-expand)
next
case (NCons nell nells1)
then show %thesis
proof —
have I: nfusecat (NCons nell nells1) = nfuse nell (nfusecat nells)
by (simp)
have 2: nfirst (nfuse nell (nfusecat nells1)) = nfirst nell
using nfirst-nfuse-var by auto
have 3: nfirst(nfirst (NCons nell nells1)) = nfirst nell
by (metis 1 nfirst-nfuse-var nfusecat-expand)
show ?thesis
using 1 2 8 NCons by fastforce
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ged
qed

lemma nfirst-nfusecat:
shows nfirst(nfusecat (NCons nell nells)) = nfirst nell
by (simp add: nfirst-nfuse-var)

lemma nfusecat-nlength-eq-zero-conv:
nlength (nfusecat nells) = 0 <— (V nell € nset nells. nlength nell = 0)
proof —
let ?n2l = (Imap llist-of-nellist o llist-of-nellist)
have 1: nlength (nfusecat nells) =
nlength ((nellist-of-llist o lfusecat o ?n2l) nells)
by (simp add: nfusecat-def2)
have 2: nlength ((nellist-of-llist o lfusecat o ?n2l) nells) =
epred (llength (lfusecat (?n2l nells)))
by simp
(metis lbutlast-snoc llength-lbutlast nellist-of-llist-a-inverse nlength.rep-eq)
have 3: nlength (nfusecat nells) = 0 <—
epred (llength (lfusecat (?n2l nells))) = 0
using 1 2 by presburger
have 4: llength (7n2l nells) > 0
by simp
have 5: (llength (Ifusecat (?n2l nells))) > 0
by (simp add: lfusecat-not-lnull-var)
have 6: epred (llength (lfusecat (?n2l nells))) = 0 +—
(llength (Ifusecat (Imap llist-of-nellist (llist-of-nellist nells)))) = 1
by (metis 5 comp-apply epred-1 epred-inject not-ilessO zero-one-enat-neq(1))
have 7: (llength (Ifusecat (?n2l nells))) < 1 +—
(V nelle Iset (?n2l nells). llength nell < 1)
using Ifusecat-all-empty-or-LNil lset-lltl-llength-var by blast
have 8: (V nell€ Iset (7n2l nells). llength nell > 0)
by simp
have 9: (llength (Ifusecat (?n2l nells))) = 1 +—
(V nelle Iset (?n2l nells). llength nell = 1)
by (metis 5 7 8 ilel1 one-eSuc order-antisym-conv)
have 10: (V nelle Iset (?n2l nells). llength nell = 1) «—
(V nell € nset nells. nlength nell = 0)
by simp
(metis co.enat.exhaust-sel epred-1 llength-eq-0 llist-of-nellist-not-Inull nlength.rep-eq
zero-neg-one)
show ?thesis using 3 6 9 10 by simp
qed

lemma is-NNil-nfusecat-a:

assumes Y i. i<nlength nells — is-NNil (nnth nells 1)
shows is-NNil(nfusecat nells)

using assms nfusecat-nlength-eq-zero-conv]of nells |
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by (metis in-nset-conv-nnth is-NNil-def nle-le nlength-NNil ntaken-0 ntaken-all zero-enat-def)

lemma is- NNil-nfusecat-b:

assumes is-NNil(nfusecat nells)

shows Vi. i<nlength nells — is-NNil (nnth nells 1)

using assms nfusecat-nlength-eq-zero-conv|of nells]

by (metis in-nset-conv-nnth nellist.collapse(1) nellist.collapse(2) nlength-NCons nlength-NNil
zero-ne-eSuc)

lemma nitl-lfusecat :
shows ntl(nfusecat nells) =
(if is-NNil nells then ntl (nfirst nells) else
(if is-NNil (nfirst nells) then
if is-NNil (nfusecat (ntl nells))
then ntl (nfirst nells)
else ntl (nfusecat (ntl nells))
else
if is-NNil (nfusecat (ntl nells))
then ntl (nfirst nells)
else nappend (ntl (nfirst nells)) (ntl (nfusecat (ntl nells)))))

proof (cases nells)
case (NNil nell)
then show ?thesis by (metis nellist.disc(1) nfusecat-NNil nfusecat-expand)
next
case (NCons nell nells1)
then show %thesis
using nfusecat-NCons[of nell nells1] ntl-nfuse[of nell (nfusecat nells1)] by simp
(metis ndropn-0 ndropn-nfirst nnth-0)
qged

lemma nfusecat-nappend:
assumes nfinite llx
shows nfusecat (nappend llx lly) = nfuse (nfusecat llx) (nfusecat lly)
proof —
let ?n2l = (Imap llist-of-nellist o llist-of-nellist)
have I: nfusecat (nappend llz lly) =
((nellist-of-llist o lfusecat o ?n2l) (nappend llz lly))
by (simp add: nfusecat-def2)
have 2: ((nellist-of-llist o lfusecat o ?n2l) (nappend llz lly)) =
nellist-of-llist (Ifusecat (?n2l (nappend llx lly)))
by simp
have 3: (llist-of-nellist (nappend liz lly)) =
lappend (llist-of-nellist llx) (llist-of-nellist ly)
by (simp add: llist-of-nellist-nappend)
have 4: (Ilmap llist-of-nellist (lappend (llist-of-nellist lix) (llist-of-nellist lly))) =
lappend (?n2l llz) (7n2l lly)
using Imap-lappend-distrib by auto
have 5: (lfusecat (lappend (?n2l llz) (?n2l lly))) =
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lfuse (Ifusecat (?n2l lix)) (lfusecat (?n2l lly))
using assms Ifinite-lmap lfusecat-lappend nfinite-def by (metis comp-def)
have 6: nellist-of-llist (Ifuse (Ifusecat (?n2l llx)) (ifusecat (?n2l lly))) =
nfuse (nfusecat llx) (nfusecat lly)
by (simp add: llist-of-nellist.code nfuse.abs-eq nfusecat-def2)
show ?thesis
using 1 2 8 4 5 6 by simp
qed

lemma nfusecat-split:

assumes (Suc n) < nlength nells

shows nfusecat nells = nfuse (nfusecat (ntaken n nells)) (nfusecat (ndropn (Suc n) nells))
using assms

by (metis nappend-ntaken-ndropn nfinite-ntaken nfusecat-nappend)

lemma nfusecat-split-1:

assumes (Suc n) < nlength nells

shows nfusecat nells = nfuse (nfusecat (ntake n nells)) (nfusecat (ndropn (Suc n) nells))
using assms

by (simp add: nfusecat-split ntake-eq-ntaken)

lemma nfuse-nfinite:

shows nfinite (nfuse nellx nelly) «— nfinite nellz A nfinite nelly
apply transfer

using [fuse-Ifinite by blast

lemma nfusecat-nfinite:
assumes VY nell € nset nells. nlength nell > 0
V nell € nset nells. nfinite nell
nlastnfirst nells
shows nfinite (nfusecat nells) <— nfinite nells
proof —
let ?n2l = (Imap llist-of-nellist o llist-of-nellist)
have 1: nfinite (nfusecat nells) «+—
nfinite (((nellist-of-llist o lfusecat o ?n2l) nells))
by (simp add: nfusecat-def2)
have 2: nfinite (((nellist-of-llist o lfusecat o ?n2l) nells)) <—
Ifinite (Ilist-of-nellist (((nellist-of-llist o Ifusecat o ?n2l) nells)))
using nfinite-def by blast
have 3: lfinite (llist-of-nellist (((nellist-of-llist o lfusecat o ?n2l) nells))) <—
lfinite (Ifusecat (?n2l nells))
by (simp add: lbutlast-lfinite)
have 4: Vnell € Iset (llist-of-nellist nells). nlength nell > 0
using assms(1) by force
have 5: Vnell € Iset (llist-of-nellist nells). epred(llength (llist-of-nellist nell)) > 0
using 4 by fastforce
have 6: Vnell € Iset (llist-of-nellist nells). = Inull (Itl (llist-of-nellist nell))
by (metis 5 epred-llength less-numeral-extra(3) llength-LNil llist.collapse(1))
have 7: Vnell € Iset (?n2l nells). — Inull (It nell)
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by (simp add: 6)
have 8: Vnell € Iset (?n2l nells). Ifinite nell
using assms(2) nfinite-def by fastforce
have 9: llastlfirst (7n2l nells)
using assms(3) nlastnfirst.rep-eq by auto
have 10: lfinite (Ifusecat (?n2l nells)) <+— Ifinite (?n2l nells)
using 7 8 9 lfusecat-Ilfinite by blast
have 11: Ifinite (7n2l nells) «+— nfinite nells
by (simp add: nfinite-def)
show “thesis using 1 2 3 10 11 by presburger
qged

lemma nlastfirst-nfusecat-nlast:
assumes nfinite nells
nlastnfirst nells
V nell € nset nells. nfinite nell
shows  nlast(nfusecat nells) = nlast(nlast nells)
proof —
let ?n2l = (Imap llist-of-nellist o llist-of-nellist)
have I: nlast(nfusecat nells) =
nlast (((nellist-of-llist o Ilfusecat o ?n2l) nells))
by (simp add: nfusecat-def2)
have 2: nlast (((nellist-of-llist o lfusecat o ?n2l) nells)) =
llast (llist-of-nellist (((nellist-of-llist o lfusecat o ?n2l) nells)))
by (metis (no-types, lifting) llast-linfinite nfinite-def nlast-llast nlast-not-nfinite)
have 3: llast (llist-of-nellist (((nellist-of-llist o lfusecat o ?n2l) nells))) =
last (lfusecat (?n2l nells))
by (metis (no-types, lifting) 2 comp-def lbutlast.disc-iff (1) nellist-of-llist-a-inverse
nlast-nellist-of-llist-a-Inull not-lnull-eq-lappend-lbutlast-llast)
have /: lfinite (?n2l nells)
using assms(1) Ilfinite-Imap nfinite-def by auto
have 5: —lnull (7n2l nells)
by simp
have 6: Vnell € Iset (n2l nells). =lnull nell
by simp
have 7: llastlfirst (?n2l nells)
using assms(2) nlastnfirst.rep-eq by auto
have 8: Vnell € Iset (?n2l nells). Ifinite nell
using assms(3) nfinite-def by auto
have 9: llast (Ifusecat (?n2l nells)) = llast(llast (?n2l nells))
using 4 5 6 7 8 llastfirst-lfusecat-llast by blast
have 10: llast(llast (?n2l nells)) = nlast (nlast nells)
by (metis assms(1) assms(8) comp-apply llast-lmap llist-of-nellist-not-Inull nfinite-def
nlast-llast nset-nlast)
show “thesis using 1 2 3 9 10 by presburger
qed

lemma nfusecat-nlength-nfinite:
assumes nfinite nells
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V nell € nset nells. nfinite nell
nlastnfirst nells
shows nlength(nfusecat nells) =
(> i = 0 .. (the-enat((nlength nells))) . (nlength (nnth nells 7)))
proof —
let ?n2l = (Imap llist-of-nellist o llist-of-nellist)
have 1: nlength(nfusecat nells) = nlength (((nellist-of-llist o lfusecat o ?n2l) nells))
by (simp add: nfusecat-def2)
have 2: nlength (((nellist-of-llist o Ifusecat o ?n2l) nells)) =
epred (llength (llist-of-nellist (((nellist-of-llist o lfusecat o ?n2l) nells))))
using nlength.rep-eq by blast
have 3: epred (llength (llist-of-nellist (((nellist-of-list o [fusecat o ?n2l) nells)))) =
epred (llength (Ifusecat (?n2l nells)))
using one-eSuc plus-1-eSuc(2) by simp
have 4: Ifinite (?n2l nells)
using assms(1) lfinite-Imap nfinite-def by auto
have 5: —lnull (7n2l nells)
by simp
have 6: Vnell € Iset (?n2l nells). = Inull nell
by simp
have 7: Vnell € Iset (?n2l nells). lfinite nell
using assms(2) nfinite-def by auto
have 8: llastlfirst (7n2l nells)
using assms(3) nlastnfirst.rep-eq by auto
have 9: epred (llength (Ifusecat (?n2l nells))) =
epred (eSuc(>_ i = 0 .. (the-enat(epred(llength (?n2l nells)))) .
epred(llength (Inth (?n2l nells) 7))))
by (metis 4 5 6 7 8 Ifusecat-llength-Ifinite)
have 10: epred (eSuc(d_ i = 0 .. (the-enat(epred(llength (?n2l nells)))) .
epred(llength (Inth (9n2l nells) 7)))) =
((>2 i = 0 .. (the-enat(epred(llength (?n2l nells)))) .
epred(llength (Inth (9n2l nells) 7))))
using epred-eSuc by blast
have 11: ((epred(llength (?n2l nells)))) = ((nlength nells))
by simp
have 12: A\j. j < ((epred(llength (?n2l nells))))—
epred(llength (Inth (?n2l nells) j)) = nlength (nnth nells j)
by (metis 5 co.enat.exhaust-sel comp-apply iless-Suc-eq llength-eq-0 llength-llist-of-nellist
llength-lmap Inth-llist-of-nellist Inth-Imap min-def the-enat.simps)
have 13: (> i = 0 .. (the-enat(epred(llength (?n2l nells)))) .
epred(llength (Inth (#n2l nells) 7)))) =
((>2 i =0 .. (the-enat(nlength nells)). nlength (nnth nells 7)))
using 12 assms(1) nfinite-nlength-enat by force
show ?thesis using 1 2 8 9 10 13 by metis
qed

lemma nlastnfirst-ntaken:

assumes n<nlength nells
nlastnfirst nells

shows nlastnfirst (ntaken n nells)
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using assms
by (metis Suc-ile-eq antisym-conv2 nappend-ntaken-ndropn nfinite-ntaken nlastnfirst-nappend-nfinite
ntaken-all)

lemma nlastnfirst-ntake:

assumes n<nlength nells
nlastnfirst nells

shows nlastnfirst (ntake n nells)

proof (cases n)

case (enat nat)

then show ?thesis by (metis assms nlastnfirst-ntaken ntake-eq-ntaken)

next

case infinity

then show %thesis

by (simp add: assms ntake-all)

qed

lemma nfusecat-ntake:
assumes (enat n) < nlength nells
V nell € nset nells. nfinite nell
nlastnfirst nells
shows nfusecat (ntake n nells) =
ntake ( (> i = 0 .. n . (nlength (nnth nells 7)))))
(nfusecat nells)
proof —
let ?n2l = (Imap llist-of-nellist o llist-of-nellist)
have I: nfusecat (ntake n nells) =
(((nellist-of-llist o Ilfusecat o ?n2l) (ntake n nells)))
by (simp add: nfusecat-def2)
have 2: (((nellist-of-llist o lfusecat o ?n2l) (ntake n nells))) =
nellist-of-llist (Ifusecat (?n2l (ntake n nells)))
by simp
have 3: llist-of-nellist(ntake n nells) = ltake (eSuc n) (llist-of-nellist nells)
by (metis co.enat.distinct(1) llist-of-nellist-inverse-b llist-of-nellist-not-lnull
ltake.disc(2) nellist-of-llist-inverse ntake.abs-eq)
have 4: (?n2l (ntake n nells)) = ltake (eSuc n) (9n2l nells)
using 3 by auto
have 5: = Inull (?n2l nells)
by simp
have 6: (Suc n) < llength (?n2l nells)
by (metis 5 Suc-ile-eq assms(1) co.enat.collapse comp-apply iless-Suc-eq llength-eq-0 llength-Imap
nlength.rep-eq)
have 7: V nell € Iset (?n2l nells). = Inull nell
by simp
have 8: V nell € Iset (?n2l nells). lfinite nell
using assms(2) nfinite-def by fastforce
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have 9:  llastlfirst (?n2l nells)
using assms(3) nlastnfirst.rep-eq by auto
have 10: (Ifusecat (ltake (eSuc n) (?n2l nells))) =
ltake (if (Suc n) =0 then 0 else eSuc(d, i =0 .. n .
epred(llength (Inth (9n2l nells) 7))))
(lfusecat (?n2l nells))
using Ifusecat-ltake[of (?n2l nells) Suc n ]
56789 diff-Suc-1 eSuc-enat by presburger
have 11: (if (Suc n) =0 then 0 else eSuc(d>, i =0 .. n .
epred(llength (Inth (9n2l nells) 7)))) =
(eSuc(d. i =0 .. n. epred(llength (Inth (?n2l nells) 7))))
using nat.simps(3) by presburger
have 111: \j. j <n — (min (enat j) (epred (llength (llist-of-nellist nells)))) = j
by (metis assms(1) enat-ord-simps(1) llength-llist-of-nellist min.bounded-iff min-def)
have 12: A\ j. j <n —
epred(llength (Inth (9n2l nells) 7)) = nlength ( nnth nells j)
using 5 111 assms Inth-llist-of-nellist[of nells]
by (metis (full-types) co.enat.exhaust-sel iless-Suc-eq llength-eq-0 llength-lmap Inth-lmap
min.order-iff nlength.rep-eq o-apply the-enat.simps)
have 13: (Ifusecat (?n2l nells)) = llist-of-nellist (nfusecat nells)
by (simp add: lfusecat-not-lnull-var nfusecat-def2)
have 14: ltake (if (Suc n) =0 then 0 else eSuc(d> i =0 .. n .
epred(llength (Inth (?n2l nells) 7))))
(lfusecat (7n2l nells)) =
ltake ( eSuc(d>] i = 0 .. n . nlength ( nnth nells 7))) (llist-of-nellist (nfusecat nells))
using 12 13 by auto
have 15: nellist-of-llist (ltake ( eSuc(d ¢ =0 .. n .
nlength ( nnth nells 7)) (llist-of-nellist (nfusecat nells))) =
ntake (3. i = 0 .. n . nlength ( nnth nells 7))) (nfusecat nells)
by (metis llist-of-nellist-inverse-b llist-of-nellist-not-lnull ntake.abs-eq)
show “thesis
by (metis 10 14 15 2 4 nfusecat-def2)
qed

lemma nfusecat-ndropn:
assumes n < nlength nells
V nell € nset nells. nfinite nell
nlastnfirst nells
shows nfusecat (ndropn n nells) =
ndropn (the-enat(if n = 0 then 0 else (> i = 0 .. (n—1) . nlength(nnth nells 7))))
(nfusecat nells)
proof —
let ?n2l = (Imap llist-of-nellist o llist-of-nellist)
have 1: nfusecat (ndropn n nells) =
(((nellist-of-llist o lfusecat o ?n2l) (ndropn n nells)))
by (simp add: nfusecat-def2)
have 2: (((nellist-of-llist o lfusecat o ?n2l) (ndropn n nells))) =
nellist-of-llist (lfusecat (Imap llist-of-nellist (Idropn n (llist-of-nellist nells))))
using assms by simp
have /: nellist-of-llist (Ifusecat (Imap llist-of-nellist (Idropn n (llist-of-nellist nells)))) =
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nellist-of-llist (Ifusecat (Imap llist-of-nellist (Idrop n (llist-of-nellist nells))))
by (simp add: ldrop-enat)
have 5: (Imap llist-of-nellist (Idrop n (llist-of-nellist nells))) = ldrop n (?n2l nells)
by (simp)
have 6: = Inull (?n2l nells)
by simp
have 7: n < llength (?n2l nells)
by (metis 5 assms(1) ldrop-enat llist.map-disc-iff llist-of-nellist-ndropn llist-of-nellist-not-Inull
Inull-ldrop min-def nlength.rep-eq not-le-imp-less order-less-imp-le the-enat.simps)
have 8:V nell € Iset (?n2l nells). = Inull nell
by simp
have 9: V nell € Iset (?n2l nells). lfinite nell
using assms(2) nfinite-def by fastforce
have 10: llastlfirst (#n2l nells)
using assms(3) nlastnfirst.rep-eq by auto
have 11: lfusecat (ldrop (enat n) (?n2l nells)) =
Idrop (if n = 0 then 0 else (> i =0 .. (n—1) .
epred(llength (Inth (?n2l nells) 7)))
(lfusecat (#n2l nells))
using 10 6 7 8 9 lfusecat-ldrop by blast
have 111: \j. 0< j N j<n—1 —
(min (enat j) (epred (llength (llist-of-nellist nells)))) = j
by (metis 7 comp-apply epred-enat epred-min less-imp-of-nat-less llength-lmap min.absorb3
min-less-iff-conj of-nat-eq-enat)
have 112: n—1 < llength (?n2l nells)
by (metis 7 One-nat-def Suc-ile-eq Suc-pred epred-0 epred-enat not-gr-zero order-less-imp-le zero-enat-def)

have 12: \j. 0< n AN j<n—1—
epred(llength (Inth (?n2l nells) j)) = nlength(nnth nells j)
using 6 7 111 Inth-llist-of-nellist[of nells]
by simp
(metis canonically-ordered-monoid-add-class.lessE diff-le-self dual-order.strict-trans1
enat-less-enat-plusl enat-min-eq-0-iff Inth-lmap nlength.rep-eq not-gr-zero the-enat.simps
zero-enat-def)
have 13: (Ifusecat (?n2l nells)) = llist-of-nellist (nfusecat nells)
by (simp add: lfusecat-not-lnull-var nfusecat-def2)
have 131: \j . j< n = (min (enat j) (epred (llength (llist-of-nellist nells)))) =j
by (metis (full-types) assms(1) min.assoc min.orderE min-enat-simps(1) nlength.rep-eq
order-less-imp-le)
have 132: (if n = 0 then 0 else > i = 0..n — 1. epred (llength (Inth (?n2l nells) i))) =
(if n = 0 then 0 else (> i = 0 .. (n—1) . nlength(nnth nells 7)))
using sum.conglof {0..n—1} {0..n—1} Xi. epred (llength (Inth (?n2l nells) i)
Ai. nlength(nnth nells i) | assms 7 131 12 Inth-llist-of-nellist|of nells]
by (metis 112 atLeastAtMost-iff comp-apply diff-less less-numeral-extra(1) llength-Imap
Inth-Imap nlength.rep-eq not-gr-zero order-neq-le-trans the-enat.simps)
have 14: ldrop (if n = 0 then 0 else (> i = 0 .. (n—1) . epred(llength (Inth (?n2l nells) 7))))
(lfusecat (?n2l nells)) =
Idrop (if n = 0 then 0 else (> i = 0 .. (n—1) . nlength(nnth nells ©))) (llist-of-nellist (nfusecat
nells))
using 13 132 by presburger
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have 15: 0<n = (A j. j <n—1 — epred(llength (Inth (?n2l nells) j)) < o)
using 7 9
by (metis (no-types, opaque-lifting) 112 enat-ord-simps(1) enat-ord-simps(4) epred-llength
in-lset-conv-Inth lfinite-1tl llength-eq-infty-conv-lfinite order-le-less-trans)
have 16: 0< n = ((>_ ¢ = 0 .. (n—1) . epred(llength (Inth (?n2l nells) 7)))) < oo
using 15
proof (induct n)
case (
then show ?case by simp
next
case (Suc n)
then show “case
proof (cases n=0)
case True
then show ?thesis using Suc by simp
next
case Fulse
then show ?thesis using Suc
by simp
(metis One-nat-def Suc-pred’ dual-order.refl plus-enat-simps(1) sum.atLeast0-atMost-Suc)
qed
qed
have 17: 3 m. (enat m) = (if n = 0 then O else (3} i =0 .. (n—1) .
epred(llength (Inth (?n2l nells) 7))))
by (metis 16 less-infinityE not-gr-zero zero-enat-def)
obtain m where 18: (enat m) = (if n = 0 then 0 else
(>° i=0.. (n—1) . epred(llength (Inth (?n2l nells) 7))))
using 17 by blast
have 19: ldrop (if n = 0 then 0 else
(>> i= 0. (n—1). epred(llength (Inth (?n2l nells) 7))))
(Ifusecat (?n2l nells)) =
Idropn m (lfusecat (#n2l nells))
using 18 ldrop-enat[of m (Ifusecat (?n2l nells))]
by presburger
have 20: enat m < epred (llength (Ifusecat (?n2l nells)))
by (metis (no-types, lifting) 11 19 6 7 8 co.enat.exhaust-sel iless-Suc-eq in-lset-ldropD
lfusecat-not-lnull-var linorder-not-le llength-eq-0 Inull-ldrop Inull-ldropn)
have 21: nellist-of-llist (ldropn m (lfusecat (#n2l nells))) = ndropn m (nfusecat nells)
using 20
by (metis 13 llist-of-nellist-inverse-b llist-of-nellist-not-Ilnull min-def ndropn.abs-eq
the-enat.simps)
have 22: m = (the-enat(if n = 0 then 0 else (> i = 0 .. (n—1) . nlength(nnth nells ©))))
by (metis (mono-tags, lifting) 132 18 the-enat.simps)
show ?thesis using 1 2 4 5 11 19 21 22 by (metis)
qed

lemma nridz-nfusecat-ntake:

assumes nridez R (nfusecat nells)
(enat n) < nlength nells
nlastnfirst nells
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YV nell € nset nells. nfinite nell
shows  nride R (nfusecat (ntake n nells))
using assms by (metis nfusecat-ntake nle-le nridz-ntake-a ntake-all)

lemma nridz-nfusecat-ndrop:
assumes nride R (nfusecat nells)
(enat n) < nlength nells
nlastnfirst nells
Y nell € nset nells. nfinite nell
shows  nridc R (nfusecat (ndropn n nells))
proof —
let ?n2l = (Imap llist-of-nellist o llist-of-nellist)
have 1: nride R (nfusecat (ndropn n nells)) <—
nride R ((nellist-of-llist o lfusecat o ?n2l) (ndropn n nells))
by (simp add: nfusecat-def2)
have 2: nridz R ((nellist-of-llist o lfusecat o ?n2l) (ndropn n nells)) <—
ride R (llist-of-nellist ((nellist-of-llist o lfusecat o ?n2l) (ndropn n nells)))
using nridz.rep-eq by blast
have 3: ride R (llist-of-nellist ((nellist-of-llist o lfusecat o ?n2l) (ndropn n nells))) +—
ride R ( (( lfusecat o ?n2l) (ndropn n nells)))
using not-null-lfusecat
by (metis (no-types, lifting) comp-apply nridz.abs-eq nridz.rep-eq)
have 4: llastlfirst (?n2l nells)
using assms nlastnfirst.rep-eq by auto
have 5: V nell € Iset (?n2l nells). lfinite nell
using assms nfinite-def by fastforce
have 6: ( (( lfusecat o ?n2l) (ndropn n nells))) =
Ifusecat (Imap llist-of-nellist (ldropn n (llist-of-nellist nells)))
by (simp add: assms(2))
have 7: (Imap llist-of-nellist (ldropn n (llist-of-nellist nells))) =
Idropn n (Imap llist-of-nellist (llist-of-nellist nells))
by auto
have 8: ride R (lfusecat (?n2l nells))
by (metis (no-types, lifting) assms(1) comp-apply nfusecat-def2 nridz.abs-eq ridz-expand-1)
have 9: enat n < llength (?n2l nells)
by (metis assms(2) co.enat.exhaust-sel comp-apply iless-Suc-eq llength-eq-0 llength-lmap
llist-of-nellist-not-lnull nlength.rep-eq order-less-imp-le)
have 10: ride R (lfusecat (ldropn n (?n2l nells)))
using ridz-lfusecat-ldropof R (?n2l nells) n]
by (metis (mono-tags, lifting) 4 5 8 9 comp-apply in-lset-conv-Inth ldrop-enat llength-lmap
llist-of-nellist-not-Ilnull Inth-Imap)
show “thesis
using 1 10 2 8 6 7 by (metis comp-apply)
qed

lemma nridz-nfusecat:

assumes nlastnfirst nells
V nell € nset nells. 0 < nlength nell
YV nell € nset nells. nfinite nell

244



shows nride R (nfusecat nells) «— (Vi. i < nlength nells — nride R (nnth nells 7) )
proof —
let ?n2l = (Imap llist-of-nellist o llist-of-nellist)
have 1: nride R (nfusecat nells) <—
nride R ((nellist-of-llist o lfusecat o ?n2l) nells)
by (simp add: nfusecat-def)
have 2: nride R ((nellist-of-llist o lfusecat o ?n2l) nells) «—
ride R (llist-of-nellist ((nellist-of-llist o Ifusecat o ?n2l) nells))
using nridz.rep-eq by blast
have 3: ride R (llist-of-nellist ((nellist-of-llist o lfusecat o ?n2l) nells)) <—
ride R ( (( lfusecat o ?n2l) nells))
using not-null-lfusecat nridz.abs-eq by fastforce
have 4: llastlfirst (?n2l nells)
using assms(1) nlastnfirst.rep-eq by auto
have 5: V nell € Iset (?n2l nells). 1 < llength nell
by (metis assms(2) epred-1 comp-apply imagekE less-numeral-extra(3) llist.set-map
llist-of-nellist-not-lnull Iset-llist-of-nellist-a nlength.rep-eq not-Ilnull-llength
order-neq-le-trans)
have 6: V nell € Iset (7n2l nells). lfinite nell
using assms(3) nfinite-def by fastforce
have 7: ride R ( (( lfusecat o ?n2l) nells)) +—
(Vi. i < llength (?n2l nells) — ride R (Inth (#n2l nells) i) )
using 4 5 6 ridz-lfusecat by fastforce
have 8: epred(llength (?n2l nells)) = nlength nells
by simp
have 9: \j. j < llength (?n2l nells) —
(Inth (?n2l nells) j) = llist-of-nellist(nnth nells 7)
by simp
(metis eSuc-epred eSuc-ile-mono gr-implies-not-zero ilell Inth-llist-of-nellist
min-def the-enat.simps)
have 10: (Vi. ¢ < llength (?n2l nells) — ridz R (Inth (9n2l nells) i) ) «—
(Vi. i < nlength (nells) — nride R (nnth nells i) )
by (metis (mono-tags, lifting) 8 9 co.enat.exhaust-sel comp-apply iless-Suc-eq
llength-eq-0 llist.map-disc-iff llist-of-nellist-not-Inull nridz.rep-eq)
show ?thesis using 1 2 8 10 7 by blast
qed

lemma nfusecat-split-nsubn:

assumes nlastnfirst nells
YV nell € nset nells. 0 < nlength nell
YV nell € nset nells. nfinite nell

shows (V i. i< nlength nells — nride (A a b. f (nsubn o a b)) (nnth nells 7)) +—
nride (X a b. f (nsubn o a b)) (nfusecat nells)

using assms nridz-nfusecat by blast

lemma nidz-nfusecat:
assumes nlastnfirst nells
V nell € nset nells. 0 < nlength nell
YV nell € nset nells. nfinite nell
shows nidz (nfusecat nells) +— (Vi. i < nlength nells — nidx (nnth nells i) )
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using assms nridz-nfusecat nridz-nidz by blast

lemma nnth-sum-expand:
assumes nlastnfirst nells
V nell € nset nells. 0 < nlength nell
YV nell € nset nells. nfinite nell
(enat ©) < nlength nells
nfinite nells
shows (> i = 0 .. (the-enat((nlength nells))) . (nlength (nnth nells i))) =
(nlength (nnth nells 7)) +
(3> 7€ {k. k#i N k< (the-enat((nlength nells)))} . (nlength (nnth nells j)))
proof —
have 1: {k. k< (the-enat((nlength nells)))} = insert i {k. k#i N k< (the-enat((nlength nells)))}
using assms by auto
(metis enat-ord-simps(1) nfinite-nlength-enat the-enat.simps)
have 2: {0.. (the-enat((nlength nells)))} = {k. k< (the-enat((nlength nells)))}
by auto
have 3: (3> i = 0 .. (the-enat((nlength nells))) . (nlength (nnth nells i))) =
(3> @ €{k. k< (the-enat((nlength nells)))} . (nlength (nnth nells 7)))
using 2 by presburger
have 4: (> i €{k. k< (the-enat((nlength nells)))} .(nlength (nnth nells 7))) =
(3> j €linsert i {k. k#i N k< (the-enat((nlength nells)))}) . (nlength (nnth nells j)))
using 1 by presburger
have 5: (> j €(insert i {k. ki A k< (the-enat((nlength nells)))}) . (nlength (nnth nells j))) =
(nlength (nnth nells 7)) +
(>> 7€ {k. k#i N k< (the-enat((nlength nells)))} . (nlength (nnth nells j)))
by auto
show ?thesis
using 3 4 5 by presburger
qed

lemma nfusecat-nlength-a:
assumes nlastnfirst nells
YV nell € nset nells. 0 < nlength nell
Y nell € nset nells. nfinite nell
1 < nlength nells
(enat j) < nlength (nnth nells i)
shows (enat j) < nlength (nfusecat nells)
proof (cases nfinite nells)
case True
then show %thesis
proof —
have 2: nlength (nfusecat nells) =
(> i = 0 .. (the-enat((nlength nells))) . (nlength (nnth nells i)))
using True assms nfusecat-nlength-nfinite by fastforce
have 3: nlength (nnth nells i) <
(> i = 0 .. (the-enat((nlength nells))) . (nlength (nnth nells ©)))
using nnth-sum-expand|of nells i| assms
by (metis (no-types, lifting) True le-iff-add)
show ?thesis using assms 2 3 by force
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qed
next
case Fulse
then show ?thesis
proof —
have 5: — nfinite (nfusecat nells)
using Fulse assms nfusecat-nfinite by blast
show ?thesis
using 5
by (simp add: nfinite-conv-nlength-enat)
qed
qed

1.3.9 nkfilter

lemma nkfilter-def1:
assumes (3 z € nset nell. P x)
shows  nkfilter P n nell = nmap snd (nfilter (Pofst) (nzip nell (niterates Suc n)))
using assms
apply transfer
by (simp add: kfilter-def)
(metis imageFE llist.set-map lmap-fst-lzip)

lemma nmap-fst-nzip:

(nmap fst (nzip nell (niterates Suc n))) = nell
apply transfer

by (simp add: Ilmap-fst-lzip)

lemma nfilter-nkfilter-1:
assumes (3 z € nset nell. P x)
shows (nmap fst (nfilter (Pofst) (nzip nell (niterates Suc n)))) =
(nfilter P nell)
using assms
by (metis nfilter-nmap nmap-fst-nzip)

lemma nkfilter-NNil [simp]:
shows P b = nkfilter P n (NNil b) = (NNil n)
by transfer auto

lemma nkfilter-NCons [simp]:
assumes (3 z € nset nell. P x)
shows  nkfilter P n (NCons z nell) =
(if Pz then NCons n (nkfilter P (Suc n) nell) else nkfilter P (Suc n) nell)
using assms
by transfer
(auto simp add: kfilter-inull-conv)

lemma nkfilter-NCons-a [simp]:
assumes —(3 z € nset nell. P z)
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Pz
shows  nkfilter P n (NCons x nell) = (NNil n)
using assms
by transfer
(auto simp add: kfilter-Inull-conv)

lemma nkfilter-nlength:
assumes 3 z € nset nell. P x
shows  nlength(nkfilter P n nell) = nlength(nfilter P nell)
using assms
by transfer
(auto simp add: kfilter-Inull-conv kfilter-llength)

lemma nkfilter-upperbound:
assumes J z € nset nell. P x
i < nlength (nkfilter P n nell)

shows  nnth (nkfilter P n nell) i < n + nlength nell
using assms
by transfer

(auto,

simp add: kfilter-lnull-conv,

metis co.enat.exhaust-sel iadd-Suc-right iless-Suc-eq kfilter-upperbound llength-eq-0)

lemma nkfilter-lowerbound:
assumes 3 z € nset nell. P x
i < nlength (nkfilter P n nell)

shows n < nnth (nkfilter P n nell) i
using assms
by transfer

(auto,

metis co.enat.collapse iless-Suc-eq kfilter-Inth-n-zero-a llength-eq-0)

lemma nkfilter-mono:
assumes 3 z € nset nell. P x
(Suc i) < nlength (nkfilter P n nell)
shows  nnth (nkfilter P n nell) ¢ < nnth (nkfilter P n nell) (Suc 7)
using assms
by transfer
(auto,
metis diff-Suc-1 eSuc-epred epred-enat epred-le-epredl lidx-kfilter-gr iless-Suc-eq leD lessl
llength-eq-0 min.coboundedl min-def the-enat.simps)

lemma nkfilter-nfilter:
assumes 3 z € nset nell. P x
i < nlength (nkfilter P n nell)
shows  (nnth nell ((nnth (nkfilter P n nell) i) — n)) = (nnth (nfilter P nell) i)
using assms
apply transfer
proof (auto simp add: kfilter-lnull-conv split:if-split-asm)
fix nella :: 'a llist and Pa :: 'a = bool and ia :: nat and na :: nat and z :: 'a
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assume al: z € lset nella
assume a2: Pa z
assume a3: enat ia < epred (llength (kfilter Pa na nella))
assume a4: — [null nella
have f5: Ve ea. = (e:enat) < ea V min e ea = e
by (simp add: min-def-raw)
have f6: Vn p na as. = enat n < llength (kfilter p na (as::'a llist)) V
enat (Inth (kfilter p na as) n) < enat na + llength as
by (meson kfilter-upperbound)
have f7: min (enat ia) (epred (llength (kfilter Pa na nella))) = enat ia
using f5 a3 by blast
then have f8: (enat ia < llength (kfilter Pa 0 nella)) =
(enat (the-enat (min (enat ia) (epred (llength (kfilter Pa na nella))))) <
llength (kfilter Pa na nella))
by (simp add: kfilter-llength)
have f9: Vn p na as. = enat n < llength (kfilter p na (as::'a llist)) V
Inth (kfilter p na as) n — na = Inth (kfilter p 0 as) n
using kfilter-Inth-n-zero by blast
have eSuc (epred (llength nella)) = enat 0 + llength nella
using a4 by (metis co.enat.ezhaust-sel gen-llength-def llength-code llength-eq-0)
then have enat (the-enat (min (enat ia) (epred (llength (kfilter Pa na nella))))) <
llength (kfilter Pa na nella) —
enat (Inth (kfilter Pa na nella)
(the-enat (min (enat ia) (epred (llength (kfilter Pa na nella))))) — na)
< eSuc (epred (llength nella))
using f9 f8 f7 f6 the-enat.simps by presburger
then have f10: enat (the-enat (min (enat ia) (epred (llength (kfilter Pa na nella))))) <
llength (kfilter Pa na nella) —
enat (Inth (kfilter Pa na nella)
(the-enat (min (enat ia) (epred (llength (kfilter Pa na nella))))) — na)
< epred (llength nella)
using iless-Suc-eq by blast
have f11: Vn p na as. = enat n < llength (kfilter p na as) V Inth as (Inth (kfilter p na as) n — na) =
(Inth (lfilter p as) n::'a)
using [filter-kfilter by blast
have f12: the-enat (min (enat ia) (epred (llength (Ifilter Pa nella)))) =
the-enat (min (enat ia) (epred (llength (kfilter Pa na nella))))
by (simp add: kfilter-llength)
have — [null (kfilter Pa na nella)
using al a2 kfilter-not-lnull-conv by auto
then have enat (the-enat (min (enat ia) (epred (llength (kfilter Pa na nella))))) <
llength (kfilter Pa na nella)
using f7 a8 by (metis co.enat.exhaust-sel iless-Suc-eq llength-eq-0 the-enat.simps)
then show — lnull nella =
enat ia < epred (llength (kfilter Pa na nella)) =
z € lset nella =
Paz =
Inth nella (the-enat (min (enat (Inth (kfilter Pa na nella) ia — na)) (epred (llength nella)))) =
Inth (Ifilter Pa nella) (the-enat (min (enat ia) (epred (llength (Ifilter Pa nella)))))
using f12 f11 f10 f5 by simp
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qed

lemma in-nkfilter-nset:
assumes 3 z € nset nell. P x
shows =z € nset(nkfilter P n nell) «— z € { n+i | i. i < nlength nell A P (nnth nell i)}
using assms
by transfer
(auto simp add: kfilter-Inull-conv min-def,
metis co.enat.exhaust-sel gen-llength-def iless-Suc-eq kfilter-holds kfilter-llength-n-zero
kfilter-Inth-n-zero kfilter-lowerbound kfilter-upperbound ldistinct-Ex1 Ildistinct-kfilter
le-add-diff-inverse llength-code llength-eq-0,
metis add.commute co.enat.exhaust-sel iless-Suc-eq kfilter-holds-not-a llength-eq-0)

lemma nkfilter-nset:

assumes 3 z € nset nell. Pz

shows nset(nkfilter P n nell) = { n+i | i. i < nlength nell N P (nnth nell i)}
using assms in-nkfilter-nset[of nell P - n| by blast

lemma nlength-nkfilter-le [simp]:
assumes 3 z € nset nell. P x
shows nlength (nkfilter P n nell) < nlength nell
using assms
by transfer
(auto simp add: kfilter-Inull-conv epred-le-epredl kfilter-llength llength-Ifilter-ile)

lemma nkfilter-nleast:
assumes 3 z € nset zs. Pz
shows  nnth (nkfilter P n zs) 0 = n+(nleast P xs)
using assms
by transfer
(auto simp add: kfilter-not-Inull-conv kfilter-lnull-conv,
metis enat-min-eq-0-iff kfilter-inth-zero kfilter-lnull-conv the-enat-0 zero-enat-def)

lemma ndistinct-nkfilter:
assumes 3 z € nset nell. P x
shows ndistinct(nkfilter P n nell)
using assms
by transfer
(auto simp add: kfilter-Inull-conv ldistinct-kfilter)

lemma nkfilter-ndropn-nset:
assumes 3 z € nset (ndropn k nell). P x
k < nlength nell
shows nset(nkfilter P n (ndropn k nell)) = { n+i|i. i<nlength nell — k N P (nnth nell (k+1))}
using assms nkfilter-nset|of (ndropn k nell) P n)
ndropn-nnth[of - nell k] by auto

lemma nkfilter-ndropn-nset-b:

assumes 3 z € nset (ndropn k nell). P x
k < nlength nell
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shows nset(nkfilter P n (ndropn k nell)) = { n+ i |i. i< nlength nell — k AN P (nnth nell (i+k))}
proof —
have 1: { n+ili. i<nlength nell — k N P (nnth nell (k+17))} =
{ n+ i |i. i< nlength nell — k A P (nnth nell (i+k))}
using assms by (auto simp add: add.commute)
show ?thesis using assms by (simp add: 1 nkfilter-ndropn-nset)
qed

lemma nfilter-nkfilter-ntaken-nlength-0:
assumes P (nnth nell ( (nnth (nkfilter P n nell) k) —n ))
k < nlength (nfilter P nell)
shows (3 z € nset nell. P x)
using assms
by (metis enat-ile in-nset-conv-nnth linorder-le-cases ntaken-all ntaken-nlast)

lemma nkfilter-nlength-n-zero:

assumes (3 z € nset nell. P x)

shows  nlength(nkfilter P n nell) = nlength(nkfilter P 0 nell)
using assms by (simp add: nkfilter-nlength)

lemma nkfilter-nnth-n-zero:
assumes (3 = € nset nell. P x)
k < nlength(nkfilter P n nell)
shows  (nnth (nkfilter P n nell) k) — n = (nnth (nkfilter P 0 nell) k)
using assms
by transfer
(auto split: if-split-asm,
metis kfilter-lnull-conv,
metis kfilter-Inull-conv,
metis co.enat.exhaust-sel iless-Suc-eq kfilter-llength-n-zero kfilter-Inth-n-zero llength-eq-0
min.orderE the-enat.simps)

lemma nkfilter-n-zero:

assumes (3 z € nset nell. P x)

shows (nkfilter P n nell) = nmap (Xi. i+n) (nkfilter P 0 nell)

proof —

have 1: nlength(nkfilter P n nell) = nlength (nmap (Ai. i+n) (nkfilter P 0 nell))
using assms nkfilter-nlength-n-zero by fastforce

have 2: A k. k < nlength (nkfilter P n nell) —

nnth (nkfilter P n nell) k = nnth (nmap (Xi. i+n) (nkfilter P 0 nell)) k

using 1 assms nkfilter-nnth-n-zero|of nell P - n]
by (metis diff-add nkfilter-lowerbound nlength-nmap nnth-nmap)

show ?thesis by (simp add: 1 2 nellist-eq-nnth-eq)

qed

lemma nkfilter-n-zero-a:

assumes (3 = € nset nell. P x)

shows (nkfilter P 0 nell) = nmap (Xi. i—n) (nkfilter P n nell)

proof —

have I: nlength(nkfilter P 0 nell) = nlength (nmap (Ai. i—n) (nkfilter P n nell))
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by (metis assms nkfilter-nlength-n-zero nlength-nmap)
have 2: A\k. k< nlength(nkfilter P 0 nell) —
nnth (nkfilter P 0 nell) k = nnth (nmap (Mi. i—n) (nkfilter P n nell)) k
by (simp add: 1 assms nkfilter-nnth-n-zero)
show ?thesis by (simp add: 1 2 nellist-eq-nnth-eq)
qed

lemma nkfilter-holds:
assumes (3 z € nset nell. P z)
y € nset(nkfilter P n nell)
shows P (nnth nell (y—n))
using assms in-nkfilter-nset[of nell P] by force

lemma nkfilter-holds-not:
assumes (3 z € nset nell. P z)
y € {i+n |i. i< nlength nell} — (nset (nkfilter P n nell))
shows — P (nnth nell (y—n))
using assms nkfilter-nset|of nell P n] by auto

lemma nkfilter-holds-a:
assumes (3 z € nset nell. P x)
i < nlength nell
(i4+n) € nset(nkfilter P n nell)
shows P (nnth nell 7)
using assms nkfilter-holds[of nell P i+n n | by simp

lemma nkfilter-holds-not-a:
assumes (3 z € nset nell. P z)
1 < nlength nell
P (nnth nell 7)
shows  (i+n) € nset(nkfilter P n nell)
using assms by (simp add: in-nkfilter-nset)

lemma nkfilter-holds-b:
assumes (3 z € nset nell. P z)
1 < nlength nell
shows  (i+n) € nset(nkfilter P n nell) = P (nnth nell i)
using assms by (meson nkfilter-holds-a nkfilter-holds-not-a)

lemma nkfilter-holds-c:
assumes (3 z € nset nell. P x)
n<i
i—n < nlength nell
shows i € nset(nkfilter P n nell) = P (nnth nell (i—n))
using assms

by (metis diff-add idiff-enat-enat nkfilter-holds-b)

lemma nkfilter-holds-not-b:
assumes (3 z € nset nell. P z)
n<i

252



i—n < nlength nell
shows ¢ nset (nkfilter P n nell) = (= P (nnth nell (i—n)))
using assms

by (simp add: nkfilter-holds-c)

lemma nkfilter-disjoint-nset-coset:

assumes (3 = € nset nell. P x)

shows ({i+n|i. i < nlength nell} — nset(nkfilter P n nell)) N nset (nkfilter P n nell) = {}
using assms by (simp add: inf.commute)

lemma nidz-nkfilter-expand:
assumes (3 z € nset nell. P x)
(Suc i) < nlength(nkfilter P n nell)

shows  nnth (nkfilter P n nell) ¢ < nnth (nkfilter P n nell) (Suc i)
using assms by (simp add: nkfilter-mono)

lemma nidz-nkfilter:

assumes (3 z € nset nell. P x)

shows nidz (nkfilter P n nell)

using assms nidz-nkfilter-expand[of nell P - n| nidz-expand|of (nkfilter P n nell) |
by blast

lemma nidz-nkfilter-gr-eq:
assumes (3 = € nset nell. P z)
k<j
j < nlength (nkfilter P n nell)
shows  nnth (nkfilter P n nell) k < nnth (nkfilter P n nell) j
using assms nidx-nkfilter[of nell P n| nidz-less-eq[of nkfilter P n nell k j]
by blast

lemma nidz-nkfilter-gr:
assumes (3 z € nset nell. P x)
shows (V j. k<j A j < nlength (nkfilter P n nell) —

nnth (nkfilter P n nell) k < nnth(nkfilter P n nell) j)
using assms nidz-nkfilter[of nell P n] nidz-less|of nkfilter P n nell |
using less-imp-Suc-add by blast

lemma nidz-nkfilter-less-eq:
assumes (3 z € nset nell. P x)
k < nlength (nkfilter P n nell)
shows Vj. j < k — nnth (nkfilter P n nell) j < nnth (nkfilter P n nell) k
using assms by (simp add: nidz-nkfilter-gr-eq)

lemma nkfilter-not-before:
assumes (3 z € nset nell. P x)
i < (nnth (nkfilter P 0 nell) 0)
shows — P (nnth nell 7)
using assms
by transfer
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(auto simp add: min-def split: if-split-asm,

meson kfilter-not-before llength-eq-0 not-gr-zero,

metis dual-order.strict-trans kfilter-not-before less-enatF llength-eq-0 not-gr-zero
not-le-imp-less the-enat.simps,

meson le-less-linear less-enatE less-nat-zero-code,

meson le-less-linear less-enatE not-less0)

lemma nkfilter-n-not-before:
assumes (3 z € nset (ndropn n nell). P x)
n < nlength nell
n<i
i < (nnth (nkfilter P n (ndropn n nell) ) 0)
shows — P (nnth nell 7)
using assms
apply transfer
unfolding min-def
using zero-enat-def
proof (auto split: if-split-asm)
show An nell P i .
enat 0 = 0 =
- lnull nell =
enat n < epred (llength nell) =
n <=
= Inull (kfilter P n (ldropn n nell)) =
i < Inth (kfilter P n (ldropn n nell)) 0 =
z € lset (ldropn n nell) = P x = enat i < epred (llength nell) = P (Inth nell i) = False
by (metis co.enat.exhaust-sel iless-Suc-eq kfilter-n-not-before llength-eq-0 not-gr-zero)
next
fix na :: nat and nella :: 'b llist and Pa :: 'b = bool and ia :: nat and z :: 'b
assume al: ia < Inth (kfilter Pa na (ldropn na nella)) 0
assume a2: — Inull (kfilter Pa na (Idropn na nella))
assume a3: enat na < epred (llength nella)
assume a/: — [null nella
assume a5: - enat ia < epred (llength nella)
assume a6: Pa (Inth nella (the-enat (epred (llength nella))))
have f7: V p n bs. lnull (kfilter p n (bs::'b llist)) V Inth (kfilter p n bs) 0 = n + lleast p bs
by (meson kfilter-inth-zero)
then have f8: Inth (kfilter Pa na (ldropn na nella)) 0 = na + lleast Pa (Idropn na nella)
using a2 by blast
have f9: 0 < llength (kfilter Pa na (ldropn na nella))
using a2 by simp
have f10: na < the-enat (epred (llength nella))
by (metis a3 ab enat-ord-code(4) enat-ord-simps(1) enat-the-enat less-imp-le)
have f11: the-enat (epred (llength nella)) < Inth (kfilter Pa na (Idropn na nella)) 0
by (metis al a5 dual-order.strict-trans enat-ord-simps(2) enat-ord-simps(3) enat-the-enat
not-le-imp-less)
then show Fulse using kfilter-n-not-before[of Pa na nella (the-enat (epred (llength nella)))]
using f10 f11
by (metis a8 a4 ab co.enat.exhaust-sel f9 iless-Suc-eq llength-eq-0)
qed
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lemma nkfilter-not-after:
assumes (3 z € nset nell. P x)
nnth (nkfilter P 0 nell) k <
nlength(nkfilter P 0 nell) =
i < nlength nell
shows — P (nnth nell 7)
using assms
by transfer
(auto simp add: min-def split: if-split-asm,
metis co.enat.exhaust-sel diff-Suc-1 eSuc-enat iless-Suc-eq kfilter-not-after llength-eq-0
not-gr-zero)

v
(enat k)

lemma nkfilter-n-not-after:
assumes (3 z € nset (ndropn n nell). P x)
n < nlength nell
nnth (nkfilter P n (ndropn n nell)) k <
nlength(nkfilter P n (ndropn n nell)) =
i < nlength nell
shows — P (nnth nell 7)
using assms
by transfer
(auto split: if-split-asm,
metis diff-Suc-1 eSuc-enat eSuc-epred iless-Suc-eq kfilter-n-not-after llength-eq-0 not-gr-zero )

¢
(enat k)

lemma nkfilter-not-between:
assumes (3 z € nset nell. P x)
nnth (nkfilter P 0 nell) k < i
i < nnth (nkfilter P 0 nell) (Suc k)
(Suc k) < nlength (nkfilter P 0 nell)
shows = P (nnth nell 7)
using assms
by transfer
(auto simp add: min-def split: if-split-asm,
metis co.enat.exhaust-sel iless-Suc-eq kfilter-not-between llength-eq-0,
metis co.enat.exhaust-sel gen-llength-def iless-Suc-eq kfilter-upperbound le-less-trans
llength-code llength-eq-0 min.cobounded2 min.strict-order-iff min-enat-simps(1),
meson Suc-ile-eq less-imp-le,
meson Suc-ile-eq dual-order.strict-implies-order)

lemma ntaken-nset:
assumes k< nlength nell
shows  nset (ntaken k nell) = { (nnth nell i) | i. i < k}
using assms
by (auto simp add: in-nset-conv-nnth)
(metis min.orderE ntaken-nnth,
metis min.orderE ntaken-nnth)
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lemma ndropn-nset:
assumes k< nlength nell
shows  nset (ndropn k nell) = { (nnth nell i) | i. k < i A ¢ < nlength nell}
using assms
by (auto simp add: in-nset-conv-nnth)
(metis add.commute enat-min-eq le-add1 plus-enat-simps(1),
metis enat-minus-monol idiff-enat-enat le-add-diff-inverse)

lemma nfilter-nkfilter-ntaken-nidz-a:
assumes 3 z € nset nell. P x
k < nlength (nfilter P nell)
shows  nidz (ntaken k (nkfilter P n nell))
using assms
by (simp add: nidx-expand nidx-nkfilter-gr ntaken-nnth)

lemma nfilter-nkfilter-ndropn-nidz-a:
assumes 3 z € nset nell. P x
k < nlength (nfilter P nell)
shows  nidx (ndropn k (nkfilter P n nell))
using assms
by transfer
(auto simp add: kfilter-Inull-conv,
metis (no-types, lifting) gr-implies-not-zero kfilter-llength leI Ifilter-kfilter-ldropn-lidz-a
lidz-def llength-eq-0 Inull-ldropn)

lemma nfilter-nkfilter-ntaken-nidz-b:
assumes P (nnth nell ( (nnth (nkfilter P 0 nell) k)))

k < nlength (nfilter P nell)
shows  nidx (nkfilter P 0 (ntaken (nnth (nkfilter P 0 nell)
using assms nidz-nkfilter[of (ntaken (nnth (nkfilter P 0 nell)
by (metis nfinite-ntaken nset-nlast ntaken-nlast)

k) nell))
k) nell) P 0]
lemma nfilter-nkfilter-ntaken-nidz-b-1:
assumes 3 z € nset nell. P x
k < nlength (nfilter P nell)
shows  nidz (nkfilter P 0 (ntaken (nnth (nkfilter P 0 nell) k) nell))

using assms nfilter-nkfilter-ntaken-nidz-blof P nell k| nkfilter-holds[of nell P]
by (metis in-nset-conv-nnth nkfilter-nlength nkfilter-nnth-n-zero)

lemma nfilter-nkfilter-ntaken-nidz-b-2:
assumes P (nnth nell ( (nnth (nkfilter P n nell) k) —n))
k < nlength (nfilter P nell)
shows  nidz (nkfilter P n (ntaken (nnth (nkfilter P n nell) k) nell))
using assms nidz-nkfilter[of (ntaken (nnth (nkfilter P n nell) k) nell) P n]
by (metis (mono-tags, lifting) diff-le-self linorder-le-cases mem-Collect-eq
nfilter-nkfilter-ntaken-nlength-0 ntaken-all ntaken-nset)

lemma nfilter-nkfilter-ntaken-nidz-b-3:
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assumes 3 z € nset nell. P x

k < nlength (nfilter P nell)
shows  nidx (nkfilter P n (ntaken (nnth (nkfilter P n nell) k) nell))
using assms nfilter-nkfilter-ntaken-nidz-b-2[of P nell n k| nkfilter-holds
by (metis in-nset-conv-nnth nkfilter-nlength)

lemma nfilter-nkfilter-ndropn-nidz-b:
assumes P (nnth nell ( (nnth (nkfilter P 0 nell) k)))
k < nlength (nfilter P nell)
shows  nidx (nkfilter P 0 (ndropn (nnth (nkfilter P 0 nell) k) nell))
using assms nidz-nkfilter[of (ndropn (nnth (nkfilter P 0 nell) k) nell) P 0]
by (metis diff-add diff-zero in-nset-conv-nnth ndropn-nnth zero-enat-def zero-le)

lemma nfilter-nkfilter-ndropn-nidx-b-1:
assumes 3 z € nset nell. P x
k < nlength (nfilter P nell)
shows  nidx (nkfilter P 0 (ndropn (nnth (nkfilter P 0 nell) k) nell))
using assms nfilter-nkfilter-ndropn-nidx-blof P nell k] nkfilter-holds|of nell P]
by (metis in-nset-conv-nnth nkfilter-nlength nkfilter-nnth-n-zero)

lemma nfilter-nkfilter-ndropn-nidz-b-2:
assumes P (nnth nell ( (nnth (nkfilter P n nell) k) —n))
k < nlength (nfilter P nell)
shows  nidz (nkfilter P ((nnth (nkfilter P n nell) k)—n)
(ndropn ((nnth (nkfilter P n nell) k)—n) nell) )
proof —
have I: enat (nnth (nkfilter P n nell) k) —n < nlength nell
using nkfilter-upperbound|of nell P] nkfilter-nnth-n-zero[of nell P k n] assms
by (metis gen-nlength-def idiff-enat-enat nfilter-nkfilter-ntaken-nlength-0
nkfilter-nlength nlength-code)
have 2: nset (ndropn ((nnth (nkfilter P n nell) k)—n) nell) =
{ (nnth nell i) |i. ((nnth (nkfilter P n nell) k)—n) < i A i < nlength nell }
using ndropn-nset[of (nnth (nkfilter P n nell) k)—n nell] 1 by simp
have 3: Jzenset (ndropn ((nnth (nkfilter P n nell) k)—n) nell). P x
using 1 2 assms(1) by auto
show ?thesis using 3
nidz-nkfilter[of (ndropn ((nnth (nkfilter P n nell) k)—n) nell) P (nnth (nkfilter P n nell) k)—n]
by blast
qed

lemma nfilter-nkfilter-ndropn-nidz-b-3:
assumes 3 z € nset nell. P x
k < nlength (nfilter P nell)
shows  nidz (nkfilter P ((nnth (nkfilter P n nell) k)—n)
(ndropn ((nnth (nkfilter P n nell) k)—n) nell))
using assms nfilter-nkfilter-ndropn-nidx-b-2
by (metis in-nset-conv-nnth nkfilter-holds nkfilter-nlength)

lemma ntaken-nkfilter-ntaken-nset-eq:
assumes P (nnth nell ( (nnth (nkfilter P 0 nell) k)) )
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k < nlength (nfilter P nell)
shows  nset(ntaken k (nkfilter P 0 nell)) =
nset(nkfilter P 0 (ntaken ((nnth (nkfilter P 0 nell) k)) nell))
proof —
have 1: ( (nnth (nkfilter P 0 nell) k)) < nlength nell
using assms nkfilter-upperbound|of nell P k 0]
by (metis diff-zero gen-nlength-def nfilter-nkfilter-ntaken-nlength-0 nkfilter-nlength nlength-code)
have 2: 3 z € nset nell. Pz
using assms by (metis 1 ezists-Pred-nnth-nset)
have 3: {i. i < nlength(ntaken (nnth (nkfilter P 0 nell) k) nell) A
P (nnth (ntaken (nnth (nkfilter P 0 nell) k) nell) ) }
= {i. i < (nnth (nkfilter P 0 nell) k) A P (nnth nell i)}
by (auto simp add: ntaken-nnth 1 order-subst2)
have 4: 3 z € nset(ntaken (nnth (nkfilter P 0 nell) k) nell). Pz
using 1 assms(1) ntaken-nset by fastforce
have 5: {i. i < (nnth (nkfilter P 0 nell) k) A P (nnth nell i)} =
{i. i < (nnth (nkfilter P 0 nell) k) A i € nset(nkfilter P 0 nell)}
using 4 1 2 nkfilter-holds-b
by (metis (mono-tags, opaque-lifting) add-cancel-left-right enat-ord-simps(1) order.trans)
have 6: {i. i < (nnth (nkfilter P 0 nell) k) A i € nset(nkfilter P 0 nell)} =
{i. i< (nnth (nkfilter P 0 nell) k) A
i€ { (nnth (nkfilter P 0 nell) j) | j. j < nlength (nkfilter P 0 nell)}}
by (simp add: nset-conv-nnth)
have 7: {i. i< (nnth (nkfilter P 0 nell) k) A
i€ { (nnth (nkfilter P 0 nell) j) | j. j < nlength (nkfilter P 0 nell)}} =
{(nnth (nkfilter P 0 nell) j) |j. 7 < k}
by (auto simp add: assms 2 nidz-nkfilter-less-eq nkfilter-nlength)
(metis 2 dual-order.antisym le-cases nidx-nkfilter-gr-eq nkfilter-nlength,
metis assms(2) dual-order.trans enat-ord-simps(1))
have 8: k < nlength (nkfilter P 0 nell)
by (simp add: 2 assms(2) nkfilter-nlength)
have 9: {(nnth (nkfilter P 0 nell) j) |j. j < k} = nset(ntaken k (nkfilter P 0 nell))
using ntaken-nset[of k (nkfilter P 0 nell)] 8 by auto
have 91: min (enat (nnth (nkfilter P 0 nell) k)) (nlength nell) = (nnth (nkfilter P 0 nell) k)
by (simp add: 1 min-def)
have 10: nset(nkfilter P 0 (ntaken ((nnth (nkfilter P 0 nell) k)) nell)) =
{i. i < (nnth (nkfilter P 0 nell) k) A
P (nnth (ntaken (nnth (nkfilter P 0 nell) k) nell) i) }
using nkfilter-nset[of (ntaken (nnth (nkfilter P 0 nell) k) nell) P 0 ]
1 4 91 ntaken-nlength[of (nnth (nkfilter P 0 nell) k) nell]
by auto
have 11: nlength((ntaken ((nnth (nkfilter P 0 nell) k)) nell)) = (nnth (nkfilter P 0 nell) k)
by (simp add: 1)
have 12: {i. i < (nnth (nkfilter P 0 nell) k) A
P (nnth (ntaken (nnth (nkfilter P 0 nell) k) nell) i) } =
{i. i < nlength((ntaken ((nnth (nkfilter P 0 nell) k)) nell)) A
P (nnth (ntaken (nnth (nkfilter P 0 nell) k) nell) i) }
using 11 by auto
show ?thesis
using 10 12 8 5 6 7 9 by auto
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qed

lemma ntaken-nkfilter-ntaken-nset-eq-1:
assumes 3 z € nset nell. P x

k < nlength (nfilter P nell)
shows  nset(ntaken k (nkfilter P 0 nell)) =

nset(nkfilter P 0 (ntaken ((nnth (nkfilter P 0 nell) k)) nell))

using assms ntaken-nkfilter-ntaken-nset-eq[of P nell k]
nkfilter-holds|of nell P (nnth (nkfilter P 0 nell) k) 0]
by (metis in-nset-conv-nnth nkfilter-nlength nkfilter-nnth-n-zero)

lemma ndropn-nkfilter-ndropn-nset-eq:
assumes P (nnth nell ( (nnth (nkfilter P 0 nell) k)) )
k < nlength (nfilter P nell)
shows  nset(ndropn k (nkfilter P 0 nell)) =
nset(nkfilter P (nnth (nkfilter P 0 nell) k) (ndropn ((nnth (nkfilter P 0 nell) k)) nell))
proof —
have 1: (nnth (nkfilter P 0 nell) k) < nlength nell
using nkfilter-upperbound|of nell P k 0] assms
by (metis diff-zero gen-nlength-def nfilter-nkfilter-ntaken-nlength-0 nkfilter-nlength nlength-code)
have 2: 3 z € nset nell. P x
using assms by (metis 1 exists-Pred-nnth-nset)
have 4: 3 z € nset(ndropn (nnth (nkfilter P 0 nell) k) nell). P x
using 1 assms(1) ndropn-nset by fastforce
have 10: nset(nkfilter P (nnth (nkfilter P 0 nell) k)
(ndropn ((nnth (nkfilter P 0 nell) k)) nell)) =
{(nnth (nkfilter P 0 nell) k) + i| i. i < nlength nell — (nnth (nkfilter P 0 nell) k) N
P (nnth nell (i+ (nnth (nkfilter P 0 nell) k))) }
using 1
nkfilter-ndropn-nset-blof (nnth (nkfilter P 0 nell) k) nell P (nnth (nkfilter P 0 nell) k)]
4 by linarith
have 5: {(nnth (nkfilter P 0 nell) k) + i| i. i < nlength nell — (nnth (nkfilter P 0 nell) k) A
P (nnth nell (i+ (nnth (nkfilter P 0 nell) k))) } =
{(nnth (nkfilter P 0 nell) k) + i| i. ¢ < nlength nell — (nnth (nkfilter P 0 nell) k) A
(i+ (nnth (nkfilter P 0 nell) k)) € nset(nkfilter P 0 nell)}
proof (auto simp add: add.commute)
fix ¢ :: nat
assume al: enat i < nlength nell — enat (nnth (nkfilter P 0 nell) k)
assume a2: P (nnth nell (i + nnth (nkfilter P 0 nell) k))
have f0: enat (¢ + (nnth (nkfilter P 0 nell) k)) < nlength nell
using 1 al enat-min-eq by auto
show ¢ + nnth (nkfilter P 0 nell) k € nset (nkfilter P 0 nell)
by (metis Nat.add-0-right a2 f0 in-nset-conv-nnth nkfilter-holds-b)
next
fix ¢
assume b0: enat i < nlength nell — enat (nnth (nkfilter P 0 nell) k)
assume bl: i + nnth (nkfilter P 0 nell) k € nset (nkfilter P 0 nell)
show P (nnth nell (i + nnth (nkfilter P 0 nell) k))
using nkfilter-holds[of nell P | 2 by (metis bl minus-nat.diff-0)
qed
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have 51: {(nnth (nkfilter P 0 nell) k
(i+ (nnth (nkfilter P 0 nel

) + ] i. @ < nlength nell — (nnth (nkfilter P 0 nell) k) N
)
{(nnth (nkfilter P 0 nell) k) +
<

k)) € nset(nkfilter P 0 nell)} =

il 7
(nnth (nkfilter P 0 nell) k) < i + (nnth (nkfilter P 0 nell) k) A
i + (nnth (nkfilter P 0 nell) k) < nlength nell A
(i+ (nnth (nkfilter P 0 nell) k)) € nset(nkfilter P 0 nell)}

by auto
(metis 2 add.left-neutral in-nset-conv-nnth nkfilter-upperbound zero-enat-def,
metis add-diff-cancel-right’ enat-minus-monol idiff-enat-enat)
have 52: {(nnth (nkfilter P 0 nell) k) + i| i
(nnth (nkfilter P 0 nell) k) < ¢ + (nnth (nkfilter P 0 nell) k) A
i + (nnth (nkfilter P 0 nell) k) < nlength nell A
(i+ (nnth (nkfilter P 0 nell) k)) € nset(nkfilter P 0 nell)} =
{j. (nnth (nkfilter P 0 nell) k) <j A j < nlength nell A\ j € nset(nkfilter P 0 nell)}
by (metis (no-types, lifting) add.commute diff-add)
have 53 : {j. (nnth (nkfilter P 0 nell) k) <j A j < nlength nell A j € nset(nkfilter P 0 nell)} =
{j. (nnth (nkfilter P 0 nell) k) <j A j < nlength nell A\ j €
{(nnth (nkfilter P 0 nell) jj) |3j. 77 < nlength (nkfilter P 0 nell)}}
by (simp add: nset-conv-nnth)
have 54: {j. (nnth (nkfilter P 0 nell) k) <j A j < nlength nell A\ j €
{(nnth (nkfilter P 0 nell) jj) |3j. 7 < nlength (nkfilter P 0 nell)}} =
{(nnth (nkfilter P 0 nell) j) |j. k < j A j < nlength(nkfilter P 0 nell)}
using assms 2
by (auto,
metis dual-order.antisym le-cases nidx-less-eq nidz-nkfilter nkfilter-nlength,
meson nidz-nkfilter-gr-eq,
metis gen-nlength-def nkfilter-upperbound nlength-code)
have 8: k < nlength (nkfilter P 0 nell)
by (simp add: 2 assms(2) nkfilter-nlength)
have 9: {(nnth (nkfilter P 0 nell) j) |j. k < j A j < nlength(nkfilter P 0 nell)} =
nset(ndropn k (nkfilter P 0 nell))
by (simp add: 8 ndropn-nset)
show %thesis
using 10 5 51 52 53 5/ 9 by auto
qed

lemma ndropn-nkfilter-ndropn-nset-eq-1:
assumes 3 z € nset nell. P x
k < nlength (nfilter P nell)
shows  nset(ndropn k (nkfilter P 0 nell)) =
nset(nkfilter P (nnth (nkfilter P 0 nell) k) (ndropn ((nnth (nkfilter P 0 nell) k)) nell))
using assms ndropn-nkfilter-ndropn-nset-eq[of P nell k]
by (metis diff-zero in-nset-conv-nnth nkfilter-holds nkfilter-nlength)

lemma nkfilter-nkfilter-ntaken:
assumes 3 z € nset nell. Pz
k < nlength (nfilter P nell)
shows  ntaken k (nkfilter P 0 nell) =
(nkfilter P 0 (ntaken (nnth (nkfilter P 0 nell) k) nell))

using assms
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by (simp add: nfilter-nkfilter-ntaken-nidx-a nfilter-nkfilter-ntaken-nidz-b-1 nidz-nset-eq
ntaken-nkfilter-ntaken-nset-eq-1)

lemma nkfilter-nkfilter-ndropn:
assumes 3 z € nset nell. P x
k < nlength (nfilter P nell)
shows ndropn k (nkfilter P 0 nell) =
(nkfilter P (nnth (nkfilter P 0 nell) k) (ndropn (nnth (nkfilter P 0 nell) k) nell))
proof —
have 1: P (nnth nell ( (nnth (nkfilter P 0 nell) k)) )
using nkfilter-holds[of nell P | assms
by (metis diff-zero in-nset-conv-nnth nkfilter-nlength)
show “thesis
by (metis 1 assms(1) assms(2) diff-zero ndropn-nkfilter-ndropn-nset-eq
nfilter-nkfilter-ndropn-nidz-a nfilter-nkfilter-ndropn-nidz-b-3 nidz-nset-eq)
qed

lemma nkfilter-nmap-nfilter:

assumes 3 z € nset nell. P x

shows nmap (An. nnth nell n) (nkfilter P 0 nell) = nfilter P nell

using assms nellist-eq-nnth-eq[of nmap (An. nnth nell n) (nkfilter P 0 nell) nfilter P nell]
nkfilter-nfilter[of nell P - 0] nkfilter-nnth-n-zero[of nell P - 0]

by (simp add: nkfilter-nlength)

lemma nfilter-nkfilter-ntaken:
assumes P (nnth nell ( (nnth (nkfilter P 0 nell) k)) )
k < nlength (nkfilter P 0 nell)
shows  ntaken k (nfilter P nell) =
nfilter P (ntaken (nnth (nkfilter P 0 nell) k) nell)
proof —
have 1: 3 z € nset nell. P x
using assms
by (metis in-nset-conv-nnth min.coboundedl min-def nfinite-ntaken nset-nlast ntaken-all
ntaken-nlast)
have 2: nfilter P nell = nmap (An. nnth nell n) (nkfilter P 0 nell)
using 1 assms by (simp add: nkfilter-nmap-nfilter)
have 3: ntaken k (nfilter P nell) = ntaken k (nmap (An. nnth nell n) (nkfilter P 0 nell))
using 2 by simp
have /: ntaken k (nmap (An. nnth nell n) (nkfilter P 0 nell)) =
nmap (An. nnth nell n) (ntaken k (nkfilter P 0 nell))
by simp
have 5: 3 = € nset (ntaken (nnth (nkfilter P 0 nell) k) nell). P z
using assms by (metis nfinite-ntaken nset-nlast ntaken-nlast)
have 6: (nfilter P (ntaken (nnth (nkfilter P 0 nell) k) nell)) =
nmap (As. nnth (ntaken (nnth (nkfilter P 0 nell) k) nell) s)
(nkfilter P 0 (ntaken (nnth (nkfilter P 0 nell) k) nell))
using 5 by (simp add: nkfilter-nmap-nfilter)
have 7: nmap (An. nnth nell n) (ntaken k (nkfilter P 0 nell)) =
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nmap (An. nnth nell n) (nkfilter P 0 (ntaken (nnth (nkfilter P 0 nell) k) nell))
by (simp add: 1 2 assms(2) nkfilter-nkfilter-ntaken)
have 70: enat k < nlength (nfilter P nell)
using 2 assms by auto
have 71: (\z. z € nset (nkfilter P 0 (ntaken (nnth (nkfilter P 0 nell)
(An. nnth nell n) z = (A\s. nnth (ntaken (nnth (nkfilter P 0 nell)
using assms 1 70 ntaken-nkfilter-ntaken-nset-eq[of P nell k|
ntaken-nset[of k (nkfilter P 0 nell)] mem-Collect-eq
nidz-nkfilter-gr-eq[of nell P - - 0]
proof simp
fix z :: nat
assume al: enat k < nlength (nkfilter P 0 nell)
assume a2: Nk j. [k < j; enat j < nlength (nkfilter P 0 nell)] =
nnth (nkfilter P 0 nell) k < nnth (nkfilter P 0 nell) j
assume a3: z € nset (nkfilter P 0 (ntaken (nnth (nkfilter P 0 nell) k) nell))
assume {nnth (nkfilter P 0 nell) i |i. i < k} =
nset (nkfilter P 0 (ntaken (nnth (nkfilter P 0 nell) k) nell))
then have 3n. z = nnth (nkfilter P 0 nell) n A n < k
using a3 by blast
then have z < nnth (nkfilter P 0 nell) k
using a2 al by meson
then show nnth nell z = nnth (ntaken (nnth (nkfilter P 0 nell) k) nell) z
by (simp add: ntaken-nnth)
qged
have 8: nmap (An. nnth nell n)
(nkfilter P 0 (ntaken (nnth (nkfilter P 0 nell) k) nell)) =
nmap (As. nnth (ntaken (nnth (nkfilter P 0 nell) k) nell) s)
(nkfilter P 0 (ntaken (nnth (nkfilter P 0 nell) k) nell))
using 1 5 assms nellist. map-cong0
using 71 by blast
show ?thesis
by (simp add: 8 6 7 8)
qed

) nell)) =

k
k) nell) s) z)

lemma nfilter-nkfilter-ntaken-1:
assumes 3 z € nset nell. P x
k < nlength (nkfilter P 0 nell)
shows  ntaken k (nfilter P nell) =
nfilter P (ntaken (nnth (nkfilter P 0 nell) k) nell)
using assms nfilter-nkfilter-ntaken|of P nell k]
by (metis in-nset-conv-nnth nkfilter-holds nkfilter-nnth-n-zero)

lemma nkfilter-nmap-shift:

assumes 3 z € nset nell. P x

shows nmap (As. nnth nell (s+n)) (nkfilter P 0 nell) =
nmap (As. nnth nell s) (nkfilter P n nell)

proof —

have 1: nlength (nmap (As. nnth nell (s+n)) (nkfilter P 0 nell)) =
nlength (nmap (As. nnth nell s) (nkfilter P n nell))

by (simp add: assms nkfilter-nlength)
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have 2: Ai. i< nlength (nmap (As. nnth nell (s+n)) (nkfilter P 0 nell)) —
nnth (nmap (As. nnth nell (s+n)) (nkfilter P 0 nell)) i =
nnth nell ((nnth (nkfilter P 0 nell) i)+n)
by simp
have 3: \i. i< nlength (nmap (As. nnth nell s) (nkfilter P n nell)) —
nnth (nmap (A\s. nnth nell s) (nkfilter P n nell)) i =
nnth nell (nnth (nkfilter P n nell) 7)
by simp
have /: Ai. i< nlength (nmap (As. nnth nell (s+n)) (nkfilter P 0 nell)) —
nnth nell ((nnth (nkfilter P 0 nell) i)4+n) = nnth nell (nnth (nkfilter P n nell) i)
using nkfilter-n-zerolof nell P n]
by (simp add: assms)
show ?thesis using 1 4 nellist-eq-nnth-eq by force
qed

lemma nkfilter-nmap-shift-ndropn:
assumes 3 z € nset (ndropn (nnth (nkfilter P 0 nell) k) nell). P x
k < nlength (nkfilter P 0 nell)
shows nmap (As. nnth nell (s+(nnth (nkfilter P 0 nell) k)))
(nkfilter P 0 (ndropn (nnth (nkfilter P 0 nell) k) nell)) =
nmap (As. nnth nell s) (nkfilter P (nnth (nkfilter P 0 nell) k)
(ndropn (nnth (nkfilter P 0 nell) k) nell))
using assms
nellist-eq-nnth-eq[of nmap (As. nnth nell (s+(nnth (nkfilter P 0 nell) k)))
(nkfilter P 0 (ndropn (nnth (nkfilter P 0 nell) k) nell))
nmap (As. nnth nell s) (nkfilter P (nnth (nkfilter P 0 nell) k)
(ndropn (nnth (nkfilter P 0 nell) k) nell))]
using nkfilter-n-zero[of (ndropn (nnth (nkfilter P 0 nell) k) nell) P
(nnth (nkfilter P 0 nell) k)]
by simp

lemma nfilter-nkfilter-ndropmn:
assumes P (nnth nell ( (nnth (nkfilter P 0 nell) k)) )
k < nlength (nkfilter P 0 nell)
shows  ndropn k (nfilter P nell) =
nfilter P (ndropn (nnth (nkfilter P 0 nell) k) nell)
proof —
have 1: 3z € nset nell. P x
using assms
by (metis in-nset-conv-nnth min.coboundedl min-def nfinite-ntaken nset-nlast ntaken-all ntaken-nlast)
have 2: (nfilter P nell) = nmap (An. nnth nell n) (nkfilter P 0 nell)
by (simp add: 1 nkfilter-nmap-nfilter)
have 3: ndropn k (nfilter P nell) = ndropn k (nmap (An. nnth nell n) (nkfilter P 0 nell))
by (simp add: 2)
have 4: ndropn k (nmap (An. nnth nell n) (nkfilter P 0 nell)) =
nmap (An. nnth nell n) (ndropn k (nkfilter P 0 nell))
using ndropn-nmap by blast
have 5: 3 = € nset(ndropn (nnth (nkfilter P 0 nell) k) nell). P z
by (metis add.commute add.left-neutral assms(1) in-nset-conv-nnth ndropn-nnth zero-enat-def
zero-le)
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have 6: nfilter P (ndropn (nnth (nkfilter P 0 nell) k) nell) =
nmap (As. nnth (ndropn (nnth (nkfilter P 0 nell) k) nell) s)
(nkfilter P 0 (ndropn (nnth (nkfilter P 0 nell) k) nell))
by (metis 5 nkfilter-nmap-nfilter)
have 7: nmap (As. nnth (ndropn (nnth (nkfilter P 0 nell) k
(nkfilter P 0 (ndropn (nnth (nkfilter P 0 nell) k
nmap (As. nnth nell (s+(nnth (nkfilter P 0 nell) k))
(nkfilter P 0 (ndropn (nnth (nkfilter P 0 nell) k
by (simp add: add.commute)
have 8: nmap (As. nnth nell (s+(nnth (nkfilter P 0 nell) k)))
(nkfilter P 0 (ndropn (nnth (nkfilter P 0 nell) k) nell)) =
nmap (As. nnth nell s)
(nkfilter P (nnth (nkfilter P 0 nell) k) (ndropn (nnth (nkfilter P 0 nell) k) nell))
using 5 assms(2) nkfilter-nmap-shift-ndropn by fastforce
have 9: nmap (As. nnth nell s)

~—

nell) s)
nell)) =

~_

nell))

(nkfilter P (nnth (nkfilter P 0 nell) k) (ndropn (nnth (nkfilter P 0 nell) k) nell)) =

nmap (As. nnth nell s)
(ndropn k (nkfilter P 0 nell))
by (simp add: 1 2 assms(2) nkfilter-nkfilter-ndropn)
show %thesis using 3 4/ 6 7 8 9 by auto
qed

lemma nfilter-nkfilter-ndropn-1:
assumes 3z € nset nell. P x
k < nlength (nkfilter P 0 nell)
shows  ndropn k (nfilter P nell) =
nfilter P (ndropn (nnth (nkfilter P 0 nell) k) nell)
using assms nfilter-nkfilter-ndropn
by (metis in-nset-conv-nnth minus-nat.diff-0 nkfilter-holds)

lemma nfilter-nkfilter-nsubn:
assumes P (nnth nell ( (nnth (nkfilter P 0 nell) 7)) )
enat i < nlength (nkfilter P 0 nell)
P (nnth nell ( (nnth (nkfilter P 0 nell) j)) )
enat j < nlength (nkfilter P 0 nell)
<]
shows nsubn (nfilter P nell ) i j =
(nfilter P (nsubn nell
(nnth (nkfilter P 0 nell) )
(nnth (nkfilter P 0 nell) j)

)

proof —
have 0: nsubn (nfilter P nell ) i j = ntaken (j — i) (ndropn i (nfilter P nell))
using nsubn-def! by blast
have I: ntaken (j — i) (ndropn i (nfilter P nell)) =
ntaken (j — @) (nfilter P (ndropn (nnth (nkfilter P 0 nell) i) nell))
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by (simp add: assms(1) assms(2) nfilter-nkfilter-ndropn)
have 4: ((nnth (nkfilter P 0 (ndropn (nnth (nkfilter P 0 nell) i) nell)) (j — 7)) +
(nnth (nkfilter P 0 nell) 7)) =
((nnth (nkfilter P (nnth (nkfilter P 0 nell) i) (ndropn (nnth (nkfilter P 0 nell) i) nell)) (j — 7)) )
proof —
have f1: A\n ns. (nfirst (ndropn n ns)::nat) = nlast (ntaken n ns)
by (metis (lifting) ndropn-0 ndropn-nfirst ndropn-nnth ntaken-ndropn-nlast)
have An f ns. nlast (ntaken n (nmap f ns)) = (f (nlast (ntaken n ns)::nat)::nat)
by simp
then show ?Zthesis
using f1 by (metis assms(1) in-nset-conv-nnth ndropn-0 ndropn-nfirst nkfilter-n-zero zero-enat-def
zero-le)
qed
have 5: ((nnth (nkfilter P (nnth (nkfilter P 0 nell) i) (ndropn (nnth (nkfilter P 0 nell) i) nell)) (j — 7)) )
(nnth (nkfilter P 0 nell) j)
using assms nkfilter-nkfilter-ndropn|of nell P i
by (metis in-nset-conv-nnth le-add-diff-inverse linorder-le-cases linorder-not-less ndropn-nnth
nfinite-ntaken nkfilter-nlength nnth-beyond nset-nlast ntaken-all)
have 10: 3zenset (ndropn (nnth (nkfilter P 0 nell) i) nell). P x
by (metis assms(1) in-nset-conv-nnth le-zero-eq nle-le nnth-zero-ndropn zero-enat-def)
have 11: ndropn i (nfilter P nell) = nfilter P (ndropn (nnth (nkfilter P 0 nell) i) nell)
by (simp add: assms(1) assms(2) nfilter-nkfilter-ndropn)
have 12: nlength (ndropn i (nfilter P nell)) = nlength (nfilter P (ndropn (nnth (nkfilter P 0 nell) i) nell))
by (simp add: 11)
have 13: nlength (nkfilter P 0 (ndropn (nnth (nkfilter P 0 nell) i) nell)) =
nlength (nfilter P (ndropn (nnth (nkfilter P 0 nell) i) nell))
by (simp add: 10 nkfilter-nlength)
have 1/: enat i < nlength (nfilter P nell)
by (metis assms(1) assms(2) in-nset-conv-nnth linorder-le-cases nfinite-ntaken nkfilter-nlength nset-nlast

ntaken-all ntaken-nlast)
have 15: enat j < nlength (nfilter P nell)
by (metis 14 assms(1) assms(4) diff-zero nfilter-nkfilter-ntaken-nlength-0 nkfilter-nlength)
have 16: enat (j — i) < nlength (ndropn i (nfilter P nell))
by (metis 15 enat-minus-monol idiff-enat-enat ndropn-nlength)
have 2: ntaken (j — i) (nfilter P (ndropn (nnth (nkfilter P 0 nell) i) nell)) =
(nfilter P (ntaken (nnth (nkfilter P 0 (ndropn (nnth (nkfilter P 0 nell) i) nell)) (j — 7))
(ndropn (nnth (nkfilter P 0 nell) i) nell)))
by (metis 10 12 13 16 nfilter-nkfilter-ntaken-1)
have 3: (nfilter P (ntaken (nnth (nkfilter P 0 (ndropn (nnth (nkfilter P 0 nell) i) nell)) (j — 7))
(ndropn (nnth (nkfilter P 0 nell) i) nell))) =
(nfilter P (nsubn nell
(nnth (nkfilter P 0 nell) 1)
((nnth (nkfilter P 0 (ndropn (nnth (nkfilter P 0 nell) i) nell)) (j — 7)) +
(nnth (nkfilter P 0 nell) 7))
)
by (simp add: ntaken-ndropn)
show ¢thesis using 0 1 2 8 / 5 by auto
qed
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lemma nfilter-nkfilter-nsubn-zero:
assumes P (nnth nell ( (nnth (nkfilter P 0 nell) 7)) )
enat j < nlength (nkfilter P 0 nell)
shows nsubn (nfilter P nell ) 0 j =
(nfilter P (nsubn nell
0
(nnth (nkfilter P 0 nell) j)

)

by (simp add: assms(1) assms(2) nfilter-nkfilter-ntaken nsubn-defI)

lemma nkfilter-nnth-aa:
assumes 3z € nset nell. P x
n < nlength (nfilter P nell)
shows P (nnth (nfilter P nell) n)
using assms in-nset-conv-nnth nkfilter-holds[of nell P - 0] nkfilter-nfilter[of nell P - 0]
by (metis nkfilter-nlength)

lemma nfilter-nlength-zero-conv-a:
assumes 3z € nset nell. P x
nlength(nfilter P nell) = 0
shows (3 k < nlength nell. P (nnth nell k) A
(Vj< nlength nell. j #k — — P (nnth nell j)))
using assms
apply transfer
proof (auto simp add: epred-llength min-def split: if-split-asm)
fix nella :: 'a llist and Pa :: 'a = bool and z :: 'a
assume al: = Inull nella
assume a2: Pa x
assume a3: x € Iset nella
assume a4: Inull (Itl (lfilter Pa nella))
show k. (enat k < llength (ltl nella) —
Pa (Inth nella k) A (Vj. enat j < llength (Itl nella) — j # k — — Pa (Inth nella j))) A
enat k < llength (Itl nella)
proof —
have 1: LCons (lhd nella) (Itl nella) = nella
by (metis a2 a3 lfilter-LNil llist.disc(1) llist.exhaust-sel Inull-Ifilter)
have 2: llength nella = eSuc (llength (Itl nella))
by (metis 1 llength-LCons)
have 3: — Inull (Ifilter Pa nella)
by (meson a2 a3 Inull-lfilter)
show “thesis
by (metis 2 3 a4 iless-Suc-eq lfilter-llength-one-conv-a thd-LCons-Itl llength-LCons llength-LNil
llist.collapse(1) one-eSuc)
qged
qed
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lemma nfilter-nlength-zero-conv-c:
(3 k < nlength nell. P (nnth nell k) A
(Vj< nlength nell. j #k — — P (nnth nell j))) =
(3 k < nlength nell. P (nnth nell k) A
(Vj< nlength nell. j<k V k<j — — P (nnth nell j)))
using antisym-conv3 by auto

lemma nfilter-nlength-zero-conv-d:
(3 k < nlength nell. P (nnth nell k) A
(Vj< nlength nell. j<k V k<j — — P (nnth nell j))) +—
(3 k < nlength nell. P (nnth nell k) A
(Vj. j<k — = P (nnth nell j)) A
(Vj< nlength nell. k<j — — P (nnth nell j)))
by (meson enat-ord-simps(2) le-cases le-less-trans)

lemma nfilter-nlength-zero-conv-b:
assumes (3 k < nlength nell. P (nnth nell k) A
(Vj< nlength nell. j #k — = P (nnth nell j)))
shows (3z € nset nell. P x) A\ nlength(nfilter P nell) = 0
using assms
by transfer
(auto split: if-split-asm,
metis co.enat.exhaust-sel iless-Suc-eq in-lset-conv-Inth llength-eq-0,
metis co.enat.exhaust-sel co.enat.sel(2) iless-Suc-eq lfilter-llength-one-conv-b llength-eq-0
one-eSuc)

lemma nfilter-nlength-zero-conv:
((3z € nset nell. P z) A nlength(nfilter P nell) = 0) «—
(3 k < nlength nell. P (nnth nell k) A
(Vj< nlength nell. j #k — = P (nnth nell j)))
using nfilter-nlength-zero-conv-a[of nell P] nfilter-nlength-zero-conv-b[of nell P]
by blast

lemma nfilter-nlength-zero-conv-1:
((3z € nset nell. P x) A nlength(nfilter P nell) = 0) <—
(3 k < nlength nell. P (nnth nell k) A
(Vj< nlength nell. j<k V k<j — — P (nnth nell j)))
using nfilter-nlength-zero-conv|of nell P] nfilter-nlength-zero-conv-c[of nell P)]
by blast

lemma nfilter-nlength-zero-conv-2:
((3z € nset nell. P x) A nlength(nfilter P nell) = 0) +—
(3 k < nlength nell. P (nnth nell k) A
(Vj. j<k — = P (nnth nell 7)) N
(Vj5< nlength nell. k<j — — P (nnth nell j)))
using nfilter-nlength-zero-conv-1[of nell P] nfilter-nlength-zero-conv-d[of nell P]
by blast

lemma nfilter-ndropns-nmap-help-0:
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assumes 3 z € nset nell. Pz
j < nnth(nkfilter P 0 nell) 0
shows (nfilter P (ndropn (nnth (nkfilter P 0 nell) 0) nell)) = (nfilter P (ndropn j nell))
using assms
proof (induction j arbitrary: nell)
case 0
then show ?Zcase
by (metis ndropn-0 nfilter-nkfilter-ndropn-1 zero-enat-def zero-le)
next
case (Suc j)
then show ?Zcase
proof (cases nell)
case (NNil z1)
then show ?Zthesis
by simp
next
case (NCons 121 122)
then show ?thesis
proof —
have 1: is-NNil 222 —
nfilter P (ndropn (nnth (nkfilter P 0 nell) 0) nell) = nfilter P (ndropn (Suc j) nell)
by (metis NCons Suc.prems(2) Suc-le-D ndropn-Suc-NCons ndropn-is-NNil)
have 2: P z21 A —is-NNil 222 —
nfilter P (ndropn (nnth (nkfilter P 0 nell) 0) nell) = nfilter P (ndropn (Suc j) nell)
using Suc NCons
by simp
(metis Suc.prems(1) dual-order.strict-transl nkfilter-not-before nnth-0 zero-less-Suc)
have 3. =P 221 N\ —is-NNil 222 —
nfilter P (ndropn (nnth (nkfilter P 0 nell) 0) nell) = nfilter P (ndropn (Suc j) nell)
using Suc NCons by (simp add: nkfilter-nleast)
show “thesis
using 1 2 &8 by blast
qed
qed
qed

lemma nfilter-nappend-ntaken:
assumes 3 z € nset (ntaken k nell). Pz
k< nlength nell
shows nfilter P (ntaken k nell) =
ntaken (the-enat (nlength(nfilter P (ntaken k nell)))) (nfilter P nell)
using assms
apply transfer
proof auto
show Ak nell P .
= Inull nell =
enat k < epred (llength nell) =
z € lset (ltake (enat (Suc k)) nell) =
Pr—=
Vz€lset nell. - Pz —
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lfilter P (ltake (enat (Suc k)) nell) =
ltake (enat (Suc (the-enat (epred (llength (Ifilter P (ltake (enat (Suc k)) nell))))))) nell
by (metis dual-order.strict-transl in-lset-conv-Inth llength-ltake Iprefiz-InthD ltake-is-lprefiz
min.cobounded?2)
next
fix k
fix nell :: 'a llist
fix P
fix z
fix za
assume a0: — Inull nell
assume al: enat k < epred (llength nell)
assume a2: z € [set (ltake (enat (Suc k)) nell)
assume a3: P x
assume a4: xa € lset nell
assume ad: P za
show [filter P (ltake (enat (Suc k)) nell) =
ltake (enat (Suc (the-enat (epred (llength (lfilter P (ltake (enat (Suc k)) nell))))))) ({filter P nell)
proof (cases k = epred (llength nell))
case True
then show ?thesis
proof —
have f1: eSuc (enat k) = llength nell
by (simp add: True a0)
then have llength (Ifilter P nell) # 0
by (metis (no-types) a2 a3 eSuc-enat llength-eq-0 Inull-lfilter ltake-all order-refl)
then show ¢thesis
using f1 by (metis True co.enat.exhaust-sel eSuc-enat enat-the-enat epred-le-epredl infinity-ileE
llength-lfilter-ile ltake-all order-refl)
qed
next
case Fulse
then show ?thesis
proof —
have f1: llength nell # 0
using a0 llength-eq-0 by blast
have g1: = Inull (Ifilter P (ltake (enat (Suc k)) nell))
by (meson a2 a3 Inull-lfilter)
then show “thesis
using f1
proof —
have f1: enat k < epred (llength nell)
using Fulse al order.not-eq-order-implies-strict by blast
have f2: Ve. e = 0 V e = eSuc (epred e)
by (metis co.enat.exhaust-sel)
then have ¢2: enat (Suc k) < llength nell
using f1 by (metis (no-types) Suc-ile-eq <llength nell # 0 iless-Suc-eq)
then show %thesis
using f2
using lfilter-lappend-ltake[of Suc k]
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proof —
have eSuc (enat k) = min (enat (Suc k)) (llength nell)
by (metis <enat (Suc k) < llength nell> eSuc-enat min.strict-order-iff)
then have eSuc (enat k) = llength (ltake (enat (Suc k)) nell)
by simp
then show “thesis
by (metis g1 g2 co.enat.exhaust-sel eSuc-enat eSuc-infinity enat-the-enat infinity-ileE
lfilter-lappend-ltake llength-eq-0 llength-Ifilter-ile)
ged
ged
qed
qed
qged

lemma nappend-nfilter-nfinite:
assumes 3 z € nset (nellx). P x
3 z € nset (nelly). Pz
nfinite nellx
shows  nfilter P (nappend nellx nelly) = nappend (nfilter P nellr) (nfilter P nelly)
using assms
by transfer auto

lemma nfilter-nappend-ndropmn:
assumes 3 z € nset (ndropn (Suc k) nell). Pz
3 = € nset (ntaken k nell). P x
(Suc k) < nlength nell
shows nfilter P (ndropn (Suc k) nell) =
ndropn (the-enat (eSuc(nlength(nfilter P (ntaken k nell))))) (nfilter P nell)
proof —
have I: nfinite (nfilter P (ntaken k nell))
by (metis Suc-ile-eq assms(3) dual-order.strict-implies-order enat-ile length-nfilter-le
min.absorbl nfinite-conv-nlength-enat ntaken-nlength)
have 2: nfilter P nell = nappend (nfilter P (ntaken k nell)) (nfilter P (ndropn (Suc k) nell))
using assms nappend-nfilter-nfinite|of (ntaken k nell) P (ndropn (Suc k) nell)]
nappend-ntaken-ndropn[of k nell|] nfinite-ntaken]of k nell] by simp
have 3: ndropn (the-enat (eSuc(nlength(nfilter P (ntaken k nell)))))
(nappend (nfilter P (ntaken k nell)) (nfilter P (ndropn (Suc k) nell)))
= (nfilter P (ndropn (Suc k) nell))
by (metis 1 antisym-conv2 gr-zerol ile-eSuc iless-Suc-eq less-imp-le ndropn-0
ndropn-nappend3 nfinite-conv-nlength-enat one-enat-def plus-1-eSuc(2) plus-enat-simps(1)
the-enat.simps zero-less-diff)
show “thesis
by (simp add: 2 3)
qed

lemma nkfilter-nappend-ntaken:

assumes 3 z € nset (ntaken k nell). P x
k< nlength nell
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shows nkfilter P n (ntaken k nell) =
ntaken (the-enat (nlength(nkfilter P n (ntaken k nell)))) (nkfilter P n nell)
using assms
apply transfer
proof (auto simp add: kfilter-not-lnull-conv kfilter-inull-conv)
show Ak nell P n z.
- Inull nell =
enat k < epred (llength nell) =
z € lset (ltake (enat (Suc k)) nell) =
Pr—=
Vazelset nell. -~ Pz =
kfilter P n (ltake (enat (Suc k)) nell) =
ltake (enat (Suc (the-enat (epred (llength (kfilter P n (ltake (enat (Suc k)) nell))))))) (iterates Suc n)
by (meson Iset-ltake subsetD)
next
fix ka :: nat and nella :: 'a llist and Pa :: 'a = bool and na :: nat and z :: 'a and za :: 'a
assume al: Pa x
assume a2: Pa za
assume a3: za € lset nella
assume a4: ¢ € lset (ltake (enat (Suc ka)) nella)
have f5: \e. e = enat 0 V eSuc (epred e) = e
by (metis (no-types) co.enat.exhaust-sel zero-enat-def)
have f6: Aas. min oo (llength (as::'a llist)) = llength as
by simp
have f7: eSuc o0 = o0
by simp
have f8: (enat (Suc (the-enat (epred (llength (kfilter Pa na (ltake (enat (Suc ka)) nella))))))) =
(llength (kfilter Pa na (ltake (enat (Suc ka)) nella)))
proof —
have fI: Vn. - 0o < enat n
by (meson infinity-ileE)
have — Inull (kfilter Pa na (ltake (enat (Suc ka)) nella))
by (metis (no-types) al a4 kfilter-not-Inull-conv)
then show ?thesis
using f1
by (metis co.enat.exhaust-sel dual-order.trans eSuc-enat eSuc-ile-mono enat-the-enat kfilter-llength
llength-eq-0 llength-lfilter-ile llength-ltake min.cobounded1)
ged
moreover
{ assume llength nella # oo
then have ltake (enat (Suc ka)) nella = nella —
ltake (llength (lfilter Pa (ltake (enat (Suc ka)) nella))) (kfilter Pa na nella) =
kfilter Pa na (ltake (enat (Suc ka)) nella) A
epred (llength (Ifilter Pa (ltake (enat (Suc ka)) nella))) # oo
using f7 f6 f5 a3 a2 by (metis (no-types) kfilter-llength llength-eq-0 llength-lfilter-ile
Inull-lfilter ltake-all min.orderE not-le-imp-less not-less-iff-gr-or-eq zero-enat-def)
moreover
{ assume ltake (enat (Suc ka)) nella # nella
then have enat (Suc ka) < llength nella A min (enat (Suc ka)) (llength nella) # oo V
enat (Suc ka) < llength nella A llength (Ifilter Pa (ltake (enat (Suc ka)) nella)) # eSuc oo
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by (metis (no-types) enat-ord-code(4) ltake-all min.orderE not-le-imp-less not-less-iff-gr-or-eq) }
ultimately have enat (Suc ka) < llength nella A min (enat (Suc ka)) (llength nella) # oo V
enat (Suc ka) < llength nella A llength (Ifilter Pa (ltake (enat (Suc ka)) nella)) # eSuc oo V
ltake (llength (Ifilter Pa (ltake (enat (Suc ka)) nella))) (kfilter Pa na nella) =
kfilter Pa na (ltake (enat (Suc ka)) nella) A
epred (llength (lfilter Pa (ltake (enat (Suc ka)) nella))) # oo
by fastforce }
ultimately show kfilter Pa na (ltake (enat (Suc ka)) nella) =
ltake (enat (Suc (the-enat (epred (llength (kfilter Pa na (ltake (enat (Suc ka)) nella)))))))
(kfilter Pa na nella)
using f6 f5 a4 al
kfilter-lappend-ltake[of (enat (Suc ka)) nella Pa na |
by (metis enat-ord-code(4) kfilter-llength)
qed

lemma nfilter-ndropns-nmap-help-1:
assumes 3 z € nset nell. P x
J < nnth(nkfilter P 0 nell) (Suc 0)
nnth (nkfilter P 0 nell) 0 < j
(Suc 0) < nlength(nfilter P nell)
shows (nfilter P (ndropn (nnth (nkfilter P 0 nell) (Suc 0)) nell)) =
(nfilter P (ndropn j nell))
using assms
proof
(induction j arbitrary: nell )
case (
then show Zcase
by blast
next
case (Suc j)
then show “case
proof (cases nell)
case (NNil z1)
then show ?thesis
by auto
next
case (NCons 121 222)
then show ?thesis
proof —
have I: is-NNil 22 —
nfilter P (ndropn (nnth (nkfilter P 0 nell) (Suc 0)) nell) =
nfilter P (ndropn (Suc j) nell)
by (metis NCons Suc.prems(2) Suc-le-D ndropn-Suc-NCons ndropn-is-NNil)
have 2: P 221 N — is-NNil 222 —
nfilter P (ndropn (nnth (nkfilter P 0 nell) (Suc 0)) nell) =
nfilter P (ndropn (Suc j) nell)
using Suc NCons
proof simp
assume al: P 221 A — is-NNil 222
assume a2: enat (Suc 0) < nlength (nfilter P (NCons 221 122))
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assume a3: nell = NCons z21 x22
assume a4: Suc j < nnth (nkfilter P 0 (NCons 221 x22)) (Suc 0)
have f5: Vas p an. (a. (a::'a) € nset as Apa)V - pa)V
nkfilter p n (NCons a as) = NNil n
by (metis (no-types) nkfilter-NCons-a)
have f6: Vas p n. (Va. (a::'a) ¢ nset as V = p a) V
nlength (nkfilter p n as) = nlength (nfilter p as)
by (meson nkfilter-nlength)
have f7: Vp as. (Va. (a::'a) ¢ nset as V = p a) = (Va. a ¢ nset as V = p a)
by meson
have f8: nlength (nkfilter P 0 (NCons z21 z22)) =
nlength (nfilter P (NCons z21 x22))
by (meson al nellist.set-intros(2) nkfilter-nlength)
have f9: Vp as. (Va. (a::'a) ¢ nset asV = p a) = (Va. a ¢ nset as V = p a)
by meson
have f10: (3a. a € nset 22 A P a) —>
nkfilter P 0 (NCons x21 x22) = NCons 0 (nkfilter P (Suc 0) x22)
using al by (simp add: Bex-def-raw)
then have f11: (a. a € nset 22 A P a) —
nnth (nkfilter P (Suc 0) x22) 0 — Suc 0 = nnth (nkfilter P 0 222) 0
using f9 f8 f7 a2 by (metis Suc-ile-eq iless-Suc-eq nkfilter-nnth-n-zero nlength-NCons)
have f1/4: j < nnth (nkfilter P 0 (NCons 221 z22)) (Suc 0)
using a4 Suc-le-eq by blast
have Ja. a € nset 222 AN P a
using f8 f5 a2 al by (metis Suc-ile-eq gr-implies-not-zero nlength-NNil)
then have (Ja. a € nset 22 A P a) A nfilter P (ndropn (nnth (nkfilter P 0 x22) 0) x22) =
nfilter P (ndropn j x22)
using f14 f11 a4
proof —
have j < nnth (nkfilter P 0 222) 0
using «da. a € nset 22 A P a» f10 f11 f14 by fastforce
then show ?thesis
by (simp add: Bez-def-raw <3 a. a € nset 22 A P a> nfilter-ndropns-nmap-help-0)
qed
then show nfilter P (ndropn (nnth (nkfilter P 0 (NCons x21 222)) (Suc 0)) (NCons 221 x22)) =
nfilter P (ndropn j x22)
using f11 a4
by (metis One-nat-def Suc-le-D diff-Suc-1 f10 ndropn-Suc-NCons nnth-Suc-NCons)
qed
have 3: =P 221 A = is-NNil 222 —
nfilter P (ndropn (nnth (nkfilter P 0 nell) (Suc 0)) nell) =
nfilter P (ndropn (Suc j) nell)
using Suc NCons
proof simp
assume al: Anell. [3ac€nset nell. P a; j < nnth (nkfilter P 0 nell) (Suc 0);
nnth (nkfilter P 0 nell) 0 < j; enat (Suc 0) < nlength (nfilter P nell)] =
nfilter P (ndropn (nnth (nkfilter P 0 nell) (Suc 0)) nell) =
nfilter P (ndropn j nell)
assume a?2: enat (Suc 0) < nlength (nfilter P 122)
assume a3: Suc j < nnth (nkfilter P (Suc 0) x22) (Suc 0)
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assume a4: Jzenset x22. P x
assume a5: nnth (nkfilter P (Suc 0) z22) 0 < Suc j
have f12: nnth (nkfilter P 0 222) (Suc 0) =
( (nnth (nkfilter P (Suc 0) x22) (Suc 0)) — (Suc 0))
using nkfilter-nnth-n-zero|of 22 P Suc 0 Suc 0 ]
by (simp add: a2 a4 nkfilter-nlength)
then have f13: j < nnth (nkfilter P 0 x22) (Suc 0)
using a3 by linarith
have f14: enat 0 < nlength (nfilter P x22)
using a2 by (metis One-nat-def one-enat-def order.trans zero-enat-def zero-le-one)
have f15: nlength (nkfilter P (Suc 0) x22) = nlength (nfilter P 122)
by (simp add: a4 nkfilter-nlength)
then have Suc 0 < nnth (nkfilter P (Suc 0) 222) 0
by (simp add: aj f14 nkfilter-lowerbound)
then have Suc (nnth (nkfilter P 0 z22) 0) < j
by (metis a4 a5 add-Suc leD nkfilter-nleast not-less-eq-eq)
then have nfilter P (ndropn (nnth (nkfilter P 0 222) (Suc 0)) z22) =
nfilter P (ndropn j x22)
by (simp add: Suc.IH Suc-le-lessD a2 a4 f13)
then show nfilter P (ndropn (nnth (nkfilter P (Suc 0) x22) (Suc 0)) (NCons 21 222)) =
nfilter P (ndropn j x22)
using ndropn-Suc-NCons
by (metis One-nat-def a2 a4 f12 f15 le-add-diff-inverse nkfilter-lowerbound plus-1-eq-Suc)
qed
show ?Zthesis
using 1 2 3 by blast
qed
qed
qed

lemma nfilter-ndropns-nmap-help-j:
assumes 3 z € nset nell. Pz
j < nnth(nkfilter P 0 nell) (Suc 1)
nnth (nkfilter P 0 nell) i < j
(Suc i) < nlength(nfilter P nell)
shows (nfilter P (ndropn (nnth (nkfilter P 0 nell) (Suc 7)) nell)) =
(nfilter P (ndropn j nell))
using assms
proof (induction j arbitrary: nell 7)
case (
then show Zcase
by blast
next
case (Suc j)
then show Zcase
proof (cases nell)
case (NNil z1)
then show ?thesis
by simp
next
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case (NCons 121 222)
then show ?thesis
proof —
have I: is-NNil 222 —
nfilter P (ndropn (nnth (nkfilter P 0 nell) (Suc ©)) nell) =
nfilter P (ndropn (Suc j) nell)
by (metis NCons Suc.prems(2) Suc-le-D ndropn-Suc-NCons ndropn-is-NNil)
have 2: = is-NNil 222 N © = 0 =
nfilter P (ndropn (nnth (nkfilter P 0 nell) (Suc ©)) nell) =
nfilter P (ndropn (Suc j) nell)
using Suc nfilter-ndropns-nmap-help-1[of nell P ] by metis
have 3: P 221 A = is-NNil 222 N\ 0< | =
nfilter P (ndropn (nnth (nkfilter P 0 nell) (Suc 7)) nell) = nfilter P (ndropn (Suc j) nell)
using Suc NCons
proof simp
assume al: Anell i. [Fa€nset nell. P a; j < nnth (nkfilter P 0 nell) (Suc 7);
nnth (nkfilter P 0 nell) i < j; enat (Suc ©) < nlength (nfilter P nell)] =
nfilter P (ndropn (nnth (nkfilter P 0 nell) (Suc 7)) nell) =
nfilter P (ndropn j nell)
assume a2: P 221 N\ = is-NNil 222 A 0 < i
assume a3: enat (Suc i) < nlength (nfilter P (NCons z21 222))
assume a4: nell = NCons x21 £22
assume a5: Suc j < nnth (nkfilter P 0 (NCons z21 x22)) (Suc 1)
assume a6: nnth (nkfilter P 0 (NCons x21 222)) i < Suc j
show nfilter P (ndropn (nnth (nkfilter P 0 (NCons z21 x22)) (Suc ©)) (NCons x21 122)) =
nfilter P (ndropn j ©22)
proof —
have f0: Jaenset £22. P a
by (metis a2 a3 dual-order.antisym enat.inject nat.distinct(1) nfilter-NCons-a
nlength-NNil zero-enat-def zero-le)
have f1: nlength (nkfilter P 0 (NCons 221 x22)) = nlength (nfilter P (NCons x21 x22))
using a4 by (metis (no-types) Suc(2) nkfilter-nlength)
have f2: nkfilter P 0 (NCons 121 x22) = NCons 0 (nkfilter P (Suc 0) z22)
by (metis a2 a8 dual-order.antisym enat.inject f1 nat.distinct(1) nkfilter-NCons
nkfilter-NCons-a nlength-NNil zero-enat-def zero-le)
have f3: nnth (nkfilter P 0 (NCons z21 x22)) (Suc i) =
nnth ( (nkfilter P (Suc 0) z22)) (7)
by (simp add: f2)
have f/: enat i < nlength (nkfilter P (Suc 0) 222)
by (metis Suc-ile-eq a3 f1 f2 iless-Suc-eq nlength-NCons)
have f5: nnth ( (nkfilter P (Suc 0) z22)) (i) = (Suc 0) +nnth ( (nkfilter P 0 x22)) (i)
using nkfilter-nnth-n-zero[of x22 P i Suc 0 |
using ad f0 f3 f4 by linarith
have f6: ndropn (nnth (nkfilter P 0 (NCons 221 ©22)) (Suc i)) (NCons z21 z22) =
ndropn ((Suc 0) +nnth ( (nkfilter P 0 122)) (7)) (NCons 21 122)
using f3 f5 by presburger
have f7: ndropn ((Suc 0) +nnth ( (nkfilter P 0 122)) (i)) (NCons 21 122) =
ndropn (nnth ( (nkfilter P 0 x22)) (7)) 222
using ndropn-Suc-NCons by auto
have f8: j < nnth (nkfilter P 0 z22) (i)
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using ad f3 f5 by linarith
have f11: nnth (nkfilter P 0 (NCons x21 222)) i = nnth ( (nkfilter P (Suc 0) z22)) (i—1)
by (metis One-nat-def Suc-pred a2 f2 nnth-Suc-NCons)
have f12: enat (i — 1) < nlength (nkfilter P (Suc 0) x22)
by (metis One-nat-def Suc-ile-eq Suc-pred a2 f4 less-imp-le)
have f13: (Suc 0) < nnth ( (nkfilter P (Suc 0) x22)) (i—1)
by (meson f0 f12 nkfilter-lowerbound)
have f1/: nnth ( (nkfilter P (Suc 0) x22)) (i—1) = (Suc 0) +nnth ( (nkfilter P 0 222)) (i—1)
using nkfilter-nnth-n-zero[of 22 P i—1 Suc 0] f12 f0 f13 by (metis le-add-diff-inverse)
have f9: nnth (nkfilter P 0 222) (i—1) < j
using a6 f11 f1/ by linarith
have f10: i < nlength (nfilter P 122)
by (metis f0 f4 nkfilter-nlength)
show ?thesis using allof x22 i—1]
by (metis Suc-diff-1 a2 f0 f10 f3 f5 f7 8 f9)
qed
qed
have j: =P 221 N = is-NNil 222 N 0< | =
nfilter P (ndropn (nnth (nkfilter P 0 nell) (Suc i)) nell) =
nfilter P (ndropn (Suc j) nell)
using Suc NCons
proof simp
assume a0: = P 221 N = is-NNil 22 A 0 < i@
assume a2: Anell i. [3a€nset nell. P a; j < nnth (nkfilter P 0 nell) (Suc i);
nnth (nkfilter P 0 nell) i < j; enat (Suc 7) < nlength (nfilter P nell)] =
nfilter P (ndropn (nnth (nkfilter P 0 nell) (Suc i)) nell) =
nfilter P (ndropn j nell)
assume al: 3x€nset z22. P x
assume a4: Suc j < nnth (nkfilter P (Suc 0) x22) (Suc 1)
assume ad: nnth (nkfilter P (Suc 0) £22) i < Suc j
assume a3: enat (Suc i) < nlength (nfilter P 122)
assume a6: nell = NCons z21 x22
show nfilter P (ndropn (nnth (nkfilter P (Suc 0) 222) (Suc i)) (NCons 221 122)) =
nfilter P (ndropn j x22)
proof —
have f1: nlength (nkfilter P 0 (NCons z21 x22)) = nlength (nfilter P (NCons 121 z22))
by (metis NCons Suc.prems(1) nkfilter-nlength)
have f2: nkfilter P 0 (NCons 21 x22) = (nkfilter P (Suc 0) z22)
using NCons Suc.prems(2) al ab by auto
have f3: nnth (nkfilter P 0 (NCons 21 z22)) (Suc i) =
nnth (nkfilter P (Suc 0) x22) (Suc 7)
by (simp add: f2)
have f/: enat (Suc ©) < nlength (nkfilter P (Suc 0) x22)
using NCons Suc.prems(4) f1 f2 by auto
have f5: nnth ( (nkfilter P (Suc 0) x22)) (Suc i) = (Suc 0) +nnth ( (nkfilter P 0 222)) (Suc i)
by (metis One-nat-def Suc-le-D al a4 diff-Suc-1 f} nkfilter-nnth-n-zero plus-1-eq-Suc)
have f6: (ndropn (nnth (nkfilter P (Suc 0) z22) (Suc i)) (NCons z21 z22)) =
ndropn ( (Suc 0) +nnth ( (nkfilter P 0 222)) (Suc i)) (NCons 221 x22)
by (simp add: f5)
have f7: ndropn ( (Suc 0) +nnth ( (nkfilter P 0 222)) (Suc i)) (NCons z21 z22) =
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ndropn ( nnth ( (nkfilter P 0 22)) (Suc 7)) (z22)
by simp
have f8: j < nnth (nkfilter P 0 x22) (Suc 1)
using a4 f5 by force
have f11: nnth (nkfilter P 0 (NCons x21 x22)) i = nnth ( (nkfilter P (Suc 0) x22)) (7)
by (simp add: f2)
have f12: enat (i ) < nlength (nkfilter P (Suc 0) z22)
using Suc-ile-eq f} by auto
have f13: (Suc 0) < nnth ( (nkfilter P (Suc 0) z22)) (1)
by (simp add: al f12 nkfilter-lowerbound)
have f14: nnth ( (nkfilter P (Suc 0) x22)) (i) = (Suc 0) +nnth ( (nkfilter P 0 222)) (i)
by (metis al f12 f13 le-add-diff-inverse nkfilter-nnth-n-zero)
have f9: nnth (nkfilter P 0 x22) (i) < j
using ab f14 by auto
show ?thesis
using Suc.IH al a8 f6 f7 f8 f9 by presburger
qed

qged

show ?thesis

using 1 2 3 4 by fastforce

qed

qed
qed

lemma nfilter-ndropns-nmap:
assumes 3 z € nset (ndropns nell). P
(Suc i) < nlength(nfilter P (ndropns nell))
shows ndropn (Suc i) (nmap (As. nnth s 0) (nfilter P (ndropns nell))) =
(nmap (As. nnth s 0)
(nfilter P (ndropns (ndropn (Suc (nnth (nkfilter P 0 (ndropns nell)) i)) nell))))
proof —
have 1: ndropn (Suc i) (nmap (As. nnth s 0) (nfilter P (ndropns nell))) =
nmap (As. nnth s 0) (ndropn (Suc i) (nfilter P (ndropns nell)))
by (simp add: ndropn-nmap)
have 2: (Suc (nnth (nkfilter P 0 (ndropns nell)) 7)) < nlength (ndropns nell)
using assms nkfilter-nkfilter-ntaken[of (ndropns nell) P 1]
by (metis Suc-ile-eq antisym-conv2 less-imp-le min.orderE nkfilter-nlength not-le-imp-less
ntaken-all ntaken-nlength)
have 3: (nfilter P (ndropns (ndropn (Suc (nnth (nkfilter P 0 (ndropns nell)) i)) nell))) =
(nfilter P (ndropn (Suc (nnth (nkfilter P 0 (ndropns nell)) ©)) (ndropns nell)))
by (simp add: 2 ndropn-ndropns)
have 4: (ndropn (Suc i) (nfilter P (ndropns nell))) =
(nfilter P (ndropn (nnth (nkfilter P 0 (ndropns nell)) (Suc 7)) (ndropns nell)))
by (simp add: assms(1) assms(2) nfilter-nkfilter-ndropn-1 nkfilter-nlength)
have 5: (Suc (nnth (nkfilter P 0 (ndropns nell)) i)) < (nnth (nkfilter P 0 (ndropns nell)) (Suc 7))
by (simp add: Suc-lel assms(1) assms(2) nidz-nkfilter-expand nkfilter-nlength)
have 6: i < nlength(nfilter P (ndropns nell))
using Suc-ile-eq assms(2) by blast
have 7: nnth (nkfilter P 0 (ndropns nell)) i < (Suc (nnth (nkfilter P 0 (ndropns nell)) 1))
by simp
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have 8: (nfilter P (ndropn (nnth (nkfilter P 0 (ndropns nell)) (Suc 7)) (ndropns nell))) =
(nfilter P (ndropn (Suc (nnth (nkfilter P 0 (ndropns nell)) i)) (ndropns nell)))
using 5 6 7 assms
nfilter-ndropns-nmap-help-jlof ndropns nell P (Suc (nnth (nkfilter P 0 (ndropns nell)) 7)) i ]
by blast
show ?thesis
using 1 3 4 8 by auto
qed

lemma ndropns-nfilter-nnth-exist-ndropmn:
assumes 3 z € nset (ndropns nell). P x
j < nlength (nfilter P (ndropns nell))

shows (3i. enat i < nlength nell A nnth (nfilter P (ndropns nell)) j = ndropn i nell)
proof —
have I: nnth (nfilter P (ndropns nell)) j € nset (ndropns nell)

using assms in-nset-conv-nnth nfilter-nnth by fastforce
show ?thesis using Iusing in-nset-ndropns by blast
qed

lemma nfilter-ndropns-nnth-bound:
assumes (3 ys € nset (ndropns xs). P ys)
j < nlength (nfilter P (ndropns xs))
shows nlength ((nnth (nfilter P (ndropns xs)) j)) < nlength xs
using assms ndropns-nfilter-nnth-exist-ndropn[of zs P j
by (metis add.commute enat.simps(3) enat-add-sub-same enat-le-plus-same(1) less-eqE ndropn-nlength)

lemma ndropns-nfilter-ndropn:
assumes (Suc k) < nlength nell
3 z € nset (ndropns (ndropn (Suc k) nell)). P x
Jzenset (ntaken k (ndropns nell)). P x
shows (nfilter P (ndropns (ndropn (Suc k) nell))) =
(ndropn (the-enat (eSuc(nlength(nfilter P (ntaken k (ndropns nell)))))) (nfilter P (ndropns nell)))
using assms
ndropn-ndropns[of Suc k nell] ndropns-nlength[of nell] nfilter-nappend-ndropn|of k ndropns nell P]
by simp

lemma ndropns-nfilter-ndropn-a:
assumes k < nlength(nfilter P (ndropns nell))

3 z € nset (ndropns nell). Pz
shows  ndropn k (nfilter P (ndropns nell)) =

nfilter P (ndropns (ndropn (nnth (nkfilter P 0 (ndropns nell)) k) nell))
using assms ndropn-ndropns  nfilter-nkfilter-ndropn-1[of ndropns nell P k|
nkfilter-upperbound|of ndropns nell P k 0]
by (metis (mono-tags, lifting) add.left-neutral nkfilter-nlength zero-enat-def)

lemma nfilter-nlength-imp:

assumes 3 x € nset nell. Pz N Q x

shows  nlength (nfilter (Ax. Pz A @ z) nell) < nlength (nfilter P nell)
using assms by transfer (auto simp add: Ifilter-nlength-imp epred-le-epredl)
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lemma nkfilter-chop:
assumes nlast nellr = nfirst nelly
P (nlast nellr)
nfinite nellx
shows nkfilter P k (nfuse nellx nelly) =
nfuse (nkfilter P k nellr) (nkfilter P (k+(the-enat (nlength nellr))) nelly)
using assms
proof (auto simp add: nfuse-defl)
show nlast nellt = nfirst nelly —
P (nfirst nelly) =
nfinite nellt —
is-NNil nelly =
= is-NNil (nkfilter P (k + the-enat (nlength nellx)) nelly) =
nkfilter P k nellt = nappend (nkfilter P k nellx) (ntl (nkfilter P (k + the-enat (nlength nellx)) nelly))
by transfer auto
show nlast nellr = nfirst nelly —
P (nfirst nelly) =
nfinite nellt = — is-NNil nelly —
is-NNil (nkfilter P (k + the-enat (nlength nellz)) nelly) —
nkfilter P k (nappend nellz (ntl nelly)) = nkfilter P k nellx
apply transfer
proof (auto simp add: kfilter-lappend-Ifinite lappend-Inull2)
fix nellza :: 'a llist and nellya :: 'a llist and Pa :: 'a = bool and ka :: nat and b :: nat
assume al: (if Inull (kfilter Pa (ka + the-enat (epred (llength nellza))) nellya)
then iterates Suc (ka + the-enat (epred (llength nellza)))
else kfilter Pa (ka + the-enat (epred (llength nellza))) nellya) = LCons b LNil
assume a2: - Ilnull nellya
assume a3: Pa (Ihd nellya)
assume a4: — lnull (kfilter Pa (ka + the-enat (llength nellza)) (Itl nellya))
have f5: Inull (LNil::nat llist)
using llength-LNil llength-eq-0 by blast
have f6: nellya = LCons (lhd nellya) (Itl nellya)
using a2 by auto
then have Pa (lhd nellya)
using a3 by auto
then have Fulse
by (metis al a2 a4 eq-LConsD f6 kfilter-code(2) kfilter-Inull-conv llength-LNil llength-eq-0 llist.set-sel(1))
then show lappend (kfilter Pa ka nellza) (kfilter Pa (ka + the-enat (llength nellza)) (Itl nellya)) = iterates
Suc ka
by meson
next
fix nellza :: 'b llist and nellya :: 'b llist and Pa :: 'b = bool and ka :: nat and b :: nat
assume al: (if lnull (kfilter Pa (ka + the-enat (epred (llength nellza))) nellya)
then iterates Suc (ka + the-enat (epred (llength nellza)))
else kfilter Pa (ka + the-enat (epred (llength nellza))) nellya) = LCons b LNil
assume a2: — Inull nellya
assume a3: Pa (lhd nellya)
assume af: — Inull (kfilter Pa (ka + the-enat (llength nellza)) (ltl nellya))
have f5: Inull (LNil::nat llist)
using llength-LNil llength-eq-0 by blast
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have f6: nellya = LCons (Ihd nellya) (It nellya)
using a2 by auto
then have Pa (lhd nellya)
using a3 by auto
then have Fulse
using f6 5 a4 al by (metis kfilter-LCons kfilter-llength-n-zero llength-eq-0 Itl-simps(2) not-lnull-conv)
then show lappend (kfilter Pa ka nellza) (kfilter Pa (ka + the-enat (llength nellza)) (Itl nellya)) =
kfilter Pa ka nellza
by meson
qed
next
show nlast nellt = nfirst nelly —
P (nfirst nelly) =
nfinite nellt —
= 1s-NNil nelly =
= is-NNil (nkfilter P (k + the-enat (nlength nellx)) nelly) =
nkfilter P k (nappend nellx (ntl nelly)) =
nappend (nkfilter P k nellx) (ntl (nkfilter P (k + the-enat (nlength nellzx)) nelly))
apply transfer
proof (auto simp add: lappend-iterates kfilter-lnull-conv split:if-split-asm)
show f1:Anellx nelly P k z za.
- Inull nelly =
= Inull nelly =
llast nellr = lhd nelly =
P (Ihd nelly) =
lfinite nellt =
V' b. nelly # LCons b LNil =
Y b. kfilter P (k + the-enat (epred (llength nellx))) nelly # LCons b LNil —>
z € Iset nelly = P v = Vz€lset nellt. = P x = P za => za € Iset (It nelly) =
kfilter P k (lappend nellz (Itl nelly)) = iterates Suc k
by (metis in-lset-lappend-iff lappend-lbutlast-llast-id lbutlast-Ifinite llist.set-intros(1))
next
show f2: Anellz nelly P k x xa zb.
= Inull nells =
= Inull nelly =
llast nellr = lhd nelly =
P (Ihd nelly) =
lfinite nellv —
Vb. nelly # LCons b LNil —
V' b. kfilter P (k + the-enat (epred (llength nellz))) nelly # LCons b LNil —
z € lset nelly —
Pr—=
za € lset nellv =
P za =
P b =
zb € lset nellyr =
kfilter P k (lappend nellz (Itl nelly)) =
lappend (kfilter P k nellz) (Itl (kfilter P (k + the-enat (epred (llength nellr))) nelly))
proof —
fix nellza :: 'b llist and nellya :: 'b llist and Pa :: 'b = bool and
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ka :: nat and z :: ‘b and za :: ‘b and zb :: b

assume al: = Inull nellya
assume a2: Pa (lhd nellya)
assume a3: llast nellra = lhd nellya
assume a/: — Inull nellxa
assume ad: Ifinite nellza
have f6: nellya = LCons (Ihd nellya) (It nellya)
using al by auto
have f7: LCons (lhd nellya) (Itl nellya) # LNil A lhd (LCons (lhd nellya) (Itl nellya)) = lhd nellya N

Itl (LCons (lhd nellya) (Itl nellya)) = Itl nellya
by auto
then have f8: kfilter Pa (the-enat (epred (llength nellza)) + ka) (LCons (lhd nellya) (Itl nellya)) =

LCons (the-enat (epred (llength nellra)) + ka)
(kfilter Pa (Suc (the-enat (epred (llength nellza)) + ka)) (Itl nellya))

using f6 a2 by (metis (no-types) kfilter-LCons)
have f9: V bs p n bsa. = Ilfinite (bs::'b llist) V kfilter p n (lappend bs bsa) =

lappend (kfilter p n bs) (kfilter p (n + the-enat (llength bs)) bsa)
by (meson kfilter-lappend-Ifinite)
have f10: lfinite (Ibutlast nellza)
using a5 by (meson lbutlast-lfinite)
have f11: lappend (kfilter Pa ka (lbutlast nellza))

(kfilter Pa (ka + the-enat (llength (lbutlast nellza))) LNil) =

kfilter Pa ka (Ibutlast nellza)
by simp
have LCons (the-enat (epred (llength nellza)) + ka) LNil =

kfilter Pa (the-enat (epred (llength nellza)) + ka) (LCons (Ihd nellya) LNil)
using a2 by simp
then have f12: lappend (lappend (kfilter Pa ka (lbutlast nellza))
(kfilter Pa (ka + the-enat (llength (lbutlast nellza))) LNil))

(LCons (the-enat (epred (llength nellza)) + ka) LNil) = kfilter Pa ka nellza
using f11 f10 f9 a5 a4 a3 by (metis add.commute lappend-lbutlast-llast-id-lfinite llength-lbutlast)
have tl (kfilter Pa (ka + the-enat (epred (llength nellza))) nellya) =

kfilter Pa (Suc (the-enat (epred (llength nellza)) + ka)) (It nellya)

using f8 f6 by (simp add: add.commute)
then show Fkfilter Pa ka (lappend nellza (It nellya)) =

lappend (kfilter Pa ka nellza) (Itl (kfilter Pa (ka + the-enat (epred (llength nellza))) nellya))
using f12 f11 f10 f9 {8 f7 f6 a5 aj a3
by (metis add.commute lappend-lbutlast-llast-id-lfinite lappend-snocL1-conv-LCons2 llength-lbutlast)
qed

show Anellx nelly P k x za zb.

- lnull nelly =
= Inull nelly =
llast nellt = hd nelly =
P (Ihd nelly) =
lfinite nellt =
YV b. nelly # LCons b LNil =
V' b. kfilter P (k + the-enat (epred (llength nellx))) nelly # LCons b LNil =
x € lset nelly =
Pr=
za € lset nelly =
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P za =
P 2b —
xzb € lIset (Il nelly) =
kfilter P k (lappend nellz (Itl nelly)) =
lappend (kfilter P k nellz) (Itl (kfilter P (k + the-enat (epred (llength nellz))) nelly))
by (simp add: f2)
qed
qed

lemma nleast-conv:
assumes 3z € nset nellz. P x
shows  nleast P nellt = (LEAST na. na < nlength nellc A P (nnth nellz na))
using assms
by transfer
(auto simp add: min-def lleast-def,
metis co.enat.exhaust-sel iless-Suc-eq llength-eq-0)

lemma nfilter-chop:
assumes nlast nellr = nfirst nelly
P (nlast nellz)
nfinite nellx
shows nfilter P (nfuse nellz nelly) = nfuse (nfilter P nellx) (nfilter P nelly)
proof (cases is-NNil nelly)
case True
then show ?thesis by (metis nfilter-NNil nfuse-def1 nfuse-leftneutral)
next
case Fulse
then show ?thesis
proof (cases is-NNil (nfilter P nelly))
case True

then show ?thesis unfolding nfuse-defl using assms nfilter-nappend2|[of ntl nelly P nellz]

nfilter-expand|of nelly P)]
by (auto simp add: nfirst-def nellist.case-eq-if )
(metis nellist.discI(2) nellist.set-sel(2) nset-nlast)
next
case Fulse
then show %thesis
proof —
have I: Jzenset nellx. Pz
using assms nset-nlast by blast
have 2: Jzenset (ntl nelly). Pz
using Fulse assms
by (metis nellist.collapse(1) nellist.collapse(2) nellist.disc(1) nfilter-NCons-a
nfilter-NNil nnth-0 ntaken-0 ntaken-nlast)
have 3: —is-NNil (nfilter P nelly) =

nfilter P (nappend nellr (ntl nelly)) = nappend (nfilter P nellx) (nfilter P (ntl nelly))

by (simp add: 1 2 assms(3) nappend-nfilter-nfinite)

have /: is-NNil (nfilter P nelly) = nfilter P nellt = nappend (nfilter P nellx) (nfilter P (ntl nelly))

by (simp add: False)
have 5: nfilter P (nfuse nellx nelly) = nfilter P (nappend nellr (ntl nelly))
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unfolding nfuse-defl!
by (metis (full-types) False nellist.collapse(1) nfilter-NNil)
have 6: (ntl (nfilter P nelly)) = (nfilter P (ntl nelly))
using assms 2 False nfilter-expand|of nelly P]
by (metis in-nset-ntlD nellist.case-eq-if nellist.sel(5) nfirst-def)
show %thesis
by (metis 3 5 6 False nfuse-def1)
qged
qged
qed

lemma nfilter-chop1:
assumes n< nlength nellx
P (nlast (ntaken n nellx))
shows nfilter P nellt = nfuse (nfilter P (ntaken n nellz)) (nfilter P (ndropn n nellx))
using assms
by (metis nfuse-ntaken-ndropn ndropn-nfirst nfilter-chop nfinite-ntaken ntaken-nlast)

lemma nfilter-chop1-ntaken:

assumes n< nlength nellx
P (nlast (ntaken n nellx))

shows ntaken (the-enat (nlength(nfilter P (ntaken n nellx)))) (nfilter P nellx) =
(nfilter P (ntaken n nellz))

using assms nfilter-nappend-ntaken by (metis nfinite-ntaken nset-nlast)

lemma nfilter-nlast:

assumes n< nlength nellr

P (nlast (ntaken n nellz))

shows nlast(nfilter P (ntaken n nellr)) = (nlast(ntaken n nellx))
using assms
proof (induction n arbitrary: nellx)
case (
then show ?case by simp
next
case (Suc n)
then show ?Zcase

proof (cases nellx)

case (NNil x1)

then show ?thesis by auto

next

case (NCons 121 222)

then show ¢thesis using Suc

by auto

(metis Suc-ile-eq iless-Suc-eq nfilter-NCons nfinite-ntaken nlast-NCons nlength-NCons
nset-nlast ntaken-Suc-NCons)

ged

qed

lemma nfilter-nfirst:
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assumes P (nfirst(ndropn n nellz))
shows nfirst(nfilter P (ndropn n nellz)) = (nfirst (ndropn n nellz))
using assms
proof (induction n arbitrary: nellx)
case (
then show Zcase
by (auto simp add: ndropn-nfirst)
(metis nellist.set-intros(1) nfilter-NNil nfilter-nappend-ntaken nlast-NNil nlength-NNil
ntaken-0 the-enat-0 zero-enat-def zero-le)
next
case (Suc n)
then show Zcase
by (metis ndropn-ndropn plus-1-eq-Suc)
qed

lemma nfilter-chop1-ndropmn:
assumes n< nlength nellx
P (nlast (ntaken n nellz))
shows ndropn (the-enat (nlength(nfilter P (ntaken n nellzr)))) (nfilter P nellr) =
(nfilter P (ndropn n nellzx))
proof —
have 1: (nfilter P nellt) = nfuse (nfilter P (ntaken n nellx)) (nfilter P (ndropn n nellx))
by (simp add: assms nfilter-chop1)
have 2: nlast(nfilter P (ntaken n nellr)) = nfirst (nfilter P (ndropn n nellz))
by (metis assms(1) assms(2) ndropn-nfirst nfilter-nfirst nfilter-nlast ntaken-nlast)
have 3: ndropn (the-enat (nlength(nfilter P (ntaken n nellz))))
(nfuse (nfilter P (ntaken n nellx)) (nfilter P (ndropn n nellz))) =
(nfilter P (ndropn n nellx))
by (metis 2 assms(1) enat-the-enat infinity-ileE length-nfilter-le min-absorbl ndropn-nfuse
nfinite-conv-nlength-enat ntaken-nlength)
show ?thesis by (simp add: 1 3)
qed

lemma nkfilter-chopl:
assumes (enat n) < nlength nellz
P (nlast (ntaken n nellz))
shows nkfilter P k nelle = nfuse (nkfilter P k (ntaken n nellx)) (nkfilter P (k+n) (ndropn n nellz))
using assms nfuse-ntaken-ndropn[of n nellx] nkfilter-choplof (ntaken n nellxr) (ndropn n nellr) P k]
by (metis min.orderE ndropn-nfirst nfinite-ntaken ntaken-nlast ntaken-nlength the-enat.simps)

lemma nkfilter-nlast:
assumes n< nlength nellr
P (nlast (ntaken n nellz))
shows nlast(nkfilter P k (ntaken n nellx)) = k+n
using assms
proof (induction n arbitrary: k nellz)
case (
then show ?case by simp
next
case (Suc n)
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then show Zcase
proof (cases nellz)
case (NNil z1)
then show ?thesis
using Suc.prems(1) enat-0-iff (1) by auto
next
case (NCons 121 z22)
then show ?thesis
using Suc
proof auto
assume al: P (nlast (ntaken n x22))
assume a2: Anellz k. [enat n < nlength nellx; P (nlast (ntaken n nellr))] =
nlast (nkfilter P k (ntaken n nellr)) = k + n
assume enat (Suc n) < eSuc (nlength x22)
then have enat n < eSuc (nlength x22)
using Suc-ile-eq by blast
then have f3: enat n < nlength 122
by (meson iless-Suc-eq)
have Ja. a € nset (ntaken n x22) A P a
using al nfinite-ntaken nset-nlast by blast
then show nlast (nkfilter P k (NCons z21 (ntaken n 222))) = Suc (k + n)
using f3 a2 al by (simp add: Bex-def-raw)
qed
qed
qed

lemma nkfilter-nfirst:

assumes P (nfirst(ndropn n nellr))

shows nfirst(nkfilter P k (ndropn n nellx)) = k

using assms

proof (induction n arbitrary: k nellz)

case (

then show Zcase

by (metis enat-defs(1) nellist.set-intros(1) nkfilter-NNil nkfilter-nappend-ntaken nlength-NNil
nnth-NNil ntaken-0 the-enat.simps zero-le)

next

case (Suc n)

then show Zcase

proof (cases nellz)

case (NNil z1)

then show ?thesis using Suc

by (metis ndropn-ndropn plus-1-eq-Suc)

next

case (NCons x21 z22)

then show “thesis using Suc

by auto

qed

qed

lemma nkfilter-chop1-ndropn:

285



assumes n< nlength nellx
P (nlast (ntaken n nellx))
shows ndropn (the-enat (nlength(nkfilter P k (ntaken n nellz)))) (nkfilter P k nellx) =
(nkfilter P (k+n) (ndropn n nellx))
proof —
have 1: (nkfilter P k nellt) = nfuse (nkfilter P k (ntaken n nellx)) (nkfilter P (k-+n) (ndropn n nellr))
by (simp add: assms nkfilter-chop1)
have 2: nlast(nkfilter P k (ntaken n nellr)) = nfirst (nkfilter P (k+n) (ndropn n nellz))
by (metis assms(1) assms(2) ndropn-nfirst nkfilter-nfirst nkfilter-nlast ntaken-nlast)
have 3: ndropn (the-enat (nlength(nkfilter P k (ntaken n nellz))))
(nfuse (nkfilter P k (ntaken n nellx)) (nkfilter P (k+n) (ndropn n nellz))) =
(nkfilter P (k4+n) (ndropn n nellx))
by (metis 2 assms(2) enat-the-enat infinity-ileE ndropn-nfuse nfinite-conv-nlength-enat
nfinite-ntaken nlength-nkfilter-le nset-nlast)
show ?thesis by (simp add: 1 3)
qed

lemma nkfilter-chop1-ntaken:
assumes n< nlength nellr
P (nlast (ntaken n nellz))
shows ntaken (the-enat (nlength(nkfilter P k (ntaken n nellx)))) (nkfilter P k nellx) =
(nkfilter P k (ntaken n nellx))
proof —
have 1: (nkfilter P k nellr) = nfuse (nkfilter P k (ntaken n nellz)) (nkfilter P (k+n) (ndropn n nellx))
by (simp add: assms nkfilter-chop1)
have 2: nlast(nkfilter P k (ntaken n nellx)) = nfirst (nkfilter P (k+n) (ndropn n nellz))
by (metis assms(1) assms(2) ndropn-nfirst nkfilter-nfirst nkfilter-nlast ntaken-nlast)
have 3: ntaken (the-enat (nlength(nkfilter P k (ntaken n nellx))))
(nfuse (nkfilter P k (ntaken n nellx)) (nkfilter P (k+n) (ndropn n nellr))) =
(nkfilter P k (ntaken n nellr))
by (metis 1 assms(1) assms(2) nfinite-ntaken nkfilter-nappend-ntaken nset-nlast)
show ?thesis by (simp add: 1 3)
qed

lemma nfilter-nsubn:
assumes enat j < nlength nellx
P (nnth nellz j)
enat i < nlength nellx
P (nnth nellr 7)
<]
enat ni = (nlength(nfilter P (ntaken i nellz)))
enat nj = (nlength(nfilter P (ntaken j nellz)))
shows (nfilter P (nsubn nellz i j)) = (nsubn (nfilter P nellx) ni nj)
proof —
have 1: (nfilter P (nsubn nellx i j)) = (nfilter P (ntaken (j—i) (ndropn i nellr)))
by (simp add: nsubn-def1)
have 2: (nfilter P (ntaken (j—1i) (ndropn i nellr))) =
ntaken (the-enat (nlength(nfilter P (ntaken (j—i) (ndropn i nellzx)))))
(nfilter P (ndropn i nellz))
by (metis assms(2) assms(5) enat-ile le-add-diff-inverse2 linorder-le-cases nfilter-chopl-ntaken

286



ntaken-all ntaken-ndropn-nlast)
have 3: ntaken (the-enat (nlength(nfilter P (ntaken (j—i) (ndropn i nellx)))))
(nfilter P (ndropn i nellz)) =
ntaken (the-enat (nlength(nfilter P (ntaken (j—1i) (ndropn i nellzr)))))
(ndropn (the-enat (nlength(nfilter P (ntaken i nellx)))) (nfilter P nellz))
by (simp add: assms(3) assms(4) nfilter-chop1-ndropn ntaken-nlast)
have 4: ntaken (the-enat (nlength(nfilter P (ntaken (j—i) (ndropn i nellz)))))
(ndropn (the-enat (nlength(nfilter P (ntaken i nellx)))) (nfilter P nellr)) =
nsubn (nfilter P nellz)
(the-enat (nlength(nfilter P (ntaken i nellz))))
((the-enat (nlength(nfilter P (ntaken (j—i) (ndropn i nellr)))))+
(the-enat (nlength(nfilter P (ntaken i nellz)))))
using ntaken-ndropn by blast
have 5: ((the-enat (nlength(nfilter P (ntaken (j—1i) (ndropn i nellx)))))+
(the-enat (nlength(nfilter P (ntaken i nellr)))))
((the-enat (nlength(nfilter P (nsubn nellz i 7))))
(the-enat (nlength(nfilter P (ntaken i nellz)))))
using 1 by auto
have 6: ntaken j nellt = nfuse (ntaken i nellz) (nsubn nellx i j)
using nsubn-nfuselof 0 i j nellz
by (simp add: assms(1) assms(5) nsubn-def1)
have 7: nlength (nfilter P (nfuse (ntaken i nellr) (nsubn nellx i j))) =
(nlength (nfilter P (ntaken i nellz)) + nlength (nfilter P (nsubn nellx i j)))
by (simp add: assms(4) ndropn-nfirst nfilter-chop nfuse-nlength nsubn-defl ntaken-nfirst ntaken-nlast)
have 70: nfinite (nfilter P (nfuse (ntaken i nellz) (nsubn nellz i j)))
by (metis 6 assms(1) assms(2) nfilter-chop1-ntaken nfinite-ntaken ntaken-nlast)
have 71: nfinite (nfilter P (ntaken i nellx))
by (metis assms(3) assms(4) nfilter-chop1-ntaken nfinite-ntaken ntaken-nlast)
have 72: nfinite (nsubn nellx i j)
by (simp add: nsubn-def1)
have 8: nj =
((the-enat (nlength(nfilter P (nsubn nellz i j))))+ ni)
by (metis 6 7 add.commute assms(6) assms(7) enat-le-plus-same(2) enat-the-enat infinity-ileE
plus-enat-simps(1) the-enat.simps)
show “thesis
using 1 2 3 4 8 by (metis assms(6) the-enat.simps)
qed

+

lemma nfilter-nsubn-zero:
assumes enat j < nlength nellx
P (nnth nellz 7)
shows (nfilter P (nsubn nellx 0 j)) =
(nsubn (nfilter P nellx)
0
(the-enat (nlength(nfilter P (ntaken j nellz))))

)

using assms
by (simp add: nfilter-chopl-ntaken nsubn-defl ntaken-nlast)
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1.3.10 nrev

lemma is-NNil-nrev[simp]:
is-NNil (nrev xs) = is-NNil xs

apply transfer

by (simp add: is-LEmpty-llength)

lemma nrev-NNil[simp]:
nrev (NNil a) = (NNil a)
apply transfer

by force

lemma nrev-NCons|simp|:
nrev (NCons a zs) = (if nfinite xs then nappend (nrev zs) (NNil a) else (NCons a xs))
apply transfer
unfolding lrev-def
by auto
(metis Ilfinite-code(2) list-of-LCons lrev-LCons lrev-def rev.simps(2))

lemma ntl-nrev|simp):
nlength xs > 1 =
ntl (nrev zs) =
(if nfinite xs then
( nappend (ntl(nrev (ntl zs))) (NNil (nhd xs)))
else ntl zs )
apply transfer
by (auto simp add: is-LEmpty-llength epred-llength)
(simp add: llength-ltl)

lemma ntl-nrev-one[simp):
nlength rs = 1 —
ntl (nrev zs) = (NNil (nhd zs))
apply transfer
apply (auto simp add: is-LEmpty-llength )
apply (metis epred-1 epred-llength lappend-inulll llength-eq-0 llength-lrev)
apply (simp add: epred-llength)
by (metis co.enat.sel(2) eSuc-infinity llength-eq-infty-conv-Ifinite)

lemma nti-nrev-zero[simp]:

assumes nlength zs = 0

shows ntl (nrev zs) = xs

by (metis assms ndropn-0 ndropn-nlast nellist.sel(4) nlength-eq-enat-nfiniteD nrev-NNil
the-enat-0 zero-enat-def)

lemma nmap-nrev:

nmap [ (nrev xs) = (nrev (nmap f xs))
apply transfer

by (simp add: Imap-lrev)
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lemma nfinite-nrev:
nfinite(nrev xs) = nfinite s

apply transfer

by simp

lemma nset-nrev:
nset(nrev xs) = nset s
apply transfer

by (simp add: lset-lrev)

lemma nlength-nrev[simp]:
nlength (nrev xs) = nlength zs
apply transfer

by simp

lemma Inth-lrev-help:
= Inull xs = lfinite xs => enat i < epred (llength xs) = Inth (lrev xzs) i = Inth xs (the-enat (min (enat
(the-enat (epred (llength zs)) — 7)) (epred (llength xs))))
using Inth-lrev]of zs 1]
unfolding min-def
apply auto
apply (metis co.enat.exhaust-sel diff-diff-left enat-the-enat epred-enat iless-Suc-eq
llength-eq-0 llength-eq-infty-conv-lfinite plus-1-eq-Suc the-enat.simps)

by (metis co.enat.exhaust-sel diff-le-self eSuc-infinity enat-ord-simps(1) enat-the-enat

llength-eq-0 llength-eq-infty-conv-lfinite)

lemma nnth-nrev:
assumes nfinite xs
(enat ©) < nlength zs
shows (nnth (nrev zs) ¢ ) = (nnth zs ((the-enat (nlength xs)) —1))
using assms
apply transfer
apply auto
using Inth-lrev-help by blast

lemma nappend-nrev-nfinite:
assumes nfinite xs
nfinite ys
shows nrev (nappend zs ys) = nappend (nrev ys) (nrev xs)
using assms
apply transfer
by (simp add: lappend-lrev-Ifinite)

lemma nappend-nrev-infa:
assumes nfinite xs
—nfinite ys
shows nrev (nappend zs ys) = nappend xs ys
using assms
apply transfer
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by simp

lemma nappend-nrev--infb:

assumes —nfinite s

shows nrev (nappend zs ys) = nappend (nrev xs) (nrev ys)
using assms

apply transfer

by (simp add: lappend-inf)

lemma nrev-nrev:

nrev (nrev zs) = s
apply transfer

by (simp add: lrev-lrev)

lemma nrev-ntaken:
assumes nfinite s
enat k < nlength s
shows nrev (ntaken k zs) = ndropn (the-enat(nlength zs) —k) (nrev xs)
using assms
proof (transfer)

fix xs k

show — lnull zs A\ zs = s =
lfinite s —
enat k < epred (llength xs) =
= Inull

(if lfinite (Itake (enat (Suc k)) xs)
then lrev (ltake (enat (Suc k)) xs)
else ltake (enat (Suc k)) xs) A
(if lfinite (Itake (enat (Suc k)) xs)
then lrev (ltake (enat (Suc k)) xs)
else ltake (enat (Suc k)) zs) =
ldropn
(the-enat
(min (enat
(the-enat (epred (llength xs)) — k))
(epred
(llength
(if lfinite xs then lrev xs
else xs)))))
(if lfinite zs then lrev s else zs)
proof —
assume al: — Inull zs N\ zs = xs
assume al: [finite zs
assume a2: enat k < epred (llength xs)
show
= Inull
(if finite (ltake (enat (Suc k)) zs) then lrev (ltake (enat (Suc k)) zs)
else ltake (enat (Suc k)) xs) A
(if lfinite (ltake (enat (Suc k)) xs) then lrev (ltake (enat (Suc k)) zs) else ltake (enat (Suc k)) xs) =
ldropn
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(the-enat
(min (enat (the-enat (epred (llength xs)) — k)) (epred (llength (if lfinite xs then lrev xs else xs)))))
(if lfinite zs then lrev xs else xs)
proof —
have 1: enat (Suc k) # 0
by (metis eSuc-enat zero-ne-eSuc)
have 2: llength xs = 1 = ?thesis
using a0 al a2 by (simp add: 1 ltake-all one-enat-def)
have 3: enat (Suc k) < llength xs =
(the-enat (min (enat (the-enat (epred (llength xs)) — k)) (epred (llength xs)))) =
(enat (the-enat (llength xs) — Suc k))
using a0 al a2 by simp
(metis diff-diff-left diff-le-self enat-ord-simps(1) enat-the-enat epred-enat
llength-eq-infty-conv-lfinite min.absorbl plus-1-eq-Suc the-enat.simps)

have 4: enat (Suc k) < llength xs = ?thesis
using a0 al a2 lrev-ltake[of xs Suc k| apply simp using 3
by (metis 1 ldrop-enat llength-lrev Inull-ldrop Inull-lrev ltake.disc(2))
have 5: llength xs = enat (Suc k) = ?thesis
using a0 al a2 by (simp add: 1 ltake-all)
have 6: llength xs = 1V enat (Suc k) < llength xs V llength xs = enat (Suc k)
using a0 al a2 apply simp
by (metis Suc-ile-eq co.enat.exhaust-sel iless-Suc-eq llength-eq-0 order-neq-le-trans)
show ?thesis using a0 1 2 4 5 6 by blast
qed
qed
qed

lemma nrev-ndropn:
assumes nfinite s
enat k < nlength s
shows nrev (ndropn k xs) = ntaken (the-enat(nlength xs) —k) (nrev xs)
using assms
proof transfer

fix zs k

show — lnull zs N\ s = 1s =
lfinite s —
enat k < epred (llength xs) =
= Inull

(if lfinite (Idropn (the-enat (min (enat k) (epred (llength xs)))) xs)
then lrev (Idropn (the-enat (min (enat k) (epred (llength xs)))) xs)
else ldropn (the-enat (min (enat k) (epred (llength xs)))) zs) A
(if lfinite (ldropn (the-enat (min (enat k) (epred (llength zs)))) xs)
then lrev (Idropn (the-enat (min (enat k) (epred (llength xs)))) xs)
else ldropn (the-enat (min (enat k) (epred (llength zs)))) xs) =
ltake (enat (Suc (the-enat (epred (llength xs)) — k))) (if lfinite xs then lrev zs else xs)
proof —
assume al: — Inull zs N\ zs = zs
assume al: Ifinite s
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assume a2: enat k < epred (llength xs)
show — Ilnull
(if lfinite (Idropn (the-enat (min (enat k) (epred (llength xs)))) xs)
then lrev (Idropn (the-enat (min (enat k) (epred (llength xs)))) zs)
else ldropn (the-enat (min (enat k) (epred (llength xs)))) xs) A
(if lfinite (Idropn (the-enat (min (enat k) (epred (llength xs)))) xs)
then lrev (ldropn (the-enat (min (enat k) (epred (llength xs)))) xs)
else ldropn (the-enat (min (enat k) (epred (llength xs)))) xs) =
ltake (enat (Suc (the-enat (epred (llength xs)) — k))) (if lfinite xs then lrev zs else xs)
proof —
have 1: - lnull
(if lfinite (Idropn (the-enat (min (enat k) (epred (llength xs)))) xs)
then lrev (Idropn (the-enat (min (enat k) (epred (llength xs)))) xs)
else ldropn (the-enat (min (enat k) (epred (llength xs)))) xs)
using a0 al a2 apply simp
by (metis co.enat.exhaust-sel iless-Suc-eq leD llength-eq-0)
have 2: Ifinite (ldropn (the-enat (min (enat k) (epred (llength xs)))) xs)
using al [finite-ldropn by blast
have 3: (the-enat (min (enat k) (epred (llength xs)))) = enat k
using a0 al a2 by simp
have /: (enat (the-enat (llength xs) — k)) = (enat (Suc (the-enat (epred (llength xzs)) — k)))
using a0 al a2 apply simp
using 1 llength-eq-infty-conv-lfinite by fastforce
have 5: llength zs = 1 V enat (Suc k) < llength xs V llength xs = enat (Suc k)
using a0 al a2 apply simp
by (metis Suc-ile-eq co.enat.exhaust-sel iless-Suc-eq llength-eq-0 order-neq-le-trans)
have 6: llength zs = 1 = ?thesis
using a0 al a2 by (simp add: ltake-all one-enat-def)
have 7: enat (Suc k) < llength s = ?thesis
using lrev-ldrop[of zs k] a0 al a2 apply simp
by (metis 4 Suc-ile-eq dual-order.strict-iff-order ldrop-enat linorder-not-less)
have 8: llength xs = enat (Suc k) = ?thesis
using a0 al a2 apply simp
by (metis 4 a2 add-diff-cancel-left’ cancel-comm-monoid-add-class.diff-cancel eSuc-enat epred-enat
iless-Suc-eq ldrop-enat lrev-ldrop plus-1-eq-Suc the-enat.simps)
show ?thesis
using 5 6 7 8 by fastforce
qed
qed
qed

lemma nrev-nsubn:
assumes nfinite s
enat © < enat j
enat j < nlength xs
shows nrev (nsubn zs i j ) = nsubn (nrev zs)((the-enat(nlength xs)) —j) ((the-enat(nlength xs)) — 1)
using assms
proof transfer

292



fix zsij
assume a0: — Inull zs N\ s = xs
assume al: lfinite xs
assume a?2: enat © < enat j
assume a3: enat j < epred (llength xs)
show — Inull
(if lfinite (Isubc i j xs)
then lrev (lsubc i j xs)
else lsubc @ j xs) N
(if lfinite (lsubc i j xs)
then lrev (Isubc i j xs) else lsubc i j xs) =
Isubc (the-enat (epred (llength xs)) — 7)
(the-enat (epred (llength xs)) — 1)
(if lfinite zs then lrev s else xs)
proof —
have 1: = Inull (if lfinite (Isubc i j xs) then lrev (Isubc i j xs) else lsubc i j xs)
using a0 al a2 a3 apply simp
by (metis co.enat.exhaust-sel iless-Suc-eq llength-eq-0 llength-lsubc zero-ne-eSuc)
have 2: Ifinite (Isubc i j xs)
using a0 al a2 a3 by (simp add: lsubc-def)
have 3: (the-enat (epred (llength zs)) — j) = (the-enat (llength xs) — (j + 1))
using a0 al a2 a3 lfinite-llength-enat by fastforce
have /: (the-enat (epred (llength xs)) — i) = (the-enat (llength xs) — (i + 1))
using a0 al a2 a3 lfinite-llength-enat by fastforce
have 5: enat j < llength zs
using a0 al a2 a3 apply simp
by (metis co.enat.exhaust-sel iless-Suc-eq llength-eq-0)
have 6: lrev (Isubc i j xs) = lsubc (the-enat (epred (llength xzs)) — 7)
(the-enat (epred (llength zs)) — 1)
(if lfinite zs then lrev s else xs)
using lrev-lsubclof zs i j| 5 a0 al a2 a3 3 4 by presburger
show ?thesis by (meson 1 2 6)
qed
qed

lemma nlast-nrev:

shows nlast (nrev xs) = (if nfinite xs then nfirst xs else nlast zs )
apply transfer

by (simp add: lfirst-def llast-lrev)

lemma nfirst-nrev:

shows nfirst (nrev xs) = (if nfinite xs then nlast xs else nfirst xs)
apply transfer

apply simp

by (metis lfirst-def lfirst-lrev)
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lemma nellist-all2-nrev:
nellist-all2 P (nrev xzs) (nrev ys) «— nellist-all2 P xs ys
apply transfer
using [list-all2-IfiniteD llist-all2-lrev apply simp
by fastforce

end

1.3.11 Transfer rule

context includes lifting-syntaz

begin
lemma ndropns-transfer?2 [transfer-rule]:
(nellist-all2 A ===> nellist-all2 (nellist-all2 A)) ndropns ndropns

unfolding rel-fun-def
by (auto intro: nellist-all2-ndropnsl )

end

end
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Chapter 2

Shallow embedding of Finite and Infinite
ITL

2.1 Semantics

theory Semantics
imports NFELList-Extras HOL—TLA.Intensional
begin

This theory mechanises a shallow embedding of Finite and Infinite ITL using the NELList and
Intensional theories.

2.1.1 Types of Formulas

To mechanise the Finite and Infinite I'TL semantics, the following type abbreviations are used:

type-synonym ’a intervals = 'a nellist

type-synonym (’a,’b) formfun = 'a intervals = b
type-synonym ’a formula = (‘a,bool) formfun
type-synonym (’a,’d) stfun ='a="b
type-synonym 'a stpred = (‘a,bool) stfun
instance

fun = (type,type) world ..

instance
prod :: (type,type) world ..

instance
sum :: (type,type) world ..

instance
nellist :: (type) world ..

Pair, function, sum, and interval are instantiated to be of type class world. This allows use of the
lifted Intensional logic for formulas, and standard logical connectives can therefore be used.
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2.1.2 Semantics of ITL
The semantics of ITL is defined.

definition skip-d :: (‘a ::world) formula
where skip-d = (As. nlength s = (enat (Suc 0)))

definition chop-d :: ('a ::world) formula = ('a ::world) formula = (‘a ::world) formula
where chop-d F1 F2 =
(As.
(In<nlength s. ( (ntaken n s) = F1) A ((ndropn n s) E F2))
V (= nfinite s A (s = F1) )
)

definition current-val-d :: ('a::world,’d) stfun = (‘a,’b) formfun
where current-val-d f = (As. ( (nfirst s) = f) )

definition next-val-d :: (‘a::world,’d) stfun = ('a,’b) formfun
where next-val-d f =
(X s. (if nlength s # (enat 0) then ((nnth s 1) = f) else (e (z::'b). z=x) )

)

definition fin-val-d :: (‘a::world,’d) stfun = (‘a,’b) formfun
where fin-val-d f = X s. (( if nfinite s then ( (nlast s) = f) else (e (z::'b). z=x)))

definition penult-val-d :: (‘a::world,’d) stfun = ('a,’b) formfun
where penult-val-d f =
(A s.
(if nfinite s
then (if nlength s # (enat 0)
then ((nnth s (the-enat (epred(nlength s)))) = f)
else (e (z::'b). z=x))
else (e (z::'b). z=x)

)

)
syntax
-skip-d = lift ((skip))
_chop-d s [lift lift] = lift (=) [84,.84] 89)
-current-val-d :: lift = lift (($-) [100] 99)
-next-val-d  :: lift = lift ((-$) [100] 99)
-fin-val-d = lift = lift ((!-) [z00] 99)
-penult-val-d  :: lift = lift ((-1) [100] 99)
TEMP < lift = b ((TEMP -))
syntax (ASCII)
-skip-d = lift ((skip))
~chop-d s [lift lift] = lift (=) [84,84] 89)
-current-val-d :: lift = lift (($-) [100] 99)
-next-val-d  :: lift = lift ((-8) [100] 99)
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-fin-val-d = lift = lift ((1-) [100] 99)
-penult-val-d  :: lift = lift ((-1) [100] 99)
translations

-skip-d = CONST skip-d

-chop-d = CONST chop-d

-current-val-d = CONST current-val-d
-next-val-d = CONST next-val-d
-fin-val-d = CONST fin-val-d
-penult-val-d = CONST penult-val-d
TEMP F — (F:: (- intervals) = -)

2.1.3 Abbreviations

Some standard temporal abbreviations, with their concrete syntax.

definition infinite-d :: (‘a ::world) formula
where infinite-d = LIFT(# True;# False)

syntax

-infinite-d :: lift (inf)
syntax (ASCII)

-infinite-d :: lift (inf)
translations

-infinite-d = CONST infinite-d

definition finite-d :: ('a ::world) formula
where finite-d = LIFT(—(inf))

syntax

-finite-d  :: lift (finite)
syntax (ASCII)

-finite-d  :: lift (finite)
translations

-finite-d = CONST finite-d
definition schop-d :: (‘a::world) formula = 'a formula = 'a formula
where schop-d F1 F2 = LIFT((F1 A finite);F2)

definition sometimes-d :: ('a::world) formula = 'a formula
where sometimes-d F = LIFT(finite;F)

definition di-d :: (‘a::world) formula = 'a formula
where di-d F = LIFT(F;# True)

definition da-d :: ("a::world) formula = 'a formula
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where da-d F = LIFT(finite;(F;# True))

definition nezt-d :: (‘a::world) formula = 'a formula
where nezt-d F = LIFT (skip;F)

definition prev-d :: (‘a::world) formula = 'a formula
where prev-d F' = LIFT(F;skip)

syntax

-schop-d = [lift,lift] = lift ((- ~ -) [84,84] 83)

-sometimes-d :: lift = lift ((<-) [88] 87)

-di-d = lift = lift ((di-) [88) 87)

-da-d = lift = lift ((da -) [88] 87)

-next-d 2 lift = lift ((O -) [88] 87)

-prev-d = lift = lift ((prev -) [88] 87)
syntax (ASCII)

-schop-d  :: [lift,lift] = lift ((- schop -) [84,84] 83)

-sometimes-d :: lift = lift ((<>-) [88] 87)

~di-d < lift = Lift ((di-) [88] 87)

-da-d = lift = lift ((da -) [88] 87)

-next-d = lift = lift ((next -) [88] 87)

-prev-d = lift = lift ((prev -) [88] 87)
translations

-schop-d = CONST schop-d
-sometimes-d = CONST sometimes-d
-di-d = CONST di-d

-da-d = CONST da-d

-next-d = CONST next-d

-prev-d = CONST prev-d

definition df-d :: ('a::world) formula = 'a formula
where df-d F = LIFT(F~# True)

definition sda-d :: ("a::world) formula = 'a formula
where sda-d F = LIFT(# True—~(F~# True))

definition always-d :: ('a::world) formula = 'a formula
where always-d F = LIFT(-(O(—F)))

definition bi-d :: (‘a::world) formula = 'a formula
where bi-d F = LIFT(—(di(—F)))

definition ba-d :: ('a::world) formula = 'a formula
where ba-d F = LIFT(—(da(—F)))

definition wnezt-d :: (‘a::world) formula = 'a formula
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where wnext-d F = LIFT(—~(O(—F)))

definition wprev-d :: (‘a::world) formula = 'a formula
where wprev-d F = LIFT(—(prev(—F)))

definition more-d :: ("a::world) formula
where more-d = LIFT(O(# True))

syntax

-df-d = lift = Lft ((df -) [88] 87)
-sda-d = lift = lift ((sda -) [88] 87)
-always-d :: lift = lift (O -) [88] 87)
-bi-d = lift = lift ((bi -) [88] 87)
-ba-d 2 lift = lift ((ba -) [88] 87)
~wnext-d  :: lift = lift ((wnext -) [88] 87)
-wprev-d  :: lift = lift ((wprev -) [88] 87)
-more-d  :: lift ((more))

syntax (ASCII)

-df-d = lift = lift ((df -) [88] 87)
-sda-d = lift = lift ((sda —) [88] 87)
-always-d :: lift = lift (([] -) [88] 87)
-bi-d = lift = lift ((bi -) [88] 87)

(
-ba-d = lift = lift ((ba -) [88] 87)
-wnext-d  :: lift = lift ((wnext -) [88] 87)
-wprev-d  :: lift = lift ((wprev -) [88] 87)
-more-d  :: lift ((more))

translations

-df-d = CONST df-d
-sda-d = CONST sda-d
-always-d = CONST always-d
-bi-d = CONST bi-d

-ba-d = CONST ba-d
-wnext-d = CONST wnext-d
-wprev-d = CONST wprev-d
-more-d = CONST more-d

definition bf-d :: ('a::world) formula = 'a formula
where bf-d F = LIFT(—(df(—F)))

definition sba-d :: ('a::world) formula = 'a formula
where sba-d F' = LIFT(—(sda(—F)))

definition empty-d :: ('a::world) formula
where empty-d = LIFT(—(more))
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definition fmore-d :: (‘a::world) formula
where fmore-d = LIFT (more A finite)

definition dm-d :: ("a::world) formula = 'a formula
where dm-d F = LIFT(# True;(more N\ F))

syntax

fd o lift = Ut ((bf ) [88) 87)
-sha-d = lift = lift ((sba -) [88] 87)
-empty-d  :: lift ((empty))
-fmore-d  :: lift ((fmore))
-dm-d = lift = lift ((dm -) [88] 8
syntax (ASCH)

Bfd o lift = Ut ((bf ) [88) 87)
-sha-d = lift = lift ((sba -) [88] 87)
-empty-d  :: lift ((empty))
-fmore-d  :: lift ((fmore))
Sdmed o lift = Lt (dm -) [88] 87)
translations

-bf-d = CONST bf-d
-sba-d = CONST sba-d
-empty-d = CONST empty-d
-fmore-d = CONST fmore-d
-dm-d = CONST dm-d

definition bm-d :: (‘a::world) formula = 'a formula
where bm-d F = LIFT(—=(dm(—F)))

definition init-d :: ('a::world) formula = 'a formula
where init-d F = LIFT((empty N\ F);# True)

definition fin-d :: (‘a::world) formula = 'a formula
where fin-d F = LIFT(O(empty — F))

definition halt-d :: (‘a::world) formula = 'a formula
where halt-d F' = LIFT(O(empty = F))

definition initonly-d :: ('a::world) formula = 'a formula
where initonly-d F = LIFT (bi(empty = F))

definition keep-d :: ('a::world) formula = 'a formula
where keep-d F = LIFT (ba(skip — F))

definition yields-d :: ('a::world) formula = 'a formula = 'a formula
where yields-d F1 F2 = LIFT(—(F1;(—F2)))
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definition syields-d :: ('a::world) formula = 'a formula = 'a formula
where syields-d F1 F2 = LIFT(—(F1~(—F2)))

definition ifthenelse-d :: ('a::world) formula = 'a formula = 'a formula = 'a formula
where ifthenelse-d F G H = LIFT((F AN G) V (-F AN H) )

syntax

“bm-d s lift = lift ((bm -) [88] 87)

-init-d = lift = lift ((init -) [88] 87)

-fin-d wlift = lift ((fin -) [88] 87)

-halt-d = lift = lift ((halt -) [88] 87)

-initonly-d  :: lift = lift ((initonly -) [88] 87)

-keep-d 2 lift = lift ((keep -) [88] 87)

-yields-d i [lift,lift] = lift ((- yzelds -) [88,88] 87)

-syields-d  :: [lift,lift] = lift ((- syields -) [88,88] 87)
-ifthenelse-d :: [lift,lift,lift] = lift ((if; - then - else - ) [88,88,88] 87)

syntax (ASCII)

-bm-d = lift = lift ((bm -) [88] 87)
-init-d 2 lift = lift ((init -) [88] 87)

-fin-d w lift = lift ((fin -) [88] 87)

halt-d lift = lift ((halt -) 8] 87)
-initonly-d  :: lift = lift ((initonly -) [88] 87)
-keep-d 2 lift = lift ((keep -) [88] 87)
-yields-d  :x [liftlift]) = lift ((- yzelds -) [88,88] 87)
-syields-d  :: [lift,lift] = lift ((- syields -) [88,88] 87)
-ifthenelse-d :: [lift,lift,lift] = lift ((if; - then - else - ) [88,88,88] 87)
translations

-bm-d = CONST bm-d

-init-d = CONST init-d

-fin-d = CONST fin-d

-halt-d = CONST halt-d
-initonly-d = CONST initonly-d
-keep-d = CONST keep-d
-yields-d = CONST yields-d
-syields-d = CONST syields-d
-ifthenelse-d = CONST ifthenelse-d

definition sfin-d :: (‘a::world) formula = 'a formula
where sfin-d F = LIFT (= (fin (- F)))

definition ifthen-d :: (‘a::world) formula = 'a formula = 'a formula
where ifthen-d F G = LIFT(if; F then G else # True )

syntax
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-ifthen-d :: [lift,lift] = lift ((if; - then - ) [88,88] 87)
-sfin-d = lft = lft ((sfin -) [88] 87)

syntax (ASCII)
-ifthen-d == [lift,lift] = lift ((if; - then - ) [88,88] 87)

-sfin-d = lift = Lft ((sfin -) [88] 87)
translations

-ifthen-d = CONST ifthen-d

-sfin-d = CONST sfin-d

definition next-assign-d :: (‘az:world,’d) stfun = (‘a,’b) formfun = 'a formula
where nezt-assign-d v e = LIFT( v$ = e)

definition prev-assign-d :: ('a::world,’d) stfun = (‘a,’db) formfun = 'a formula
where prev-assign-d v e = LIFT( finite — v! = e)

definition always-eqg-d :: (‘a::world,’d) stfun = ('a,’b) formfun = 'a formula
where always-eq-d ve =X s. s = 0O(8v = e)

definition temporal-assign-d :: (‘a::world,’d) stfun = ('a,’b) formfun = 'a formula
where temporal-assign-d v e = X s. s = finite — lv = ¢

definition gets-d :: ("a::world,’d) stfun = (‘a,’d) formfun = 'a formula
where gets-d v e = X s. s |= keep( temporal-assign-d v e)

definition stable-d :: ('a::world,’d) stfun = 'a formula
where stable-d v = X s. s |= gets-d v (current-val-d v)

definition padded-d :: ('a::world,’d) stfun = 'a formula
where padded-d v = X s. s |= (stable-d v);skip V empty

definition padded-temp-assign-d :: (‘a::world,’d) stfun = ('a,’b) formfun = 'a formula
where padded-temp-assign-d v e = X\ s. s |= (temporal-assign-d v e) A\ (padded-d v)

syntax

-next-assign-d = [lftlift]) = lift ((- = -) [50,51) 50)
-prev-assign-d o [lftlift]) = lift ((- =: -) [50,51) 50)
-always-eq-d = [lift,lift]) = lift ((- = -) [50,51) 50)
-temporal-assign-d  :: [lift,lift] = lift ((- < -) [50,51] 50)
-gets-d = [laft, lift] = lift ((- gets -) [50,51] 50)
-stable-d 2 lift = lift ((stable -) [51] 50)
-padded-d = lift = lift ((padded -) [51] 50)

-padded-temp-assign-d :: [lift,lift] = lift ((- <~ -) [50,51] 50)
syntax (ASCII)

-next-assign-d = [lftlift]) = bft ((- .= -) [50,51) 50)
-prev-assign-d = [lftlift]) = bt ((- =: -) [50,51) 50)
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-always-eq-d o [laft, lift]) = lift ((- alwequ -) [50,51) 50)
-temporal-assign-d  :: [lift,lift] = lift ((- <—— -) [50,51] 50)

-gets-d = [life,lift]) = lift ((- gets -) [50,51) 50)
-stable-d = lift = lift ((stable -) [51] 50)
-padded-d = lift = lift ((padded -) [51] 50)

-padded-temp-assign-d :: [lift,lift] = lift ((- <~ -) [50,51] 50)

translations

-next-assign-d = CONST next-assign-d
-prev-assign-d = CONST prev-assign-d
-always-eq-d = CONST always-eq-d
-temporal-assign-d = CONST temporal-assign-d
-gets-d = CONST gets-d

-stable-d = CONST stable-d

-padded-d = CONST padded-d

-padded-temp-assign-d = CONST padded-temp-assign-d

lemmas itl-def = skip-d-def chop-d-def current-val-d-def next-val-d-def fin-val-d-def penult-val-d-def
infinite-d-def finite-d-def schop-d-def sometimes-d-def di-d-def da-d-def next-d-def prev-d-def
df-d-def sda-d-def always-d-def bi-d-def ba-d-def wnext-d-def wprev-d-def more-d-def bf-d-def
sba-d-def empty-d-def fmore-d-def dm-d-def bm-d-def init-d-def fin-d-def halt-d-def initonly-d-def
keep-d-def yields-d-def syields-d-def ifthenelse-d-def sfin-d-def ifthen-d-def next-assign-d-def
prev-assign-d-def always-eq-d-def temporal-assign-d-def gets-d-def stable-d-def padded-d-def
padded-temp-assign-d-def

2.1.4 Properties of Operators

The following lemmas show that above operators have the expected semantics.

lemma skip-defs :
(w | skip) = (nlength w = (enat 1))
by (simp add: itl-def)

lemma chop-defs :
(w = F1; F2) =
(
(In<nlength w. ( (ntaken n w) = F1) A ((ndropn n w) = F2))
V (= nfinite w A (w = F1))
)
by (simp add: itl-def)

lemma yields-defs :

(w = F1 yields F2) =

((V n. ((ntaken n w) = F1) — enat n < nlength w — (ndropn n w = F2)) A (nfinite w V (w =
-F1) )

by (simp add: itl-def)
lemma infinite-defs:

(w E inf) = (- nfinite w)
by (simp add: itl-def)
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lemma finite-defs :

(w = finite) = (nfinite w)
by (simp add: itl-def)
lemma schop-defs :

(wkE FI ~ F2) =

(

)

by (auto simp add: itl-def chop-defs finite-defs )

(In<nlength w. ( (ntaken n w) = F1) A ( (ndropn n w) = F2))

lemma syields-defs :
(w = F1 syields F2) =
(V n. ( (ntaken n w) = F1) — enat n < nlength w — ((ndropn n w = F2)))

by (simp add: itl-def)

lemma sometimes-defs :
(w = <O F) = (3 n<nlength w. ( (ndropn n w)) = F)
by (simp add: itl-def finite-defs chop-defs)

lemma always-defs :
(wEOF)=
(V n<nlength w. ( (ndropn n w) = F))
by (simp add: itl-def sometimes-defs)

lemma di-defs :

(wkE di F) =

((3 n<nlength w. ((ntaken n w) = F)) V (—nfinite w A (w = F)))
by (simp add: itl-def )

lemma df-defs :

(w e df F) =

(3 n<nlength w. ((ntaken n w) = F))
by (simp add: df-d-def schop-defs)

lemma bi-defs :

(wEbF)=

((V n<nlength w . ((ntaken n w) = F)) A(nfinite w V (w = F)))
by (simp add: itl-def di-defs )

lemma bf-defs :

(w b b F) =
(V n<nlength w. ( (ntaken n w) = F))
by (simp add: bf-d-def df-defs )

lemma da-defs :
(w | da F) =
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( (3 nna. ( ntna < nlength w A ( (nsubn wn (n+ na)) E F)) V (-nfinite w A ( (ndropn n w) E F)))
)
proof
(auto simp add: itl-def chop-defs nsubn-defI)
show An na.
enat n < nlength w —
enat na < nlength w — enat n —>
F (ntaken na (ndropn n w)) = I n. (I na. enat (n + na) < nlength w A F (ntaken na (ndropn n
w)
V = nfinite w A F (ndropn n w)
by (metis add-left-mono enat.simps(3) enat-add-sub-same le-iff-add plus-enat-simps(1))
next
fix n :: nat and na :: nat
assume al: enat (n + na) < nlength w
assume a2: F (ntaken na (ndropn n w))
have enat n < nlength w
using al by (meson enat-ord-simps(1) le-iff-add order-subst2)
then show dn. enat n < nlength w A
((3na. enat na < nlength w — enat n A F (ntaken na (ndropn n w)))
V = nfinite w A F (ndropn n w))
using a2 al by (metis (no-types) add-diff-cancel-left’ enat-minus-monol idiff-enat-enat)
next
show An. = nfinite w =
F (ndropn n w) =
dn. enat n < nlength w A
((3na. enat na < nlength w — enat n A\ F (ntaken na (ndropn n w))) V F (ndropn n w))
by (meson enat-ile le-cases nfinite-conv-nlength-enat)
qed

lemma ba-defs :
(w | ba F) =
(V n na. (enat (n + na) < nlength w — ( (nsubn w n (n+na) ) E F))
A (nfinite w V ( (ndropn n w) = F)))
by (simp add: ba-d-def da-defs )

lemma sda-defs :

(w | sda F) =
(3 nna. ( nt+na < nlength w A ( (nsubn w n (n+ na)) = F)))
proof

(auto simp add: sda-d-def schop-defs nsubn-defl)

show An na.
enat n < nlength w —
enat na < nlength w — enat n = F (ntaken na (ndropn n w)) =
dn na. enat (n + na) < nlength w A F (ntaken na (ndropn n w))
by (metis add-le-cancel-left enat-ord-simps(1) idiff-enat-enat le-add-diff-inverse le-cases

nfinite-nlength-enat nfinite-ntaken ntaken-all)

next

fix n :: nat and na :: nat

assume al: F (ntaken na (ndropn n w))

assume a2: enat (n + na) < nlength w
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have enat na < nlength w — enat n
by (metis a2 add-diff-cancel-left’ enat-minus-monol idiff-enat-enat)
then show 3 n. enat n < nlength w A
(I na. enat na < nlength w — enat n A F (ntaken na (ndropn n w)))
using a2 al
by (metis add.right-neutral le-cases le-zero-eq ndropn-all ndropn-nlength nlength-NNil
the-enat.simps the-enat-0)
qed

lemma sba-defs :
(w | sba F) =

(VY n na. n+na < nlength w — ( (nsubn w n (n+na) ) = F))
by (simp add: sba-d-def sda-defs)

lemma nezt-defs :
(wEOF) =
(nlength w # (enat 0) A ((ndropn 1 w)E F) )
by (simp add: itl-def chop-defs)
(metis One-nat-def Suc-ile-eq dual-order.order-iff-strict enat-le-plus-same(1) gen-nlength-def
min.orderE min-enat-simps(2) nlength-code nlength-eq-enat-nfiniteD one-enat-def
the-enat.simps zero-enat-def zero-one-enat-neq(1))

lemma wnext-defs :

(w = wnext F) =

(nlength w = (enat 0) V ((ndropn 1 w)= F) )
by (simp add: wnext-d-def next-defs)

lemma prev-defs :
(w = prev F) =
((nlength w # (enat 0) A nfinite w A
( (ntaken (the-enat((epred(nlength w))) ) w) = F) ) V (—nfinite w A (w = F)))
proof (cases nfinite w)
case True
then show “thesis
by (auto simp add: prev-d-def chop-defs skip-defs )
(metis One-nat-def diff-diff-cancel enat-ord-simps(1) epred-enat idiff-enat-enat nfinite-nlength-enat
the-enat.simps,
metis One-nat-def diff-le-self eSuc-epred enat.simps(3) enat-add-sub-same enat-ord-simps(1)
epred-enat nfinite-nlength-enat one-enat-def plus-1-eSuc(2) the-enat.simps zero-enat-def)
next
case Fulse
then show “thesis
by (auto simp add: prev-d-def chop-defs skip-defs )
(metis ndropn-nlength nfinite-ndropn-b nlength-eq-enat-nfiniteD)
qed

lemma wprev-defs :
(w = wprev F) =
( (nfinite w — (nlength w = (enat 0) V ( (ntaken (the-enat(epred(nlength w))) w) = F) ) )
A ( nfinite w V (w | F)))
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by (simp add: wprev-d-def prev-defs )

lemma more-defs :
(w = more) = (0 < nlength w)
using zero-enat-def by (auto simp add: more-d-def next-defs )

lemma fmore-defs :
(w = fmore) = (nfinite w A (0 < nlength w))
by (auto simp add: fmore-d-def more-defs finite-defs )

lemma empty-defs :
(w = empty) = (nlength w = 0)
by (simp add: empty-d-def more-defs)

lemma init-defs :
(w = init F) = ( (ntaken 0 w) = F )
by (simp add: init-d-def chop-defs empty-defs min-def)
(metis ntaken-0 ntaken-all the-enat.simps zero-enat-def zero-le)

lemma initalt-defs :
(w = bi( empty — F)) = ( (ntaken 0 w) E F)
by (simp add: bi-defs empty-defs min-def)
(metis enat-0-iff (2) nlength-eq-enat-nfiniteD ntaken-0 zero-le)

lemma fin-defs :
(w = fin F) =
( (nfinite w A ( (ndropn (the-enat(nlength w)) w) = F) ) V (—-nfinite w) )
by (simp add: fin-d-def empty-defs always-defs )
(metis add.right-neutral enat.distinct(2) enat-add-sub-same le-iff-add nfinite-nlength-enat
nlength-eq-enat-nfiniteD the-enat.simps)

lemma finalt-defs :
(w = # True;(F' N empty)) =
( (nfinite w A ( (ndropn (the-enat(nlength w)) w) = F) ) V (—-nfinite w) )
by (simp add: chop-defs empty-defs )
(metis add.right-neutral enat.distinct(2) enat-add-sub-same le-iff-add nfinite-nlength-enat
the-enat.simps)

lemma sfin-defs :
(w E sfin F) = (nfinite w A ( (ndropn (the-enat(nlength w)) w) | F))
by (auto simp add: sfin-d-def fin-defs )

lemma halt-defs :
(w = halt(F)) = (Vn. n<nlength w— (nlength w = n) = ( (ndropn n w) = F))

by (simp add: halt-d-def empty-defs always-defs )

(metis add.right-neutral dual-order.strict-iff-order enat-add-sub-same enat-ord-code(4)
le-iff-add)
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lemma initonly-defs :
(w [ initonly(F)) =
( (Vn. n<nlength w — (n = 0) = ( (ntaken n w) = F ))A
(nfinite w V (nlength w = 0) = F w)
)

by (simp add: initonly-d-def bi-defs empty-defs zero-enat-def)

lemma ifthenelse-defs:
(w = if; F then G else H)

(((W|=F)/\(W|=G))\/_((ﬂ(IU):F)/\(W):H))))
by (simp add: itl-def)

lemma currentval-defs :

(s = %v) = (v (nfirst s))
by (simp add: itl-def)

lemma nextval-defs :
(s = v$) =

(if nlength s # (enat 0) then (v (nnth s 1)) else (€ x. z=1))
by (simp add: itl-def)

lemma finval-defs :
(s =lv) =
( (if nfinite s then (v (nlast s)) else (€ z. r=1))

)
by (simp add: itl-def)

lemma penultval-defs :
(s =) =
(if nfinite s then
(if nlength s # (enat 0) then (v (nnth s (the-enat(epred(nlength s))))) else (€ z. x=x))
else (e x. z=1)

)
by (simp add: itl-def)

lemma nezt-assign-defs :
(s = v:=e) = ((if nlength s # (enat 0) then v (nnth s 1) else (¢ xz. x=1)) = e s)
by (auto simp: itl-def)

lemma prev-assign-defs :
(sEv=e) =
(if nfinite s then
(if nlength s # (enat 0) then (v (nnth s (the-enat(epred(nlength s))))) = e s
else ((e z. z=z) = e s))
else True

)
by (simp add: itl-def finite-defs)
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lemma always-equ-defs :
(sEvme) =
( (V i. i< nlength s — v (nnth s i) = e (ndropn i s))
)

by (simp add: always-eq-d-def always-defs current-val-d-def ndropn-nfirst)

lemma temporal-assign-defs :
(sEv<+ e =
(if nfinite s then (v (nlast s)) = e s
else True
)

by (simp add: itl-def finite-defs)

lemma gets-defs :

(s = vgetse) =
( (¥ i. i < nlength s — v (nnth s (Suc 7)) = e ((nsubn s i (Suc 7))) )

)
proof (auto simp add: min-def finite-defs gets-d-def keep-d-def ba-defs skip-defs
temporal-assign-d-def fin-val-d-def nsubn-nlength Suc-ile-eq nsubn-def1 ntaken-ndropn-nlast)
show Ai. Vn na. (enat na < nlength s — enat n —
enat (n + na) < nlength s —
na = Suc 0 — v (nnth s (Suc n)) = e (ntaken (Suc 0) (ndropn n s))) A
(= enat na < nlength s — enat n —»
enat (n + na) < nlength s —
nlength s — enat n = enat (Suc 0) —
v (nnth s (na + n)) = e (ntaken na (ndropn n s))) =
enat ¢ < nlength s =
v (nnth s (Suc 7)) = e (ntaken (Suc 0) (ndropn i s))
by (metis One-nat-def add.commute eSuc-enat i0-less ilell iless-Suc-eq ndropn-Suc-conv-ndropn
ndropn-nlength nlength-NCons one-eSuc one-enat-def plus-1-eq-Suc zero-le)
show An na.
Vi. enat i < nlength s — v (nnth s (Suc i)) = e (ntaken (Suc 0) (ndropn i s)) =
- na < Suc 0 = enat (n + na) < nlength s = nlength s — enat n = enat (Suc 0) =
v (nnth s (na + n)) = e (ntaken na (ndropn n s))
by (metis (no-types) add-diff-cancel-left’ enat-minus-monol enat-ord-simps(1) idiff-enat-enat)
qed

lemma stable-defs-helpa:

assumes (Vi. i<nlength s — v (nnth s (Suc 7)) = v (nnth s 7))
i < nlength s

shows (v (nnth s i) = v (nfirst s))

using assms

proof (induct i arbitrary:s)

case (

then show ?case by (metis ndropn-0 ndropn-nfirst)

next

case (Suc 1)

then show Zcase

by (simp add: Suc-ile-eq)
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qed

lemma stable-defs-helpb:

assumes (Vi. i<nlength s — v (nnth s i) = v (nfirst s))
1 < nlength s

shows v (nnth s (Suc 7)) = v (nnth s 1)

using assms

proof (induct i arbitrary:s)

case (

then show ?case using Suc-ile-eq by auto

next

case (Suc 1)

then show ?case by (metis eSuc-enat ilell less-imp-le)

qed

lemma stable-defs-help:

(Vi. i<nlength s — v (nnth s (Suc 7)) = v (nnth s 7)) =
(Vi. i<nlength s — v (nnth s i) = v (nfirst s))

using stable-defs-helpalof s v] stable-defs-helpblof s )

by blast

lemma stable-defs:
(s = stable v) =
(V 4. i<nlength s — (v (nnth s 7)) = (v (nfirst s)))
proof (simp add: stable-d-def gets-defs current-val-d-def)
have 1: A\i. i < nlength s — v (nfirst (nsubn s ¢ (Suc ©))) = v (nnth s 7)
by (simp add: nsubn-def1 ntaken-ndropn-nfirst)
have 2: (Vi. enat i < nlength s — v (nnth s (Suc 7)) = v (nfirst (nsubn s i (Suc ©)))) =
(V1. enat © < nlength s — v (nnth s (Suc 7)) = v (nnth s 7))
by (simp add: 1)
have 3: (Vi. enat i < nlength s — v (nnth s (Suc ©)) = v (nnth s 7)) =
(V i. i<nlength s — (v (nnth s 7)) = (v (nfirst s)))
using stable-defs-help[of s v] by blast
show (Vi. enat i < nlength s — v (nnth s (Suc 7)) = v (nfirst (nsubn s ¢ (Suc i)))) =
(Vi. enat i < nlength s — v (nnth s i) = v (nfirst s))
by (simp add: 2 3)
qed

lemma padded-defs :
(s = padded v) =
( ((Vi. i< nlength s — (v (nnth s 7)) = (v (nfirst s)))) V nlength s = (enat 0))
proof (cases s)
case (NNil z1)
then show “thesis
by (auto simp add: padded-d-def stable-defs chop-d-def skip-defs empty-defs ntaken-nfirst
ntaken-nnth zero-enat-def)
next
case (NCons z21 z22)
then show “thesis
by (auto simp add: padded-d-def stable-defs chop-d-def skip-defs empty-defs ntaken-nfirst
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ntaken-nnth zero-enat-def)
(metis One-nat-def enat.simps(3) enat-add-sub-same enat-ord-simps(1) iless-Suc-eq le-iff-add
less-imp-le one-enat-def plus-1-eSuc(2),
meson iless-Suc-eq less-imp-le,
metis One-nat-def enat.simps(3) enat-add-sub-same enat-ord-simps(1) ile-eSuc nfinite-nlength-enat
one-enat-def plus-1-eSuc(2),
metis One-nat-def antisym-conv2 co.enat.sel(2) diff-le-self enat-add-sub-same enat-ord-code(4)
enat-ord-simps(1) epred-enat iless-Suc-eq one-enat-def plus-1-eSuc(2))
qed

lemma padded-temporal-assign-defs :
(sEv<~e =
((s E padded v) A
(if nfinite s then (v (nlast s )) = e s else True)

)

by (auto simp add: padded-temp-assign-d-def padded-defs temporal-assign-defs)

lemma chop-nfuse-1 :
(3 0102 0 = nfuse o1 02 A nfinite 01 A
(01 =) A (02 | g) A
(nlast o1 = nfirst 02)) =
(3 4. 0 <iNi< nlength o A ( ntaken i o = f) A (ndropn i o = g)))
by auto
(metis enat-le-plus-same(1) nfuse-nlength ndropn-nfuse nfinite-conv-nlength-enat ntaken-nfuse
the-enat.simps,
metis nfuse-ntaken-ndropn ndropn-nfirst nfinite-ntaken ntaken-nlast)

lemma chop-nfuse-2 :
(3 01 02. 0 = nfuse 01 02 A nfinite 01 A
(c1e€ X)N(c2€ Y)A
(nlast 01 = nfirst 02)) =
(3 i. i< nlength o A (ntaken i 0)€X A (ndropn i 0)€Y)
by auto
(metis enat-le-plus-same(1) ndropn-nfuse nfinite-nlength-enat nfuse-nlength ntaken-nfuse
the-enat.simps,
metis ndropn-nfirst nfinite-ntaken nfuse-ntaken-ndropn ntaken-nlast)

lemma chop-nfuse:
(0 E fi9) = (
(3 01 02. 0 = nfuse 01 02 A nfinite 01 N
(c1 Ef)N(c2 [ g) A (nlast 01 = nfirst 02))
V (= nfinite o A (0 = f))
)

by (simp add: chop-defs chop-nfuse-1)

lemmas itl-defs = skip-defs chop-defs yields-defs infinite-defs finite-defs schop-defs syields-defs
sometimes-defs always-defs di-defs df-defs bi-defs bf-defs da-defs ba-defs sda-defs sba-defs
next-defs wnext-defs prev-defs wprev-defs more-defs fmore-defs empty-defs init-defs
initalt-defs fin-defs finalt-defs sfin-defs halt-defs initonly-defs ifthenelse-defs
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currentval-defs nextval-defs finval-defs penultval-defs next-assign-defs prev-assign-defs
always-equ-defs temporal-assign-defs gets-defs stable-defs padded-defs
padded-temporal-assign-defs

2.1.5 Soundness Axioms
ChopAssoc

lemma ChopAssocSemHelpa:
assumes ((In. enat n < nlength o N
f (ntaken n o) A
((3na. enat na < nlength o — enat n A\ g (ntaken na (ndropn n o)) A h (ndropn na (ndropn n o)))

= nfinite (ndropn n o) A g (ndropn n o))) V

- nfinite o A f o)

shows ((In. enat n < nlength ¢ A (Ina<n. enat na < nlength o A
[ (ntaken (min na n) o) A g (ndropn na (ntaken n 0))) A h (ndropn n o)) V

- nfinite ¢ A ((In. enat n < nlength o A f (ntaken n o) A g (ndropn n o)) V = nfinite o A f o))
proof —
have 1: ((3n. enat n < nlength o A
f (ntaken n o) A

((3na. enat na < nlength 0 — enat n A g (ntaken na (ndropn n o)) A h (ndropn na (ndropn n o)))

= nfinite (ndropn n o) A g (ndropn n o))) V
- nfinite o A f o)
using assms by auto
have 2: = nfinite o N\ f 0 =
((3n. enat n < nlength o A
(Ina<n. enat na < nlength o N f (ntaken (min na n) o) A g (ndropn na (ntaken n o)))
A h (ndropn n o)) V
- nfinite ¢ A ((3n. enat n < nlength o A f (ntaken n o) A g (ndropn n o)) V = nfinite o A f o))
by simp
have 3: (3 n. enat n < nlength o A
f (ntaken n o) A
((3na. enat na < nlength o — enat n A\ g (ntaken na (ndropn n o)) A h (ndropn na (ndropn n o)))

= nfinite (ndropn n o) A\ g (ndropn n 0))) =
((3n. enat n < nlength o A
(Ina<n. enat na < nlength o A f (ntaken (min na n) o) A g (ndropn na (ntaken n o)))
A h (ndropn n o)) V
= nfinite o A ((3n. enat n < nlength o A\ f (ntaken n o) A g (ndropn n o)) V — nfinite o A\ f o))
proof —
assume 4: (In. enat n < nlength o A
[ (ntaken n o) A
((3 na. enat na < nlength o — enat n A g (ntaken na (ndropn n o)) A h (ndropn na (ndropn n o)))

V
= nfinite (ndropn n o) A g (ndropn n o)))
obtain n where 5: enat n < nlength o A
[ (ntaken n o) A
((3na. enat na < nlength o — enat n A\ g (ntaken na (ndropn n o)) A h (ndropn na (ndropn n o)))
V
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= nfinite (ndropn n o) A\ g (ndropn n o))
using 4 by auto
have 6: enat n < nlength o A f (ntaken n o)
using 5 by auto
have 7: = nfinite (ndropn n o) A g (ndropn n o) =
((In. enat n < nlength o A
(Ina<n. enat na < nlength o N f (ntaken (min na n) o) A g (ndropn na (ntaken n o)))
A h (ndropn n o)) V
- nfinite o A ((3n. enat n < nlength o A f (ntaken n o) A g (ndropn n o)) V - nfinite 0 A f o))
using 6 nfinite-ndropn-a by blast
have 8: (Ina. enat na < nlength o — enat n A g (ntaken na (ndropn n o)) A h (ndropn na (ndropn n
o) =
((3n. enat n < nlength o A
(Ina<n. enat na < nlength o A f (ntaken (min na n) o) A g (ndropn na (ntaken n o)))
A h (ndropn n o)) V
- nfinite o A ((In. enat n < nlength o A f (ntaken n o) A g (ndropn n o)) V = nfinite o A f o))
proof —
assume 9: (Ina. enat na < nlength o — enat n A g (ntaken na (ndropn n o)) A h (ndropn na
(ndropn n 0)))
show ((In. enat n < nlength o A
(Ina<n. enat na < nlength o A f (ntaken (min na n) o) A g (ndropn na (ntaken n o)))
A h (ndropn n o)) V
- nfinite o A ((In. enat n < nlength o A f (ntaken n o) A g (ndropn n o)) V = nfinite o A f o))
proof —
obtain na where 10: enat na < nlength o — enat n A g (ntaken na (ndropn n o)) A
h (ndropn na (ndropn n o))
using 9 by auto
have 11: h (ndropn (na+n) o)
by (metis 10 add.commute ndropn-ndropn)
have 12: na+n < nlength o
by (metis 10 6 Groups.add-ac(2) dual-order.strict-implies-order enat.simps(3)
enat-add-sub-same enat-less-enat-plusl? le-iff-add not-le-imp-less
order.not-eq-order-implies-strict plus-enat-simps(1))
have 13: g (ndropn n (ntaken (n+na) o))
by (metis 10 12 add.commute ntaken-ndropn-swap plus-enat-simps(1))
have 14: f (ntaken (min n (n+na)) o)
using 6 by linarith
show ?thesis
by (metis 10 12 13 14 6 add.commute le-add1 ndropn-ndropn)
qed
qed
show ?thesis
using 5 7 8 by blast
qged
show ?thesis
using 3 assms by blast
qed

lemma ChopAssocSemHelpb:
assumes ((In. enat n < nlength o N
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(Ina<n. enat na < nlength o N f (ntaken (min na n) o) A g (ndropn na (ntaken n o)))
A h (ndropn n o)) V
- nfinite ¢ A ((3n. enat n < nlength o A f (ntaken n o) A g (ndropn n o)) V = nfinite o A f o))
shows ((In. enat n < nlength o A
[ (ntaken n o) A
((3 na. enat na < nlength o — enat n A g (ntaken na (ndropn n o)) A h (ndropn na (ndropn n o)))

— nfinite (ndropn n o) A g (ndropn n 0))) V
- nfinite o A f o)
proof —
have 1: ((3n. enat n < nlength o A
(Ina<n. enat na < nlength o A f (ntaken (min na n) o) A g (ndropn na (ntaken n o)))
A h (ndropn n o)) V
- nfinite o A ((In. enat n < nlength o A f (ntaken n o) A g (ndropn n o)) V = nfinite o A f o))
using assms by auto
have 2: = nfinite o A ((3n. enat n < nlength o A f (ntaken n o) A g (ndropn n o)) V = nfinite o A f o)
—
((3n. enat n < nlength o A
f (ntaken n o) A
((3na. enat na < nlength 0 — enat n A\ g (ntaken na (ndropn n o)) A h (ndropn na (ndropn n o)))

= nfinite (ndropn n o) A\ g (ndropn n o))) V
- nfinite o A f o)
using nfinite-ndropn by blast
have 3: (I n. enat n < nlength o A
(Ina<n. enat na < nlength o A f (ntaken (min na n) o) A g (ndropn na (ntaken n o)))
A h (ndropn n o)) =

((3n. enat n < nlength o A

f (ntaken n o) A

((3 na. enat na < nlength o — enat n A g (ntaken na (ndropn n o)) A h (ndropn na (ndropn n o)))

— nfinite (ndropn n o) A g (ndropn n 0))) V
- nfinite o A f o)
proof —
assume 4: (In. enat n < nlength o A
(Ina<n. enat na < nlength o N f (ntaken (min na n) o) A g (ndropn na (ntaken n o)))
A h (ndropn n o))
show ((3n. enat n < nlength o N
f (ntaken n o) A
((3na. enat na < nlength 0 — enat n A\ g (ntaken na (ndropn n o)) A h (ndropn na (ndropn n o)))

- nfinite (ndropn n o) A g (ndropn n o))) V
- nfinite o A f o)
proof —
obtain n where 5: enat n < nlength o A
(Ina<n. enat na < nlength o A f (ntaken (min na n) o) A g (ndropn na (ntaken n o)))
A h (ndropn n o)

using / by auto
have 6: (3na<n. enat na < nlength o A f (ntaken (min na n) o) A g (ndropn na (ntaken n o)))

using 5 by auto
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obtain na where 7: na<n A enat na < nlength o A f (ntaken (min na n) o) A g (ndropn na (ntaken
n o))
using 6 by auto
have §: na < nlength o
by (simp add: 7)
have 9: n—na < nlength 0 — na
by (metis 5 enat-minus-monol idiff-enat-enat)
have 10: f (ntaken na o)
using 7 by linarith
have 11: g (ntaken (n—na) (ndropn na o))
by (simp add: 5 7 ntaken-ndropn-swap)
have 12: h (ndropn ((n—na)+na) o)
by (simp add: 5 7)
have 13: h (ndropn (n—na) (ndropn na o))
by (metis 12 add.commute ndropn-ndropn)
show “thesis
using 10 11 18 7 9 by auto
ged
qed
show ?thesis
using 2 3 assms by blast
qed

lemma ChopAssocSemHelp:
((3n. enat n < nlength o A
[ (ntaken n o) A
((3na. enat na < nlength o — enat n A\ g (ntaken na (ndropn n o)) A h (ndropn na (ndropn n o)))

- nfinite (ndropn n o) A g (ndropn n o))) V
- nfinite o N\ f o) =
((3n. enat n < nlength o A
(Ina<n. enat na < nlength o A f (ntaken (min na n) o) A g (ndropn na (ntaken n o)))
A h (ndropn n o)) V
- nfinite o A ((In. enat n < nlength o A f (ntaken n o) A g (ndropn n o)) V = nfinite o A f o))
using ChopAssocSemHelpa[of o f g h] ChopAssocSemHelpblof o f g h] by blast

lemma ChopAssocSemHelp1:
((o) = figsh)=((0o) [ (fi9):h)
proof —
have (o = f;(9; h)) = ((3n. enat n < nlength o N
f (ntaken n o) A
((3na. enat na < nlength 0 — enat n A\ g (ntaken na (ndropn n o)) A h (ndropn na (ndropn n o)))

= nfinite (ndropn n o) A\ g (ndropn n o))) V
- nfinite o A f o)
by (simp add: chop-defs)
also have ... =
((3n. enat n < nlength o A
(Ina<n. enat na < nlength o N f (ntaken (min na n) o) A g (ndropn na (ntaken n o)))
A h (ndropn n o)) V
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- nfinite o A ((In. enat n < nlength o A f (ntaken n o) A g (ndropn n o)) V = nfinite o A f o))
using ChopAssocSemHelp[of o f g h] by blast
also have ... =
(o = (f;9);h) by (simp add: chop-defs)
finally show (o = f;(g9;h) = (o (f;9)ih)
qed

lemma ChopAssocSem:

(e fi(g:h) = (fi9)sh)
using ChopAssocSemHelpl1[of f g h o] by auto

OrChopImp

lemma OrChopImpSem:

(0 (fVagsh — fihVgh)
by (auto simp add: chop-defs )

ChopOrImp

lemma ChopOrImpSem:

(c=filgVh)— figVv fih)
by (auto simp add: chop-defs )

EmptyChop

lemma EmptyChopSem:

(0 | empty s f=f)
by (simp add: chop-defs empty-defs min-def)
(metis enat-0-iff (1) ndropn-0 nlength-eg-enat-nfiniteD zero-le)

ChopEmpty

lemma ChopEmptySem:
(o | fiempty = f)

by (simp add: chop-defs empty-defs min-def)
(metis cancel-comm-monoid-add-class.diff-cancel enat-diff-cancel-left idiff-enat-enat
nfinite-nlength-enat ntaken-all order-refl zero-enat-def)

StateImpBi

lemma StatelmpBiSem:
(0 = init f —  bi (init f))
by (simp add: init-defs bi-defs )

NextImpNotNextNot

lemma NextImpNotNextNotSem:

(cEOf— = (OE)))
by (simp add: next-defs)
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BiBoxChopImpChop

lemma BiBoxChopImpChopSem:

(c=bi (f—f1) NDO(g — g1) — fig — [Lig1)
by (simp add: bi-defs always-defs chop-defs)

fastforce

BoxInduct

lemma boz-induct-help-1 :
Nj. ¥V n. enat n < nlength o — f (ndropn n o) —
nlength o — enat n = (enat 0) V f (ndropn (Suc 0) (ndropn n o)) =
fo=
enat j < nlength 0 —
f (ndropn j o)
proof —
fix j
show Vn. enat n < nlength 0 — f (ndropn n o) —
nlength o — enat n = (enat 0) V f (ndropn (Suc 0) (ndropn n o)) =
fo=
enat j < nlength 0 —
f (ndropn j o)
proof (induct j arbitrary: o)
case (
then show ?case by simp
next
case (Suc j)
then show ?Zcase by (simp add: ndropn-ndropn)
(metis Suc-ile-eq add.right-neutral enat.simps(3) enat-add-sub-same le-cases
le-iff-add not-less zero-enat-def)
qed
qed

lemma BozInductSem:
(c EO(f — wnext f) N f — O f)

proof

(auto simp add: always-defs wnext-defs )

show An. Vn. enat n < nlength o — f (ndropn n o) —

nlength o — enat n = enat 0 V f (ndropn (Suc 0) (ndropn n o)) =

fo=
enat n < nlength 0 —
f (ndropn n o)

using boz-induct-help-1 by blast

qed

2.1.6 Quantification over State (Flexible) Variables

Quantification in Infinite ITL is done similarly as in Finite ITL.

typedecl state
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instance state :: world ..

type-synonym ‘a statefun = (state,’a) stfun
type-synonym statepred = bool statefun
type-synonym ’a tempfun = (state,’a) formfun
type-synonym temporal = state formula

2.1.7 Temporal Quantifiers
definition exist-state-d :: ('a statefun = temporal )= temporal (binder Fex 10)
where ezist-state-d F = (Xs. (3 z. sE Fzx))

syntax
Bex = [idts, liff] = Uft (333 -/ -) [0,10] 10)

translations
-FexvA == Fezxv. A

definition forall-state-d :: ('a statefun = temporal )= temporal (binder Aall 10)
where forall-state-d F = LIFT(—~(33 z. =(F z)))

syntax
Adll = [idts, lift] = lift  ((3YY -/ -) [0,10] 10)

translations

Aall v A == Aallv. A

end

2.2 Axioms and Rules

theory ITL

imports
Semantics

begin

The Finite and Infinite ITL axiom and proof rules are introduced (taken from [12]). The soundness
of the rules and axioms are checked using the lemmas of Semantics.thy.

2.2.1 Rules

lemma MP :
assumes - f — ¢

)
shows | ¢
using assms by fastforce

lemma BoxGen :
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assumes - f
shows FOf
using assms

by (auto simp add: itl-defs Valid-def)

lemma BiGen:

assumes - f

shows F bif

using assms

by (auto simp add: itl-defs Valid-def)

2.2.2 Axioms

lemma ChopAssoc :
= fi (g5 h) = (fig)h
using ChopAssocSem Valid-def by blast

lemma OrChopImp :
F(fVgih — fihV gih
using OrChopImpSem Valid-def by blast

lemma ChopOrimp :

= figVh) — figV fih
using ChopOrImpSem Valid-def by blast

lemma EmptyChop :

= empty ; f = f
using EmptyChopSem Valid-def by blast

lemma ChopEmpty :

= fiempty = f
using ChopEmptySem Valid-def by blast

lemma StatelmpBi :
Foinit f —  bi (indt f)
using StateImpBiSem Valid-def by blast

lemma NeztImpNotNextNot :
FOf— (/)
using NextImpNotNextNotSem Valid-def by blast

lemma BiBoxChopImpChop :
Eobi (f — f1) ADO(g — g1) — fig — [Ligl
using BiBoxChopImpChopSem Valid-def by blast

lemma BozInduct :

Fao(f— wnextf)Nf—0OFf
using BoxzInductSem Valid-def by blast
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2.2.3 Additional Lemmas

The following is again from [6, 3] but adapted for our need.

lemma int-eq-true:
assumes — P

shows + P = #True
using assms by auto

lemma int-eq:
assumes - X = Y
shows X =Y

using assms by (auto simp: integ-reflection)

lemma int-iffI:
assumes - F' — Gand - G — F
shows - F = G

using assms by force

lemma int-iffD1: assumes h: - F = G shows - F — G
using h by auto

lemma int-iffD2: assumes h: - F = G shows - G — F
using h by auto

lemma lift-imp-trans:
assumes - A — Band - B — C
shows - A — C

using assms by force

lemma lift-imp-neg: assumes - A — B shows - =B — -4
using assms by auto

lemma lift-and-com: + (A AN B) = (B A A)
by auto

2.2.4 Quantification

lemma FFExl :
FFy— (33 z. Fx)
by (auto simp add: exist-state-d-def Valid-def)

lemma EFEzE:

assumes Az. - Fz — G

shows F (33 z. Fz) — G

using assms by (metis (mono-tags, lifting) Valid-def exist-state-d-def unl-lift2)

lemma EEzVal:

(w) (3 2 Fa)) =
(3 z (val :: 'a nellist). ( (val = (nmap z w) A (( w) & F x))))
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by (simp add: exist-state-d-def)

lemma AAzDef:
F (VY 2. Fz)=(-(33 z. —~(F 1))
by (simp add: Valid-def forall-state-d-def exist-state-d-def)

lemma FzFEquRule:

assumes A z. F (fz) = (g x)
shows - (3 z. fz) = (3 z. g 2)

using assms by fastforce

2.2.5 Lemmas about current-val

lemma current-const: b $(#c) = #c
by (simp add: current-val-d-def intl)

lemma current-funl: - $(f<z>) = f <$a>
by (simp add: current-val-d-def intI)

lemma current-fun2: & $(f<z,y>) = f <$z,3y>
by (auto simp: current-val-d-def intI)

lemma current-fun3: b $(f<z,y,z>) = f <$z,3y,$2>
by (auto simp: current-val-d-def intl)

lemma current-forall: = $(V z. P z) = (V z. $(P z))
by (auto simp: current-val-d-def intl)

lemma current-exists: - $(3 x. P z) = (3 z. $(P x))
by (auto simp: current-val-d-def intl)

lemma current-existsl: = $(3! z. P z) = (3! z. $(P x))
by (auto simp: current-val-d-def intl)

lemmas all-current = current-const current-funl current-fun2 current-fun3
current-forall current-exists current-existsl

lemmas all-current-unl = all-current| THEN intD]
lemmas all-current-eq = all-current| THEN integ-reflection)

2.2.6 Lemmas about nezxt-val

lemma next-const: = more — (#¢)$ = #c¢
by (auto simp: next-val-d-def more-defs zero-enat-def intl)

lemma nezt-funl: = more — f<ax>$ = f<a$>
by (auto simp: next-val-d-def more-defs zero-enat-def intl)

lemma nezt-fun2: & more — f<z,y>$ = f <x$,y$>
by (auto simp: next-val-d-def more-defs zero-enat-def intl)
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lemma nezt-fun3: = more — f<wz,y,2>$ = f <z8$,y$,2$>
by (auto simp: next-val-d-def more-defs zero-enat-def intl)

lemma nezt-forall: = more — (V z. P z)$ = (V z. (P 1)$)
by (auto simp: next-val-d-def intI)

lemma nezt-exists: = more — (3 z. P x2)$ = (3 z. (P 2)$)
by (auto simp: next-val-d-def intl)

lemma nezt-ezistsl: F more — (3! z. P 2)$ = (3! z. (P 2)$)
by (auto simp: next-val-d-def more-defs zero-enat-def intl)

lemmas all-next = next-const next-funl next-fun2 next-fun3
next-forall next-exists next-erists1

lemmas all-next-unl = all-next| THEN intD)

2.2.7 Lemmas about fin-val

lemma fin-const: & finite — (#c¢) = #c
by (auto simp: fin-val-d-def finite-defs intl)

lemma fin-funl: b finite —!(f<z>) = f <la>
by (auto simp: fin-val-d-def finite-defs intl)

lemma fin-fun2: - finite — (f<z,y>) = f <!z, ly>
by (auto simp: fin-val-d-def finite-defs intl)

lemma fin-fun3: & finite — (f<z,y,z>) = f <lzly,lz>
by (auto simp: fin-val-d-def finite-defs intl)

lemma fin-forall: - finite — (V z. P z) = (¥ z. (P z))
by (auto simp: fin-val-d-def finite-defs intI)

lemma fin-exists: & finite — (3 z. P z) = (3 z. (P z))
by (auto simp: fin-val-d-def finite-defs intl)

lemma fin-exists1: - finite — (3! z. P x) = (3! z. /(P z))
by (auto simp: fin-val-d-def finite-defs intl)

lemmas all-fin = fin-const fin-funl fin-fun2 fin-fun3
fin-forall fin-exists fin-exists1

lemmas all-fin-unl = all-fin] THEN intD)
2.2.8 Lemmas about penult-val

lemma penult-const: = more N\ finite — (#c¢)! = #c¢
by (auto simp: penult-val-d-def more-defs finite-defs zero-enat-def intl)
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lemma penult-funi: = more A finite — f<z>! = f<al>
by (auto simp: penult-val-d-def more-defs finite-defs zero-enat-def intl)

lemma penult-fun2: = more A finite — f<z,y>! = f <zl y!>
by (auto simp: penult-val-d-def more-defs finite-defs zero-enat-def intI)

lemma penult-fund: = more A finite — f<z,y,z>! = f <zl yl,z!>
by (auto simp: penult-val-d-def more-defs finite-defs zero-enat-def intl)

lemma penult-forall: = more A finite — (¥ z. P z)! = (V z. (P z)!)
by (auto simp: penult-val-d-def finite-defs intI)

lemma penult-exists: = more A finite — (3 z. P z)! = (3 z. (P z)!)
by (auto simp: penult-val-d-def finite-defs intI)

lemma penult-existsl: = more A finite — (3! z. P z)! = (3! z. (P xz)!)
by (auto simp: penult-val-d-def more-defs finite-defs zero-enat-def intl)

lemmas all-penult = penult-const penult-funl penult-fun2 penult-fun3
penult-forall penult-exists penult-existsi

lemmas all-penult-unl = all-penult| THEN intD)|

2.2.9 Basic temporal variables properties

lemma empty-imp-fin-equ-curr:

Fempty — v = $v

by (simp add: Valid-def itl-defs nlength-eq-enat-nfiniteD)

(metis nlast-NNil nlength-eg-enat-nfiniteD nnth-nlast ntaken-0 ntaken-nlast the-enat-0 zero-enat-def)

lemma skip-imp-fin-equ-next:

F oskip — lv = v$

by (simp add: Valid-def itl-defs)
(metis One-nat-def le-numeral-extra(4) ndropn-0 nlength-eq-enat-nfiniteD
ntaken-all ntaken-ndropn-nlast one-enat-def plus-1-eq-Suc)

lemma skip-imp-penult-equ-curr:
F oskip — v! = $v
by (simp add: Valid-def itl-defs current-val-d-def nlength-eq-enat-nfiniteD)

(metis ndropn-0 ndropn-nfirst)

end
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2.3 Weak chop operator

theory Theorems
imports
ITL
begin

We give the proofs of a list of Finite and Infinite ITL theorems. These proofs and theorems are from
[11] but adapted for infinite and finite intervals.

2.3.1 Propositional reasoning

This is a list of propositional logic theorems used in the proofs of the ITL theorems.

lemma IfThenElseImp:
F (ifi g then f else fI) — ((g — f) N (mg — f1))
by (simp add: itl-def Valid-def)

lemma Prop01:
assumes - f — gV h
shows FgAf—h
using assms by auto

lemma Prop02:
assumes - f — ¢
Ffl—g
shows FfV fl — g
using assms by fastforce

lemma Prop03:
assumes - f = (g V h)
shows +h — f

using assms by auto

lemma Prop04:
assumes - f = h
Ff=hi
shows + hl=nh
using assms using int-eq by auto

lemma Prop05:
assumes - f — ¢
shows f — hVyg
using assms by auto

lemma Prop06:

assumes - f = (g V h)
Fh=hi

shows - f = (g V hl)

using assms by fastforce
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lemma Prop07:

assumes - f — gV h
shows FfA—-g—h
using assms by auto

lemma Prop0§:
assumes - f — gV h
Fh— hi
shows + f — gV hi
using assms by fastforce

lemma Prop09:

assumes - f A g — h
shows F f— (¢ — h)
using assms by auto

lemma Propl0:
assumes - f — ¢
shows F f=(fAg)
using assms by auto

lemma Propl1:

Ff=M=(Ff—MnN Ff1—1))
by (auto simp: Valid-def)

lemma Propi12:

(Ff — (fANR2)=(Ff—/)NEF—12)
by (auto simp: Valid-def)

lemma Propls5:

assumes - f — gV h

shows +fA-h—g

using assms by (auto simp: Valid-def)

2.3.2 State formulas

The init operator denotes state formulas, i.e., ITL formula that only constrain the first state of an
interval.

lemma Initprop :
F ((indt f) A (init g)) = init(f A g)
F (= (init f)) = nit (= f)
F ((indt f) V (init g)) = init (f V g)
F init # True

by (auto simp: itl-defs)

lemma Finprop :

= ((# True;(f A empty)) A (3 True;(g A empty))) = (# True;((f A g) A empty))
- (#True(f A empty) v (#Trues(g A empty))) = (#Truei(F v g) A empty))
b (# True;((# True) A empty))

F finite — (= (#True;(f A empty))) = (# True;(=f A empty))
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- (~ (# Trues(f A empty))) = ( (# Trues(~f A empty)) A finite)
using nfinite-nlength-enat
by (auto simp: finalt-defs finite-defs zero-enat-def,

auto simp add: itl-defs nfinite-nlength-enat zero-enat-def, force)

2.3.3 finite and inf properties

lemma EmptylmpFinite:
F empty — finite
using nlength-eq-enat-nfiniteD by (auto simp add: itl-defs zero-enat-def)

lemma Skip ChopFiniteImpFinite:

F skip;finite — finite

using nfinite-ndropn nlength-eq-enat-nfiniteD
by (simp add: Valid-def itl-defs,force )

lemma FiniteChopSkipImpFinite:

F finite;skip — finite

using nlength-eq-enat-nfiniteD

by (simp add: Valid-def itl-defs, force)

lemma FiniteChopSkipImpMore:

F finite;skip — more

using nlength-eq-enat-nfiniteD one-enat-def
by (simp add: Valid-def itl-defs, force)

lemma FiniteAndMoreImpFinite ChopSkip:
F finite A more — finite;skip
by (auto simp add: Valid-def itl-defs zero-enat-def)
(metis Suc-ile-eq diff-diff-cancel diff-le-self enat-ord-simps(1) idiff-enat-enat nfinite-nlength-enat)

lemma FiniteChopSkip EquFinite AndMore:

E finite;skip = (finite A\ more)

by (simp add: FiniteAndMoreImpFiniteChopSkip FiniteChopSkipImpFinite FiniteChopSkipImpMore
Prop12 int-iffI)

lemma FiniteChopSkip EquSkip ChopFinite:

F finite;skip = skip;finite

by (auto simp add: Valid-def itl-defs)
(metis enat.distinct(1) enat-add-sub-same enat-le-plus-same(2) le-iff-add ,
metis eSuc-enat enat.simps(3) enat-add-sub-same idiff-enat-0-right iless-Suc-eq le-zero-eq
less-eqE min.orderE nlength-eq-enat-nfiniteD not-le one-eSuc plus-1-eSuc(2),
metis add.commute enat.simps(3) enat-add-sub-same idiff-enat-enat le-iff-add
nfinite-nlength-enat)

lemma FiniteAndEmptyEquEmpty:

F (finite A empty) = empty

by (auto simp add: Valid-def itl-defs nlength-eq-enat-nfiniteD
zero-enat-def)
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lemma FiniteChopFiniteEquFinite:
F finite;finite = finite
by (auto simp add: Valid-def itl-defs) (metis zero-enat-def zero-le)

lemma InfChopInfEquinf:
F inf;inf = inf
by (simp add: Valid-def itl-defs)

lemma InfChopFiniteEquinf:
F inf;finite = inf
by (simp add: Valid-def itl-defs)

lemma FiniteChopInfEquinf:
F finite;inf = inf
by (auto simp add: Valid-def itl-defs) (metis zero-enat-def zero-le)

lemma InfEquNotFinite:
Foinf = (= finite)
by (simp add: Valid-def itl-defs)

lemma FiniteEquNotinf:
F finite = (= inf)
by (simp add: Valid-def itl-defs)

lemma Chop True AndFinite EquAndFinite ChopFinite:

F ((f;# True) A finite) = (f A finite); finite
by (auto simp add: Valid-def itl-defs)

lemma TrueChopAndFinite EquAndFinite ChopFinite:

F ((#True;f) A finite) = finite;(f A finite)
by (auto simp add: Valid-def itl-defs)

lemma FiniteChopMoreEquMore:

F finite;more = more

by (auto simp add: Valid-def itl-defs)
(metis idiff-0-right zero-enat-def zero-le)

lemma ChopAndFiniteDist:

= ((fs9) A finite) = (f A finite);(g A finite)
by (auto simp add: Valid-def itl-defs)

lemma FiniteOrInfinite:
F finite V inf
by (simp add: Valid-def itl-defs)

lemma FinitelmpAnd:

assumes - finite — f =g

shows F (f A finite) = (g A finite)

using assms by (auto simp add: Valid-def itl-defs)
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lemma FmoreEquSkip ChopFinite:

F fmore = skip;finite

by (metis FiniteChopSkipEquFiniteAndMore FiniteChopSkip EquSkip ChopFinite
fmore-d-def inteq-reflection lift-and-com,)

lemma Finitelmp:
F (f A finite — g) = (f A finite — g A finite)
by (simp add: itl-defs Valid-def)

lemma ChopAndInf:

= ((f39) A inf) = (f5(g A inf))
by (auto simp add: Valid-def itl-defs)

lemma ChopAndInfB:

= ((fs9) A inf) = ((f A inf) Vv (f A finite)i(g A inf) )
by (auto simp add: Valid-def itl-defs)

lemma MoreAndInfEquinf:

F (more A inf) = inf

by (metis ChopAndInf EmptylmpFinite FiniteChopMoreEquMore InfEquNotFinite Prop11 Prop12 empty-d-def
finite-d-def int-simps(32) integ-reflection)

lemma AndInfChopAndInfEquAndInf:

= (f Ainf)s(f Ainf) = (f A inf)
by (auto simp add: Valid-def itl-defs)

lemma AndInfChopEquAndInf:

= (f A inf)ig = (f A inf)
by (auto simp add: Valid-def itl-defs)

lemma AndMoreAndInfEquAndInf:

E ((f A more) A inf) = (f A inf)

by (auto simp add: Valid-def itl-defs nlength-eq-enat-nfiniteD zero-enat-def)
(metis gr-zerol nlength-eq-enat-nfiniteD zero-enat-def)

lemma AndMoreAndFiniteEquAndFmore:
F ((f A more) A finite) = (f A fmore)
by (auto simp add: Valid-def itl-defs)

lemma NotFmoreAndEmpty:
F = (empty A fmore)
by (auto simp add: fmore-d-def empty-d-def)

lemma NotFmoreAndInf:
F = ((f A inf) A fmore)
by (auto simp add: fmore-d-def finite-d-def infinite-d-def)

lemma FmoreChopAnd:

F (((f A more);g) A fmore) = ((f A fmore);(g A finite))
by (auto simp add: Valid-def itl-defs)
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lemma NotEmptyAndInf:
F —(empty A inf)
by (auto simp add: Valid-def itl-defs nlength-eq-enat-nfiniteD zero-enat-def)

lemma OrFinitelnf:

E f = ((f A finite) V (f A inf))
by (auto simp add: Valid-def itl-defs)

lemma AndInfEquChopFalse:

F (f A inf) = f;# False
by (auto simp add: Valid-def itl-defs)

2.3.4 Basic Theorems

lemma BiChopImpChop :
Fbi (f — f1) — fi9 — flig
proof —
have 1: + ¢ — g by auto
hence 2: -0 (g — g) by (rule BoxGen)
have 3:F bi (f— fI) NO(9 — g) — f;9 — f1;9 by (rule BiBoxChopImpChop)
from 2 3 show ?thesis by fastforce
qed

lemma AndChopA:
= (f A fl);g — fig
proof —
have I: - f A f1l — f by auto
hence 2: - bi (f A f1l — f) by (rule BiGen)
have 3:F bi (f A fl — f) — (f A fl);9 — f;9 by (rule BiChopImpChop)
from 2 3 show ?thesis using MP by blast
qed

lemma AndChopB:
= (f A fl);9g — flig
proof —
have I1: - f A f1l — fI by auto
hence 2: - bi (f A f1 — fI) by (rule BiGen)
have 3:F bi (f A fl — fI) — (f A f1);9 — f1;g by (rule BiChopImpChop)
from 2 3 show ¢thesis using MP by blast
qged

lemma NeztChop:

= (O f)ig = O(f9)
proof —
have I: & skip;(f;g) = (skip;f);g by (rule ChopAssoc)
show ?thesis by (metis 1 int-eq next-d-def)
qed

lemma BoxChopImpChop :
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09— gl) — fig — figl
proof —
have 1.+ ¢ — g by auto
hence 2: - bi ( ¢ — g) by (rule BiGen)
have 3:F bi (f — f) ANDO(9g — g91) — f;9 — f;91 by (rule BiBoxChopImpChop)
from 2 3 show ?thesis by fastforce
qed

lemma LeftChopImpChop:

assumes - f— f1I

shows F f:g — fI.g

proof —

have I:+ f— fI using assms by auto

hence 2: - bi (f — f1) by (rule BiGen)

have 3:+ bi (f — f1) — f;9 — f1;9 by (rule BiChopImpChop)
from 2 3 show ?thesis using MP by blast

qed

lemma RightChopImpChop:

assumes - g — g1

shows + f;g — f;g1

proof —

have 1.+ ¢ — g1 using assms by auto

hence 2: - 0O (g — g¢1) by (rule BoxGen)

have 3+ 0O (9 — ¢g1) — f;9 — f;91 by (rule BozChopImpChop)
from 2 3 show ?thesis using MP by blast

qed

lemma RightChopEquChop:

assumes - g = g1

shows + (fig) = (f;91)

using assms RightChopImpChoplof g g1 f| RightChopImpChoplof g1 g f]
by fastforce

lemma InfRight ChopEquChop:
assumes - inf — g = g1
shows | inf — (fig) = (fig1)
using assms

by (auto simp add: Valid-def itl-defs)

lemma ChopOrEqu:

= filg v g1) = (fi9 V fi91)
proof —

have 1: - g — g V g1 by auto

hence 2: + f;g — fi(g V g1) by (rule RightChopImpChop)
have 3. F gi — g V g1 by auto

hence 4: + f;91 — f;(g V g1) by (rule RightChopImpChop)
from 2 / show ?%thesis by (meson ChopOrImp Prop02 Propl11)
qed
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lemma OrChopEqu:
= (fV fl)ig = (fig V f1ig)
proof —
have I:+f — f V fI by auto
hence 2:  f;g — (fV f1);g by (rule LeftChopImpChop)
have 3. F f1 — f Vv fI by auto
hence 4: - fl;g — (fV f1);g by (rule LeftChopImpChop)
from 2 / show ?thesis
by (meson OrChopImp int-iffl Prop02)
qed

lemma OrChopImpRule:

assumes - f — f1 V f2

shows F fig — (f;9) V (f2;9)

proof —

have I1: - f — f1 V f2 using assms by auto

hence 2: - f;g — (f1 V f2);g by (rule LeftChopImpChop)
have 3:F (f1V f2); g = (f;9 V f2;9) by (rule OrChopEqv)
from 2 3 show ?thesis by fastforce

qged

lemma LeftChopEquChop:

assumes - f = f1

shows I f;9 = (f1;9)

proof —

have I:+ f = fI using assms by auto

hence 2: - f — fI by auto

hence 3: - f;g — f1;g9 by (rule LeftChopImpChop)
have - fI — f using I by auto

hence 4: - fl;g — f;g by (rule LeftChopImpChop)
from 3 4/ show ?thesis by (simp add: int-iff])

qed

lemma OrChopEquRule:

assumes - f = (f1 V f2)

shows - fig = ((f1;9) V (f2:9))

proof —

have I:+ f = (fI V f2) using assms by auto

hence 2: - f;9 = ((f1 V f2);9) by (rule LeftChopEquChop)
have 3:F (f1V f2);9 = (f1;9 V f2;9) by (rule OrChopEqv)
from 2 3 show ?thesis by fastforce

qged

lemma NextImpNext:

assumes - f — ¢

shows FOf— 0Oy

proof —

have I:+ f — g using assms by auto

hence 2: - 0O (f — g) by (rule BoxGen)

have 3:+ 0O (f — g) — (skip;f) — (skip;g) by (rule BoxChopImpChop)
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have 4: F(skip;f) — (skip;g) by (metis 2 8 MP)
from / show ?thesis by (metis next-d-def)
qed

lemma ChopOrimpRule:

assumes F g — g1V g2

shows F fig — (f;91) V (f92)

proof —

have I1: - g — g1 V g2 using assms by auto

hence 2: - f;g — f;(g1 V ¢2) by (rule RightChopImpChop)
have 3:F f;(g1 Vv g2) = (f;91 V f;92) by (rule ChopOrEqv)
from 2 3 show ?thesis by fastforce

qged

lemma NeztImpDist:

FO(f—9) —Of—0yg

proof —

have I:+ (= (f — ¢)) = (f A = g) by auto

hence 2: & skip;(— (f — g)) = skip;(f A = g) by (rule RightChopEquChop)
have 3:F f — gV (f A = g) by auto

hence 4: & skip;f — (skip;g) V (skip;(f A = g)) by (rule ChopOrImpRule)
hence 5: - = (skip;(f A = g)) — (skip;f) — (skip;g) by auto

have 6:F - (skip;(=(f — g))) — (skip;f) — (skip;g) using 2 5 by fastforce
hence 7: - = (O(=(f — ¢9))) — (O f) — (O g) by (simp add: next-d-def)
have 8:+ O(f — g) — = (O(=(f — ¢))) by (rule NextImpNotNextNot)
from 7 8 show ?Zthesis using lift-imp-trans by blast

qed

lemma FiniteChopImpDiamond:

F(f A finite);g — O g

proof —

have I: + f A finite — finite by auto

hence 2: - (f A finite);g — finite;g by (rule LeftChopImpChop)
from 2 show ?%thesis by (simp add: sometimes-d-def)

qed

lemma NowlImpDiamond:

Ff—<Of

proof —

have 1.+ empty;f = f by (rule EmptyChop)

have 2: F empty — finite by (rule EmptyImpFinite)
hence 3: - empty;f — finite;f by (rule LeftChopImpChop)
have 4: F f — finite;f using 1 3 by fastforce

from 4 show ?thesis by (simp add: sometimes-d-def)

qed

lemma BoxFElim:

Fof—f
proof —
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have 1.+ = f — <& (= f) by (rule NowImpDiamond)
hence 2: - = (¢ (= f)) — f by auto
from 2 show ?%thesis by (metis always-d-def)

qed

lemma NextDiamondImpDiamond:

FORf) —Cf

proof —

have I1: & skip;(finite;f) = ((skip;finite);f) by (rule ChopAssoc)

hence 2: - (skip;finite);f = skip;(finite;f) by auto

hence 3: - (skip;finite);f = O(<Cf) by (simp add: next-d-def sometimes-d-def)
have 4: & (skip;finite);f — < f

by (simp add: SkipChopFiniteImpFinite LeftChopImpChop sometimes-d-def)
from 3 4 show ?thesis by fastforce

qed

lemma BozImpNowAndWeakNext:
FOf— (f Nwnest (OFf))
proof —
have 1.+ - f — <O (= f) by (rule NowImpDiamond)
hence 2: - = (¢ (= f)) — f by auto
hence 3: - 0O f — f by (metis always-d-def)
have 4:+ 0O (<O (= f) — < (= f) by (rule NextDiamondImpDiamond)
have 5:F == (O (= f) — O( f) byauto

hence 6: O (== (¢ (=f)) — O (O(~f)) by (rule NextImpNext)
have 7:F 0O (— = (¢ (=) ) O (— f) using 4 6 by auto

hence 8: - 0O (~(Of)) — O (= f) by (simp add: always-d-def)
hence 9: - = (¢ (= f)) — - (O (~(0O}J))) by auto

hence 10:F Of — wnext ( O f ) by (simp add: always-d-def wnezt-d-def)
from 3 10 show ?thesis by fastforce
qged

lemma BoxImpBozRule:

assumes - f — ¢

shows FOf— 0Oy

proof —

have 1:+ f — g using assms by auto

hence 2: - - g — - f by auto

hence 3: + 0O(— g — - f) by (rule BoxGen)

have 4:+ 0O(— g — - f) — (finite;(—g)) — (finite;(—f)) by (rule BoxChopImpChop)
have 5: & (finite;(—g)) — (finite;(—f)) using 3 4 MP by blast
hence 6: - O (ng) — O(=f) by (simp add: sometimes-d-def)
hence 7: = = (O(=f) ) — =( O (—g)) by auto

from 7 show ?thesis by (simp add: always-d-def)

qed

lemma BoxImpDist:
Fof—yg —0oOf—0Ogy
proof —
have I: - (f — g) — (= g — = f)
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by auto

hence 2: - 0O(f — g) — O(— g — — f)
by (rule BoxImpBozRule)

have 3 F O((~ g) — ~ f) — (finite; (~ g)) — (finite; ()
by (rule BozChopImpChop)

have 4t O(f — g) —  (finite; (= g)) — (finite; (= f))
using 2 3 lift-imp-trans by blast

hence 5: - O(f — g) — <(= g) — O(= f)
by (simp add: sometimes-d-def)

hence 6: I O(f — g) — —( O(= ) — ~( (= g))
by auto

from 6 show ?thesis by (simp add: always-d-def)

qged

lemma DiamondEmptyEquFinite:

F <& empty = finite
proof —

have I: & finite; empty = finite by (rule ChopEmpty)
from 1 show ?thesis by (simp add: sometimes-d-def)
qged

lemma NextEquNext:

assumes - f=g

shows FOf=0yg

proof —

have I:+ f= g using assms by auto

hence 2: = skip;f = skip;g by (rule RightChopEquChop)
from 1 show ?thesis by (metis 2 next-d-def)

qed

lemma NextAndNextImpNextRule:
assumes - (f A g) — h

shows F (OfAOg) — Oh
using assms

by (simp add: Valid-def itl-defs)

lemma NextAndNextEquNextRule:

assumes - (f A g) = h

shows F(OfANOg) =0h

using assms

by (simp add: NextAndNextImpNextRule NextImpNext Propl1 Prop12)

lemma WeakNextEquWeakNext:

assumes - f = g

shows + wnext f = wnext g

using assms using inteq-reflection by force

lemma DiamondImpDiamond:

assumes - f — ¢
shows FO f—Cyg
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using assms by (simp add: RightChopImpChop sometimes-d-def)

lemma DiamondEquDiamond:
assumes - f =g

shows HFO f=3Cyg

using assms using int-eq by force

lemma BoxEquBox:

assumes - f = g

shows FOf=0Oy

using assms using inteq-reflection by force

lemma BozxAndBoxImpBoxRule:

assumes - f A g — h

shows FOfADOg— 0Okl

using assms by (auto simp: itl-defs Valid-def)

lemma BozAndBorEquBozRule:

assumes - (f A g) = h

shows (O fADOg)=0hn

using assms BoxAndBoxImpBozRule BoxImpBozRule by (metis int-iff D1 int-iff D2 int-iff] Prop12)

lemma ImpBoxRule:

assumes - f — g

shows FOf—0Ogy

using assms by (simp add: BoxImpBoxRule)

lemma WnextEquEmptyOrNext:
F wnext f = (empty V O f)
by (auto simp: Valid-def itl-defs zero-enat-def)

lemma Bozlintro:
assumes - f — ¢
F more Nf— OFf
shows +f—0Oy
proof —
have I1:+ more N f—Of
using assms by auto
hence 2:F f— (empty vV Of)
unfolding empty-d-def by fastforce
hence 3:+ f — wnext f
by (metis WnextEquEmptyOrNext integ-reflection)
hence 4+ O(f — wnext f)
by (rule BoxGen)
have 5:F (O (f— wnextf)) Nf—0OFf
by (rule BozInduct)
hence 6:+ (O (f — wnext f)) — (f — Of)
by fastforce
have 7:+ f — Of
using 4 6 MP by blast
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have & +F0Of — f
by (rule BozElim)
have 9:Ff=0Ff
using 7 8 by fastforce
have 10:+-f — g
using assms by auto
hence 171: - Of — 0Oy
by (rule ImpBoxRule)
from 7 9 11 show ?thesis
using lift-imp-trans by blast
qged

lemma NextLoop:
assumes - f — O f
shows | finite — — f
proof —
have I:+Ff— OFf
using assms by auto
hence 2:+ f — (more A wnext f)
unfolding more-d-def wnezt-d-def
by (metis NextImpNext NextImpNotNextNot Prop05 Prop10 Prop12 int-iff D1 int-simps(29) lift-imp-trans)
hence 3:+ f — wnext f
by auto
hence 4+ O(f — wnext f)
by (rule BoxGen)
have 5:FO(f — wnextf)Nf—OFf
by (rule BozInduct)
hence 6:+ O (f — wnext f) — (f — Of)
by fastforce
have 7:+ f — Of
using 4 6 MP by blast
have & +F0Of — f
by (rule BozElim)
have 9:Ff=0O7Ff
using 7 8 by fastforce
have 10:+ f — more
using 2 by auto
hence 17: - O f — O more
by (rule ImpBoxRule)
have 12: + finite = (—(0 more))
by (metis DiamondEmptyEquFinite InfEquNotFinite always-d-def empty-d-def finite-d-def int-eq)
from 7 9 11 12 show ?thesis
by fastforce
qed

lemma NotEmptyAndNext:
= —(empty A O f)
by (auto simp: Valid-def itl-defs zero-enat-def)

lemma BoxEquAndWnextBoz:
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Fof=(fA wnext (OFf))

proof —

have I: F O f — f A wnezt ( O f)
using BoxImpNowAndWeakNext by blast

have 2: - f A wnext (O f) — f
by auto

have 3: = more A (f AN wnext (O f) ) — O (f A wnext (O f))
using 1 NextImpNext WnextEquEmptyOrNext empty-d-def int-iffD1
by (metis Prop01 Prop05 Prop08)

have /: - f AN wnext (O f) — O f
using 2 3 BoxIntro by blast

from 1 / show ?thesis by fastforce

qged

lemma BozFEquAndEmptyOrNextBox:

Fof = (f A (empty Vv OO f)))
using BoxEquAndWnextBox WnextEquEmptyOrNext by (metis int-eq)

lemma BoxEquBoxBox:

Faf=0o ()

using BoxGen BoxInduct

by (metis BoxImpNowAndWeakNext MP int-iffI Prop09 Prop12)

lemma BoxBoxImpBox:
Fo(oh) — O h
by (simp add: BoxElim)

lemma BoxImpBorBox:
Foh — 0O(Oh)
by (simp add: BoxEquBoxBoz int-iff D1)

lemma DiamondIntroC:

assumes - f — O ¢

shows FHf—<Cyg

using assms

by (metis (no-types, lifting) ChopAssoc FiniteChopSkipEquSkip ChopFinite NextChop
NextDiamondImpDiamond NowImpDiamond inteq-reflection lift-imp-trans next-d-def
sometimes-d-def)

lemma DiamondlIntro:

assumes - (f A= g) — O f

shows F f A finite — < g

proof —

have I'FfA=- g—OFf
using assms by auto

hence 2:-f A= gA (DO (=g)— (Of)A(@(=9)
by auto

have 3:F (O(—-g) — - ¢
by (rule BozElim)

hence 40 (-g)=(O(-9) A~ 9g)
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using BoxImpBoxBor BoxBoxImpBox by fastforce
have 5:FfA(OD(—g)— OfADO (-9
using 2 / by fastforce
have 6:F 0O (= g) = ((— g) A wnezt(D (= g)))
using BoxEquAndWnextBoxr by metis
have 7:F O fAO(-g) — Of A wnext(D (- g))
using 6 by auto
have 8 F fA (O (= 9)— Of A wnext(T (- g))
using 5 7 using lift-imp-trans by blast
hence 9:F f A (O (= g))— more A wnext f A wnezt(O (= g))
using zero-enat-def by (auto simp: Valid-def itl-defs)
hence 10: + f A (O (- g))—wnext f A wnezt(O (— g))
by auto
hence 11: F f A (O (= g))— wnext (f A O (= g))
by (auto simp: Valid-def itl-defs)
hence 12: - 0O(f A (O (= ¢))— wnext (f A O (= g)))
by (rule BozGen)
have 13:+ O(f A (3 (= g))— wnext (f AD (= g))) AfA (O (= g) — 0F A0 (29)
by (rule BozInduct)
hence 14: F O(f A (3 (= g))— wneat (f A O(= g))) — ((f A (3(=9))) — O(f A (B (= 9)))
by fastforce
have 15:+ ((f A (3 (= g))) — B(f A (= 9)
using 12 1/ MP by blast
have 16:+0O(f A (B (= 9) — (f A (O (= 9))
by (rule BozElim)
have 17:+0O(f A (O (= 9) = (f A (3 (= 9)))
using 16 15 by fastforce
have 18:+ (f A (O (= g))) — more
using 9 by auto
hence 19: - O(f A (O (= g))) — O more
by (rule ImpBoxRule)
have 20: & finite = (=(Q more))
by (metis DiamondEmptyEquFinite InfEquNotFinite always-d-def empty-d-def finite-d-def int-eq)
have 21: F finite — —(f A (O (= g)))
using 17 19 20 by fastforce
hence 22: - finite — = f V = (O (= 9))
by auto
have 23:F (= (0(—9)) =< g
by (auto simp: always-d-def)
from 22 23 show ?thesis by fastforce
qed

lemma DiamondlIntroB:

assumes - (f A= g) — O (f A= g)

shows + f A finite — O g

proof —

have I: - (f A= g) — O (f A —g) using assms by auto
hence 2: &= finite — —(f A = ¢g) by (rule NextLoop)
hence 3: - f A finite — ¢ by auto

have 4:+F g — < g by (rule NowImpDiamond)
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from 3 4 show ?thesis using lift-imp-trans by blast
qed

lemma NextContra :

assumes - (f A= g) — (O f A=(0O g))

shows + f A finite — ¢

proof —

have 1:+ (fA = g)— (O f A =( O g)) using assms by auto

hence 2: - =( f — g) — O ( =(f — ¢)) by (auto simp: itl-defs Valid-def)
hence 3: - finite — — =( f — g) by (rule NextLoop)

from & show ?thesis by auto

qed

lemma DiamondDiamondEquDiamond:

SO0 f) =0 f
proof —

have 1: & finite;finite = finite by (simp add: FiniteChopFiniteEquFinite)
hence 2: - (finite;finite);f = finite;f using LeftChopEquChop by blast
have 3: & (finite;finite);f = finite;(finite;f) using ChopAssoc by fastforce
from 2 3 show ?thesis by (metis inteq-reflection sometimes-d-def)
qed

lemma WeakNextDiamondInduct:

assumes - wnezt (O f) — f

shows | finite — f

proof —

have I:+ wnext (O f) — f using assms by blast

hence 2: - = f — —=( wnext (O f)) by fastforce

hence 3: F = f — O( = (¢ f)) by (simp add: wnezt-d-def)
have 4.+ f — < f by (rule NowImpDiamond)

hence 5: - =(C f) — = f by auto

have 6:+ —f — O( —f) using 3 5 using NextImpNext lift-imp-trans by blast
hence 7: F finite — —— f by (rule NextLoop)

from 7 show ?thesis by auto

qed

lemma EmptyNextInducta:
assumes ~ empty — f
FOf—f
shows I finite — f
proof —
have I:+ empty — f using assms by auto
have 2:F O f — f using assms by blast
have 3:F (empty vV O f) — f wusing 1 2 by fastforce
have 4:F wnext f = (empty vV O f) by (rule WnextEquEmptyOrNext)
hence 5: - wnext f — f using 3 by fastforce
hence 6: - —~f — = (wnext f) by auto
hence 7: - -f — O(= f) by (auto simp: wnext-d-def)
hence 8: +- finite — — = f by (rule NextLoop)
from 8 show ?thesis by auto
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qed

lemma EmptyNextInductb:
assumes - empty A f — g
FOf— g ANf— 4

shows + f A finite — ¢

proof —

have I:+ empty A f — ¢ using assms by auto

have 2:F O(f— g) A f — g using assms by blast

have 3:F (empty V O(f— ¢g)) A f —> g using 1 2 by fastforce
hence /: b wnext (f— g) AN f — g using WnextEquEmptyOrNext by fastforce
hence 5: - wnext (f— g) — (f — g) by fastforce

hence 6: + = ( f — g) — — ( wneat (f— g)) by fastforce

hence 7: - - (f — g) — O ( ~(f—> ¢)) by (simp add: wnext-d-def)
hence 8: I finite — — = ( f — g¢) by (rule NextLoop)

from 8 show #%thesis by auto
qed

lemma FinImpFin:

assumes - f — ¢

shows + fin f— fin g

using ImpBoxzRule[of LIFT (empty — f) LIFT (empty — g)] assms
fin-d-def[of f] fin-d-def[of g] by fastforce

lemma FinFEquFin:

assumes - f = g

shows + fin f= fin g

using assms by (simp add: FinImpF'in Prop11)

lemma FinAndFinImpFinRule:

assumes - f A g — h

shows + fin fA fin g— fin h

using assms by (auto simp add: itl-defs Valid-def)

lemma FinAndFinEquFinRule:

assumes - (f A g) = h

shows F (fin fA fin g)= fin h

using assms

by (simp add: FinAndFinImpFinRule FinlmpFin Prop11 Prop12)

lemma HaltEquHalt:

assumes - f = ¢

shows + halt f = halt g

proof —

have I:+ f = g using assms by auto

hence 2:  (empty = f) = (empty = g) by auto

hence 3: F O(empty = f) = O (empty = g) by (rule BoxtEquBox)
from 38 show ?thesis by (simp add: halt-d-def)

qed
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lemma BilmpDilmpDi:
Fbi(f—9) — di f— dig
proof —
have I: + bi (f— g) — (f; #True) — (g; # True) by (rule BiChopImpChop)
from 1 show ?thesis by (simp add: di-d-def)
qed

lemma DilmpDs:

assumes - f — ¢

shows + di f— di ¢

proof —

have I:+ f— g using assms by auto

hence 2: & f; #True — g; # True by (rule LeftChopImpChop)
from 2 show ?thesis by (simp add: di-d-def)

qed

lemma BilmpBiRule:

assumes - f — ¢

shows +F bif — big

proof —

have I:+ f— g using assms by auto

hence 2: - - ¢ — = f by auto

hence 3:+ di (- g) — di (= f) by (rule DilmpD3)
hence 4: - - (di (= f)) — = (di (= ¢)) by auto
from 4 show ?thesis by (simp add: bi-d-def)

qed

lemma DiEquDsi:

assumes - f = ¢

shows + dif= dig

proof —

have I:+ f = g using assms by auto

hence 2: & f; #True = g; # True by (rule LeftChopEquChop)
from 2 show ?thesis by (simp add: di-d-def)

qed

lemma BiFquBi:

assumes - f =g

shows + bif= bi g

proof —

have 1:+ f = g using assms by auto

hence 2: - (= f) = (= g¢) by auto

hence 3: - di (= f) = di (- g) by (rule DiEquDi)
hence 4 I (= (di (= /))) = (= ( di (= 9))) by auto
from / show ?thesis by (simp add: bi-d-def)

qed

lemma LeftChopChopImpChopRule:
assumes - (f; g) — ¢
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shows I (f; 9); h — (g; h)

proof —

have 1.+ (f; g) — ¢ using assms by blast

hence 2: - (f; g); h — g; h by (rule LeftChopImpChop)
have 3:+ f; (¢; h) = (f; g9); b by (rule ChopAssoc)
from 2 3 show ?thesis by auto

qed

lemma AndChopCommute :
FUANM);g=(f1AS)g

proof —

have 1: + (f A fI) = (fI A f) by auto

from 1 show ?thesis by (rule LeftChopEquChop)
qed

lemma BiAndChoplImport:

b f A (T g) — (f A f)ig

proof —

have 1.+ f — (ft — fA fI) by auto

hence 2: - bi f — bi (fIl — fA f1) by (rule BilmpBiRule)

have 3:F bi (fl — (f AN f1)) —  fI; g — (f A f1); g by (rule BiChopImpChop)
from 2 3 show “thesis using MP by fastforce

qed

lemma StateAndChopImport:

= (init w) A (fi9) — ((init w) A f)ig

proof —

have 1: - (init w)— bi (init w) by (rule StateImpDBi)

hence 2: - (init w) A (f; g) — bi (init w) A (f; g) by auto

have 3:F bi (init w) A (f; g) — ((init w) A f); g by (rule BiAndChopImport)
from 2 3 show ?thesis using MP by fastforce

qed

2.3.5 Further Properties Di and Bi

lemma ImpDi:

Hf— di f

proof —

have 1.+ f; empty = f by (rule ChopEmpty)

have 2: + empty — # True by auto

hence 3: - f; empty — f; # True by (rule RightChopImpChop)
have 4 : - f — f; #True using 1 3 by fastforce

from 4 show ?thesis by (simp add: di-d-def)

qed

lemma DiState:

F di (init w) = (init w)

proof —

have 0:F (init (—w)) — bi (init (—w)) using StateImpBi by fastforce

hence 1: F —(init w) — bi ( — (init w)) using Initprop(2) by (metis inteq-reflection)
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have 3:+ (= (init w) —— (di (-~ (init w)))) —
(di (-~ (init w)) — (init w)) by auto
have /:+ di (- — (init w)) — (init w) using 2 3 MP by blast
have 5:F (init w) — = = (init w) by auto
hence 6: - di (init w) — di (= — (init w)) by (rule DilmpD7)
have 7:F di (init w) — (init w) using 6 4 using lift-imp-trans by metis
have 8:F (init w) — di (init w) by (rule ImpDi)
from 7 8 show ?thesis by fastforce
qed

hence 2: - (= (init w)) — — ( di (= = (init w))) by (simp add: bi-d-def)
(

lemma StateChop:

F (indt w); f — (init w)

by (metis ChopAssoc Prop12 RightChopImpChop TrueW init-d-def int-simps(13) int-simps(17)
inteq-reflection)

lemma StateChopExportA:
F ((init w) A f); g — (init w)
using DiState AndChopA StateChop by fastforce

lemma StateAndChop:

= ((init w) A f); g = ((init w) A (f; g))
by (simp add: AndChopB StateAndChopImport StateChopExportA Propll Prop12)

lemma StateAndChopImpChopRule:

assumes - (init w) A f — f1

shows F (init w) A (f; 9) — (f1; 9)

proof —

have I:  (init w) A f — f1 using assms by auto

hence 2: - ((init w) A f); g — f1; g by (rule LeftChopImpChop)

have 3:F ((init w) A f); g = ((init w) A (f; g)) by (rule StateAndChop)
from 2 3 show f¢thesis by fastforce

qed

lemma StateImpChopEquChop :

assumes F (init w) — (f = f1)

shows + (init w) — ((f; 9) = (/1; 9))

proof —

have 1: F (init w) — (f= f1) using assms by auto

hence 2: - (init w) A f — fI by auto

hence 3: - (init w) A (f; g) — (fI; g) by (rule StateAndChopImpChopRule)
have 4: F (init w) A fl — f using I by auto

hence 5: - (init w) A (f1; g9) — (f; g) by (rule StateAndChopImpChopRule)
from & 5 show f?thesis by fastforce

qed

lemma ChopFEquStateAndChop:
assumes - f = (init w) A f1

shows F (f; g) = ((init w) A (f1; g))
proof —
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have 1:+ f = ((init w) A f1) using assms by auto

hence 2: - f; g = (((init w) A f1); g) by (rule LeftChopEquChop)

have 3:F ((init w) A f1); g = ((init w) A (f1; g)) by (rule StateAndChop)
from 2 3 show ?thesis by fastforce

qed

lemma Dilntro:

Ff— di f

proof —

have 1: + fiempty = f by (rule ChopEmpty)

have 2: - empty — #True by auto

hence 3: + O( empty — # True) by (rule BozGen)

have 4:F O( empty — #True) — (f; empty — f; #True) by (rule BoxChopImpChop)
have 5:F fiempty — f;# True using 3 4 MP by fastforce
hence 6: - fiempty — di f by (simp add: di-d-def)
from 1 6 show ?thesis by fastforce

qed

lemma BiElim:
Fobi f— f
proof —
have 1.+ —f — di (=f) by (rule Dilntro)
have 2:F (=f — di (—f)) — (=(di (=f)) — f) by auto
have 3:+ = (di (—=f)) — f using 1 2 MP by blast
from 3 show ?thesis by (metis bi-d-def)
qed

lemma BiContraPosImpDist:
- bi (g — ) — (bi f) — (bi g)
proof —
have 1.+ bi (—g — —f) — (di (=g)) — (di (=f)) by (rule BilmpDilmpDr)
hence 2: - bi (—g — —f) — (=( di (—=f))) — (=(di (—g))) by auto
from 2 show ?thesis by (metis bi-d-def)
qed

lemma BilmpDist:
= bi (f— g) — (bif) — (big)
proof —
have 1.+ (f — g) — (= g — = f) by auto
hence 2: - - (= g — = f) — = (f — g) by auto
hence 3: + bi (= (- g— = f) — = (f — ¢)) by (rule BiGen)
have 4:Fbi(-m (- g— > f) — = (f — 9))
—
bi (f — g) — bi (= g — = f) by (rule BiContraPosImpDist)
have 5.+ bi (f — g) — bi (- g — — f) using 3 4 MP by blast
have 6:+ bi (- g — = f) — (bi f) — (bi g) by (rule BiContraPosImpDist)
from 5 6 show ?thesis using lift-imp-trans by blast
qed

lemma IfChopFEquRule:
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assumes - f = if; (init w) then f1 else f2

shows + f; g = if; (init w) then (f1; g) else (f2; g)

proof —

have I1:+ f = if; (init w) then f1 else f2
using assms by auto

hence 2: - f = (((init w) A f1) V ( (init (- w)) A f2))
by (metis Initprop(2) ifthenelse-d-def inteq-reflection)

hence 3: - f; g = (((init w) A f1); g vV ( (init (= w)) A f2); g)
by (rule OrChopEquRule)

have 4: F ((init w) A f1); g = ((init w) A (f1; g))
by (rule StateAndChop)

have 5:F ( (init (- w)) A f2); g = ((init (= w)) A (f2; 9))
by (rule StateAndChop)

have 6:F f; g = (((init w) A f1; g) V ( (init (= w)) A f2; g))
using & / 5 by fastforce

from 6 show ?thesis
by (metis Initprop(2) ifthenelse-d-def inteq-reflection)

qed

lemma ChopOrEquRule:

assumes - g = (g1 V ¢2)

shows  fig = ((f;91) vV (f:92))

proof —

have 1:+ g = (g1 vV ¢2) using assms by auto

hence 2: + f; g = (f; (91 V ¢2)) by (rule RightChopEquChop)
have 3:F f; (g1 VvV ¢2) = (f; g1V f; g2) by (rule ChopOrEqv)
from 2 3 show ?thesis by fastforce

qged

lemma EmptyOrChopEqu:

E(empty vV f)ig=(9V (f;9)

proof —

have 1: = (empty VvV f); 9= (( empty; g) V (f; g)) by (rule OrChopEqv)
have 2: - empty ; g = g by (rule EmptyChop)

from 1 2 show ?thesis by fastforce

qed

lemma EmptyOrNextChopEqu:
F(empty V Of);g=(g9V O 9))
proof —
have 1: F (empty V O f); 9= (gV ((Of);g9) by (rule EmptyOrChopEqv)
have 2: - (O f); g = O(f; g) by (rule NextChop)
from 1 2 show ?thesis by fastforce
qed

lemma EmptyOrChopImpRule:

assumes - f — empty V fI

shows I f;9— gV (f; g)

proof —

have I: - f — empty V fI using assms by auto
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hence 2: - f; g — (empty V fI); g by (rule LeftChopImpChop)

have 3:F (empty vV f1); 9= (9V (f1; g)) by (rule EmptyOrChopEqv)
from 2 3 show ?thesis by fastforce

qed

lemma EmptyOrChopEquRule:

assumes - f = (empty V fI)

shows F fig=(9V (f; 9))

proof —

have 1.+ f = (empty V fI) wusing assms by auto

hence 2: - f; g = (( empty V fI); g) by (rule LeftChopEquChop)

have 3:F (empty vV f1); g = (9V (f1; g)) by (rule EmptyOrChopEquv)
from 2 3 show ?thesis by fastforce

qed

lemma EmptyOrNextChopImpRule:

assumes - f — empty V O fI

shows + f; g — gV O(fI; g)

proof —

have I: - f — empty V O fl1 using assms by auto

hence 2: + f; g — (empty V O f1); g by (rule LeftChopImpChop)

have 3:F (empty Vv O f1); g = (9 Vv O(fl; g)) by (rule EmptyOrNextChopEqv)
from 2 3 show ?thesis by fastforce

qged

lemma EmptyOrNextChopEquRule:

assumes - f = (empty V O fI)

shows I f; 9= (g9V O(ff; g))

proof —

have 1.+ f = (empty V O fI) using assms by auto

hence 2: - f; g = (( empty vV O f1); g) by (rule LeftChopEquChop)

have 3:F (empty Vv O fl); g = (g9 V O(fI; g)) by (rule EmptyOrNextChopEquv)
from 2 3 show ?thesis by fastforce

qed

lemma ChopEmptyOrIimpRule:

assumes - g — empty V gl

shows - f; g — [V (f; g1)

proof —

have 1: - g — empty V g1 using assms by auto

hence 2: - f; g — (f; empty ) V (f; g1) by (rule ChopOrImpRule)
have 3:F f; empty = f by (rule ChopEmpty)

from 2 3 show ¢thesis by fastforce

qed

lemma StateAndEmptylmpBoxState:
F (init w) A empty — O (init w)
using BoxEquAndEmptyOrNextBox by fastforce

lemma BoxEquAndBox:
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Fof=(Ar0))
using BoxzFElim by fastforce

lemma NotBoxImpNotOrNotNextBox:
F-(of) —~fv ~(o@)f))
proof —
have I: - f A (O (O f)) — O f using BozEquAndEmptyOrNextBox by fastforce
hence 2: - -( 0O f) — ~(f A (O (O f))) Dby fastforce
have 3 b (~(f A'(0 (0 ) )) = (+f V ~(O (0 f)) ) by auto
from 2 3 show ¢thesis by auto
qged

lemma BozState ChopBoxAndInfImpBoz:

F O (init w); O (init w) A inf — O (init w)

by (auto simp add: Valid-def itl-defs nfirst-eq-nnth-zero)

(metis enat-ile le-add-diff-inverse linorder-le-cases min-def ndropn-nlength nfinite-ndropn-b
nlength-eq-enat-nfiniteD ntaken-nnth)

lemma BozStateChopBoxEquBoz:
F O (init w); O (dnit w) = O (init w)
proof —
have I:+ (O (init w)) = ((init w) A ( empty vV O(O (init w))))
by (rule BozEquAndEmptyOrNextBox)
hence 2: F (O (init w); O (init w)) =
((init w) A (( empty vV O(O (init w))); O (init w)))
by (metis StateAndChop inteq-reflection)
have 3:F ((empty v O(O (init w))); O (init w)) =
(O (init w) Vv O(O (init w); O (init w)))
by (rule EmptyOrNextChopEquv)
have 4 F (O (init w); O (init w)) =
((init w) A (O (init w) vV O(O (init w); O (init w))))
using 2 3 by fastforce
have 5:F = (O (init w)) — = (init w) V. —( O(O (init w)))
by (rule NotBozImpNotOrNotNextBox)
have 6:F (O (init w); O (init w)) A =( O (init w)) —
O(O (init w); O (init w)) A =( O(D (init w)))
using 4 5 by fastforce
hence 7:F O (init w); O (init w) A finite — O (init w)
by (rule NextContra)
have &: F O (init w); O (init w) A inf — O (init w)
by (rule BoxzStateChopBozAndInfImpBozx)
have 9:F O (init w); O (init w) A (finite V inf) — O (init w)
using 7 8 by fastforce
hence 10:+ 0O (init w); O (init w) — O (init w)
using FiniteOrInfinite by fastforce
have 11: F O (init w) = ((init w) A O (init w))
by (rule BozEquAndBox)
have 12:F empty ; O (init w) = O (init w)
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by (rule EmptyChop)

have 13:+ ((init w) A empty ); O (init w) = ((init w) A ( empty ; O (init w)))
by (rule StateAndChop)

have 14:F O (init w) = ((init w) A empty ); O (init w)
using 11 12 13 by fastforce

have 15:F (init w) A empty — O (init w)
by (rule StateAndEmptylmpBoxState)

hence 16: F ((init w) A empty ); O (init w) — O (init w); O (init w)
by (rule LeftChopImpChop)

have 17:F O (init w) — O (init w); O (init w)
using 1/ 16 by fastforce

from 10 17 show ?thesis by fastforce

qged

lemma NotBozStateImpBozxYieldsNotBox:

F =0 (init w)) — (O (init w)) yields (—( O (init w)))

proof —

have I:+ O (init w); O (init w) = O (init w) by (rule BoxStateChopBoxEquBox)

have 2:+ 0O (init w) = (= =( O (init w))) by auto

hence 3: - O (init w); O (init w) = O (init w); (- —~( O (init w))) by (rule RightChopEquChop)
have 4:F —( O (init w)) — — (O (init w); (- — (O (init w)))) using 1 8 by auto

from 4 show ?thesis by (simp add: yields-d-def)

qed

lemma StateEquBi:

Fo (it w) = bi (init w)

proof —
have I: b+ (init w) — bi (init w) by (rule StateImpDBi)
have 2: - bi (init w) — (init w) by (rule BiElim)
from 1 2 show ?thesis by fastforce

qged

lemma FiniteChopEquDiamond:
F o finite; f = O f
by (simp add: sometimes-d-def)

2.3.6 Properties of Da and Ba

lemma DaFEquDtDi:

Fooda f=<(di f)

proof —

have 1: & finite; (f; #True) = finite; (f; # True) by auto

hence 2: & finite; (f; # True) = finite; di f by (simp add: di-d-def)
have 3:F finite; di f = <( di f) by (rule FiniteChopEquDiamond)
have /: & finite; (f; #True) = &( di f) using 2 3 by fastforce
from 4 show ?thesis by (simp add:da-d-def)

qed

lemma DaFquDiDt:
Fooda f= di (OF)
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proof —

have I1: | finite; f = & f by (rule FiniteChopEquDiamond)

hence 2: - (finite; f); # True = (< f); # True by (rule LeftChopEquChop)
hence 3: = (finite; f); # True = di( ¢ f) by (simp add: di-d-def)

have 4: & finite; (f; # True) = (finite; f); # True by (rule ChopAssoc)
have 5: & finite; (f; #True) = di (O f) using 3 4 by fastforce

from 5 show ?thesis by (simp add: da-d-def)

qed

lemma DtDiEquDiDt:
FO(di f)= di (©F)
by (metis ChopAssoc di-d-def sometimes-d-def)

lemma DiamondNotEquNotBox:

FO (= =@ ))
by (simp add: always-d-def)

lemma BaFquBiBt:
o oba f=bi(OYf)

proof —

have I:+ da (= f)= di( ¢ (= f)) by (rule DaEquDiDt)

have 2:+ <O (= f) = (=(0Of)) by (rule DiamondNotEquNotBozx)
hence 3: - di (O(= f)) = di (- (O f)) by (rule DiEquDi)

have /:+ da (= f)= di (=(Of)) using I 3 by fastforce
honce 5: - (~ (da (~ ) = (= (di (~( 5 /) by auto

hence 6: - (= (da (= f))) = bi( O f) by (simp add: bi-d-def)
from 6 show ?thesis by (simp add: ba-d-def)

qged

lemma DiNotEquNotBi:

Fdi (< f) = (< bi f))

proof —

have 1: F bi f= (= (di (= f))) by (simp add: bi-d-def)
from I show ?thesis by auto

qed

lemma NotDiamondNotEquBox:

FE@EN)=0f
by (simp add: always-d-def)

lemma BaFquBtBi:

Foba f=0 (bi f)

proof —

have I:+ da (= f) =< (di (= f)) by (rule DaEquDtDi)

have 2:+ di (= f) = (= (bi f)) by (rule DiNotEquNotBi)

hence 3: - < (di (= f)) = O(= (bi f)) by (rule DiamondEquDiamond)
have 4:F (= (O(= (b2 f)))) = 0(bi f) by (rule NotDiamondNotEquBox)
have 5:F (= (da (= f))) = 0O(bi f) using 1 2 3 / by fastforce

from 5 show ?thesis by (simp add: ba-d-def)

qed
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lemma BitBiFEquBiBt:

Foo(be f)=10bi(OFf)

proof —

have I: = ba f =0 (bi f) Dby (rule BaEquBtBi)
have 2:+ ba f=0bi(Of) by (rule BaEquBiBt)
from 1 2 show ?thesis by fastforce

qed

lemma BozStateEquBaBozState:

F O (init w) = ba (O (init w))

proof —

have 1:+ (init w) = bi (init w) by (rule StateEquBi)

hence 2: - O (imt w) = 0 (bi (init w)) by (rule BorEquBox)

have 3:F 0O (bi (init w)) = bi( O (init w)) by (rule BtBiEquBiBt)
have 4:F O (init w) = O(0O (init w)) by (rule BoxEquBoxBox)
hence 5: F bi( O (init w)) = bi (O(O (init w))) by (rule BiEquBi)
have 6: F ba( O (init w)) = bi( O(O (init w))) by (rule BaEquBiBt)
from 2 3 5 6 show ?thesis by fastforce

qged

lemma BalmpBi:

Fba f—bi f

proof —

have 1: + ba f = 0O(bi f) by (rule BaEquBtBi)

have 2: - O(bi f) — bi f by (rule BozElim)

from 1 2 show ?thesis using lift-imp-trans by fastforce
qged

lemma BalmpBt:

F ba f—0OFf

proof —

have I: + ba f = bi( O f) by (rule BaEquBiBt)

have 2: F bi( O f) — O f by (rule BiElim)

from 1 2 show ?thesis using lift-imp-trans by fastforce
qed

lemma DiamondImpDa:
F Of— da f
by (metis Dilntro DiamondImpDiamond da-d-def di-d-def sometimes-d-def)

lemma DilmpDa:
F o di f— da f
by (metis NowImpDiamond da-d-def di-d-def sometimes-d-def)

lemma BoxAndChopImport:

E OhANfig—f (hAg)

proof —

have I:+h — g — (hA g) by auto

hence 2: -0 h — O(g — (kA g)) by (rule ImpBozRule)
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have 3:F 0O(9g — (hA g)) — f; 9 — f; (hA g) by (rule BoxChopImpChop)
from 2 3 show ?thesis by fastforce
qed

lemma BaAndChoplImport:
Eooba fA (g g1) — (F A 9); (F A gl)
proof —
have 1:+ ba f — bi [ by (rule BalmpBi)
have 2:F bi f A (g; g1) — (f A g); g1 by (rule BiAndChopImport)
have 3+ ba f — O f by (rule BalmpBt)
have /-0 f A(fAg); 91 — (fAg); (f A gl) by (rule BoxAndChopImport)
from 1 2 8 / show ?thesis by fastforce
qged

lemma ChopAndCommute:

Efi (g A gl) = [ (91 A g)

proof —

have I: F (g A g1) = (g1 A g) by auto

from 1 show ?thesis by (rule RightChopEquChop)
qged

lemma ChopAndA:

o figngl) — fig

proof —

have I: + (¢ A g1) — ¢ by auto

from 1 show ?thesis by (rule RightChopImpChop)
qed

lemma ChopAndB:

o fi (g A gl) — f; g1

proof —

have 1: F (g A g1) — g1 by auto

from 1 show ?%thesis by (rule RightChopImpChop)
qed

lemma BozState AndChopEquChop:

- (@ (init w) A (f; 9)) = (O (init w) A £); (O (init w) A g))

proof —

have 1:+ O (init w) = ba( O (init w))
by (rule BozStateEquBaBoxState)

have 2: F ba( O (init w)) A (f; g) — (O (init w) A f); (O (init w) A g)
by (rule BaAndChopImport)

have 3:F 0O (init w) A (f; g) — (O (init w) A f); (O (init w) A g)
using 1 2 by fastforce

have 11: - (O (init w) A f); (O (init w) A g) — (O (init w)); (O (init w) A g)
by (rule AndChopA)

have 12: F (O (init w)); (O (init w) A g) — (O (init w)); (O (init w))
by (rule ChopAndA)

have 13: F (O (init w)); (O (init w)) = O (init w)
by (rule BozStateChopBozEquBox)
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have 14: - (O (init w) A f); (O (init w) A g) — f; (T (init w) A g)
by (rule AndChopB)

have 15: F f; (O (init w) A g) — f; g
by (rule ChopAndB)

have 16: - (O (init w) A f); (O (init w) A g) — O (init w) A (f; g)
using 11 12 13 1 15 by fastforce

from 3 16 show ?thesis by fastforce

qed

lemma DiEquNotBiNot:
~di = (=(bi (= D))
proof —
have 1:+bi (= f)=(=(di (—— f))) by (simp add: bi-d-def)
hence 2: - di (- = f) = (=(bi (= f))) by auto
have 3:F f = (== f) by auto
hence 4: + di f= di (- - f) by (rule DiEquD3)
from 2 / show ?thesis by auto
qed

lemma ChopAndBoxImport:

o fighnOh—f(gNAh)

proof —

have I: F O h A f; g — f; (h A g) by (rule BoxAndChopImport)
have 2: + f; (h A g) = f; (9 A h) by (rule ChopAndCommute)
from 1 2 show ?thesis by fastforce

qed

lemma AndChopAndCommuite:

(A9 (fTAgl) = (g A f); (g1 A fl)
proof —

have 1: - (f A g); (fI A g1) = (g A f); (ff A g1) by (rule AndChopCommute)
have 2: - (g A f); (fI A gl) = (g A f); (g1 A f1) by (rule ChopAndCommute)

from 1 2 show ?thesis by fastforce
qed

lemma ChopImpChop:
assumes - f — fI
Fg— gl
shows | f;g — fl;91
proof —
have I:+ f — fI using assms by auto
hence 2: - f; g — f1; g by (rule LeftChopImpChop)
have 3:F g — g1 using assms by auto
hence /: F f1; g — fI; g1 by (rule RightChopImpChop)
from 2 / show ?thesis by fastforce
qed

lemma ChopFEquChop:

assumes - f = f1
Fg= gl
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shows I f;g = fl;g1

proof —

have 1.+ f = f1 using assms by auto

hence 2: - f; g = f1; g by (rule LeftChopEquChop)
have 3:F g = g1 using assms by auto

hence 4: & fI; g = f1; g1 by (rule RightChopEquChop)
from 2 4 show ?thesis by fastforce

qed

lemma BoxImpBozImpBoz:

FOh—0O(@—0hAg)

proof —

have I: - 0O h — (g — O h A g) by auto

hence 2: - 0O(0 h) — O(g — O h A g ) by (rule ImpBozRule)
have 3: - 0 h = 0O(0Oh) by (rule BoxtEquBozBox)

from 2 3 show ?thesis by fastforce

qed

lemma BoxChopImpChopBoz:

FOh—fig— f;(@NLAg)

proof —

have I: O h — 0O(9 — O h A g ) by (rule BoxImpBoxImpBoz)

have 2. - 0(¢g — OhANg)— f;9— f; (0 h A g) by (rule BoxChopImpChop)
from 1 2 show ?thesis by fastforce

qed

lemma NotChopFEquYieldsNot:

= (= (f; 9)) = fyields (= g)

proof —

have I:+g= (- — g) by auto

hence 2: - f; g = f; (- = ¢) by (rule Right ChopEquChop)
hence 3: F (= (f; g)) = (= (f; (= = g))) by auto

from 3 show ?thesis by (simp add: yields-d-def)

qed

lemma NotDiFulse:

F = (di #False)

proof —

have 1: - (init # True) — bi (init # True) by (rule StateImpBi)
hence 2: - # True — bi # True by (simp add: BiGen)
have 3: F #True by auto

have 4: F bi #True using 2 3 MP by auto

hence 5: + — ( di (- #True)) by (simp add: bi-d-def)
have 6:F (= #True) = #False by auto

hence 7: - di (= #True) = di #False by (rule DiEquDi)
from 5 7 show ?thesis by auto

qed

lemma StateAndEmptyChop:
F oo ((dnit w) A empty ); f = ((init w) A f)
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proof —

have 1: F ((init w) A empty ); f = ((init w) A empty ; f) by (rule StateAndChop)
have 2: - empty ; f = f by (rule EmptyChop)

from 1 2 show ?thesis by fastforce

qed

lemma StateAndNextChop:

F o ((init w) A O f); g = ((init w) A O(f; 9))

proof —

have 1: F ((init w) A O f); g = ((init w) A (O f); g) by (rule StateAndChop)
have 2: - (O f); g = O(f; g) by (rule NextChop)

from 1 2 show ?thesis by fastforce

qged

lemma NextAndEquNextAndNext:
FO(Ang =(OfAOY)
by (metis NextAndNextEquNextRule int-eq lift-and-com)

lemma NeztStateAndChop:

- O(((init w) A f); g) = (O (init w) A O(f; 9))

proof —

have 1:+ ((init w) A f); g = ((init w) A f; g) by (rule StateAndChop)

hence 2: - O(((init w) A f); g) = O((init w) A f; g) by (rule NextEquNext)

have 3:F O((init w) A f; g) = (O (init w) A O(f; g)) by (rule NextAndEquNextAndNext)
from 2 3 show ?thesis by fastforce

qed

lemma StateYieldsEqu:

F o ((init w) — (f yields g¢)) = ((init w) A f) yields ¢

proof —

have I1:F ((init w) A f); (= g) = ((init w) A f; (— g)) by (rule StateAndChop)
hence 2: - ((init w) — = (f; (= ¢))) = (= (((énit w) A f); (= g) )) by auto
from 2 show ?thesis by (simp add: yields-d-def)

qed

lemma StateAndDs:

Foo((imit w) A di f) = di ((init w) A f)

proof —

have 1: b ((init w) A f); #True= ((init w) A f; #True) by (rule StateAndChop)
from 1 show ?thesis by (metis di-d-def inteq-reflection)

qed

lemma DiNext:

o di(Of) =0 (di f)

proof —

have 1: - (O f); # True = O(f; # True) by (rule NextChop)
from 1 show ?thesis by (simp add: di-d-def)

qed

lemma DiNextState:
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Fo di( O (init w)) = O (init w)

proof —

have 1.+ di( O (init w)) = O( di (init w)) by (rule DiNext)
have 2:F di (init w) = (init w) by (rule DiState)

hence 3: - O( di (init w)) = O (init w) by (rule NextEquNext)
from 1 3 show ?thesis by fastforce

qed

lemma StateImpBiGen:

assumes - (init w) — f

shows F (init w) — bi f

proof —

have I:+ (init w) — f using assms by auto

hence 2: - = f — = (init w) by auto

hence 3: - di (= f) — di (= (init w)) by (rule DilmpD3)

hence /: - di (= f) — di (init (—~w)) by (metis Initprop(2) inteq-reflection)
have 5:+ di (init (- w)) = (init (= w)) by (rule DiState)

have 6:+ di (= f) — — (init w) using 4 5 using Initprop(2) by fastforce
hence 7: F (init w) — = ( di (= f)) by auto

from 7 show ?thesis by (simp add: bi-d-def)

qed

lemma ChopAndNotChopImp:

FofigA(figl) — fi (g A~ gl)

proof —

have 1:+ g — (gA = gI) V g1 by auto

hence 2: + f; g — f; ((g\ = g1) vV g¢1) by (rule RightChopImpChop)

have 3:F f; (9N — g1) vV gl) — (f; (9N = g1)) vV (f; g1) by (rule ChopOrImp)
have 4:F f; 9 — f; (9N - gI) vV f; g1 using 2 3 MP by fastforce

from 4 show ?thesis by auto

qged

lemma ChopAnd YieldsImp:

= fi g A fyields g1 — f; (g A g1)

proof —

have I:+ g — (gA gI) V — g1 by auto

hence 2: - f; g — f; (9N g1) vV — g1) by (rule RightChopImpChop)

have 3: - f; (g7 g1) vV = g1) — (f; (g7 g1)) V (f; (= g1)) by (rule ChopOrImp)
have 4:+ f; 9 — f; (9N g1) VvV f; (= g1) using 2 3 MP by fastforce

hence 5: - f; g A= (f; (= g1)) — f; (g A g1) by auto

from 5 show ?thesis by (simp add: yields-d-def)

qged

lemma ChopAnd YieldsMP:

= fi g A fyields (9— g1) — f; g1

proof —

have 1: - f; g A fyields (9— g1) — f; (9 A (9 — g1)) by (rule ChopAndYieldsImp)
have 2:+ g A (¢ — g1) — g1 by auto

hence 3: - f; (9 A (g — g1)) — f; g1 by (rule RightChopImpChop)

from 1 3 show ?thesis by fastforce
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qed

lemma OrYieldsImp:

Fo(f Vv fI) yields g = ((f yields g) A (f yields g))
proof —

have 1: - ((fv f1); (= 9)) = ((f; (= 9)) vV (fI; (= g))) by (rule OrChopEqu)
hence 2 F (- (v f1); (4 9))) = (= (f; (= g)) A ~(f5; (= g))) by auto
from 2 show ?%thesis by (simp add: yields-d-def)
qed

lemma LeftYieldsImp Yields:

assumes - f — f1

shows + (fI yields g) — (f yields g)

proof —

have 1:+ f — fI using assms by auto

hence 2: - f; (= g) — f1; (= g) by (rule LeftChopImpChop)
hence 3: =~ (f1; (= g)) — = (f; (= ¢)) by auto

from 3% show ?thesis by (simp add: yields-d-def)

qed

lemma LeftYieldsEquYields:

assumes - f = f1

shows t (f yields g) = (f1 yields g)

proof —

have 1.+ f = f1 using assms by auto

hence 2: - f; (= g) = f1; (= g) by (rule LeftChopEquChop)
hence 3: - (= (f; (= ) = (= (fI; (= g))) by auto

from & show ?thesis by (simp add: yields-d-def)

qed

2.3.7 Properties of Fin

lemma FinEquTrueChopAndEmpty:
F fin f = #True;(f A empty)
proof —
have 1: F fin f = O(empty — f)
by (simp add: fin-d-def)
have 2: - O(empty — f) = (= (O(—(empty — f) ) ))
by (simp add: always-d-def)
have 3: F (=(empty — f)) = (= f A\ empty)
by auto
hence 4: b O(—(empty — f ) = O(= f A empty)
using DiamondEquDiamond by blast
hence 5: - ~(O(=(empty —s ))) = (~(O(= f A empty)
by auto
have 51: & finite;((— f A empty) A finite) — finite ; (= f A empty)
by (simp add: ChopAndA)
have 52: & (#True;(— f N\ empty) A finite) — finite ; (= f A empty)
by (metis 51 TrueChopAndFiniteEquAndFiniteChopFinite int-eq)
have 53: & = (#True;(f N empty)) — finite ; (= f A empty)
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by (metis 52 Finprop(5) int-eq)
have 54: b = finite;(— f A empty) — # True;(f A empty)
using 53 by auto
have 6: F (=(O(= f A empty))) — # True;(f A empty)
unfolding sometimes-d-def using 54 by auto
have 61: + = f N\ empty — finite
by (metis ChopAndB DiamondEmptyEquFinite NowImpDiamond integ-reflection lift-imp-trans some-
times-d-def)
have 62: F(— # True;(f A empty)) = finite;(— f A empty)
using 61
by (metis (no-types) Finprop(5) Prop10 TrueChopAndFiniteEquAndFinite ChopF'inite inteq-reflection)
have 7: = # True;(f A empty) — (=(O(= f A empty)))
unfolding sometimes-d-def using TrueChopAndFiniteEquAndFinite ChopFinite[of LIFT(f N empty)]
using 62 by auto
have 8: F (=(O(= f A empty))) = # True;(f A empty)
by (simp add: 6 7 int-iffI)
from 1 2 5 § show ?thesis by fastforce
qed

lemma DiamondFin:

F O(fin w) = fin w

by (metis (no-types, lifting) ChopAssoc ChopOrEqu FinEquTrueChopAndEmpty FiniteChopFiniteEquFinite
FiniteChopInfEquInf FiniteOrlnfinite int-eq-true integ-reflection sometimes-d-def)

lemma FiniteChopFinEzportA:

F (f A finite);(g A fin w) — fin w

using DiamondFin

by (metis ChopAndB FiniteChopImpDiamond integ-reflection lift-imp-trans)

lemma FinImpBox:
F fin w — O(fin w)
by (metis BoxImpBoxBoz fin-d-def)

lemma FinAndChopImport:

= (fin w) A (f;9) — fi((fin w) A g)

proof —

have 1: F fin w — O(fin w) by (rule FinImpBox)

hence 2: - fin w A f;9 — O(fin w) A (f;9) by auto

have 3: - O(fin w) A (f;9) — f;((fin w) A g) using BoxAndChopImport by blast
from 2 3 show ?thesis using MP by fastforce

qged

lemma FinAndChop:

= ((f A finite);(g A fin w)) = (fin w A (f A finite);g)
using FinAndChopImport FiniteChopFinFExportA ChopAndA ChopAndCommute
by fastforce

lemma ChopAndEmptyFEquEmptyChopEmpty:
= ((fi9) A empty) = (f A empty)i(g A empty)
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by (auto simp: itl-defs min-absorb1)

lemma FinAndEmpty:
F ((fin w) A empty) = (w A empty)
proof —
have I1: b ((fin w) A empty) = (# True;(w A empty) A empty)
using FinEquTrueChopAndEmpty by fastforce
have 2: - (# True;(w A empty) A empty) = ((# True A empty);(w A empty))
using ChopAndEmptyEquEmptyChopEmptylof LIFT (# True) LIFT(w A empty)]
by (metis AndChopA ChopAndA ChopAndEmptyEquEmptyChopEmpty Propl1 Prop12 int-eq)
have 3: b (# True N\ empty);(w A empty) = (empty;(w A empty))
using LeftChopFEquChop by fastforce
have /: F (empty;(w A empty)) = (w A empty)
using EmptyChop by blast
from 1 2 3 / show ?thesis by fastforce
qed

lemma AndFinEquChopAndEmpty:

= ((f A finite) A fin g) = (f A finite); (g A empty )

proof —

have 1: = ((f A finite) A fin g) = ((f A finite) ;empty A fin g)
using ChopEmpty by (metis integ-reflection)

have 2: - (fin g A (f A finite);empty) = ((f A finite);(empty A fin g))
using FinAndChop by fastforce

have 3: - (empty A fin g) = (fin g N\ empty)
by auto

have 4: F (fin g A empty) = (g A empty)
using FinAndEmpty by metis

have 5: - (empty A fin g) = (g N empty)
using 3 4 by auto

hence 6: - (f A finite);(empty A fin g) = (f A finite);(g A empty)
using RightChopEquChop by blast

from 1 2 5 show ?thesis by (metis integ-reflection lift-and-com)

qed

lemma AndFinFEquChopState AndEmpty:

o ((f A finite) A fin (init w)) = (f A finite); ((init w) A empty )
using AndFinEquChopAndEmpty by blast

lemma FinStateEquState AndEmptyOrNextFinState:
o fin (init w) = (((init w) A empty ) vV O( fin (init w)))
proof —
have 1: F fin (init w) = O( empty — init w)
by (simp add: fin-d-def)
have 2 : - O(empty — init w) =
((empty — init w) A wnext (O (empty — init w)))
by (rule BozEquAndWnextBox)
have 3: b fin (init w) = ((empty — init w) A wnext (fin (init w)))
using 1 2 by (simp add: fin-d-def)
have 4: - wnext (fin (init w)) = (empty V O (fin (init w)))
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by (rule WnextEquEmptyOrNezt)
have 5: F fin (init w) = ((empty — init w) A (empty V O (fin (init w))))
using & 4 by fastforce
have 6: - ((empty — init w) A (empty V O (fin (init w)))) =
(((empty — init w) A empty) V ((empty — init w) A O (fin (init w))))
by auto
have 7:  ((empty — init w) A empty) = ((init w) A empty)
by auto
have 8: - ((empty — init w) A O (fin (init w))) = O (fin (init w))
by (metis (no-types, lifting) 5 DiamondFin NextDiamondImpDiamond Prop10 Prop12 int-eq
lift-and-com)
have 9: - (((empty — init w) A empty) V ((empty — init w) A O (fin (init w)))) =
((init w) A empty ) V O( fin (init w))
using 7 8 by auto
from 5 6 8 9 show ?thesis by fastforce
qed

lemma FinChopEquOr:
F (fin (init w)); f = (((init w) A f) v O(( fin (init w)); [))
proof —
have 1: b fin (init w) = (((init w) A empty ) V. O( fin (init w)))
by (rule FinStateEquState AndEmptyOrNextFinState)
hence 2: - ( fin (init w)); f = (((init w) A empty )V O( fin (init w))); f
by (rule LeftChopEquChop)
have 3:F (((init w) A empty )V O (fin (init w))); f
— (it w) A empty ); f v (O (fin (init w))); /)
by (rule OrChopEqv)
have 4: F ((init w) A empty ); f = ((init w) A f)
by (rule State AndEmptyChop)
have 5:F (O (fin (init w))); f = O(( fin (init w)); f)
by (rule NextChop)
from 2 3 4 5 show ?thesis by fastforce
qed

lemma FinChopFEquDiamond:
Fo ( fin (init w) A finite); f = < ((init w) A f)
proof —
have I1:F ( fin (init w) A finite) = (finite;((init w) A empty))
by (metis AndFinEquChopAndEmpty int-simps(17) integ-reflection lift-and-com,)
hence 2: - (fin (init w) A finite);f = (finite;((init w) A empty));f
by (rule LeftChopEquChop)
have 3:F finite;(( (init w) A empty);f) = (finite;((init w) A empty));f
by (rule ChopAssoc)
have /: b finite;(( (init w) A empty);f)= < (( (init w) A empty);f)
by (simp add: sometimes-d-def)
have 5:F ( (init w) A empty);f = ((init w) A f)
using State AndEmptyChop by blast
hence 6: = <& (( (init w) A empty);f) = < ( (init w) A f)
by (rule DiamondEquDiamond)
from 2 3 4 6 show ?thesis by fastforce
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qed

lemma NotDiamondAndNot:

F (O (f A=)

proof —

have 1: F (=( O (f A= f))) = O(=(f A =f)) using NotDiamondNotEquBox by fastforce
have 2: - —=(f A —=f) by simp

have 3: - O(=(f A —=f)) using 2 by (simp add: BoxGen)

from 1 3 show ?thesis by fastforce

qed

lemma FinYields:

Fo ( fin (init w) A finite) yields (init w)

proof —

have 1: F (fin (init w) A finite); (=(init w)) = <S((init w) A =(init w))
by (rule FinChopEquDiamond)

have 2: - —( O((init w) A = (init w)))
by (rule NotDiamondAndNot)

have 3: F — (( fin (init w) A finite); (= (init w)))
using 1 2 by fastforce

from & show ?thesis by (simp add: yields-d-def)

qed

lemma ImpAndFinStateOrFinNotState:

Ef— (f A fin (init w)) V (f A fin (& (init w)))
by (simp add: itl-defs Valid-def)

lemma AndFinChopEquStateAndChop:
o ((f A finite) A fin (init w)); g = (f A finite); ((init w) A g)
proof —
have 1:+ ( fin (init w) A finite) yields (init w)
by (rule FinYields)
have 2:F (f A finite) A fin (init w) — fin (init w)
by auto
hence 3:F ( fin (init w) A finite) yields (init w) —
((f A finite) A fin (init w)) yields (init w)
using LeftYieldsImp Yields
by (metis AndFinEquChopAndEmpty Prop11 Propl2 integ-reflection)
have /:F ((f A finite) A fin (init w)) yields (init w)
using 1 8 MP by fastforce
have &5:F ((f A finite) A fin (init w)); g A ((f A finite) A fin (init w)) yields (init w)
— ((f A finite) A fin (init w)); (g A (init w))
by (rule ChopAndYieldsImp)
have 6:F ((f A finite) A fin (init w)); g —
((f A finite) A fin (init w)); (g A (init w))
using 4 5 by fastforce
have 7:F ((f A finite) A fin (init w)); (g A (init w)) — (f A finite); (g A (init w))
by (rule AndChopA)
have & F g A (init w) — (init w) A g
by auto
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hence 9: F (f A finite); (g A (init w)) — (f A finite); ((init w) A g)
by (rule RightChopImpChop)
have 10:+ ((f A finite) A fin (init w)); g — (f A finite); ((init w) A g)
using 6 7 9 by fastforce
have 11: F (f A finite) — ((f A finite) A fin (init w)) V ((f A finite) A fin (= (init w)))
using ImpAndFinStateOrFinNotState by blast
hence 12: - (f A finite); ((init w) A g) —
(((f A finite) A fin (init w)) V
(finite A £) A fin (= (init w) )); ((init w) A g)
using LeftChopImpChop
by (metis integ-reflection lift-and-com)
have 13:F (((f A finite) A fin (init w)) V ((f A finite) A fin (= (init w)))); ((init w) A g)
(((f A finite) A fin (init w));
((init w) A g) V. ((f A finite) A fin (= (init w))); ((init w) A g))
by (rule OrChopEqv)
have 14:F ( (f A finite) A fin  (init (= w))); ((init w) A g) —
O (dnit (= w)) A ((init w) A g))
using FinChopEquDiamond
by (metis AndFinEquChopAndEmpty ChopEmpty FiniteChopImpDiamond LeftChopImpChop int-eq)
have 1/1: - =( (0 (init (= w)) A ((init w) A g))) —
 (((f A finite) A fin (init (= w)); ((init w) A g))
using 14 by fastforce
have 142: & ((init (= w)) A ((init w) A g)) = #False
using Initprop(2) by fastforce
have 15:F =( O( (init (= w)) A ((init w) A g)))
by (metis 142 NotDiamondAndNot int-simps(21) inteq-reflection)
have 151: - = ( ( (f A finite) A fin  (init (= w))); ((init w) A g))
using 15 141 by fastforce
have 1511: = ( (f A finite) A fin (= (init w))); ((init w) A g) — #False
using 151 by (metis Initprop(2) int-simps(14) inteq-reflection)
have 152: = ((f A finite) A fin (init w));
((init w) A g) V' ( (f A finite) A fin (= (init w))); ((init w) A g) —
((f A finite)N fin (init w)); ((init w) A g)
using 1511 by fastforce
have 16:F (f A finite); ((init w) A g) — ((f A finite) AN fin (init w)); ((init w) A g)
using 12 13 152
proof —
have F (f A finite);(init w A g) —
((f A finite) A fin (init w) V (f A finite) A fin (- init w));(init w A g)
by (metis 12 integ-reflection lift-and-com)
then show ?Zthesis
using 13 152 by fastforce
qged
have 17:F ((f A finite)A fin (init w)); ((init w) A g) — ((f A finite) A fin (init w)); g
by (rule ChopAndB)
have 18:+ (f A finite); ((init w) A g) — ((f A finite) A fin (init w)); g
using 16 17 by fastforce
from 10 18 show ?thesis by fastforce
qed
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lemma DiAndFinEquChopState:

Fodi ((f A finite) A fin (init w)) = (f A finite); (init w)

proof —

have 1:  ((f A finite) A fin(init w)); # True = (f A finite);((init w) A # True)
by (rule AndFinChopEquStateAndChop)

have 2: - ((init w) A #True) = (init w)
by auto

hence 3: = ((f A finite); ((init w) N #True)) = ((f A finite); (init w))
by (rule RightChopEquChop)

have /:+ ((f A finite) A fin (init w)); #True = (f A finite); (init w)
using 1 3 by auto

from / show ?thesis by (simp add: di-d-def)

qed

lemma FinNotStateEquNotFinState:
Foo(=( fin  (init w)) A finite ) = (fin  (init (= w)) A finite )
using FinEquTrueChopAndEmpty Finprop(4) Initprop(2) FiniteImpAnd by (metis integ-reflection)

lemma BilmpFinEquYieldsState:

Eoobi (f A finite —  fin (init w)) = (f A finite)yields (init w)

proof —

have 1:+ di ((f A finite) A fin (init (- w))) = (f A finite); (init (- w))
by (rule DiAndFinEquChopState)

have 2:F ((f A finite) A fin(init (- w))) = ((f A finite) A =(fin(init w)))
using FinNotStateEquNotFinState by fastforce

have 3:F ((f A finite) A = (fin(init w))) = (= (f A finite —  fin (init w)))
by auto

have 4:F ((f A finite) A fin(init (= w))) = (= (f A finite—  fin(init w)))
using 2 3 by fastforce

hence 5: = di ((f A finite) A fin (init (- w))) = di (- (f A finite— fin(init w)))
by (rule DiEquD7)

have 6:F di (= (f A finite —  fin (init w))) = (=( bi (f A finite— fin(init w))))
by (rule DiNotEquNotBi)

have 7:F = (bi (f A finite —  fin (init w))) = (f A finite);(init (- w))
using 1 5 6 Initprop by fastforce

hence 8: - bi (f A finite —  fin (init w)) = (= ((f A finite); (= (init w))))
by (metis Initprop(2) int-eq int-simps(7))

from 8 show ?%thesis by (simp add: yields-d-def)

qed

lemma Statelmp Yields:
assumes F (init w) A f A finite —  fin (init wl)
shows F (init w) — ((f A finite) yields (init wi))
proof —
have 1:+ (init w) A f A finite —  fin (init wi)
using assms by auto
hence 2: - (init w) — (f A finite —  fin (init wl))
by auto
hence 3: - (init w) — bi (f A finite —  fin (init wl))
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by (rule StateImpBiGen)

have /4:+ bi (f A finite — fin (init w1)) = (f A finite)yields (init wi)
by (rule BilmpFinEquYieldsState)

from 3 / show ?thesis by fastforce

qed

lemma StateAndYieldsImp Yields:

assumes - (init w) A f — f1

shows F (init w) A (fI yields g) — (f yields g)

proof —

have I:+ (init w) A f — fI using assms by auto

hence 2: - (init w) A (f; (= ¢)) — f1; (= g) by (rule StateAndChopImpChopRule)
hence 3: - (init w) A = (f1; (= ¢)) — = (f; (= ¢)) by auto

from 38 show ?thesis by (simp add: yields-d-def)

qed

lemma AndYieldsA:

F o fuyields g — (f A f1) yields g

proof —

have 1: - f A fl — f by auto

from 1 show ?thesis by (rule LeftYieldsImp Yields)
qed

lemma AndYieldsB:
F o f1 yields g — (f A f1) yields g
proof —
have I: - f A fl — fI by auto
from 1 show ?thesis by (rule LeftYieldsImp Yields)
qed

lemma RightYieldsImp Yields:

assumes - g— gl

shows F (f yields g) — (f yields g1)

proof —

have 1: + g — g1 using assms by auto

hence 2: - - g1l — = ¢ by auto

hence 3: - f; (= g1) — f; (= ¢g) by (rule RightChopImpChop)
hence 4 I - (f; (= g)) — — (f: (= g1)) by auto

from / show ?thesis by (simp add: yields-d-def)

qed

lemma RightYieldsEquYields:

assumes - g = gl

shows F (f yields g) = (f yields g¢1)

proof —

have 1: + g = g1 using assms by auto

hence 2: - (= g¢) = (= g¢I) by auto

hence 3: + f; (= g) = f; (= ¢g1) by (rule RightChopEquChop)
hence 4: I (~ (f; (= g)) = (= (f: (~ g1))) by auto

from 4 show ?thesis by (simp add: yields-d-def)
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qed

lemma BoxImp Yields:

o Og— (f A finite) yields g

proof —

have 1.+ (f A finite); (= g) — (= g) by (rule FiniteChopImpDiamond)
hence 2: - = (O(= g)) — = ((f A finite); (— g)) by auto

from 2 show ?%thesis by (simp add: yields-d-def always-d-def)

qed

lemma BoxFEquFiniteYields:

F O f = finite yields f

proof —

have I:F finite; (= f) =< (= f) by (rule FiniteChopEquDiamond)
hence 2: - (= (finite; (= f))) = (=( < (= f))) by auto

have 3: 0O f= (= (< (= f))) by (simp add: always-d-def)

have 4:+ O f = (= (finite; (— f))) using 2 3 by fastforce

from 4 show ?thesis by (simp add: yields-d-def)

qed

lemma YieldsGen:
assumes - ¢
shows F (f A finite) yields g
proof —
have 1.+ ¢g using assms by auto
hence 2: - 0O g by (rule BoxGen)
have 3:F 0O g — (f A finite) yields g by (rule BoxImp Yields)
from 2 3 show ?thesis using MP by fastforce
qed

lemma YieldsAndYieldsEquYieldsAnd:
Fo ((f yields g) N (f yields g1)) = f yields (g A g1)
proof —
have I:k-f: (= gV = gl) =((f; (= 9) VvV (f; (= ¢1)))
by (rule ChopOrEqv)
hence 2: - ((f; (= ¢9) vV (f; (= ¢g1))) =f; (= gV = gI)
by auto
have 3:F (- gV = g1) = (= (g A g1))
by auto
hence /: - f; (= gV = g1) = f; (= (9 A g1))
by (rule RightChopEquChop)
have 5:- (f; (= g)) v (f; (= g1) =f; (= (9 A g1))
using 2 / by fastforce
hence 6: = (= (f; (= ¢)) A= (fi (= gD) = (= (f; (= (9 A 91))))
by (metis 1 3 int-simps(14) int-simps(33) inteq-reflection)
from 6 show ?%thesis by (simp add: yields-d-def)
qed

lemma YieldsAndYieldsImpAndYieldsAnd:
F o (fyields g) AN (fI yields g1) — (fA f1) yields (gN g1)
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proof —

have 1: F fyields g — (f A f1) yields ¢
by (rule AndYieldsA)

have 2: & f1 yields g1 — (f N f1) yields g1
by (rule AndYieldsB)

have 3: = ((f A f1) yields g A (f A f1) yields g1) = (f A f1) yields (g A gI)
by (rule YieldsAndYieldsEqvYieldsAnd)

from 1 2 8 show ?thesis by fastforce

qed

lemma YieldsYieldsEquChop Yields:

o fuyields (g yields h) = (f; g) yields h

proof —

have I:+ f; (g; (= h)) = (f; 9); (= h) by (rule ChopAssoc)

hence 2: - f; (g; (= ) = (f; 9); (= h) by auto

have 3:+ ¢; (= h) = (== (g; (= h))) by auto

hence 4: = f; (¢; (= 1)) = f; (= = (g; (= h))) by (rule RightChopEquChop)
have 5: - f; (=~ (g; (= h))) = (f; 9); (- h) using 2 4 by auto

hence 6: - f; (= (g yields h)) = (f; g); (= h) by (simp add: yields-d-def)
hence 7: I (~ (f; (= (g yields 1)) = (= ((; 9); (~ A))) by auto
from 7 show ?thesis by (simp add: yields-d-def)

qed

lemma EmptyYields:

F empty wyields f=f

proof —

have I:+ empty; (= f) = (= f) by (rule EmptyChop)
hence 2: + (= (empty ; (= f))) = f by auto

from 2 show ?thesis by (simp add: yields-d-def)

qed

lemma NextYields:

F (O f) yields g = wnext (f yields g)

proof —

have 1:+ (O f); (= ¢g) = O(f; (= g)) by (rule NextChop)

hence 2 F (< (0 /); (~ 9)) = (= (O(f: (~ 9)))) by auto

hence 3: - (O f) yields g = (= (O(f; (= ¢)))) by (simp add: yields-d-def)

have 4:F (=( O(f; (= ¢)))) = wnext (= (f; (= g))) by (auto simp: wnext-d-def)
have 5:+ (O f) yields g = wnext (= (f; (— g))) using & 4 by fastforce

from 5 show ?thesis by (simp add: yields-d-def)

qed

lemma SkipChopEquNext:
Fooskip; f=0f
by (simp add: next-d-def)

lemma Skip YieldsEquWeakNext:

F skip yields f = wnext f

proof —

have 1.+ skip; (= f) = O(—= f) by (rule SkipChopEquNext)
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hence 2 F (= ( skip; (~ /) = (<( O(= f))) by auto
have 3:F (= (O(= f))) = wnext f by (auto simp: wnext-d-def)
have 4:F (= ( skip; (— f))) = wnext f using 2 3 by fastforce
from / show ?thesis by (simp add: yields-d-def)

qed

lemma NextImpSkip Yields:

F Of— skip yields f

proof —

have 1. O f — wnext f using WnextEquEmptyOrNext by fastforce
have 2: + skip yields f = wnext f by (rule SkipYieldsEquWeakNext)
from 1 2 show ?thesis by fastforce

qged

lemma MoreEquSkip ChopTrue:

F more = skip ; #True

proof —

have 1.+ skip ; #True = O# True by (rule SkipChopFEquNext)
hence 2: - O# True = skip ; # True by auto

from 2 show ?thesis by (simp add: more-d-def)

qed

lemma MoreChopImpMore:

F more; f — more

proof —

have 1: & (O# True); f = O(# True; f) by (rule NextChop)

have 2: - O(# True; f) — more by (simp add: NextImpNext more-d-def)
have 3: + (O# True; f) — more using 1 2 by fastforce

from 3 show ?thesis by (metis more-d-def)

qed

lemma FmoreChopImpFmore:
F o fmore; (f A finite) — fmore
proof —
have 1: b+ fmore; (f A finite)= O(finite; (f A finite))
using FmoreEquSkipChopFinite by (metis NextChop integ-reflection next-d-def)
have 2: b O(finite; (f A finite)) —  fmore
by (metis ChopAndB FiniteChopFiniteEquFinite FmoreEquSkip ChopFinite RightChopImpChop
inteq-reflection next-d-def)
have 3: = (Ofinite; (f A finite)) — fmore using 1 2
by (metis FmoreEquSkipChopFinite inteq-reflection next-d-def)
from 1 2 3 show ?thesis by fastforce
qed

lemma ChopMorelmpMore:

F f; more — more

proof —

have 1: F (f A finite) ; more — < more
by (rule FiniteChopImpDiamond)

have 11: = (f A inf) ; more — more
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by (metis AndInfChopEquAndInf MoreAndInfEquinf Prop11 Prop12 lift-imp-trans)
have 2: - & more — more

by (metis FiniteChopMoreEquMore NowImpDiamond integ-reflection sometimes-d-def)
have 3: F (f A finite) ; more — more

using 1 2 by fastforce
have /: = f = ( (f A finite) V (f A inf))

by (simp add: OrFinitelnf)
hence 5: - f;more = ( (f A finite);more V (f A inf);more)

by (simp add: OrChopEquRule)
from 11 8 5 show “thesis by fastforce
qged

lemma MoreChopEquNextDiamond:
F o fmore ; f = O(C f)
proof —
have I: = fmore ; f = (O finite); f
by (simp add: FmoreEquSkipChopFinite LeftChopEquChop next-d-def)
have 2: - (O finite); f = O(finite; f)
by (rule NextChop)
have 3: b fmore ; f = O(finite; f)
using 1 2 by fastforce
from 3 show ?thesis by (simp add: sometimes-d-def)
qed

lemma WeakNextBoxzImpMore Yields:

F o fmore yields f = wnext( O f)

proof —

have I1: b fmore ; (= f) = O(<C (=f)) by (rule MoreChopEquNextDiamond)
have 2: - O(¢ (=f)) = O(—(Of)) by (auto simp: always-d-def)

have 3: - O(=(0Of)) = (= (wnext( O f) )) by (auto simp: wnext-d-def)
have 4: b fmore ; (= f) = (=(fmore yields f)) by (simp add: yields-d-def)
from 1 2 8 / show ?thesis by fastforce

qed

lemma NotEquYieldsMore:

o (= f) = fyields more

proof —

have 1.+ f; empty = f by (rule ChopEmpty)

hence 2: - (= (f; empty )) = (= f) by auto

have 3:F empty = (= more) by (auto simp: empty-d-def)
hence 4: + f; empty = f; (= more) by (rule RightChopEquChop)
hence 5: - (= (f; empty )) = (= (f; (= more))) by auto
have 6:+ (= f) = (= (f; (= more) )) using 2 5 by fastforce
from 6 show %thesis by (metis yields-d-def)

qed

lemma LeftChopImpMoreRule:
assumes - f — more
shows F f; g — more
proof —
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have 1.+ f — more using assms by auto

hence 2: - f; g — more ; g by (rule LeftChopImpChop)
have 3: - more ; g — more by (rule MoreChopImpMore)
from 2 3 show f?thesis using lift-imp-trans by blast

qed

lemma LeftChopImpFMoreRule:

assumes - f — fmore

shows F f; (g A finite) — fmore

proof —

have I:+ f — fmore using assms by auto

hence 2: - f; (g A finite) — fmore ; (g A finite) by (rule LeftChopImpChop)
have 3: + fmore ; (g A finite) — fmore using FmoreChopImpFmore by fastforce
from 2 3 show ?thesis using lift-imp-trans by blast

qed

lemma RightChopImpMoreRule:

assumes - g — more

shows | f; g — more

proof —

have 1.+ ¢ — more using assms by auto

hence 2: - f; g — f; more by (rule RightChopImpChop)
have 3:F f; more — more by (rule ChopMoreImpMore)
from 2 3 show f?thesis using lift-imp-trans by blast

qed

lemma NotDiEquBiNot:

(= (di f)=bi(= f)

proof —

have I:+ f = (= - f) by auto

hence 2: + di f= di (-~ f) by (rule DiEquD7)
hence 3:+ (= (di f)) = (= (di (—=— f))) by auto
from 3 show ?%thesis by (simp add: bi-d-def)

qed

lemma ChopImpD:i:

o fig— di f

proof —

have 1:+ g — #True by auto

hence 2: - f; g — f; # True by (rule RightChopImpChop)
from 2 show ?%thesis by (simp add: di-d-def)

qged

lemma TrueEquTrueChop True:

F #True = # True; # True

proof —

have 1.+ #True; # True — # True by auto

have 2:+ #True — di #True by (rule Dilntro)

hence 3: - # True — # True; # True by (simp add: di-d-def)
from 1 3 show ?thesis by auto
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qed

lemma DiEquDiDi:

- odi f= di( di f)

proof —

have 1.+ #True = # True; # True by (rule TrueEquTrueChopTrue)
hence 2: - f; #True = f; (# True; # True) by (rule RightChopEquChop)
have 3:F f; (#True; # True)= (f; # True); #True by (rule ChopAssoc)
have 4: F f; #True = (f; # True); # True using 2 3 by fastforce

from 4 show ?thesis by (metis di-d-def)

qged

lemma BiFquBiBi:
Eoobi f = bi( bi f)
proof —

have 1.+ di (- f) ) by (rule DiEquDiD7)
have 2:F di (— f) = (= (bi f)) by (rule DiNotEquNotBi)
hence 3: - di ( di (- f)) = (= (bt f)) by (rule DiEquDi)
have 4:+ di (= f)= di (=( bi f)) using 1 3 by fastforce
hence 5: (= (di (= f))) = (= (di (= (bi f)))) by fastforce
from 5 show ?thesis by (metis bi-d-def)

qed

lemma DiOrEqu:

Eoodi(fVv g)= (di fVv dig)

proof —

have 1: + (fV g); #True = (f; #True vV g; # True) by (rule OrChopEqv)
from 1 show ?thesis by (simp add: di-d-def)

qed

lemma DiAndA:

Eoodi (fANg) — di f

proof —

have I: + (f A g); #True — f; # True by (rule AndChopA)
from 1 show ?thesis by (simp add: di-d-def)

qed

lemma DiAndB:

Eoodi(fANg) — di g

proof —

have I: + (f A g); #True — g; # True by (rule AndChopB)
from 1 show ?thesis by (simp add: di-d-def)

qed

lemma DiAndImpAnd:

Eoodi(fANg) — di fA dig

proof —

have 1: = di (f A g) — di [ by (rule DiAndA)
have 2: - di (f A g) — di g by (rule DiAndB)
from 1 2 show ?thesis by fastforce
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qed

lemma DiSkipEquMore:

F di skip = more

proof —

have I: b skip ; # True = O# True by (rule SkipChopEquNext)
have 2: - O# True = more by (auto simp: more-d-def)

have 3: F skip ; #True = more using 1 2 by fastforce

from 3 show ?thesis by (simp add: di-d-def)

qed

lemma DiMoreEquMore:
F  di more = more
proof —
have 1:+ di (O #True ) = O( di # True)
by (rule DiNext)
have 2:+ O( di #True) — more
by (metis 1 ChopImpDi TrueEquTrueChop True di-d-def int-eq more-d-def)
have 3:+ di( O #True) — more
using 1 2 by fastforce
hence /: - di more — more
by (simp add: more-d-def)
have 5:F more — di more
by (rule ImpD3)
from J 5 show ?thesis by fastforce
qed

lemma DilfEquRule:

assumes - f = if; (init w) then g else h
shows F di f= if; (init w) then ( di g) else (di h)
proof —

have I:+ f = if; (init w) then g else h using assms by auto

hence 2: - f; # True = if; (init w) then (g; # True) else (h; # True) by (rule IfChopEquRule)
from 2 show ?thesis by (simp add: di-d-def)

qed

lemma DiEmpty:

F di empty

proof —

have 1: - #True by auto

have 2: - empty ; #True = # True by (rule EmptyChop)
have 3: + empty ; #True using 1 2 by auto

from & show ?thesis by (simp add: di-d-def)

qed

lemma DaNotEquNotBa:

- da(= f)=(~(ba f)

proof —

have I: + ba f= (= (da (= f))) by (simp add: ba-d-def)
from 1 show ?thesis by fastforce
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qed

lemma DaFquDa:

assumes - f =g

shows - da f= da ¢

using assms using int-eq by force

lemma DaFEquNotBaNot:

- da f=(=(ba(~ 1)

proof —

have I:+ ba (= f)= (= (da (== f))) by (simp add: ba-d-def)
hence 2: - da (== f) = (=( ba (= f))) by fastforce

have 3:F f= (= f) by simp

hence 4:+ da f= da (= - f) by (rule DaEquDa)

from 2 / show ¢thesis by simp

qed

lemma BaFElim:

Fba f— f

proof —

have I1:+ ba f=0(bi f) by (rule BaEquBtBi)

have 2:F bi f — [ by (rule BiElim)

hence 3: - 0O(bi f — f) by (rule BoxGen)

have 4 F 0O(bi f — f) — O(bi f) — O f by (rule BoxImpDist)
have 5:F 0O(bi f) — O f using 3 4 MP by fastforce

have 6:+ 0O f — f by (rule BoxElim)

from 1 5 6 show ?thesis using BalmpBt lift-imp-trans by metis
qged

lemma Dalntro:

F f— da f

proof —

have 1:+ ba (= f) — (= f) by (rule BaElim)

hence 2:+ - = f— = ( ba (= f)) by fastforce

have 3:F f= (== f) by simp

have 4:+ da f= (- (ba (= f))) by (rule DaEquNotBaNot)
from 2 3 4 show ?thesis by fastforce

qed

lemma BaGen:

assumes - f

shows G+ ba f

proof —

have I1:+ f using assms by auto

hence 2: - 0O f by (rule BozGen)

hence 3: + bi( O f) by (rule BiGen)

have 4:F ba f=bi (Of) by (rule BaEquBiBt)
from 3 / show ?thesis by fastforce

qed
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lemma BalmpDist:
Foba(f —g) — ba f— ba g
proof —
have 1:+ bi (f — g) — (bi f— bi g)
by (rule BilmpDist)
hence 2: - 0O(bi (f — g) — (bi f —> bi g))
by (rule BoxGen)
have 3:+ 0O(bi (f — g) — (bi f —> bi g))
—>
(O (bi (f — g)) — (@O(bi f) — O(bi g)))
by (meson 2 BoxImpDist MP lift-imp-trans Prop01 Prop05 Prop09)
have 4:+ 0O(bi (f — g)) — (O(bi f) — O(bi g))
using 2 8 MP by fastforce
have 5:+ ba (f— g) = O(bi (f — g))
by (rule BaEquBtBi)
have 6:+ ba f=0(bi f)
by (rule BaEquBtBi)
have 7:F ba g = 0O(bi g)
by (rule BaEquBtBi)
from 4/ 5 6 7 show ?thesis by fastforce
qed

lemma BiAndEqu:
Fbi (f A g) = (bif A big)
proof —
have : F di (- fV - g) = (di (= f)V di (= 9))
by (simp add: DiOrEqv)
have 2: - (= (di (= fV —9)=(=di (= f) A= di(—g))
using 1 by auto
have 3: - (fAg) = (- (= fV —9)
by fastforce
have 4: F bi (f A g) = (= (di (= fV —g))
unfolding bi-d-def using 3 by (metis int-simps(4) inteq-reflection)
from 2 4 show ?thesis unfolding bi-d-def by (metis integ-reflection)
qed

lemma BaAndEqu:
Foba (fAg) = (ba fA ba g)
proof —
have I:+  ba (fAg)= 0O (f A g))
by (rule BaEquBtBi)
have 2:+ bi (f A g) = (bif A big)
by (simp add: BiAndEqv)
hence 3: + 0(bi (f A g)) = O(bi f A bi g)
using BoxEquBozx by blast
have /:+0O(bi f A bi g)= (TO(bi f) A O(bi g))
by (metis 2 BoxrAndBoxrEquBozRule integ-reflection)
have 5:Fba f = 0O(bi f)
by (rule BaEquBtBi)
have 6:F ba g = 0O(bi g)
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by (rule BaEquBtBi)
from 1 8 4 5 6 show ?thesis by fastforce
qed

lemma BalmpBaFEquBa:

Eoba(f=g) — (ba f= ba g)

proof —

have 1:+ ba (f — g) — ba f — ba g by (rule BalmpDist)

have 2:F ba (g — f) — ba g — ba [ by (rule BalmpDist)

have 25:F (f=9) = ((f — 9) A (9 — f)) by fastforce

have 3:F ba (f = g) =ba ((f — g9) A (9 — f)) by (metis 25 BaAndEqu integ-reflection)
have 4:+ ba ((f — g9) A (9 — f)) = (ba((f — 9)) A ba((g — f))) by (rule BaAndEqv)
have 5:F ((ba f— ba g) A (ba g — ba f)) = (ba f= ba g) by auto

from 1 2 8 / 5 show ?thesis by fastforce

qed

lemma BalmpBa:

assumes - f — ¢

shows Fba f— ba g

using BaGen BalmpDist MP assms by metis

lemma BaFEquBa:

assumes - f =g

shows F ba f= ba g

using BaGen BalmpBaFEquBa MP assms by metis

lemma DalmpDa:

assumes - f — g

shows +Fda f— da g¢g

using assms by (metis DaEquDtDi DiAndB DiamondImpDiamond integ-reflection Prop10)

lemma DiamondEquDiamondDiamond:
FOf=0(Of)
proof —
have 1: F & (O f) = finite;(finite;f)
by (simp add: sometimes-d-def)
have 2: & finite;(finite;f) = (finite;finite);f
by (rule ChopAssoc)
have 3: - (finite;finite);f = finite;f
by (simp add: LeftChopEquChop Finite ChopFinite EquFinite)
have 4: - finite;f = Of
by (simp add: sometimes-d-def)
from 1 2 8 / show ?thesis by fastforce
qed

lemma DaFEquDaDa:
F da f= da( da f)
proof —
have I:+ da f=<(di f)
by (rule DaEquDtD7)
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have 2:F di f= (di (di f))
by (rule DiEquDiD1)
hence 3: =< (di f) =< (di (di f))
by (rule DiamondEquDiamond)
have 4: - < (di f) = O(C (di (di f)))
using DiamondEquDiamondDiamond DiEquDiDi using 3 by fastforce
have 5:+- < (di (di f)) = di (O (di f))
by (rule DtDiEquDiDt)
hence 6: - O(O (di (di f))) =< (di (& (di f)))
by (rule DiamondEquDiamond)
have 7:F da f=< (di( © (di f)))
using 1 3 4 6 by fastforce
have 8:F da (O (di f))=<(di (& (di f)))
by (rule DaEquDtD7)
have 9:+ da (da f)= da (O (di f))
using 1 by (rule DaEquDa)
from 7 8§ 9 show ?thesis by fastforce
qed

lemma BaFquBaBa:

o ba f= ba (ba f)

proof —

have I: + da (= f) da (da (= f)) by (rule DaEquDaDa)

have 2: + da (da (= f)) = (= (ba (= (da (= f))))) by (rule DaEquNotBaNot)
have 3: F (= (da (da (= f)))) = ba (= (da (= f))) by (auto simp: ba-d-def)
have /: F (= (da (= f))) = ba (= (da (= f))) using 1 2 3 by fastforce

from 4 show ?thesis by (metis ba-d-def)

qged

A~ —

lemma BalLeftChopImpChop:

Foba(f—f1) — fi9—fliyg

proof —

have 1: = ba (f — f1I) — bi (f — fI) by (rule BalmpBi)

have 2: + bi (f — f1) — f; g — f1; g by (rule BiChopImpChop)
from 1 2 show ?thesis by fastforce

qed

lemma BaRightChopImpChop:

o ba (9— g1) — fr 9 — f; g1

proof —

have 1: - ba (9 — g1) — O(9 — g1) by (rule BalmpBt)

have 2: - 0O(g — g1) — f; g — f; g1 by (rule BozChopImpChop)
from 1 2 show ?thesis by fastforce

qed

lemma ChopAndBalmport:
(i) A ba g — (fAg); (fIA9)
proof —
have I: = ba g A (f; f1) — (g A f); (g A f1) by (rule BaAndChopImport)
have 2: - (g A f); (g A fI) = (f A g9); (f1 A g) by (rule AndChopAndCommute)
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from 1 2 show ?thesis by fastforce
qed

lemma BaAndChopImportA:
Fbaf A gigl — (f A g)igl
by (meson BaAndChopImport ChopAndB lift-imp-trans)

lemma BaAndChopImportB:
Fba f A gigl — (f A g)i(ba f A gl)
proof —
have 1: F ba f = ba (ba f)
by (simp add: BaEquBaBa)
have 2: + ba (ba f) A g;91 — g;(ba f A g1)
by (metis AndChopB BaAndChopImport lift-imp-trans)
have 3: F ba f A g;(ba f A gI) — (f A g);(ba f A g1)
by (simp add: BaAndChopImportA)
from 1 2 8 show ?thesis by fastforce
qed

lemma BalmpBalmpBaAnd:

Fbah — ba(g — ba h A g )

proof —

have 1.+ ba h — (¢ — ba h A\ g ) by fastforce

hence 2: - ba(ba h) — ba(g — ba h A g ) by (rule BalmpBa)
have 3:t ba h = ba(ba h) by (rule BaEquBaBa)

from 2 3 show ?thesis by fastforce

qed

lemma BaChopImpChopBa:

Foba f — g5 91 — g; ((ba f) A g1)

proof —

have I: + ba f — ba (g1 — (ba f) A g1 ) by (rule BaImpBalmpBaAnd)

have 2: + ba (g1 — ba fAgl)— g;91 — g; (ba f A gI) by (rule BaRightChopImpChop)
from 1 2 show ?thesis by fastforce

qed

lemma DiNotBalmpNotBa:
- di (= (ba f) — ~ (ba f)
proof —
have I:+ ba f= ba( ba f) by (rule BaEquBaBa)
have 2:F ba ( ba f) — bi ( ba f) by (rule BalmpBi)
have 3:F ba f— bi ( ba f) using 1 2 by fastforce
hence 4:+ ba f— = (di (= ( ba f))) by (simp add: bi-d-def)
from 4 show ?thesis by fastforce
qed

lemma NotBaChopImpNotBa:

o (=(ba f));g— —(ba f)
proof —
have I: + (= (ba f)); g — di (= ( ba f)) by (rule ChopImpD1)
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have 2: + di (= (ba f)) — = ( ba f) by (rule DiNotBalmpNotBa)
from 1 2 show ?thesis using lift-imp-trans by blast
qed

lemma DiamondFinImpFin:
=& (fin f) — fin f
proof —
have 1.+ fin f = #True;(f N empty)
by (rule FinEquTrueChopAndEmpty)
hence 2: - < (fin f) = finite;(# True;(f A empty))
by (metis FiniteChopFiniteEquFinite LeftChopEquChop inteq-reflection sometimes-d-def)
have 3: & finite;(# True;(f A\ empty)) = (finite;# True);(f A empty)
by (rule ChopAssoc)
have 4: - (finite;# True);(f N empty) — # True;(f N empty)
using 1 2 8 DiamondFin by fastforce
from 1 2 8 / show %thesis by fastforce
qed

lemma ChopFinlmpFin:
F o (f A finite); fin (init w) — fin (init w)
proof —
have 1: F (f A finite); fin (init w) — < ( fin (init w)) by (rule FiniteChopImpDiamond)
have 2: - & (fin (init w)) —  fin (init w) by (rule DiamondFinImpFin)
from 1 2 show ?thesis using lift-imp-trans by blast
qed

lemma FiniteRight ChopFEquChop:

assumes F finite — g = g1

shows I finite — f;9 = f;g1

using assms by (auto simp add: Valid-def itl-defs)

lemma Finlmp YieldsFin:
F o fin (init w) A finite — (f A finite) yields (fin (init w) A finite)
proof —
have I1:+ (f A finite); (fin (init (- w)) A finite) — (fin  (init (- w)) A finite)
by (metis (no-types, lifting) ChopAndB FiniteChopEquDiamond FiniteChopFinEzxportA
FiniteChopFinite EquFinite FiniteChopImpDiamond Prop12 inteq-reflection
lift-and-com lift-imp-trans)
have 2:F finite — (= ( fin (init w) A finite)) = (fin (init (= w)) A finite)
using FinNotState EquNotFinState by fastforce
hence 3: + finite — (f A finite); (= ( fin (init w) A finite)) =
(f A finite); ( fin (init (- w)) A finite)
using FiniteRight ChopEquChop|of LIFT (= ( fin (init w) A finite))
LIFT (fin (init (— w)) A finite) LIFT(f A finite)]
by blast
have /4:+ (f A finite); (= ( fin (init w) A finite)) — (= ( fin (init w) A finite))
using 1 2 8 by fastforce
hence 5: = fin (init w) A finite — = ((f A finite); (= ( fin (init w) A finite)))
by fastforce
from 5 show ?thesis by (simp add: yields-d-def)
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qed

lemma ChopAndFin:
F((f; 9) A (fin (init w) A finite)) = (f A finite); (9 A (fin (init w) A finite))
proof —
have 1:+ fin (init w) A finite — (f A\ finite) yields ( fin (init w) A finite)
by (rule FinImpYieldsFin)
have 10: - ((f; g) A (fin (init w) A finite)) =
(((f A finite); (g A finite)) A fin (init w) A finite)
using ChopAndFiniteDist[of f g] by auto
have 2: + (f; g) A (fin (init w) A finite) —
((f A finite); (g A finite)) A (f A finite) yields ( fin (init w) A finite)
using 1 10 by fastforce
have 3:F ((f A finite); (g A finite)) A (f A finite) yields ( fin (init w) A finite) —
(f A finite); ((g A finite) A (fin (init w) A finite))
using ChopAndYieldsImp by blast
have 30: - ((g A finite) A (fin (init w) A finite)) = (g A fin (init w) A finite)
by auto
have 4:F (f; 9) A (fin (init w) A finite)— (f A finite); (g A fin (init w) A finite)
using 2 3 30
by (metis (mono-tags, lifting) integ-reflection lift-imp-trans)
have 11: - (f A finite); (9 A fin (init w) A finite) — (f A finite); (g A finite)
using ChopAndA by (metis 30 integ-reflection)
have 12: F (f A finite); (g A fin (init w) A finite) —
(f A finite); (fin (init w) A finite)
by (rule ChopAndB)
have 13: F (f A finite); (fin (init w) A finite)— < ( fin (init w) A finite)
using FiniteChopImpDiamond by blast
have 14: = O( fin (init w) A finite) —  fin (init w)
by (metis ChopAndA DiamondFin inteq-reflection sometimes-d-def)
have 15: F (f A finite); (¢ A fin (init w) A finite) —
((f A finite); (g A finite)) N fin (init w)
using 11 12 13 14 by fastforce
from /4 15 show ?thesis by (metis ChopAndFiniteDist Prop12 int-iffI integ-reflection)
qed

lemma ChopAndNotFin:

Fo(f; g A= (fin (init w)) A finite) = (f A finite); (g A = ( fin (init w)) A finite)
proof —
have I:+ (f; g A fin (init (= w)) A finite) =

(f A finite); (g A fin  (init (= w)) A finite)

by (rule ChopAndFin)
have 2:F (fin (init (- w)) A finite)= ( (= ( fin (init w) )) A finite)

using FinNotStateEquNotFinState by fastforce
show ?thesis by (metis 1 2 int-eq)
qed

lemma FinChopChain:

Fo (((init w) A finite —  fin (init wl)));
(((init w1) A finite —  fin (init w2)))
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A finite
— (((init w ) A finite —  fin (init w2)))
proof —
have 1.+ (init w) A finite A
(init w) A finite —  fin (init w1)); ((init wl) A finite —  fin (init w2))

—~

l

—~

(init w) A finite A ((init w) A finite — fin (init wl)));
(((init w1) A finite— fin (init w2)) A\ finite)
using ChopAndFiniteDist State AndChopImport
by (metis (no-types, opaque-lifting) integ-reflection lift-and-com)
have 2: F (init w) A finite A ((init w) A finite —  fin(init w1)) — fin (init wl) A finite
by auto
have 3:F ((init w) A finite A ((init w) A finite —  fin (init wi)));
(((init w1) A finite — fin (init w2)) A finite)
N
( fin (init wl) A finite); (((init wl) A finite —  fin (init w2)) A finite)
using 2 LeftChopImpChop by blast
have 4:F ( fin (init wl) A finite); (((init wl) A finite — fin (init w2)) A finite) =
O((dnit w1) A ((init wl) A finite —  fin (init w2)) A finite)
using FinChopEquDiamond by blast
have /1: & ((init wl) A finite A ((init wl) A finite —  fin (init w2))) — fin (init w2)
by auto
have 42: = O((init wl) A finite A ((init wl) A finite —  fin (init w2))) — <(fin (init w2))
using 41 DiamondImpDiamond by blast
have 5:F O( fin( init w2)) — fin (init w2)
using DiamondFinImpFin by blast
have 6:F (init w) A finite A ((init w) A finite —  fin (init wi));
((init w1) A finite —  fin (init w2))
using 184542
using ChopAndCommute FinChopEquDiamond by fastforce
from 6 show ?thesis by fastforce
qed

lemma ChopRule:
assumes - (init w) A f A finite —  fin (init wi)
Fo (init wI)A fI A finite —  fin (init w2)

shows F (init w) A (f; f1) A finite —  fin (init w2)

proof —

have I1: F (init w) A (f; f1) A finite — ((init w) A f A finite); (f1 A finite)
using StateAndChopImport
by (metis ChopAndFiniteDist integ-reflection)

have 2:F (init w) A f A finite —  fin (init wl) A finite
using assms by auto

hence 3: = ((init w) A f A finite); (f1 A finite) — ( fin (init wl) A finite); (f1 A finite)
by (rule LeftChopImpChop)

have 4:F ( fin (init wi) A finite); (f1 A finite) = O((init wl) A f1 A finite)
by (rule FinChopEquDiamond)

have 5:F (init wi) A fI A finite —  fin (init w2)
using assms by auto
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hence 6: - &((init wi) A f1 A finite) — < (fin (init w2))
by (rule DiamondImpDiamond)

have 7:F O( fin (init w2)) — fin (init w2)
using DiamondFinImpFin by blast

from 1 3 4 6 7 show ?thesis by fastforce

qed

lemma ChopRep:
assumes = (init w) A f A finite — fI N fin (init wi)
F o (init wl) A g A\ finite — g1
shows F (init w) A (f; g) A finite — ((f1 A finite); g1)
proof —
have 1:+ (init w) A f A finite — ((f1 A finite) A fin (init wl))
using assms by auto
hence 2: - (init w) A ((f A finite); (g A finite)) —
((f1 A finite)\ fin (init w1)); (g A finite)
using StateAndChopImpChopRule by blast
have 3:t ((fI A finite) A fin (init wl)); (g A finite) =
(f1 A finite); ((init w1) A (g A finite))
using AndFinChopEquStateAndChop by blast
have 4: F (init wI)A g A finite — g1
using assms by auto
hence 5: - (f1 A finite); ((init wl) A g A finite) — (f1 A finite); g1
using RightChopImpChop by blast
from 2 3 5 show ?thesis using ChopAndFiniteDist by fastforce
qed

lemma ChopRepAndFin:
assumes - (init w) A f A finite — f1 A fin (init wi)
F o (init wl) A g A finite — g1 A fin (init w2)
shows F  (init w) A (f; g) A finite — ((f1 A finite); g1) A fin (init w2)
proof —
have I1:+ (init w) A f A finite — f1 A fin (init wi)
using assms by auto
have 2:F (init wi) A g A finite — g1 N fin (init w2)
using assms by auto
have 3:F (init w) A (f; g) A finite — (f1 A finite); (g1 A fin (init w2))
using 1 2 by (rule ChopRep)
have 4:F (f1 A finite); (91 N fin (init w2)) — (fI A finite); g1
by (rule ChopAndA)
have 5:F (f1 A finite); (g1 A fin (init w2)) — (f1 A finite); fin (init w2)
by (rule ChopAndB)
have 6:F (f1 A finite); fin (init w2) — fin (init w2)
by (rule ChopFinImpFin)
from 1 2 8 4 5 6 show ?thesis by (meson Prop12 lift-imp-trans)
qed

lemma TrueChopMoreEquMore:

F # True ; more = more
by (metis ChopMoreImpMore EmptylmpFinite FiniteAndEmptyEquEmpty FiniteChopMoreEquMore
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LeftChopImpChop Prop09 int-eq-true int-iffI inteq-reflection)

lemma FiniteChopFmoreEquFmore:
F finite;fmore = fmore
by (metis True ChopAndFiniteEquAndFinite ChopFinite TrueChopMoreEquMore fmore-d-def integ-reflection)

lemma MoreChopLoop:
assumes - f — fmore ; f
shows I finite — — f
proof —
have I+ f — fmore; f
using assms by auto
hence 11: F & (f) — < (fmore;f)
using DiamondImpDiamond by blast
have 12:+ O (fmore;f) = finite;(fmore;f)
by (simp add: sometimes-d-def)
have 13: & finite;(fmore;f) = (finite;fmore);f
by (rule ChopAssoc)
have 14:F < (fmoreyf) = fmore;f
using FiniteChopFmoreEquF'more 12 13 by (metis int-eq)
have 2: b fmore; f = O(< f)
using MoreChopEquNextDiamond by blast
have 3 F < (f) — O f)
using 11 1/ 2 by fastforce
hence 4: F finite — — (O f)
using NextLoop by blast
have 5:F - (O f) — o f
using NowlImpDiamond by fastforce
from 4 5 show ?thesis using lift-imp-trans by blast
qed

lemma MoreChopContra:

assumes - f A= g — (fmore; (f A= g))

shows  f A finite — ¢

proof —

have I: - f A= g — ( fmore; (f A = g)) using assms by auto
hence 2: &= finite — = (f A = g) by (rule MoreChopLoop)

from 2 show ?thesis by auto

qed

lemma MoreChopLoopFinite:

assumes - [ A finite — fmore ; f

shows | finite — — f

proof —

have 1I:F f A finite — fmore ; f
using assms by auto

hence 11: - & (f A finite) — < (fmore;f)
using DiamondImpDiamond by blast

have 12:+ < (fmore;f) = finite;(fmore;f)
by (simp add: sometimes-d-def)
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have 13: & finite;(fmore;f) = (finite;fmore);f
by (rule ChopAssoc)
have 14:F < (fmoreyf) = fmore;f
using FiniteChopFmoreEquFmore 12 13 by (metis int-eq)
have 2:F fmore; f = O(< f)
using MoreChopEquNextDiamond by blast
have 3:F <O (f A finite) — O(< f)
using 11 14 2 by fastforce
have 31: = O (f A finite) = ((O f) A finite)
by (metis (no-types, lifting) 8 ChopAndB ChopAndNotChopImp DiamondDiamondEquDiamond
DiamondIntroC FiniteChopFiniteEquFinite FiniteChopInfEquinf Propl1 Prop12 finite-d-def
inteq-reflection sometimes-d-def)
have 32: F (O f) A finite — O(< f)
using & 31 by fastforce
hence 4: & finite — — (< f)
by (metis (no-types, lifting) DiamondIntro FiniteChopInfEquinf InfEquNotFinite Prop09
finite-d-def int-simps(15) int-simps(32) integ-reflection sometimes-d-def)
have 5:F - (O f) — o f
by (simp add: NowImpDiamond)
from 4 5 show ?thesis using lift-imp-trans by fastforce
qed

lemma MoreChopEquFmoreOrinf:
F more ; f = ( (fmore;f) V inf)
by (metis AndInfChopEquAndInf MoreAndInfEquinf OrChopEqu OrFinitelnf fmore-d-def int-eq)

lemma MoreChopLoopFiniteB:
assumes - f — more; f
shows I finite — — f
proof —
have I+ f — more; f
using assms by auto
have 10:+ f — (fmore;f) V inf
using MoreChopEquFmoreOrinf assms by fastforce
hence 100: = f A finite — (fmore;f)
by (simp add: Propl3 finite-d-def)
hence 11: = & (f A finite) — < (fmore;f)
using DiamondImpDiamond by blast
have 12:+ < (fmore;f) = finite;(fmore;f)
by (simp add: sometimes-d-def)
have 13: & finite;(fmore;f) = (finite;fmore);f
by (rule ChopAssoc)
have 14:+ < (fmoreyf) = fmore;f
using FiniteChopFmoreEquFmore 12 13 by (metis int-eq)
have 2:t fmore; f = O(< f)
using MoreChopEquNextDiamond by blast
have 3 F < (f A finite) — O(C f)
using 11 1/ 2 by fastforce
have 31: = & (f A finite) = (( f) A finite)
by (metis (no-types, opaque-lifting) ChopAndA ChopAndB ChopAndNotChopImp FiniteChopFiniteEquFi-
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nite
FiniteChopInfEquinf Prop11 Prop12 finite-d-def integ-reflection sometimes-d-def)
have 32: - (& f) A finite — O(< f)
using & 31 by fastforce
hence 4: F finite — — (O f)
by (metis (no-types, lifting) DiamondIntro FiniteChopInfEquinf InfEquNotFinite Prop09
finite-d-def int-simps(15) int-simps(32) integ-reflection sometimes-d-def)
have 5 F - (O f) — —f
by (simp add: NowImpDiamond)
from J 5 show ?thesis using lift-imp-trans by fastforce
qged

lemma MoreChopContraFinite:

assumes - (f A = g) A finite — ( fmore ; (f AN = g))

shows F f A finite — ¢

proof —

have I: - (f A = g) A finite — ( fmore ; (f A = g)) using assms by auto

hence 2: - finite — — (f A = g) using MoreChopLoopFinite by (simp add: MoreChopLoopFinite)
from 2 show ?thesis by (simp add: Valid-def)

qged

lemma MoreChopContraFiniteB:

assumes - (f A= g) — (more; (f A= g))

shows + f A finite — ¢

proof —

have 1I:+ (f A= ¢g) — ( more; (f A = g)) using assms by auto

hence 2: - finite — — (f A = g) using MoreChopLoopFinite by (simp add: MoreChopLoopFiniteB)
from 2 show ?thesis by (simp add: Valid-def )

qed

lemma ChopLoop:
assumes - [ — g;f

F g — fmore
shows I+ finite — — f
proof —
have 1.+ f — g; f using assms by auto
have 2:+ g — fmore using assms by auto
hence 3: + g; f — fmore ; f by (rule LeftChopImpChop)
have 4:F f — fmore; f using 1 3 by fastforce
from / show ?thesis using MoreChopLoop by auto
qed

lemma ChopLoopB:
assumes - f — ¢;f
Fg— more
shows | finite — — f
proof —
have I:+ f — g; f using assms by auto
have 2:+ g — more using assms by auto
hence 3: + g; f — more ; f by (rule LeftChopImpChop)
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have 4:F f — more; f using 1 3 by fastforce
from 4 show ?thesis using MoreChopLoopFiniteB by auto
qed

lemma ChopContra:
assumes F f A g— h f A (h9)
Fh — fmore
shows F f A finite — ¢
proof —
have 1.+ f A= g — h; f A = (h; g) using assms by auto
have 2:+ h — fmore using assms by auto
have 3:F h; f A= (h; g) — h; (f A = g) by (rule ChopAndNotChopImp)
have 4: - h; (f A= g) — fmore; (f A = g) using 2 by (rule LeftChopImpChop)
have 5:F f A= g— fmore; (f N = g) using 1 3 / by fastforce
from 5 show #¢thesis using MoreChopContra by auto
qed

lemma ChopContraB:
assumes F f A - g— h; f A= (h;g)
Fh — more
shows I f A finite — ¢
proof —
have 1.+ f A= g— h; f A = (h; g) using assms by auto
have 2:+ h — more using assms by auto
have 3:F h; f A= (h; g) — h; (f A = ¢) by (rule ChopAndNotChopImp)
have 4:+ h; (f A= g) — more; (f A = g) using 2 by (rule LeftChopImpChop)
have 5:F f A= g— more; (f AN = g) using 1 8 4 by fastforce
from 5 show ?thesis using MoreChopContraFiniteB by auto
qed

2.3.8 Properties of Halt

lemma WnezxtAndMoreEquNext:
F (wnext f N more) = O f
proof —
have I: - wnext f = (empty V O f)
by (simp add: WnextEquEmptyOrNext)
have 2: - O f — more
by (metis Dilntro LeftChopImpMoreRule di-d-def more-d-def next-d-def)
have 3: - ((empty V O f) A more) = O f
unfolding empty-d-def using 2 by auto
show ?thesis by (metis 1 3 int-eq)
qed

lemma BozState AndEmptyFEquStateAndEmpty:

F (O(empty = (init w)) A empty) = ((init w) A empty)

proof —

have 1: F ((empty = (init w)) A empty) = ((init w) A empty)
by force

have 2: - (O(empty = (init w)) A empty) — ((init w) N\ empty)

383



using BoxElim by fastforce

have 3: - ((init w) A empty) — (O(empty = (init w)) A empty)
using BoxEquAndEmptyOrNextBox by fastforce

show %thesis
by (simp add: 2 3 int-iffI)

qed

lemma BozEmptyFEqulStatequEmptyAndState OrNotState Next:
F O(empty = (init w)) = ((empty A init w) V (—(init w) A O(T(empty = (init w)))))
proof —
have 1:+ O(empty = (init w)) =
((O(empty = (init w)) A empty) V (O(empty = (init w)) A more))
by (auto simp: empty-d-def)
have 2: - (O(empty = (init w)) A empty) = ((init w) A empty)
using BoxStateAndEmptyEquState AndEmpty by blast
have 3:F O(empty = (init w)) = ((empty = (init w)) A wnext(O(empty = (init w))))
using BoxEquAndWnextBozx by blast
hence 4: F (TO(empty = (init w)) A more) =
(((empty = (init w)) A more) A (wnext(O(empty = (init w))) A more))
by auto
have 5:F ((empty = (init w)) A more) = (—(init w) A more)
by (auto simp: empty-d-def)
have 6:F (wnext(O(empty = (init w))) A more) = O(O(empty = (init w)))
using WnextAndMoreEquNext by metis
have 7:F (O(empty = (init w)) A more) =
((= (init w) A more) A (wnext(O(empty = (init w))) A more) )
using 4 5 by fastforce
have 8:+ ((— (init w) A more) A (wnext(O(empty = (init w))) A more) ) =
((= (init w)) A (wnezt(O(empty = (init w))) A more) )
by auto
have 9:  ((— (init w)) A (wnext(T(empty = (init w))) A more) ) =
((= (init w)) A O(O(empty = (init w))))
using § 6 by auto
have 10: F O(empty = (init w)) = (((init w) A empty) V (O(empty = (init w)) A more) )
using 1 2 by fastforce
show ?thesis
using 10 7 9 by fastforce
qed

lemma HaltState EqulfState ThenEmptyElseNext:

Foohalt( init w) = if; (init w) then empty else ( O( halt ( init w)))

by (metis BoxrEmptyEqulStatequEmptyAndStateOrNotStateNext halt-d-def ifthenelse-d-def inteq-reflection
lift-and-com)

lemma HaltChopEqu:
o ((halt (init w)) ;5 f) = (if; (init w) then ((f ) else (O( (halt ( init w)); f)))
proof —
have 1:+ halt(init w) =
(ifi (init w) then empty else ( O( halt ( init w))))
by (rule HaltState EqulfState ThenEmptyElseNext)
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hence 2: - ((halt(init w));f) =
(if; (init w) then (empty;f) else ( O( halt ( init w));f))
by (rule IfChopEquRule)
have 3 F empty; f=f
by (rule EmptyChop)
have 4:+ (O (halt ( init w))); f = O( halt ( init w); f)
by (rule NextChop)
from 2 8 4 show ?thesis by (metis integ-reflection)
qed

lemma AndHaltChopImp:

F o init w A (halt (init w); f) — f

proof —

have I: b halt ( init w); f = if; (init w) then f else ( O( halt ( init w); f))
by (rule HaltChopEqv)

have 2: - init w A if; (init w) then f else ( O( halt ( init w); f)) — f
by (auto simp: ifthenelse-d-def)

from 1 2 show ?thesis by fastforce

qed

lemma NotAndHaltChopImpNext:

Fo= (dndt w) A (Chalt (init w); f) — O( halt ( init w); f)

proof —

have I: = halt ( init w); f = if; (init w) then f else ( O( halt ( init w); f))
by (rule HaltChopEqv)

have 2: - — (init w) A if; (init w) then f else ( O( halt ( init w); f)) —

O( halt (init w); f)

by (auto simp: ifthenelse-d-def)

from 1 2 show ?thesis by fastforce

qed

lemma NotAndHaltChopImpSkip Yields:

F o= (dnit w) A ( halt ( init w); f) — skip yields ( halt (init w); f)

proof —

have 1: b = ( init w) A ( halt ( init w); ) — O( halt ( init w); f)
by (rule NotAndHaltChopImpNext)

have 2: = O( halt ( init w); f) — skip yields ( halt ( init w); f)
by (rule NextImpSkipYields)

from 1 2 show ?thesis by fastforce

qed

lemma FiniteChopAndEmptyEquChopAndEmpty:
= ((finite;(f A empty)) A g) = ((g A finite);(fA empty))
proof —
have I1: + g A finite;(f N empty) — fin f
by (metis ChopAndA DiamondFin FinAndEmpty Prop01 Prop05 integ-reflection sometimes-d-def)
have 2: - g A finite;(f N empty) — (finite A g) N fin f
using 1 by (metis (no-types, lifting) ChopAndB ChopEmpty Prop10 Prop12 int-iffD1
integ-reflection)
have 3: - ((finite;(f A empty)) A g) — ((g A finite);(fA empty))
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using 2 using AndFinEquChopAndEmpty by fastforce
have /: = ((g A finite);(fA empty)) — ((finite;(f A empty)) A g)

by (metis AndChopB ChopAndB ChopEmpty Prop12 inteq-reflection)
from 3 / show ?thesis by fastforce
qed

lemma WprevEquEmptyOrPrev:
F wprev f = (empty V prev f)
using nlength-eq-enat-nfiniteD by (auto simp add: Valid-def itl-defs zero-enat-def)

lemma NotChopSkipEquMoreAndNotChopSkip:

= (= f)iskip = (more A —(f;skip))

proof —

have 1: - wprev f = (empty V prev f) using WprevEquEmptyOrPrev by auto
hence 2: - (=(wprev f)) = (=(empty V prev f)) by auto

have 3: F —(wprev ) = ((— f);skip) by (simp add: wprev-d-def prev-d-def)

have 31: F (empty V prev f) = (empty V (f;skip)) by (simp add: prev-d-def)

have 32: - (empty V (f;skip)) = (mmore V == (f;skip)) by (simp add: empty-d-def)
have 33: b (=more V == (f;skip)) = (—(more N —(f;skip))) by fastforce

have 34: - (empty V prev f) = (=(more A —(f;skip))) using 31 32 33 by (metis int-eq)
have /: b —(empty V prev f) = (more A —(f;skip)) using 34 by fastforce

from 2 3 4 show ?thesis by fastforce

qed

lemma HaltChopImpNotHaltChopNot:
F o halt ((indit w); f A finite — = ( halt ( init w); (= f))
proof —
have 1:+ halt (init w); f = if; (init w) then [ else ( O( halt ( init w); f))
by (rule HaltChopEqv)
have 2: b if; (init w) then f else ( O( halt ( init w); f)) —
( ((init w) — f) A ( =(init w) — ( O( halt ( init w); f))))
by (rule IfThenElseImp)
have 3:F halt (init w); (=f) =
ifi (init w) then (—f) else ( O( halt ( init w); (—f)))
by (rule HaltChopEqv)
have /: F if; (init w) then (—f) else ( O( halt ( init w); (—f))) —
( ((init w) — =f) A ( = (init w) — ( O( halt ( init w); (=f)))))
by (rule IfThenElseImp)
have &5:F halt (init w); f A halt (init w); (=f) —
( ((init w) — f) A ( =(init w) — ( O( halt ( init w); f)))) A
( ((init w) — =f) A (= (init w) — ( O( halt ( init w); (—f)))))
using 1 2 3 4 by fastforce
have 6: F ( ((init w) — f) A
( ((init w) — =f) A (
( O( halt ( init w); f))
by auto
have 7:F halt (init w); f A halt (init w); (=f) —
( O( halt (init w); f)) A ( O( halt ( init w); (—f)))
using 5 6 lift-imp-trans by blast
have 8:+ (( O( halt ( init w); f)) A ( O( halt ( init w); (=f)))) =

( =(init w) — ( O( halt ( init w); f)))) A
=(init w) — ( O( halt ( init w); (=f))))) —
A (O halt (init w); (=f)))
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O (halt ( init w); f A halt ( init w); (=f))
using NextAndEquNextAndNext by fastforce
have 9: & halt (init w); f A halt (init w); (=f) —
O (halt ( init w); f A halt ( init w); (=f))
using 7 8 by fastforce
hence 10: + finite — —(halt (init w); f A halt (init w); (=f))
using NextLoop by blast
from 10 show ?thesis by auto
qed

lemma HaltChopImpHaltYields:

F o halt ((indit w); f A finite — ( halt ( init w)) yields f

proof —

have 1: = halt ( init w); f A finite — = ( halt ( init w); (= f))
by (rule HaltChopImpNotHaltChopNot)

from 1 show ?thesis by (simp add: yields-d-def)

qed

lemma HaltChopAnd:
F ( halt (init w)); f A (halt (init w)); g A finite— ( halt ( init w)); (f A g)
proof —
have 1:+ ( halt (init w)); g A finite — ( halt (init w)) yields g
by (rule HaltChopImpHaltYields)
hence 2: - ( halt (init w)); f A ( halt (init w)); g A finite —
( halt (init w)); f A ( halt (init w)) yields g
by auto
have 3:t ( halt (init w)); f A ( halt (init w)) yields g—
( halt (init w)); (f A g)
by (rule ChopAndYieldsImp)
from 2 3 show ?thesis by fastforce
qged

lemma HaltAndChopAndHaltChopImpHaltAndChopAnd:
F (halt (init w) A f);f1 A (halt (init w); g) A finite — ( halt ( init w) A f); (f1 A g)
proof —
have 1:Ff1— = gV (fl A g)
by auto
hence 2: F ( halt (init w) A f); f1 —
( halt (init w) A f); (= g) vV (( halt (init w) A f); (f1 A g))
by (rule ChopOrImpRule)
have 3:F (halt (init w) A f); (= ¢g) — halt (init w); (= g)
by (rule AndChopA)
have 31: F ( halt (init w) A f); f1 —
halt (init w); (- g) vV (( halt (init w) A f); (f1 A g))
using 23 by fastforce
have 4+ halt (init w); g A finite — = ( halt (init w); (= g))
by (rule HaltChopImpNotHaltChopNot)
hence /1: & ( halt (init w); (= g¢)) A finite — = (halt (init w); g)
by auto
have 42:+ ( halt (init w) A f); f1 N finite —
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=( halt (init w); g) V. (( halt (init w) A f); (fI A g))
using 31 41 by fastforce
from /2 show ?thesis by auto
qed

lemma HaltImpBoxYields:
F o (halt (init w)); f A finite — (O(— ( init w))) yields (( halt (init w)); f)
proof —
have 1:+ (O (= (init w))); (= ( halt (init w); f)) — di (O (= (init w)))
by (rule ChopImpDi)
have 2:F O (= (init w)) — = (init w)
by (rule BozElim)
hence 3+ di (O (= (init w))) — di (= (init w))
by (rule DilmpDr)
have 4+ di (init (- w)) = (init (-w))
by (rule DiState)
have 41: b (init (- w)) = (= (init w))
using Initprop(2) by fastforce
have 42:+ di (= (init w)) = (—(init w))
using 4 41 by (metis inteq-reflection)
have &:F ((O(—= (init w))); (= ( halt (init w); f))) — — ( init w)
using 1 2 42 using 3 by fastforce
hence 51: = ( halt (init w); f) A (O(— (init w))); (= ( halt (init w); f))) —
( halt (init w); f) A = ( init w)
by fastforce
have 6:F halt (init w); f = if; (init w) then f else (O( halt (init w); f))
by (rule HaltChopEqv)
hence 61: & (halt (init w); f A = (init w)) =
((ifs (init w) then f else (O( halt (init w); f))) A = ( init w))
using 6 by auto
have 62: - (if; (init w) then [ else (O( halt (init w); f))) A
= (init w) — (O( halt (init w); f))
by (auto simp: ifthenelse-d-def)
have 63: - halt (init w); f A = ( init w) — (O( halt (init w); f))
using 61 62 by fastforce
have 7:F ( halt (init w); f) A (O(= (init w))); (= ( halt (init w); f)) —
O(( halt (init w)); f)
using 51 63 using lift-imp-trans by blast
have & F O (= (init w)) — empty V. O(O(=( init w)))
by (metis BoxImp Yields WeakNextBoxImpMoreYields WnextEquEmptyOrNext fmore-d-def int-eq)
hence 9:F ((O (= ( init w))); (= ( halt (init w); f))) —
= (Chalt (init w); f) v O((O(= (init w))); (= ( halt (init w); f)))
by (rule EmptyOrNextChopImpRule)
hence 10: = (( halt (init w)); f) A (O (= (init w))); (= ( halt (init w); f)) —
o~ (init w))); (~ ( halt (init w); 1))
by fastforce
have 11: F (halt (init w)); f A (O (= (init w))); (= ( halt (init w); f)) —
O(( halt (init w)); f) A O(O(~ (init w))); (~ ( halt (init w); 1))
using 7 10 by fastforce
have 12:+ O(( halt (init w)); f) A O((O(— (init w))); (= ( halt (init w); f)))
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s O(( halt (init w)); £) A (D(= (init w))); (- (halt (init w); )
using NextAndEquNextAndNext by fastforce
have 13:F ( halt (init w)); f A (O (= (init w))); (= ( halt (init w); f)) —
O((( halt (init w)); £) A (O~ (init w))); (= ( halt (init w); 1))))
using 11 12 by fastforce
hence 14: & finite — — (( halt (init w)); f A (O (= (init w))); (= ( halt (init w); f)))
using NextLoop by blast
hence 15: F ( halt (init w)); f A finite — = (O (= (init w))); (= ( halt (init w); f)))
by auto
from 15 show ?thesis by (simp add: yields-d-def)
qged

2.3.9 Properties of Groups of chops

lemma NestedChopImpChop:
assumes - init w A f — g¢; (init wl A f1)
Foinit wl A f1 — g1; (init w2 A f2)
shows F init w A f — g; (g1; (init w2 A f2))
proof —
have I1:+ init w A f — g; (init wl A fI) using assms(1) by auto
have 2:F init wl A fl — g1; (init w2 A f2) using assms(2) by auto
hence 3: - g; (init w1 A f1) — g¢; (g1; (init w2 A f2)) by (rule RightChopImpChop)
from 1 3 show ?thesis by fastforce
qed

end

2.4 Strong chop operator

theory SChopTheorems
imports
Theorems
begin

We give the proofs of a list of Finite and Infinite ITL theorems but now using the strong chop.

2.4.1 Strong Chop axioms

lemma SChopAssoc:

= f~(g~h) = (f~g)~h

proof —

have 1: F f~(g—~h) = (f A finite);((g A finite);h)
by (simp add: schop-d-def)

have 2: - (f A finite);((g N finite);h) = ((f A finite);(g A finite));h
using ChopAssoc by blast

have 3: = ((f A finite);(g A finite));h = (f—~ (g A finite));h
by (simp add: schop-d-def)

have /: b f—~ (g A finite) = (f—~g A finite)
by (simp add: schop-d-def)

389



(metis AndChopA ChopAndA ChopAndFiniteDist Prop11 Prop12 inteq-reflection)
have 5: F (f—~ (g A finite));h = (f—~ g A finite);h
using 4 by (simp add: LeftChopEquChop)
have 6: & (f—~ g A finite);h = (f—~g)—~h
by (simp add: schop-d-def)
from 1 2 3 5 6 show ?thesis by fastforce
qed

lemma FiniteOr:

E((f Vv g) A finite) = ((f A finite) V (g A finite))
by auto

lemma OrSChoplmp :
F(fVvg~h — f~hVg—~h
unfolding schop-d-def
by (simp add: FiniteOr OrChopImpRule int-iffD1)

lemma SChopOrimp :
E f~(gVh)— f~gV f~h
unfolding schop-d-def by (simp add: ChopOrImp)

lemma EmptySChop :

Foempty ~f=f
by (metis EmptyChopSem Finite AndEmptyEquEmpty intl inteq-reflection lift-and-com schop-d-def)

lemma SChopEmpty :
F finite — f—~empty = f
unfolding schop-d-def
proof —
have fI: E(f A finite);empty = (f N\ finite)
by (simp add: ChopEmpty int-eq)
then show F finite — (f A finite);empty = f
by fastforce
qed

lemma StatelmpBf :
Foinit f —  bf (init f)
unfolding bf-d-def df-d-def schop-d-def
by (metis (no-types) AndChopA StateImpBi bi-d-def di-d-def lift-imp-neg lift-imp-trans)

lemma BfBoxSChopImpSChop :
Eobof (f — f1) ANDO(g — g1) — f~g — fl~gl
by (auto simp add: Valid-def itl-defs)

lemma AndMoreSChopEquAndFmoreChop:
F (f A more)~g = (f A fmore);g
by (simp add: LeftChopEquChop AndMoreAndFiniteEquAndFmore schop-d-def)
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lemma FiniteBfGen:
assumes - finite — f
shows I bf f

using assms

by (simp add: Valid-def itl-defs)

lemma BfGen:

assumes F f

shows F bof f

using assms

by (metis EmptylmpFinite FiniteAndEmptyEquEmpty Finite BfGen Prop09 int-eq-true integ-reflection)

2.4.2 1ITL operators in terms of SChop

lemma NeztSChopdef:

F O f = skip~f

by (metis FiniteChopSkipEquSkip ChopFinite NowImpDiamond Prop10 Skip ChopFiniteImpFinite
inteq-reflection lift-imp-trans next-d-def schop-d-def sometimes-d-def)

lemma DiamondSChopdef:
F O f = #True~f
by (simp add: schop-d-def sometimes-d-def)

lemma FiniteSChopdef:
F finite = & empty
by (simp add: DiamondEmptyEquFinite int-iff D1 int-iffD2 int-iffT)

lemma ChopSChopdef:

= fig = ((f~g) vV (f Ainf))
by (metis AndInfChopEquAndInf OrChopEqu OrFinitelnf inteq-reflection schop-d-def)

lemma SFinprop :

- (# True~(f A empty)) A (#True~(g A empty))) = (#True~((f A g) A empty))

F ((# True—~(f A empty)) V (#True—~(g A empty))) = (#True~((f V g) N\ empty))

F o finite — (= (# True—~(f N empty))) = (# True~(—f A empty))

- (= (# True~(f A empty))) = (#True~(~f A empty)) V inf)

by (auto simp add: Valid-def itl-defs zero-enat-def)
(metis add.right-neutral enat.distinct(2) enat-add-sub-same less-eqE the-enat.simps zero-enat-def,
metis ndropn-eq-NNil ndropn-nlast ndropn-nlength nfinite-nlength-enat nlength-NNil the-enat.simps
zero-enat-def,
metis add.right-neutral enat.distinct(2) enat-add-sub-same le-iff-add the-enat.simps zero-enat-def,
metis ndropn-eq-NNil ndropn-nlast ndropn-nlength nfinite-nlength-enat nlength-NNil the-enat.simps
zero-enat-def,
metis add.right-neutral enat.distinct(2) enat-add-sub-same le-iff-add the-enat.simps zero-enat-def,
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metis ndropn-nlength nfinite-ndropn-b nlength-eq-enat-nfiniteD)

2.4.3 Basic Theorems

lemma BfSChopImpSChop :
b (f — 1) — fmg — fimg
proof —
have 1: + ¢ — g by auto
hence 2: -0 (g — g) by (rule BoxGen)
have 3:Fbf (f— fI) NO(9g — g9) — f~g — fl—~g by (rule BfBoxSChopImpSChop)
from 2 3 show ?thesis by fastforce
qed

lemma BilmpBf:

Fbif — bf f

unfolding bi-d-def bf-d-def di-d-def df-d-def schop-d-def
by (simp add: AndChopA)

lemma BiSChopImpSChop :
=bi (f — fI) — f~g — fl~g
proof —
have I: - g — ¢
by auto
hence 2: -0 (g — g)
by (rule BoxGen)
have 3:Fbi (f— fI) NO(g — g) — f~g9 — fl—~g
using BilmpBf BfBoxSChopImpSChop using BfSChopImpSChop by fastforce
from 2 3 show ?thesis by fastforce
qed

lemma AndSChopA:
= (f A f)~g — f~g
proof —
have I: - f A f1 — f by auto
hence 2: - bf (f A f1l — f) by (rule BfGen)
have 3:F bf (f AN fl — f) — (f A fI)~g — f—~g by (rule BfSChopImpSChop)
from 2 3 show ?thesis using MP by blast
ged

lemma AndSChopB:
F(fAf)~g — fl~g
proof —
have I:+ f A f1l — fI by auto
hence 2: = bf (f A f1 — f1) by (rule BfGen)
have 3:+ bof (f A fl — f1) — (f A fI)~g9 — fl—~g by (rule BfSChopImpSChop)
from 2 3 show ?thesis using MP by blast
qed
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lemma NeztSChop:
(O f)~g = O(f~9)
proof —
have I: F skip~(f—~g) = (skip~f)—~g by (rule SChopAssoc)
from 1 show ?thesis using NextSChopdef by (metis inteq-reflection)
qed

lemma BoxzSChopImpSChop :
F 09— gl) — f~g— [yl
proof —
have 1:+ g — g by auto
hence 2: - bf ( ¢ — g) by (rule BfGen)
have 3:Fbf (f— f) ANO(g — g1) — f~g9 — f~gl by (rule BfBoxSChopImpSChop)
from 2 3 show ?thesis by fastforce
qed

lemma LeftSChopImpSChop:

assumes - f— f1I

shows + f~g — fl—~g¢g

proof —

have I:+ f— fI using assms by auto

hence 2: - bf (f — f1) by (rule BfGen)

have 3:+ bf (f — f1) — f—~g9 — fl—~g by (rule BfSChopImpSChop)
from 2 3 show ?thesis using MP by blast

qged

lemma RightSChopImpSChop:

assumes - g — g1

shows + f~g — f—~gl

proof —

have 1: + g — g1 using assms by auto

hence 2: - 0O (¢ — g¢1) by (rule BoxGen)

have 3:+ 0 (9 — g1) — f~g9 — f—~gl by (rule BoxSChopImpSChop)
from 2 3 show ?thesis using MP by blast

qed

lemma RightSChopEquSChop:

assumes - g = g1

shows - (f~g) = (f~g1)

proof —

have 1: - g = g1 using assms by auto

have 2: (- g — g1) = (- f~g9 — f—~gl) by (rule RightSChopImpSChop)
have 3: (- g1 — g) = (- f—~g1 — f—~g) by (rule RightSChopImpSChop)
from 1 2 8 show ?thesis by fastforce

qed
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lemma BozRightSChopFEquSChop:
o (g=gl) —(~9) = (f~g))
proof —
have 0: - (9 =g1) = ((9 — gI) A (g1 — g))
by fastforce
have I: -0 (¢g=g1) = (O (g — gI) ANO (g1 — g))
by (metis 0 BoxAndBorEquBoxRule inteq-reflection)
have 2: -0 (¢ — g1) — (f~9) — (f—~g1)
by (simp add: BoxSChopImpSChop)
have 3: - 0O (g1 — g) — (f—~g1) — (f—~9)
by (simp add: BoxSChopImpSChop)
from 1 2 8 show ?thesis by fastforce
qed

lemma FiniteRightSChopEquSChop:
assumes F finite — g = g1

shows F finite — (f—~g) = (f—~g1)
using assms unfolding schop-d-def

by (simp add: FiniteRightChopEquChop)

lemma SChopOrEqu:

Ff~(gV gl) = (f~gV f~gl)
proof —

have 1: - g — g V g1 by auto

hence 2: - f~g — f~(g V g1) by (rule RightSChopImpSChop)
have 3:F gi — g V g1 by auto

hence 4: + f~g1 — f~(g V g1) by (rule RightSChopImpSChop)
from 2 4 show ?thesis by (meson SChopOrImp Prop02 Prop11)
qged

lemma OrSChopEqu:
E(fV)~g=(f~gV fi~yg)
proof —
have I:+ f — f V fI by auto
hence 2: - f~g — (fV fI)~g by (rule LeftSChopImpSChop)
have 3:F f1 — f Vv f1 by auto
hence 4: - fl~g — (fV f1)~g by (rule LeftSChopImpSChop)
from 2 / show ?thesis
by (meson OrSChopImp int-iffl Prop02)
qed

lemma OrSChopImpRule:

assumes - f — f1V f2

shows F f~g — (fi~g) V (f2~9)

proof —

have I1: - f — f1 V f2 using assms by auto

hence 2: -+ f~g — (f1 V f2)—~g by (rule LeftSChopImpSChop)
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have 3:F (f1V f2)~ g = (fl~g V f2—~g) by (rule OrSChopEqv)
from 2 3 show ?thesis by fastforce
qed

lemma LeftSChopEquSChop:

assumes - f = f1

shows F f—~g = (fl—~g)

proof —

have I: + f = fI using assms by auto

hence 2: - f — fI by auto

hence 3: + f~g — fl—~g by (rule LeftSChopImpSChop)
have F fl — f using 1 by auto

hence 4: + fl~g — f—~g by (rule LeftSChopImpSChop)
from 3 / show ?%thesis by (simp add: int-iff])

qed

lemma OrSChopEquRule:

assumes - f = (f1 V f2)

shows t f~g = ((fl~g) V (f2—g))

proof —

have I1:+ f = (f1 vV f2) using assms by auto

hence 2: - f—~g = ((f1 vV f2)~g) by (rule LeftSChopEquSChop)
have 3:F (f1 Vv f2)~g = (fl~g V f2—~g) by (rule OrSChopEqv)
from 2 3 show ?thesis by fastforce

qed

lemma SChopOrImpRule:

assumes g — g1V g2

shows |+ f~g — (f~g1) vV (f~g2)

proof —

have 1. - ¢ — g1 V ¢2 using assms by auto

hence 2: + f~g — f~(g1 V ¢2) by (rule RightSChopImpSChop)
have 3:F f~(g1V g2) = (f~g1V f~g2) by (rule SChopOrEquv)
from 2 3 show ?thesis by fastforce

qed

lemma SChopImpDiamond:

Ff~g — g

proof —

have 1: + f — #True by auto

hence 2: - f~g — #True—~g by (rule LeftSChopImpSChop)
from 2 show ?thesis using DiamondSChopdef by fastforce
qed

lemma BfImpDfImpDf:
Fbof(f—9) — df f— df g
proof —
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have I: + bof (f— g) — (f—~ #True) — (9~ #True) by (rule BfSChopImpSChop)
from 1 show ?Zthesis by (simp add: df-d-def)
qed

lemma DfImpDf:

assumes - f — ¢

shows + df f— df ¢

proof —

have I:+ f— ¢ using assms by auto

hence 2: - f~ #True — g~ #True by (rule LeftSChopImpSChop)
from 2 show ?%thesis by (simp add: df-d-def)

qged

lemma BfImpBfRule:

assumes - f — ¢

shows + bff — bf g

proof —

have 1.+ f— g using assms by auto

hence 2: - - g — — f by auto

hence 3:+ df (= g) — df (= f) by (rule DfImpDf)
hence 4: == (df (= f)) — = (df (= g)) by auto
from / show ?thesis by (simp add: bf-d-def)

qed

lemma DfEquDf:

assumes - f = ¢

shows + dff = dfg

proof —

have I:+ f = g using assms by auto

hence 2: - f~ #True = g~ #True by (rule LeftSChopEquSChop)
from 2 show ?thesis by (simp add: df-d-def)

qed

lemma BfEquBf:

assumes - f =g

shows F bff = bf ¢

proof —

have 1:+ f = g using assms by auto

hence 2: - (= f) = (= g¢) by auto

hence 3:+ df (- f) = df (- g) by (rule DfEquDY)
hence 4 I (= (df (= f))) = (= (df (~ ¢))) by auto
from / show ?thesis by (simp add: bf-d-def)

qed

lemma LeftSChopSChopImpSChopRule:
assumes - (f—~ g) — ¢
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shows F (f~¢g)~h— (g~ h)

proof —

have I:+ (f—~ g) — g using assms by blast

hence 2: - (f—~ g)~ h — g~ h by (rule LeftSChopImpSChop)
have 3:+ f—~ (¢~ h) = (f—~ g0~ h by (rule SChopAssoc)
from 2 3 show ?thesis by auto

qed

lemma AndSChopCommute :

~ (A~ g= (1A P~ g

proof —

have 1: + (f A fI) = (fI A f) by auto

from 1 show ?Zthesis by (rule LeftSChopEquSChop)
qed

lemma BfAndSChopImport:

S B FA (I g) — (F A f)mg

proof —

have 1.+ f — (ft — fA f1) by auto

hence 2: - bf f — bf (fl — fA f1) by (rule BfImpBfRule)

have 3:F bf (fl — (f AN f1)) —  fl~ g — (f A fI)~ g by (rule BfSChopImpSChop)
from 2 3 show ?thesis using MP by fastforce

qged

lemma BiAndSChopImport:

Fbif A (fIm g) — (A f)~g

proof —

have 1.+ f — (ft — f A fI) by auto

hence 2: + bi f — bi (fl — fA f1) by (rule BilmpBiRule)

have 3:F bi (fl — (f AN f1)) —  fl~ g — (f A f1)~ g by (rule BiSChopImpSChop)
from 2 3 show ?thesis using MP by fastforce

qed

lemma StateAndSChopImport:

F (init w) A (f~g) — ((init w) A f)—~g

proof —

have 1: F (init w)— bf (init w) by (rule StateImpBf)

hence 2: - (init w) A (f—~ g) — bf (init w) A (f—~ g) by auto

have 3:F bf (init w) A (f—~ g) — ((init w) A f)~ g by (rule BfAndSChopImport)
from 2 3 show ?thesis using MP by fastforce

qed

2.4.4 Further Properties Df and Bf

lemma AndFiniteImpDf:

Ef A finite — df f

proof —

have I: & finite — f~ empty = f by (rule SChopEmpty)
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have 2: F empty — #True by auto

hence 3: - f~ empty — f~ #True by (rule RightSChopImpSChop)
have 4 : - f A finite — f—~ #True using 1 3 by fastforce

from / show ?thesis by (simp add: df-d-def)

qed

lemma DfState:

Fdf (init w) = (init w)

proof —

have 0:t (init (~w)) — bf (init (—w)) using StateImpBf by fastforce

hence 1: F =(init w) — bf ( = (init w)) using Initprop(2) by (metis integ-reflection)

hence 2: - (= (init w)) — = (df (= = (init w))) by (simp add: bf-d-def)

have 3:F (= (init w) —— (df (—=(init w)))) — ( df (-=(init w)) — (init w)) by auto

have 4:+ df (== (init w)) — (init w) using 2 3 MP by blast

have 5:F (init w) — = = (init w) by auto

hence 6: - df (init w) — df (= — (init w)) by (rule DfImpDf)

have 7:F df (init w) — (init w) using 6 4 using lift-imp-trans by metis

have 8:F (init w) A finite — df (init w) by (rule AndFiniteImpDf)

from 7 8 show ?thesis

by (metis NowImpDiamond Prop10 StateAndChop df-d-def int-simps(17) integ-reflection

lift-and-com schop-d-def sometimes-d-def)

qed

lemma StateSChop:
F (init w)~ f — (init w)
by (simp add: StateChopEzxportA schop-d-def)

lemma StateSChopExportA:
F ((init w) A f)—~ g — (init w)
by (meson AndSChopA StateSChop lift-imp-trans)

lemma StateAndSChop:

= ((init w) A f)~ g = ((init w) A (f~ g))
by (simp add: AndSChopB StateAndSChopImport StateSChopExportA Propl1 Propl2)

lemma StateAndSChopImpSChopRule:

assumes - (init w) A f — f1

shows + (init w) A (f—~ g) — (fI—~ 9)

proof —

have I1:+ (init w) A f — fI using assms by auto

hence 2: - ((init w) A f)~ g — f1—~ g by (rule LeftSChopImpSChop)
have 3:F ((init w) A f)~ g = ((init w) A (f—~ g)) by (rule StateAndSChop)
from 2 3 show ?thesis by fastforce

qed

lemma StateImpSChopEquSChop :
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assumes - (init w) — (f = fI)

shows F (init w) — ((f—~ g) = (f1—~ g))

proof —

have 1: F (init w) — (f= f1) using assms by auto

hence 2: - (init w) A f — f1 by auto

hence 3: - (init w) A (f~ g) — (f1—~ g) by (rule StateAndSChopImpSChopRule)
have 4: F (init w) A fl — f using I by auto

hence 5: - (init w) A (fi~ g) — (f—~ g) by (rule StateAndSChopImpSChopRule)
from 3 5 show ?thesis by fastforce

qed

lemma ChopFEquStateAndSChop:
assumes - f = (init w) A f1
shows + (f—~ g) = ((init w) A (fI—~ g))
proof —
have I1:+ f = ((init w) A f1) using assms by auto
hence 2: + f~ g = (((init w) A fI)~ g) by (rule LeftSChopEquSChop)
have 3:F ((init w) A fI)~ g = ((init w) A (f1~ g)) by (rule StateAndSChop)
from 2 3 show ?thesis by fastforce
qged

lemma Dfintro:
Ff A finite — df f
proof —
have 1: F finite — f—~empty = f by (rule SChopEmpty)
have 2:+ empty — #True by auto
hence 3: - O( empty — # True) by (rule BozGen)
have 4:+ O( empty — #True) — (f; empty — f; #True) by (rule BoxChopImpChop)
have 5:F f—~empty — f~#True using 3 4 MP by (simp add: RightSChopImpSChop)
hence 6: - f~empty — df [ by (simp add: df-d-def)
from 1 6 show ?thesis using AndFiniteImpDf by blast
qed

lemma BfElim:
Fbof f A finite — f
proof —
have 1.+ —f A finite — df (=f) by (rule DfIntro)
have 2: F (=f A finite — df (=f)) — (=(df (=f)) — —(= f A finite) ) by simp
have 21: b —(= f A finite) = (f V inf) by (simp add: Valid-def finite-d-def)
have 3:F = (df (=f)) — f V inf using 1 2 21 by fastforce
from 3 show ?%thesis by (simp add: Prop13 bf-d-def finite-d-def)
qged

lemma BfContraPosImpDist:
Eof (g — f) — (0 f) — (bf 9)
proof —
have I:+ bf (mg — —f) — (df (—g)) — (df (=f)) by (rule BfImpDfImpDf)
hence 2: F bf (~g — ~f) — (~( df (<)) — (~(df (~))) by auto
from 2 show ?thesis by (metis bf-d-def)
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qed

lemma BfImpDist:
- b (f— ) — (b ) — (bf g)
proof —
have 1.+ (f — g) — (= g — = f) by auto
hence 2:+ - (= g — - f) — = (f — g) by auto
hence 3: - b0f (= (- g— = f) — = (f — ¢)) by (rule BfGen)
have 4:Ebf ((m g—~ f)—~(f—9)
H
bf (f — g) — bf (= g — — f) by (rule BfContraPosImpDist)
have 5:F bf (f — g) — bf (- g — — f) using 3 4/ MP by blast
have 6:+bf (- g — = f) — (bf f) — (bf g) by (rule BfContraPosImpDist)
from 5 6 show ?thesis using lift-imp-trans by blast
qed

lemma FiniteImpBfImpBfRule:

assumes - finite — (f — g)

shows F bf f — bf g

proof —

have 1.+ finite — f— ¢ using assms by auto

have 2:+ bf(f — g) using 1 by (simp add: FiniteBfGen)

have 3:F bf(f — g) — bf f — bf g using BfImpDist by blast
from 2 3 show ?thesis by fastforce

qed

lemma FinitelmpBfEquRule:

assumes - finite — (f = g)

shows F bof f = bfg

proof —

have I: b finite — (f = ¢) using assms by blast

have 2: + finite — (f — ¢) using 1 by auto

have 3: - bf f — bf g by (simp add: 2 FiniteImpBfImpBfRule)
have 4: F finite — (¢ — f) using I by auto

have 5: - bf ¢ — bf f by (simp add: 4 FiniteImpBfImpBfRule)
from 3 5 show ?thesis by fastforce

qed

lemma IfSChopEquRule:
assumes - f = if; (init w) then f1 else f2
shows F f—~ g = if; (init w) then (fI—~ g) else (f2—~ g)
proof —
have I1:+ f = if; (init w) then f1 else f2
using assms by auto
hence 2: - f = (((init w) A f1) VvV ( (init (- w)) A f2))
unfolding ifthenelse-d-def by (metis Initprop(2) int-eq)
hence 3: + f~ g = (((init w) A fI)~ gV ( (init (= w)) A f2)—~ g)
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by (rule OrSChopEquRule)
have /4: + ((init w) A f1)~ g = ((init w) A (f1~ g))
by (rule StateAndSChop)
have 5:F ( (init (- w)) A f2)~ g=((init (- w)) A (f2—~ g))
by (rule StateAndSChop)
have 6:F f~ g = (((init w) A fl~ g) V ( (init (- w)) A f2—~ g))
using & 4 5 by fastforce
from 6 show ?thesis unfolding ifthenelse-d-def by (metis Initprop(2) inteq-reflection)
qed

lemma SChopOrEquRule:

assumes - g = (g1 V ¢2)

shows + f~g = ((f~g1) vV (f~g2))

proof —

have I1:+ g = (g1 vV ¢2) using assms by auto

hence 2: - f—~ g = (f—~ (g1 V ¢2)) by (rule RightSChopEquSChop)
have 3:F f~ (g1V ¢2) = (f—~ g1V f~ g2) by (rule SChopOrEqu)
from 2 3 show ?thesis by fastforce

qed

lemma EmptyOrSChopEqu:

F(empty V f)~g=1(9V (f~9))

proof —

have 1: - (empty vV f)~ g = ((empty —~ g) V (f—~ g)) by (rule OrSChopEqv)
have 2: - emplty —~ g = g by (rule EmptySChop)

from 1 2 show ?thesis by fastforce

qed

lemma EmptyOrNextSChopEqu:
F(empty V Of)~g=(9V O~ g))
proof —
have I: + (empty V O f)~g=1(9V (O f)~ g)) by (rule EmptyOrSChopEquv)
have 2: + (O f)~ g = O(f—~ g) by (rule NextSChop)
from 1 2 show ?thesis by fastforce
qed

lemma EmptyOrSChopImpRule:

assumes - f — empty V fI

shows F f~g— gV (fI~g)

proof —

have I: - f — empty V fI using assms by auto

hence 2: - f~ g — ( empty V f1)~ g by (rule LeftSChopImpSChop)
have 3:F (empty Vv fI)~g=(gV (fl~ g)) by (rule EmptyOrSChopEquv)
from 2 3 show ?thesis by fastforce

qed

lemma EmptyOrSChopEquRule:
assumes - [ = (empty V fI)
shows Ff~g=(gV (fiI~g)
proof —
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have 1.+ f = (empty V fI) wusing assms by auto

hence 2: - f—~ g = (( empty vV fI)~ g) by (rule LeftSChopEquSChop)
have 3:F (empty Vv fI)~ g=(g9V (fl—~ g)) by (rule EmptyOrSChopEqv)
from 2 3 show ?thesis by fastforce

qed

lemma EmptyOrNextSChopImpRule:

assumes - f — empty V O fI

shows + f~g— gV O(fl~ g)

proof —

have I: - f — empty V O f1 using assms by auto

hence 2: - f—~ g — (empty V O f1)~ g by (rule LeftSChopImpSChop)

have 3:F (empty V O fI)~ g=(9V O(fl~ g)) by (rule EmptyOrNexztSChopEquv)
from 2 3 show ?thesis by fastforce

qed

lemma EmptyOrNextSChopFEquRule:

assumes - f = (empty V O fI)

shows F f~g=(gV O(fI~ g))

proof —

have 1.+ f = (empty V O flI) using assms by auto

hence 2: - f~ g = ((empty vV O f1)~ g) by (rule LeftSChopEquSChop)

have 3:F (empty Vv O fl)~g=(9V O(fl~ g)) by (rule EmptyOrNextSChopEquv)
from 2 3 show ?thesis by fastforce

qed

lemma SChopEmptyOrimpRule:

assumes - g — empty V gl

shows - f~ g A finite — fV (f—~ g1)

proof —

have I: - g — empty V g1 using assms by auto

hence 2: + f~ g — (f—~ empty ) V (f—~ g1) by (rule SChopOrImpRule)
have 3:F finite — f—~ empty = f by (rule SChopEmpty)

from 2 3 show ?thesis by fastforce

qed

lemma BozStateSChopBorAndInfImpBo:
F O (init w)~ O (init w) A inf — O (init w)
by (metis AndChopA BoxStateChopBoxEquBox OrFiniteInf Prop03 int-eq lift-imp-trans schop-d-def)

lemma BozStateSChopBoxEquBox:
F O (init w)~ O (init w) = O (init w)
proof —
have 1:+ (O (init w)) = ((init w) A (empty vV O(O (init w))))
by (rule BozEquAndEmptyOrNextBox)
hence 2: F (O (init w)~ O (init w)) =
((init w) A (( empty v O(O (init w)))~ O (init w)))
by (metis StateAndSChop integ-reflection)
have 3 F ((empty vV O(O (init w)))~ O (init w)) =
(O (init w) Vv O(O (init w)~ O (init w)))
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by (rule EmptyOrNextSChopEqu)
have 4:+ (O (init w)~ O (init w)) =
((init w) A (O (init w) V. OO (init w)~ O (init w))))
using 2 3 by fastforce
have &5:F = (O (init w)) — = (init w) V. —( O(O (init w)))
by (rule NotBozImpNotOrNotNextBox)
have 6:F (O (init w)~ O (init w)) A =( O (init w)) —
O(O (init w)~ O (init w)) A —=( O(O (init w)))
using 4 5 by fastforce
hence 7:F O (init w)~ O (init w) A finite — O (init w)
by (rule NextContra)
have &:F O (init w)~ O (init w) A inf — O (init w)
by (rule BoxStateSChopBoxAndInfImpBox)
have 9:F O (init w)~ O (init w) A (finite V inf) — O (init w)
using 7 8 by fastforce
hence 10:+ O (init w)~ O (init w) — O (init w)
using FiniteOrInfinite by fastforce
have 11: F O (init w) = ((init w) A O (init w))
by (rule BozEquAndBoz)
have 12:+ empty —~ O (init w) = O (init w)
by (rule EmptySChop)
have 13:+ ((init w) A empty )~ O (init w) = ((init w) A ( empty —~ O (init w)))
by (rule StateAndSChop)
have 14:F O (init w) = ((init w) A empty )~ O (init w)
using 11 12 13 by fastforce
have 15:F (init w) A empty — O (init w)
by (rule StateAndEmptylmpBoxState)
hence 16: F ((init w) A empty )~ O (init w) — O (init w)—~ O (init w)
by (rule LeftSChopImpSChop)
have 17:F O (init w) — O (init w)~ O (init w)
using 14 16 by fastforce
from 10 17 show ?thesis by fastforce
qed

lemma NotBozxzStateImpBozSYieldsNotBox:

F =0 (init w)) — (O (init w)) syields (—( O (init w)))

proof —

have 1:F O (init w)~ O (init w) = O (init w) by (rule BozStateSChopBoxEquBox)

have 2:+ 0O (init w) = (= =( O (init w))) by auto

hence 3: - O (init w)~0O(init w) = O(init w)~ (-—(T(init w))) by (rule RightSChopEquSChop)
have 4:+ =( O (init w)) — = (O (init w)~ (- = (O (init w)))) using 1 3 by auto

from 4 show ?thesis by (simp add: syields-d-def)

qed

lemma StateEquBf:

F o (init w) = bf (init w)

proof —
have 1: F (init w) — bf (init w) by (rule StateImpBf)
have 2: - bf (init w) A finite — (init w) by (rule BfElim)
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from 1 2 show ?Zthesis

by (metis (no-types) DfState Initprop(2) bf-d-def int-simps(4) integ-reflection)
qed

lemma TrueSChopEquDiamond:
F #True~ f=Cf
using DiamondSChopdef by fastforce

lemma BfAndEquBfAndBf:

= b(F A g) = (B f A bf g)

proof —

have I: - f A g — f by auto

have 2: - bf(f A g) — bf f by (simp add: 1 BfImpBfRule)

have 3: F f A ¢ — ¢ by auto

have 4: = bf(f A g) — bf g by (simp add: 3 BfImpBfRule)

have 5: - f — (g — f A g) by auto

have 6: - bf f — bf (9 — f A g) by (simp add: 5 BfImpBfRule)
have 7: - bf (9 — f AN g) — (bf g — bf(f A g)) by (simp add: BfImpDist)
have 8:+ bf f AN bf g — bf (f A\ g) using 6 7 by fastforce

from 2 / 8 show ?thesis by fastforce

qed

lemma BfEquBfIlmpAndBfImp:

= bf(f =g) = (bf (f — g) AN bf(g — 1))

proof —

have £: F (f = g) = ((f — 9) A (9 — /)) by auto

have 2: - bf(f = g) = bf((f — g9) A (9 — f)) by (simp add: 1 BfEquBf)

have 3: - bf((f — g) AN (g — f)) = (bf(f — g) A bf(g — [)) by (simp add: BfAndEquBfAndBf)
from 2 3 show ?thesis by fastforce

qed

lemma BfEquimpSChopEquSChop:

S B = f1) — fmg = f1 ~ g

proof —

have 1: + bf(f = f1) = (bf (f — f1) A bf(f1 — f)) by (simp add: BfEquBfImpAndBfImp)
have 2: - bf (f — fI) — f —~ g — f1 —~ g by (simp add: BfSChopImpSChop)

have 3: - bf(fl — f) — f1 ~ g — f —~ ¢ by (simp add: BfSChopImpSChop)

from 1 2 8 show ?thesis by fastforce

qged

lemma BfEquDfEquDf:

Fof(f=9) — (df f = df g)

proof —

have 1: - bf(f = g) — (f — #True) = (9 —~ # True)
using BfEquImpSChopEquSChop by fastforce

from 1 show ?thesis by (simp add: df-d-def)
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qed

lemma FiniteImpFEquDfImpRule:

assumes - finite — f = ¢

shows F dff=dfg

proof —

have I1: F finite — f = ¢ using assms by auto

have 2: - bf(f = ¢g) using 1 by (simp add: FiniteBfGen)

have 3: - bf(f = g) — (df f = df g) by (simp add: BfEquDfEquDf)
from 2 3 show ?thesis by fastforce

qed

lemma DfEmpty:

F df empty

proof —

have 1: - #True by auto

have 2: - empty —~ # True = # True by (rule EmptySChop)
have 3: F empty —~ #True using 1 2 by auto

from & show ?thesis by (simp add: df-d-def)

qed

lemma BfImpDf:

Eboff — df f

proof —

have I: + f — (empty — f) by auto

have 2: - bf f — bf(empty — f) by (simp add: 1 BfImpBfRule)

have 3: - bf(empty — f) — df empty — df f by (simp add: BfImpDfImpDf)
have /: - bf f — df empty — df f using 2 3 lift-imp-trans by blast

have 5: - df empty by (simp add: DfEmpty)

from 4 5 show ?thesis by fastforce

qed

2.4.5 Properties of SDa and SBa

lemma SDaFEquDtDf:

Foosda f=< (df f)

proof —

have 1.+ #True~ (f~ #True) = # True—~ (f~ #True) by auto

hence 2: - # True~ (f~ #True) = #True—~ df f by (simp add: df-d-def)
have 3:+ #True~ (df f) = <(df f) by (simp add: TrueSChopEquDiamond)
have 4+ #True~ (f~ #True) = O( df f) using 2 3 by fastforce

from / show ?thesis by (simp add:sda-d-def)

qed

lemma SDaFEquDfDt:

Foosda f= df (©f)
proof —
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have 1.+ #True~ f = < f by (rule TrueSChopEquDiamond)

hence 2: - (#True~ f)—~ #True = (& f)~ #True by (rule LeftSChopEquSChop)
hence 3: + (#True~ f)~ #True = df( ¢ f) by (simp add: df-d-def)

have /4: + #True~ (f~ #True) = (# True~ f)~ #True by (rule SChopAssoc)
have 5+ #True~ (f~ #True) = df (¢ f) using 3 4 by fastforce

from 5 show ?thesis by (simp add: sda-d-def)

qed

lemma DtDfEquDfDt:

O f)=df (OF)
by (meson Prop04 SDaEquDfDt SDaEquDtDf)

lemma SBaFquBfBt:
o osba f=0bf(OF)
proof —

have 1.+ sda (- f) = df(
have 2: - O (= f) =

& (= f)) by (rule SDaEquDfDt)
-(3/)
hence 3: + df (C(= f)) = df
(=
p

y (rule DiamondNotEquNotBozx)
(0 f)) by (rule DfEquDS)

O f)) using 1 3 by fastforce

~ (df (<(D 1)) by auto

f( O f) by (simp add: bf-d-def)

d: sba-d-def)

have 4:F sda (- f)= d
hence 5: - (= (sda (= f)))
hence 6: - (= ( sda (= f)))
from 6 show ?%thesis by (sim
qed

)
IS

lemma DfNotEquNotBf:

Eoodf (= f) = (=(0f f))

proof —

have I: - bof f= (= (df (- f))) by (simp add: bf-d-def)
from 1 show ?thesis by auto

qged

lemma DfDfNotEquNotBfBf:

Fdf (df (= f) = (= (bf (bf 1))

proof —

have 1: = df (= f) = (= bf f) by (simp add: DfNotEquNotBf)

have 2: - df ( df (= f)) = df (= bf f) by (simp add: 1 DfEquDf)
have 3: - df (= bf f) = (= bf (bf f)) by (simp add: DfNotEquNotBf)
from 2 3 show f?thesis by fastforce

qed

lemma DfDtEquDtDf:
= df(o f) = O(df 1)
proof —
have I: b (#True~f)~# True = # True—~(f ~# True)
using SChopAssoc by fastforce
have 2: - (O f)~#True = O(f~# True)
using 1 by (metis TrueSChopEquDiamond int-eq)
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from 1 2 show %thesis by (simp add: df-d-def)
qed

lemma DfDtNotEquNotBfBt:

= df(O(= f)) = (=(bf(O 1))

proof —

have 1: - < (=f) = (= (O f)) by (simp add: DiamondNotEquNotBox)
have 2: - df(< (—f)) = df(—= (O f)) by (simp add: 1 DfEquDf)

have 3: F df(—=(O f)) = (=(bf (T f))) by (simp add: DfNotEquNotBf)
from 2 3 show ?thesis by fastforce

qed

lemma DtDfNotEquNotBtBf:

- odf (- ) = (- (O 1))

proof —

have I: + df(— f) = (= (bf f)) using DfNotEquNotBf by blast

have 2: = O(df(= f)) = O(= (bf f)) by (simp add: 1 DiamondEquDiamond)
have 3: = O(= (bf f)) = (- O(bf f)) by (simp add: DiamondNotEquNotBox)
from 2 3 show ¢thesis by fastforce

qed

lemma SBaFquBtBf:
o osba f =0 (bf f)

proof —

have I1:+ sda (- f) =< (df (= f)) by (rule SDaEquDtDf)

have 2:F df (- f) = (= (bf f)) by (rule DfNotEquNotBf)

hence 3: = < (df (= f)) = O(= (bf f)) by (rule DiamondEquDiamond)
have 4:F (= (O(= (bf f) ) by (rule NotDiamondNotEquBox)

) =o(bf f
) o(bf f) using 1 2 8 4 by fastforce
add: sba-d-def)

)
have 5:+ (= ( sda (= f))
from 5 show ?thesis by (sim
qed

lemma BalmpSBa:
Fba f — sba f
using BaFEquBiBt BilmpBf SBaEquBfBt by fastforce

lemma SDalmpDa:
F sda f — da f
proof —
have I: F ba (= f) — sba (—f)
using BalmpSBa by blast
have 2: - = sba (=f) — = ba (= f)
using 1 by fastforce
from 2 show ?thesis by (simp add: sba-d-def ba-d-def)
qed

lemma BtBfEquBfBt:
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- D@ f)=bf(0f)

proof —

have I: + sba f =0 (bf f) Dby (rule SBaEquBtBf)
have 2: + sba f=0bf( O f) by (rule SBaEquBfBt)
from 1 2 show ?thesis by fastforce

qed

lemma BozStateEquSBaBozState:

F O (init w) = sba (O (init w))

proof —

have I1:+ (init w) = bf (init w) by (rule StateEquBf)

hence 2: - 0O (init w) = O (bf (mz’t w)) by (rule BozEquBoz)

have 3:F 0O (bf (init w)) = bf( O (init w)) by (rule BtBfEquBfBt)
have 4:F O (init w) = O(D (zmt w)) by (rule BorEquBozBoz)
hence 5: - bf( O (init w)) = bf (O(O (init w))) by (rule BfEquBf)
have 6: F sba( O (init w)) = bf( O(O (init w))) by (rule SBaEquBfBt)
from 2 3 5 6 show ?thesis by fastforce

qed

lemma SBalmpBf:

F o sba f— bf f

proof —

have I: + sba f = 0O(bf f) by (rule SBaEquBtBf)
have 2: - O(bf f) — bf f by (rule BoxElim)

from 1 2 show ?thesis using lift-imp-trans by fastforce
qed

lemma BalmpBf:

Eoba f— bf f

proof —

have 1: - ba f = 0O(bi f) by (rule BaEquBtBi)

have 2: - 0O(bi f) — bi f by (rule BoxElim)

have 3: + bi f — bf f by (simp add: BilmpBf)

from 1 2 8 show ?thesis using lift-imp-trans by fastforce
qed

lemma SBalmpBt:

F sba f A finite— O f

proof —

have I: + sba f = bf( O f) by (rule SBaEquBfBt)
have 2: - bf( O f) A finite — O f by (rule BfElim)
from 1 2 show ?thesis by fastforce

qed

lemma DiamondImpSDa:
F O f A finite — sda f
by (metis AndFiniteImpDf SDaEquDfDt inteq-reflection)

lemma DfImpSDa:
Fdf f— sda f
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using NowlImpDiamond SDaFEquDtDf by fastforce

lemma BozAndSChopImport:

F OhAf~g—f~(hAyg)

proof —

have I:+h — g — (h A g) by auto

hence 2: -0 h — O(g — (h A g)) by (rule ImpBoxRule)

have 3:F0O(9g — (hAg) — f~9g— f~ (hA g) by (rule BoxSChopImpSChop)
from 2 3 show ?thesis by fastforce

qed

lemma SBaAndSChoplImport:
F o sba f A finite A (9~ g1) — (f A g)—~ (f A g1)
proof —
have 1:+ sba f — bf f by (rule SBalmpBf)
have 2:F bf f A (g~ g1) — (f AN g~ g1 by (rule BfAndSChopImport)
have 3:F sba f A finite — O f by (rule SBalmpBt)
have -0 fA(fANg)—~ gl — (f AN g~ (f A gl) by (rule BoxtAndSChopImport)
from 1 2 8 4 show ?thesis by fastforce
qged

lemma BaAndSChopImport:
Foobaf A (g~ gl) — (FAg~ (fAgD)
proof —
have 1:+ ba f — bi f by (rule BalmpBi)
have 2: - bi f A (9~ g1) — (f A g)— g1 by (rule BiAndSChopImport)
have 3:F ba f — O f by (rule BalmpBt)
have /-0 fA(fANg—~ gl — (f AN g~ (f A gl) by (rule BoztAndSChopImport)
from 1 2 8 / show %thesis by fastforce
qed

lemma SChopAndCommute:

Fof~ (g A gl)=f~ (91 N9)

proof —

have 1: F (g A g1) = (g1 A g) by auto

from 1 show ?thesis by (rule RightSChopEquSChop)
qed

lemma SChopAndA:

o f~(gAgl) — f~g

proof —

have I: + (¢ A g1I) — ¢ by auto

from 1 show ?thesis by (rule RightSChopImpSChop)
qed

lemma SChopAndB:

o f~(gAgl) — f~ gl

proof —

have I: + (g A g1I) — g1 by auto

from 1 show ?thesis by (rule RightSChopImpSChop)
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qed

lemma BozStateAndSChopEquSChop:
F (O (init w) A finite A (f~ g)) = (O (init w) A f)—~ (O (init w) A g) A finite)
proof —
have 1:+ O (init w) = sba( O (init w))
by (rule BozStateEquSBaBoxState)
have 2: F sba( O (init w)) A finite A (f~ g) — (O (init w) A f)—~ (O (init w) A g)
by (rule SBaAndSChopImport)
have 3:F O (init w) A finite A (f—~ g) — (O (init w) A f)—~ (O (init w) A g)
using 1 2 by fastforce
have 11: - (O (init w) A f)~ (O (init w) A g) — (O (init w))—~ (O (init w) A g)
by (rule AndSChopA)
have 12: F (O (init w))~ (O (init w) A g) — (O (init w))~ (O (init w))
by (rule SChopAndA)
have 13: F (O (init w))~ (O (init w)) = O (init w)
by (rule BozStateSChopBoxrEquBox)
have 14: - (O (init w) A f)~ (O (init w) A g) — f~ (O (init w) A g)
by (rule AndSChopB)
have 15: F f~ (O (init w) A g) — f—~ ¢
by (rule SChopAndB)
have 16: - (O (init w) A f)—~ (O (init w) A g) — O (init w) A (f—~ g)
using 11 12 13 14 15 by fastforce
from & 16 show ?thesis by fastforce
qed

lemma DfEquNotBfNot:
—df f= (b (- )
proof —
have 1.+ 0bf (= f)= (= (df (== f))) by (simp add: bf-d-def)
hence 2: - df (== f) = (=(bf (= f))) by auto
have 3:F f = (== f) by auto
hence 4: + df f= df (—— f) by (rule DfEquDf)
from 2 / show ¢thesis by auto
qed

lemma SChopAndBozImport:

F f~gANOh— f~(gAh)

proof —

have : F O h A f~ g — f~ (h A g) by (rule BoxtAndSChopImport)
have 2: - f~ (h A g) = f—~ (g A h) by (rule SChopAndCommute)
from 1 2 show ?thesis by fastforce

qed

lemma AndSChopAndCommute:

A9~ (fIAgl) = (9N f)~ (g1 A fI)

proof —

have 1: = (f A g)—~ (f1 A g1) = (g A f)—~ (fI A g1) by (rule AndSChopCommute)
have 2: - (g A f)—~ (f1 A gl) = (g AN f)—~ (g1 A f1) by (rule SChopAndCommute)
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from 1 2 show ?thesis by fastforce
qed

lemma SChopImpSChop:
assumes - f — f1
Fg— g1
shows + f~g — fl—~gl
proof —
have 1.+ f — fI using assms by auto
hence 2: + f~ g — f1—~ g by (rule LeftSChopImpSChop)
have 3. F g — g1 using assms by auto
hence 4: + fl~ g — f1—~ g1 by (rule RightSChopImpSChop)
from 2 / show ?thesis by fastforce
qed

lemma SChopEquSChop:
assumes - f = f1
Fg= g1
shows + f—~¢g = fl~gl
proof —
have I:+ f = f1 using assms by auto
hence 2: - f~ g = f1l—~ g by (rule LeftSChopEquSChop)
have 3:F g = g1 wusing assms by auto
hence /: F f1~ g = f1~ g1 by (rule RightSChopEquSChop)
from 2 4 show ?thesis by fastforce
qed

lemma BoxSChopImpSChopBoz:

F Oh—f~g9g—f~(@OhAyg)

proof —

have : F O h— 0O(9g — O h A g ) by (rule BorImpBozrImpBox)

have 2.+ 0O(¢g —OhANg) — f~g— f~(OhA g) by (rule BoxSChopImpSChop)
from 1 2 show ?thesis by fastforce

qed

lemma NotChopEquSYieldsNot:

(0 (f~ 9) = [syields (- g)

proof —

have I:+ g= (= - g) by auto

hence 2: + f~ g = f~ (= = g) by (rule RightSChopEquSChop)
hence 3: b (= (f~ g)) = (= (f~ (= = g))) by auto

from 3 show ?thesis by (simp add: syields-d-def)

qed

lemma NotDfFulse:

F = ( df #False)

proof —

have 1:t (init # True) — bf (init # True) by (rule StateImpBf)
hence 2: - # True — bf # True by (simp add: BfGen)

have 3: F #True by auto
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have 4: F bf #True using 2 8 MP by auto

hence 5: - = (df (= #True)) by (simp add: bf-d-def)
have 6:F (- #True) = #False by auto

hence 7: - df (= #True) = df #False by (rule DfEquDf)
from 5 7 show #%thesis by auto

qed

lemma StateAndEmptySChop:

F o ((init w) A empty )~ f = ((init w) A f)

proof —

have 1: - ((init w) A empty )~ f = ((init w) A empty —~ f) by (rule State AndSChop)
have 2: = empty ~ f = f by (rule EmptySChop)

from 1 2 show ?thesis by fastforce

qed

lemma StateAndNextSChop:

F o ((init w) A O f)~ g = ((init w) N O(f~ g))

proof —

have 1: F ((init w) A O f)—~ g = ((init w) A (O f)—~ g) by (rule StateAndSChop)
have 2: + (O f)—~ g = O(f—~ g) by (rule NextSChop)

from 1 2 show ?thesis by fastforce

qged

lemma NeztStateAndSChop:

= O(((init w) A f)~ g) = (O (init w) A O(f~ 9))

proof —

have I1:F ((init w) A f)—~ g = ((init w) A f~ g) by (rule StateAndSChop)

hence 2: - O(((init w) A )~ g) = O((init w) A f—~ g) by (rule NextEquNext)

have 3:+ O((init w) A f~ g) = (O (init w) A O(f~ g)) by (rule NextAndEquNextAndNext)
from 2 3 show f¢thesis by fastforce

qed

lemma StateSYieldsEqu:

F o ((init w) — (f syields g)) = ((init w) A f) syields g

proof —

have I1:F ((init w) A f)—~ (= g) = ((init w) A f~ (= g)) by (rule StateAndSChop)
hence 2: - ((init w) — = (f~ (= g))) = (= (((init w) A f)~ (= g))) by auto
from 2 show ?%thesis by (simp add: syields-d-def)

qed

lemma StateAndDf:

Fo((init w) A df f) = df ((init w) A f)

proof —

have 1: F ((init w) A f)~ #True= ((init w) A f~ #True) by (rule StateAndSChop)
from 1 show ?thesis by (metis df-d-def inteq-reflection)

qed

lemma DfNext:
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- df(Of) =0 (df f)

proof —

have 1: - (O f)—~ #True = O(f—~ #True) by (rule NextSChop)
from 1 show ?thesis by (simp add: df-d-def)

qed

lemma DfNextState:

Fodf( O (init w)) = O (init w)

proof —

have 1.+ df( O (init w)) = O( df (init w)) by (rule DfNext)
have 2:F df (init w) = (init w) by (rule DfState)

hence 3: - O( df (init w)) = O (init w) by (rule NextEquNext)
from 1 3 show ?thesis by fastforce

qed

lemma DfStateAndNextState EquStateAndNextState:

F df (init w A O(init wl)) = (init w A O(init wl))

proof —

have I: F (init w A O(init wl))~# True = ( init w A O((init wl)~ # True))
using StateAndNextSChop by blast

have 2: b df(init w A O(init w1)) = ( init w A O((init wl)~ # True))
using 1 by (simp add: df-d-def)

have 3: b df (init wl) = init wi
by (simp add: DfState)

have 4: b skip—~df(init w1) = skip—~(init w1)
by (simp add: 8 RightSChopEquSChop)

have 5: b O(df (init w1)) = O(init wi)
by (simp add: 3 NextEquNext)

from 2 5 show ?thesis by (metis df-d-def int-eq)

qged

lemma StateImpBfGen:

assumes F (init w) — f

shows F (init w) — bf f

proof —

have I:+ (init w) — f using assms by auto

hence 2: - = f — = (init w) by auto

hence 3: + df (= f) — df (= (init w)) by (rule DfImpDf)

hence /: - df (- f) — df (init (-w)) by (metis Initprop(2) inteq-reflection)
have 5:F df (init (- w)) = (init (- w)) by (rule DfState)

have 6:+ df (= f) — — (init w) using 4 5 using Initprop(2) by fastforce
hence 7: F (init w) — — ( df (— f)) by auto

from 7 show ?thesis by (simp add: bf-d-def)

qed

lemma SChopAndNotSChoplImp:

o fm g A (fgl) — f~ (g A= gl)
proof —

have I:+g— (9 A= gI) vV gl by auto
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hence 2: - f~ g — f~ ((gN = g1) V g1) by (rule RightSChopImpSChop)

have 3:F f—~ ((g\ = gI) vV g1) — (f—~ (gA = g1)) V (f~ g1) by (rule SChopOrIimp)
have 4.+ f~g— f~ (gN\ = gl) vV f~ g1 using 2 3 MP by fastforce

from 4 show ?thesis by auto

qed

lemma SChopAndSYieldsImp:

o f~ g A fsyields g1 — f—~ (g A gl)

proof —

have I:+g— (g A gl) V = gl by auto

hence 2: - f—~ g — f—~ ((¢9\ g1) V = gl) Dby (rule RightSChopImpSChop)

have 3:F f~ ((g A g1) vV = gl) — (f~ (9N g1)) vV (f—~ (- g1)) by (rule SChopOrImp)
have /:+f~g— f~(gN gl)V f~ (- g1) using 2 3 MP by fastforce

hence 5: - f~g A= (f~ (= g1)) — f—~ (g A gI) by auto

from 5 show ?thesis by (simp add: syields-d-def)

qed

lemma SChopAndSYieldsMP:

o f~ g A fsyields (9— g1) — f—~ g1

proof —

have 1.+ f~ g A fsyields (g— g1) — f—~ (g A (9 — g1)) by (rule SChopAndSYieldsImp)
have 2:+ g A (¢ — gI) — g1 by auto

hence 3: - f~ (g A (9 — g1)) — f—~ g1 by (rule RightSChopImpSChop)

from 1 3 show ?thesis by fastforce

qed

lemma OrSYieldsImp:

Eo(f Vv fI) syields g = ((f syields g) N (f1 syields g))
proof —

have 1:+ ((fv f)~ (= 9)) = ((f~ (= 9) vV (fI~ (= g))) by (rule OrSChopEqu)
hence 2 F (- (v f)~ (+ g) = (~ (I~ (~ @) A ~(fi~ (= g))) by auto
from 2 show ?%thesis by (simp add: syields-d-def)
qed

lemma LeftSYieldsImpSYields:

assumes - f — f1

shows F (fI syields g) — (f syields g)

proof —

have I:+ f — fI using assms by auto

hence 2: - f~ (= g) — fl~ (= g) by (rule LeftSChopImpSChop)
hence 3: + = (fi—~ (= g)) — = (f—~ (= g)) by auto

from 3 show ?thesis by (simp add: syields-d-def)

qed

lemma LeftSYieldsEquSYields:

assumes - f = f1

shows t (f syields g) = (f1 syields g)

proof —

have 1.+ f = f1 using assms by auto

hence 2: + f~ (= g) = fl~ (= g) by (rule LeftSChopEquSChop)
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hence 3 - (= (f~ (~ ¢))) = (= (i~ (= g))) by auto
from 3 show ?thesis by (simp add: syields-d-def)
qed

2.4.6 Properties of SFin

lemma SFinEquTrueSChopAndEmpty:
Fosfin f = #True—~(f N empty)
proof —
have 01: - sfin f = (= fin (= f))
by (simp add: sfin-d-def)
have 02+ (= fin (= f)) = (= ( O (empty — = /)))
by (simp add: fin-d-def)
have 03:F (= (O (empty — — f))) = O(—(empty — = f))
by (simp add: always-d-def)
have 0/: b —(empty — — f) = (empty A f)
by auto
have 05:F O(=(empty — = f)) = O (empty A f)
using 04 inteq-reflection by fastforce
from 01 02 03 05 show ?thesis
by (metis SChopAndCommute TrueSChopEquDiamond inteq-reflection)
qed

lemma DiamondSFin:

F O(sfin w) = sfin w

by (metis (no-types, lifting) ChopAssoc FiniteChopFiniteEquFinite FiniteOr FiniteOrInfinite
InfEquNotFinite OrFinitelnf SFinEquTrueSChopAndEmpty finite-d-def int-eq-true
int-simps(21) integ-reflection schop-d-def sometimes-d-def)

lemma SChopSFinExportA:

F f~(g A sfin w) — sfin w

using DiamondSFin

by (metis SChopAndB SChopImpDiamond integ-reflection lift-imp-trans)

lemma SFinImpBox:
F sfin w — O(sfin w)
by (metis (mono-tags, lifting) DiamondF'in always-d-def intl int-eq int-simps(4) sfin-d-def unl-lift2)

lemma SFinAndSChopImport:

= (sfin w) A (f~g) — f~((sfin w) A g)

proof —

have I: F sfin w — O(sfin w) by (rule SFinImpBox)

hence 2: - sfin w A (f—~g) — O(sfin w) A (f—~g) by auto

have 3: - O(sfin w) A (f~g) — f~((sfin w) A g) using BoxAndSChopImport by blast
from 2 3 show ?thesis using MP by fastforce

qed

lemma SFinAndSChop:

E (f~(g A sfin w)) = (sfin w A f~g)
using SFinAndSChopImport SChopSFinExportA SChopAndA SChopAndCommute
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by fastforce

lemma SChopAndEmptyFEquEmptySChopEmpty:

= ((f~g) A empty) = (f A empty)~(g A empty)
by (auto simp: itl-defs zero-enat-def )

lemma SFinAndEmpty:

F ((sfin w) A empty) = (w A empty)

proof —

have I: b ((sfin w) A empty) = (#True—~(w A empty) N\ empty)
using SFinEquTrueSChopAndEmpty by fastforce

have 2: - (# True—~(w A empty) N\ empty) = ((# True A empty)~(w A empty))
by (simp add: FiniteChopAndEmptyEquChopAndEmpty schop-d-def)

have 3:  (#True A empty) ~(w N empty) = (empty—~(w N empty))
using LeftSChopEquSChop by fastforce

have 4: F (empty—~(w A empty)) = (w A empty)
using EmptySChop by blast

from 1 2 8 / show %thesis by fastforce

qed

lemma AndSFinFEquSChopAndEmpty:
= ((f A finite) A sfin g) = f~ (g A empty )
proof —
have 1: = ((f A finite) A sfin g) = (f—~empty N\ sfin g)
using SChopEmpty
by (metis (no-types, lifting) DiamondEmptyEquFinite FiniteImpAnd Prop10 SChopImpDiamond
integ-reflection lift-and-com)
have 2: - (sfin g A f—~empty) = (f~(empty A sfin g))
using SFinAndSChop by fastforce
have 3: - (empty A sfin g) = (sfin g A empty)
by auto
have /: b (sfin g A empty) = (g N empty)
using SFinAndEmpty by metis
have 5: - (empty A sfin g) = (g A\ empty)
using 3 4 by auto
hence 6: - f~(empty A sfin g) = f~(g N empty)
using RightSChopEquSChop by blast
from 1 2 5 show ?thesis by (metis integ-reflection lift-and-com)
qed

lemma AndSFinEquSChopState AndEmpty:
o ((f A finite) A sfin (init w)) = f —~ ((init w) N empty )
using AndSFinEquSChopAndEmpty by blast

lemma DiamondEquEmptyOrNextDiamond:

F o f=(f v OO /)

proof —

have 1: - O (= f) = (= f) A wnext(O (= f)))
by (simp add: BorEquAndWnextBox)

have 2: - (= < f) = ((=f) A wnezt(O (= f)))
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using 1 by (simp add: always-d-def)
have 3: F O f = (f V =(wnext(T (= f))))
using 2 by auto
have 4: b (~(wnest(©0 (- 1)) = O(-0(~f))
by (simp add: wnext-d-def)
have 5: F -0O(—f) =< f
by (simp add: always-d-def)
have 6: - O(—0O(—f)) = O(C f)
using 5 using inteq-refiection by force
from 3 / 6 show ?thesis by fastforce
qged

lemma SFinStateEquState AndEmptyOrNeztSFinState:
Fosfin (init w) = (((init w) A empty) vV O( sfin (init w)))
proof —
have 01: - sfin (init w) = # True—~((init w) A empty)
by (simp add: SFinEquTrueSChopAndEmpty)
have 02: = # True—~((init w) A\ empty) = < ((init w) A empty)
by (simp add: TrueSChopEquDiamond)
have 03: F <& ((init w) A empty) = (((init w) A empty) vV O( sfin (init w)))
using DiamondEquEmptyOrNextDiamond 02 01 by (metis inteq-reflection)
from 01 02 03 show ?thesis by fastforce
qed

lemma SFinSChopEquOr:
F o (sfin (init w))~ f = (((init w) A f) vV O(( sfin (init w))~ f))
proof —
have 1: b sfin (init w) = (((init w) A empty ) V. O( sfin (init w)))
by (rule SFinState EquStateAndEmptyOrNextSFinState)
hence 2: - ( sfin (init w))~ f = (((init w) A empty )V O( sfin (init w)))~ f
by (rule LeftSChopEquSChop)
have 3:F (((init w) A empty )V O (sfin (init w)))~ f
= (((init w) N empty )~ fV (O (sfin (init w)))~ f)
by (rule OrSChopEqv)
have /4: b ((init w) A empty )~ f = ((init w) A f)
by (rule State AndEmptySChop)
have 5:F (O (sfin (init w)))~ f = O(( sfin (init w))~ f)
by (rule NextSChop)
from 2 3 4 5 show %thesis by fastforce
qed

lemma SFinSChopEquDiamond:

Foo(sfin (init w))~ f =< ((init w) A f)

proof —

have I1:F ( sfin (init w)) = (# True—~((init w) A empty))
by (simp add: SFinEquTrueSChopAndEmpty)

hence 2: - (sfin (init w))~f = (# True~((init w) N empty))—~f
by (rule LeftSChopEquSChop)

have 3:F #True~(( (init w) A empty)~f) = (# True—~((init w) N\ empty))—~f
by (rule SChopAssoc)
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have 4: F # True—~(( (init w) A empty)~f)= < ( ( (init w) A empty)—~f)
using TrueSChopEquDiamond by blast

have 5:F ( (init w) A empty)~f = ((init w) A f)
using StateAndEmptySChop by blast

hence 6: - <& ((( (init w) A empty)~f) = O ( (init w) A f)
by (rule DiamondEquDiamond)

from 2 3 4 6 show ?thesis by fastforce

qed

lemma SFinSYields:

oo (sfin (init w)) syields (init w)

proof —

have 1: F (sfin (init w))~ (=(init w)) = O((init w) A =(init w))
by (rule SFinSChopEquDiamond)

have 2: = —( O((init w) A = (init w)))
by (rule NotDiamondAndNot)

have 3: F — (( sfin (init w))~ (= (init w)))
using 1 2 by fastforce

from &8 show ?thesis by (simp add: syields-d-def)

qged

lemma SFinEQuFinAndFinite:
F (finite A fin f) = sfin f
by (metis AndFinEquChopAndEmpty DiamondSChopdef SFinEquTrueSChopAndEmpty int-simps(20)
inteq-reflection sometimes-d-def)

lemma AndFiniteImpAndSFinStateOrSFinNotState:
E f A finite — (f A sfin (init w)) V (f A sfin (= (init w)))
proof —
have I1: F (= fin (init (= w)) A finite) = (fin (init (= = w)) A finite)
using FinNotStateEquNotFinState by blast
have 2: - (fin (init (- — w)) A finite) = (fin (init (w)) A finite)
by simp
have 3: F f A finite — (f A finite) A fin (init w) V (f A finite) A fin (= init w)
by (simp add: ImpAndFinStateOrFinNotState)
have 4: F (finite A fin (init w)) = sfin(init w)
using SFinEQuFinAndFinite[of LIFT (init w)] by fastforce
have 5: F ((f A finite) A fin (init w)) = (f A sfin (init w))
using 4 by auto
have 6: F (finite A fin (—(init w))) = sfin(—(init w))
using SFinEQuFinAndFinite[of LIFT(—(init w))] by fastforce
have 7: = ((f A finite) A fin (= (init w))) = (f A sfin (= (init w)))
using 6 by auto
show %thesis
using & 5 7 by fastforce
qed

lemma AndSFinSChopEquState AndSChop:

Foo(f A sfin (init w))~ g = f~ ((init w) A g)
proof —
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have 1: F ( sfin (init w)) syields (init w)
by (rule SFinSYields)
have 2:F f A sfin (init w) — sfin (init w)
by auto
hence 3:F ( sfin (init w)) syields (init w) —
(f A sfin (init w)) syields (init w)
using LeftSYieldsImpSYields by metis
have /:F (f A sfin (init w)) syields (init w)
using 1 3 MP by fastforce
have &:F (f A sfin (init w))—~ g A (f A sfin (init w)) syields (init w)
— (f N sfin (init w))~ (g A (init w))
by (rule SChopAndSYieldsImp)
have 6:F (f A sfin (init w))~ g — (f A sfin (init w))~ (g A (init w))
using 4 5 by fastforce
have 7:F (f A sfin (init w))~ (g A (init w)) — f~ (g A (init w))
by (rule AndSChopA)
have &8:F g A (init w) — (init w) A g
by auto
hence 9: F f—~ (g A (init w)) — f —~((init w) A g)
by (rule RightSChopImpSChop)
have 10:+ (f A sfin (init w))—~ g — f~ ((init w) A g)
using 6 7 9 by fastforce
have 11: F (f A finite) — (f A sfin (init w)) vV (f A sfin (= (init w)))
using AndFiniteImpAndSFinStateOrSFinNotState by blast
hence 12: - f—~ ((init w) A g) —
((f N sfin (init w)) V. (f A sfin (= (init w)) )~ ((init w) A g)
by (metis FiniteImp LeftChopImpChop integ-reflection schop-d-def)
have 15:F ((f A sfin (init w))V (f A sfin (= (init w))))~ ((init w) A g)
((f A sfin (init w))~ ((init w) A g) V. (f A sfin (= (init w)))~((init w) A g))
by (rule OrSChopEqv)
have 14:+ (f A sfin (init (= w)))~ ((init w) A g) — <( (init (= w)) A ((init w) A g))
using SFinSChopEquDiamond
by (metis SChopImpSChop Prop12 int-iffD1 inteq-reflection lift-and-com)
have 141: - =( O( (init (= w)) A ((init w) A g))) —
S ((f A sfin (init (= w)~ ((init w) A g))
using 1/ by fastforce
have 150: F ((init (- w)) A ((init w) A g)) = #False
using Initprop(2) by fastforce
have 15:F —=( O( (init (- w)) A ((init w) A g)))
by (metis 150 NotDiamondAndNot int-eq int-simps(21))
have 151: - = ( ( f A sfin  (init (= w)))~ ((init w) A g))
using 15 141 by fastforce
have 1511: = ( f A sfin (= (init w)))~ ((init w) A g) — #False
using 151 by (metis Initprop(2) int-simps(14) integ-reflection)
have 152: & (f A sfin(init w))~ ((init w) A g) V (f A sfin (=(init w)))~((init w) A g) —
(f N sfin (init w))~ ((init w) A g)
using 1511 by fastforce
have 16:F f—~ ((init w) A g) — (f A sfin (init w))—~ ((init w) A g)
using 12 13 152 by fastforce
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have 17:F (fA sfin (init w))~ ((init w) A g) — (fA sfin (init w))—~ g
by (rule SChopAndB)

have 18:+ f—~ ((init w) A g) — (f A sfin (init w))—~ g
using 16 17 by fastforce

from 10 18 show ?thesis by fastforce

qed

lemma DfAndSFinEquSChopState:

Foodf (f A sfin (init w)) = f~ (init w)

proof —

have I1:+ (f A sfin(init w))~ # True = f~((init w) N\ # True)
by (rule AndSFinSChopEquStateAndSChop)

have 2: F ((init w) A #True) = (init w)
by auto

hence 3: - (f—~ ((init w) A # True)) = (f~ (init w))
by (rule RightSChopEquSChop)

have 4:F (f A sfin (init w))—~ #True = f~ (init w)
using 1 3 by auto

from 4 show ?thesis by (simp add: df-d-def)

qged

lemma SFinNotStateEquINotSFinState:

F finite — (—( sfin  (init w)) ) = (sfin  (init (- w)) )
using SFinEquTrueSChopAndEmpty

by (metis Initprop(2) SFinprop(3) int-eq)

lemma BfImpSFinEquSYieldsState:

Eoobof (f — sfin (init w)) = f syields (init w)

proof —

have 1: - df (f A sfin (init (— w))) = f~ (init (- w))
by (rule DfAndSFinEquSChopState)

have 2:F finite — (f A sfin(init (— w))) = (f A ~(sfin(init w)))
using SFinNotStateEquNotSFinState by fastforce

have 3:F (f A = (sfin(init w))) = (= (f — sfin (init w)))
by auto

have 4:  finite — (f A sfin(init (- w))) = (= (f — sfin(init w)))
using 2 3 by fastforce

hence 5: = df (f A sfin  (init (- w))) = df (= (f — sfin(init w)))
by (metis DfEquNotBfNot FiniteImpAnd df-d-def integ-reflection schop-d-def)

have 6:+ df (= (f — sfin (init w))) = (=( bf (f — sfin(init w))))
by (rule DfNotEquNotBf)

have 7:F = (bf (f — sfin (init w))) = f~(init (- w))
using 1 5 6 Initprop by fastforce

hence 8: - bf (f — sfin (init w)) = (= (f ~ (= (init w))))
by (metis Initprop(2) int-eq int-simps(7))

from 8 show ?thesis by (simp add: syields-d-def)

qed

lemma StatelmpSYields:
assumes F (init w) A f — sfin (init wi)
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shows F (init w) — (f syields (init wl1))

proof —

have I:F (init w) A f — sfin (init wl) using assms by auto

hence 2: - (init w) — (f — sfin (init w1)) by auto

hence 3: - (init w) — bf (f — sfin (init wl)) wusing StateImpBfGen by auto

have 4:F bf (f — sfin (init wi)) = f syields (init w1) by (rule BfImpSFinEquSYieldsState)
from 3 4 show ?thesis by fastforce

qed

lemma StateAndSYieldsImpSYields:

assumes - (init w) A f — f1

shows F (init w) A (fI syields g) — (f syields g)

proof —

have 1.+ (init w) A f — f1 using assms by auto

hence 2: - (init w) A (f—~ (= g)) — f1—~ (= g) by (rule StateAndSChopImpSChopRule)
hence 3: - (init w) A = (fi~ (= g)) — = (f—~ (= g)) by auto

from & show ?thesis by (simp add: syields-d-def)

qed

lemma AndSYieldsA:

F o fsyields g — (f A f1) syields g

proof —

have 1: - f A fl — f by auto

from 1 show ?thesis by (rule LeftSYieldsImpSYields)
qed

lemma AndSYieldsB:
F o f1 syields g — (f N f1) syields g
proof —
have 1: - f A fl — fI by auto
from 1 show ?thesis by (rule LeftSYieldsImpSYields)
qed

lemma RightSYieldsImpSYields:

assumes - g— gl

shows F (f syields g) — (f syields g¢1)

proof —

have 1. - ¢ — g1 using assms by auto

hence 2: - - gI — — g by auto

hence 3: - f~ (= g1) — f~ (= g) by (rule RightSChopImpSChop)
hence 4: b = (f~ (= g)) — ~ (f~ (= g1)) by auto

from 4 show ?thesis by (simp add: syields-d-def)

qed

lemma RightSYieldsEquSYields:
assumes - g = g1

shows F (f syields g) = (f syields g1)
proof —

have 1.+ g = g1 using assms by auto
hence 2: + (= g) = (= gI) by auto
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hence 3: - f~ (= g) = f~ (= ¢1) by (rule RightSChopEquSChop)
hence 4: - (= (/~ (= g))) = (= (f~ (= g1))) by auto

from 4 show ?thesis by (simp add: syields-d-def)

qed

lemma BoxImpS Yields:

F Og— fsyields g

proof —

have 1.+ f~ (= g) — (= g) by (rule SChopImpDiamond)
hence 2: - = (O(= g)) — = (f~ (= g)) by auto

from 2 show ?thesis by (simp add: syields-d-def always-d-def)
qed

lemma BozFEquTrueSYields:

F O f = #True syields f

proof —

have 1.+ #True—~ (= f) =< (= f) by (rule TrueSChopEquDiamond)
hence 2: - (= (#True—~ (= f))) = (=( < (= f))) by auto

have :F0Of=(=(<C (= f))) by (simp add: always-d-def)

have 4+ 0O f = (= (#True~ (= f))) using 2 3 by fastforce

from 4 show ?thesis by (simp add: syields-d-def)

qed

lemma SYieldsGen:
assumes - ¢
shows | f syields g
proof —
have 1:F g using assms by auto
hence 2: - 0 g by (rule BoxGen)
have 3:F 0O g — fsyields g by (rule BoxImpSYields)
from 2 3 show ?thesis using MP by fastforce
qed

lemma SYieldsAndSYieldsEquSYieldsAnd:

Fo ((f syields g) A (f syields g1)) = f syields (g A g1)
proof —

have I:+f~ (= gV = g)=((f~ (= g) VvV (f~ (= g1))) by (rule SChopOrEquv)
hence 2: = ((f~ (= 9)) vV (f~ (= ¢1))) =f~ (= gV =~ gI) by auto

have 3:F (= gV - g1) = (= (g A gl)) by auto

hence 4: - f~ (= gV = gI) = f~ (= (g A g1)) by (rule RightSChopEquSChop)
have 5 (f~ (= ¢) VvV (f~ (= 91)) f~ (= (g A g1)) using 2 4 by fastforce
hence 6: = (= (f~ (= ¢)) A~ (f~ (= g1))) = (= (f~ (= (g A g1)))) using 1 4 by fastforce
from 6 show ?thesis by (simp add: syields-d-def)
qed

lemma SYieldsAndSYieldsImpAndSYieldsAnd:
Fo (f syields g) N (fI syields g1) — (fA fI) syields (g A g1)
proof —
have I: & fsyields g — (f A f1) syields g
by (rule AndSYieldsA)
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have 2: - f1 syields g1 — (f N f1) syields g1
by (rule AndSYieldsB)

have 3: = ((f A f1) syields g N (f A f1) syields g1) = (f A f1) syields (g N g1)
by (rule SYieldsAndSYieldsEquSYieldsAnd)

from 1 2 8 show ?thesis by fastforce

qed

lemma SYieldsSYieldsEquSChopSYields:

o fsyields (g syields h) = (f—~ g) syields h

proof —

have I:+ f~ (9~ (= h)) =(f—~ g~ (= h) by (rule SChopAssoc)

hence 2: - f—~ (¢—~ (= h)) = (f—~ g)—~ (= h) by auto

have 3:F g~ (= h) = (== (9~ (= h))) by auto

hence /: F f~ (¢9—~ (= h)) =f~ (== (g~ (= h))) by (rule RightSChopEquSChop)
have 5:F f~ (== (9~ (= h))) = (—~ g~ (= h) using 2 / by auto

hence 6: - f—~ (= (g syields h)) = (f—~ g)—~ (= h) by (simp add: syields-d-def)
hence 7: = (= (f~ (= (g syields 1)))) = (= ((f~ g)~ (= h))) by auto

from 7 show ?Zthesis by (simp add: syields-d-def)

qed

lemma EmptyYields:

F empty syields f=f

proof —

have I1:+ empty —~ (= f) = (= f) by (rule EmptySChop)
hence 2: - (= ( empty —~ (= f))) = f by auto

from 2 show ?thesis by (simp add: syields-d-def)

qed

lemma NeztSYields:
F (O f) syields g = wnext (f syields g)

proof —

have 1: F (O f)—~ (= g¢) = O(f~ (= ¢)) by (rule NextSChop)

hence 2: = (= ((O /)~ (= 9))) = (= (O(f~ (= 9)))) by auto

hence 3: - (O f) syields g = (= (O(f—~ (= g)))) by (simp add: syields-d-def)

have /:+ (=( O(f~ (= ¢)))) = wnext (= (f—~ (= g))) by (auto simp: wnext-d-def)
have 5:F (O f) syields g = wnext (- (f~ (= ¢))) using 3 4 by fastforce

from 5 show ?thesis by (simp add: syields-d-def)

qed

lemma SkipSChopEquNext:
o oskip~f=0Ff
by (meson NextSChopdef Prop11)

lemma SkipSYieldsEquWeakNext:

F skip syields f = wnext f

proof —

have 1.+ skip ~ (= f) = O(= f) by (rule SkipSChopEquNext)
hence 2: - (= ( skip ~ (= f))) = (=( O(= f))) by auto

have 3:F (= (O(= f))) = wnext f by (auto simp: wnext-d-def)
have 4:+ (= ( skip ~ (= f))) = wnext f using 2 3 by fastforce
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from 4 show ?thesis by (simp add: syields-d-def)
qed

lemma NextImpSkipSYields:

F O f — skip syields f

proof —

have 1: - O f — wnext f using WnextEquEmptyOrNext by fastforce
have 2: - skip syields f = wnext f by (rule SkipSYieldsEquWeakNext)
from 1 2 show ?thesis by fastforce

qed

lemma MoreEquSkipSChop True:

F more = skip ~ #True

proof —

have 1:+ skip ~ #True = O#True by (rule SkipSChopEquNext)
hence 2: - O#True = skip —~ # True by auto

from 2 show ?%thesis by (simp add: more-d-def)

qed

lemma MoreSChopImpMore:
F more ~ f — more
proof —
have I1: = (O# True)~ f = O(# True~ f)
by (rule NextSChop)
have 2: - O(# True~ f) — more
by (metis Dilntro LeftChopImpMoreRule di-d-def more-d-def next-d-def)
have 3: - (O# True—~ f) — more
using 1 2 by fastforce
from 3 show ?thesis by (metis more-d-def)
qed

lemma MoreSChopImpFmore:
F more ~ (f A finite) — fmore
proof —
have 1: - more —~ (f A finite)= O(# True—~ (f A finite))
by (simp add: NextSChop more-d-def)
have 2: = O(# True~ (f A finite)) — fmore
by (metis 1 FmoreChopImpFmore fmore-d-def int-eq schop-d-def)
from 1 2 show ?thesis by fastforce
qed

lemma SChopMorelmpMore:

F f~ more — more

proof —

have I: + f ~ more — < more by (rule SChopImpDiamond)

have 2: - & more — more by (simp add: FiniteChopMoreEquMore int-iff D1 sometimes-d-def)
from 1 2 show ?thesis by fastforce

qed

lemma MoreSChopEquNextDiamond:
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o more ~ f = O(C f)

proof —

have 1: + more ~ f = (O #True)~ f by (simp add: more-d-def)
have 2: - (O #True)~ f = O(# True—~ f) by (rule NextSChop)

have 3: = more ~ f = O(#True~ f) using 1 2 by fastforce

from & show ?thesis by (metis TrueSChopEquDiamond integ-reflection)
qed

lemma WeakNextBoxzImpMoreSYields:

F more syields f = wnext( O f)

proof —

have 1: - more ~ (= f) = O(C (=f)) by (rule MoreSChopEquNextDiamond)
have 2: - O(¢ (=f)) = O(=(Of)) by (auto simp: always-d-def)

have 3: - O(=(0f)) = (= (wnext( O f) )) by (auto simp: wnext-d-def)

have /: F more ~ (= f) = (=(more syields f)) by (simp add: syields-d-def)
from 1 2 8 / show %thesis by fastforce

qed

lemma NotEquSYieldsMore:

F finite — (= f) = f syields more

proof —

have I+ finite — f~ empty = f by (rule SChopEmpty)

hence 2: &~ finite — (= (f—~ empty )) = (= f) by auto

have 3:+ empty = (= more) by (auto simp: empty-d-def)

hence 4: + f~ empty = f—~ (= more) by (rule RightSChopEquSChop)
hence 5: + (= (f~ empty )) = (= (f—~ (= more))) by auto

have 6:t+ finite — (= f) = (= (f—~ (= more) )) using 2 5 by fastforce
from 6 show ?thesis by (metis syields-d-def)

qed

lemma LeftSChopImpMoreRule:

assumes - f — more

shows F+ f~ g — more

proof —

have I:+ f — more using assms by auto

hence 2: - f~ g — more ~ g by (rule LeftSChopImpSChop)
have 3: + more ~ g — more by (rule MoreSChopImpMore)
from 2 3 show ?thesis using lift-imp-trans by blast

qed

lemma LeftSChopImpFMoreRule:
assumes - f — fmore
shows F f—~ (g A finite) — fmore
proof —
have 1. - f — fmore
using assms by auto
hence 2: - f—~ (g A finite) — more ~ (g N\ finite)
by (metis FiniteChopSkipEquFiniteAndMore FiniteChopSkipEquSkip ChopFinite
FmoreEquSkipChopFinite LeftSChopImpSChop Prop12 inteq-reflection)
have 3: - more ~ (g A finite) — fmore
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using MoreSChopImpFmore by fastforce
from 2 3 show f?thesis using lift-imp-trans by blast
qed

lemma RightSChopImpMoreRule:

assumes - g — more

shows F+ f—~ g — more

proof —

have 1: + ¢ — more using assms by auto

hence 2: - f~ g — f~ more by (rule RightSChopImpSChop)
have 3:+ f~ more — more by (rule SChopMorelmpMore)
from 2 3 show ?thesis using lift-imp-trans by blast

qged

lemma NotDfEquBfNot:

- (- (df f) =bf (= )

proof —

have I:+ f = (= - f) by auto

hence 2: + df f= df (- — f) by (rule DfEquDf)
hence 3: b (= (df /) = (- (df (=~ f))) by auto
from & show ?thesis by (simp add: bf-d-def)

qed

lemma SChopImpDf:

E f~g— df f

proof —

have 1:+ g — #True by auto

hence 2: + f~ g — f~ #True by (rule RightSChopImpSChop)
from 2 show ?%thesis by (simp add: df-d-def)

qged

lemma TrueEquTrueSChop True:
F #True = # True—~ #True
proof —
have 1.+ #True~ # True — # True
by auto
have 2: F #True — # True—~ # True
by (metis DfState Initprop(4) df-d-def int-eq-true int-iff D1 inteq-reflection)
from 1 2 show %thesis by auto
qed

lemma DfEquDfDf:

- df f= df (df f)

proof —

have 1.+ #True = #True—~ #True by (rule TrueEquTrueSChop True)

hence 2: - f~ #True = f~ (#True~ #True) by (rule RightSChopEquSChop)
have 3:F f~ (#True~ #True)= (f—~ # True)~ #True by (rule SChopAssoc)
have 4:+ f~ #True = (f~ #True)~ #True using 2 3 by fastforce
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from 4 show ?thesis by (metis df-d-def)
qed

lemma BfEquBfBf:
Eobff=0f(Cbf f)
proof —

have 1:+ df (= f)
have 2:+ df (= f)
hence 3: + df ( df
have 4+ df (-
hence 5: - (= (df (= f)
from 5 show ?thesis by
qed

(
bf f)) by (rule DfNotEquNotBf)

( of f)) by (rule DfEquDf)
f)) using 1 3 by fastforce
)= (= (df (= (0bf ) by fastforce

d

lemma BfImpBfBf:
= bf f — bf(bf f)

proof —

have 1: F bf(bf f) = bf f using BfEquBfBf by fastforce
from 1 show ?thesis by (simp add: int-iffD2)

qed

lemma DfOrEqu:

Eodf (fv o g)= (df fV df g)

proof —

have I: + (f V g)—~ #True = (f~ #True vV g~ #True) by (rule OrSChopEqv)
from 1 show ?thesis by (simp add: df-d-def)

qed

lemma DfAndA:

- df (FAg) — df ]

proof —

have 1: - (f A g)—~ #True — f—~ #True by (rule AndSChopA)
from 1 show ?thesis by (simp add: df-d-def)

qed

lemma DfAndB:

- A (FAg) — df g

proof —

have 1: - (f A g)—~ #True — g~ #True by (rule AndSChopB)
from 1 show ?thesis by (simp add: df-d-def)

qed

lemma DfAndImpAnd:

Eodf (fAg) — df fAdfg
proof —

have 1: + df (f A g) — df f by (rule DfAndA)
have 2:+ df (f N g9) — df g by (rule DfAndB)
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from 1 2 show ?thesis by fastforce
qed

lemma DfSkipEquMore:

F df skip = more

proof —

have I1: & skip ~ #True = O# True by (rule SkipSChopEquNext)
have 2: - O# True = more by (auto simp: more-d-def)

have 3: - skip ~ #True = more using 1 2 by fastforce

from & show ?thesis by (simp add: df-d-def)

qged

lemma DfMoreEquMore:

F  df more = more

proof —

have 1.+ df (O #True ) = O( df # True) by (rule DfNext)
have 2:+ O( df #True) — more

by (metis ChopImpDi di-d-def more-d-def next-d-def)

have 3:F df( O #True) — more using 1 2 by fastforce
hence 4: = df more — more by (simp add: more-d-def)
have 5:F more — df more

by (metis 1 4 TrueEquTrueSChopTrue df-d-def inteq-reflection more-d-def)
from J 5 show ?thesis by fastforce

qged

lemma DfIfEquRule:

assumes - f = if; (init w) then g else h
shows F df f= if; (init w) then (df g) else (df h)
proof —

have 1.+ f = if; (init w) then g else h using assms by auto

hence 2: - f—~ #True = if; (init w) then (g~ #True) else (h—~ #True) by (rule IfSChopEquRule)
from 2 show ?%thesis by (simp add: df-d-def)

qed

lemma SDaNotEquNotSBa:

-~ sda(~ f) = (= sha f))

proof —

have I: + sba f = (= ( sda (= f))) by (simp add: sba-d-def)
from 1 show ?thesis by fastforce

qed

lemma SDaFEquSDa:

assumes - f =g

shows F sda f = sda g

using assms using int-eq by force

lemma SDaFEquNotSBaNot:
F o sda f = (= (sba (= f)))

proof —
have 1:+ sba (= f) = (= ( sda (= = f))) by (simp add: sba-d-def)
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hence 2: + sda (== f) = (=( sba (= f))) by fastforce
have 3:F f=(=—= f) by simp

hence 4: + sda f = sda (- — f) by (rule SDaEquSDa)
from 2 / show ¢thesis by simp

qed

lemma SBaFElim:
F sba f A finite — f
proof —
have 1.+ sba f = 0O(bf f)
by (rule SBaEquBtBf)
have 2:F bf f A finite — f
by (rule BfElim)
hence 3: - O(bf f A finite — f)
by (rule BoxGen)
have 4:F O(bf f A finite — f) — O(bf f A finite) — O f
by (rule BoxImpDist)
have 5:F 0O(bf f A finite) — O f
using 3 /4 MP by fastforce
have 6:F O(bf f A finite) = (O(bf f) A finite)
by (metis (no-types, lifting) BoxEquFiniteYields FiniteChopInfEquinf NotChopEquvYieldsNot
YieldsAndYieldsEquYieldsAnd finite-d-def integ-reflection)
have 7:+F0f — f
by (rule BozElim)
from 1 5 6 7 show ?thesis using SBalmpBt lift-imp-trans by metis
qed

lemma SDalntro:

F  f A finite — sda f

proof —

have I1:+ sba (= f) A finite — (= f) by (rule SBaElim)
hence 2: - - = f— = ( sba (= f) A finite) by fastforce

have 3:F f= (== f) by simp

have 4:F sda f= (= (sba (= f))) by (rule SDaEquNotSBaNot)
from 2 3 4 show ?thesis by fastforce

qed

lemma SBaGen:

assumes - f

shows I+ sba f

proof —

have I1:+ f using assms by auto

hence 2: - O f by (rule BoxGen)

hence 3: - bf( O f) by (rule BfGen)

have 4:+ sba f=bf (O f) by (rule SBaEquBfBt)
from & / show ?thesis by fastforce

qed

lemma SBalmpDist:
Fosba (f — g) — sba f— sba g
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proof —
have 1:+bf (f — g) — (bf f —> bf g)
by (rule BflmpDist)
hence 2: - O(bf (f — g9) — (bf f —> bf g))
by (rule BoxGen)
have 3:F O(bf (f — g9) — (bf f —> bf 9))
_>
(@ (bf (f — g)) — (Af f) — T(bf g9)))
by (meson 2 BoxImpDist MP lift-imp-trans Prop01 Prop05 Prop09)
have 4: F 0(bf (f — g)) — (O(f f) — O 9))
using 2 8 MP by fastforce
have 5:F sba (f— g) = O(bf (f — 9))
by (rule SBaEquBtBf)
have 6:F sba f=0O(bf f)
by (rule SBaEquBtBf)
have 7:F sba g = 0O(bf g)
by (rule SBaEquBtBf)
from 4/ 5 6 7 show ?thesis by fastforce
qed

lemma SBaAndEqu:
Foosba (f A g) = (sba f A sba g)
proof —
have 1: F  sba (f A g) = 0Of (f A g))
by (rule SBaEquBtBf)
have 2:F bof (f A g) = (bff A bf g)
by (simp add: BfAndEquBfAndBf)
hence 3: - O(bf (f A g)) = a(bf f A bf g)
using BoxEquBoz by blast
have 4+ 0(bf f A bf g)= (O(f ) A O(f 9))
by (metis 2 BoxAndBorEquBozRule inteq-reflection)
have 5:+ sba f = O(bf f)
by (rule SBaEquBtBf)
have 6:+ sba g = O(bf g)
by (rule SBaEquBtBf)
from 1 3 4 5 6 show ?thesis by fastforce
qed

lemma SBalmpSBaEquSBa:
Foosba (f = g) — (sba f = sba g)
proof —
have 1.+ sba (f — g) — sba f — sba g
by (rule SBalmpDist)
have 2:+ sba (9 — f) — sba g — sba f
by (rule SBalmpDist)
have 3:- (f=9)= ((f — 9 AN(g—1)
by auto
hence 31: F sba(f = g) = sba (f — g9) A (9 — f))
using integ-refiection by force
have 4: - sba ((f — g) A (g — f)) = (sba((f — 9)) A sba((g — [)))
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by (rule SBaAndEquv)

have 5:F ((sba f— sba g) A (sba g — sba f)) = (sba f = sba g)
by auto

from 1 2 31 4 5 show f?thesis by fastforce

qed

lemma SBalmpSBa:

assumes - f — g

shows F sba f — sba g

using SBaGen SBalmpDist MP assms by metis

lemma SBaFEquSBa:

assumes - f =g

shows F sba f = sba ¢

using SBaGen SBalmpSBaEquSBa MP assms by metis

lemma SDalmpSDa:

assumes - f — ¢

shows F+ sda f— sda g

using assms by (metis SDaFEquDtDf DfAndB DiamondImpDiamond inteq-reflection Prop10)

lemma SDaFEquSDaSDa:
Fosda f= sda( sda f)
proof —
have 1.+ sda f=<(df f)
by (rule SDaEquDtDf)
have 2:+ df f= (df (df f))
by (rule DfEquDfDf)
hence 3: - < (df f) =< (df (df f))
by (rule DiamondEquDiamond)
have 4:E <& (df f) = O(O (df (df f)))
using DiamondEquDiamondDiamond DfEquDfDf using 3 by fastforce
have 5: - O (d4f (df /) = df (O (df f)
by (rule DtDfEquDfDt)
hence 6: - OO (df (df ) = (& (& (df 1))
by (rule DiamondEquDiamond)
have 7:F sda f=< (df( < (df f)))
using 1 3 4 6 by fastforce
have 8:F sda (O (df ) =<(df (& (df f)))
by (rule SDaEquDtDf)
have 9:F sda ( sda f) = sda (& (df f))
using I by (rule SDaFEquSDa)
from 7 8 9 show ?thesis by fastforce
qed

lemma SBaFEquSBaSBa:

o sba f = sba (sba f)

proof —

have 1: F sda (= f) = sda (sda (= f)) by (rule SDaEquSDaSDa)

have 2: + sda (sda (= f)) = (= (sba (= (sda (= f))))) by (rule SDaEquNotSBaNot)
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have 3: F (= (sda (sda (= f)))) = sba (= (sda (= f))) by (auto simp: sba-d-def)
have /: F (= (sda (= f))) = sba (— (sda (= f))) using 1 2 3 by fastforce
from 4 show ?thesis by (metis sba-d-def)

qed

lemma SBalLeftSChopImpSChop:

Foosba (f— fl) — f~g— fl~g

proof —

have I: + sba (f — f1) — bf (f — f1) by (rule SBalmpBf)

have 2: - bf (f — f1) — f—~ g — fl—~ g by (rule BfSChopImpSChop)
from 1 2 show ?thesis by fastforce

qed

lemma BaLeftSChopImpSChop:

Eoba(f—f) —f~g9g—fl~yg

proof —

have I: + ba (f — fI) — bf (f — f1) by (rule BalmpBf)

have 2: - bof (f — f1) — f—~ g — f1~ g by (rule BfSChopImpSChop)
from 1 2 show ?thesis by fastforce

qged

lemma SBaRightSChopImpSChop:

F o sba (9— g1) A finite — f~ g — f—~ g1

proof —

have I: + sba (¢ — g1) A finite — O(g — g1) by (rule SBalmpBt)
have 2: + 0O(9 — g1) — f~ g — f~ g1 by (rule BozSChopImpSChop)
from 1 2 show ?thesis by fastforce

qged

lemma BaRightSChopImpSChop:

Foba(g— gl) — f~g— [~ gl

proof —

have I: + ba (¢ — g1) — O(g — g1) by (rule BalmpBt)

have 2: + 0O(g — g1) — f—~ g — f—~ g1 by (rule BoxSChopImpSChop)
from 1 2 show ?thesis by fastforce

qed

lemma SChopAndSBalmport:
F(f~ f1) N sba g A finite — (f N g)—~ (f1 A g)
proof —
have 1: + sba g A finite N (f~ f1) — (g N f)—~ (g A f1) by (rule SBaAndSChopImport)
have 2: - (g A f)—~ (g A fI) = (f N g)—~ (f1 A g) by (rule AndSChopAndCommute)
from 1 2 show ?thesis by fastforce
qed

lemma SChopAndBalmport:
o (f~ )N ba g — (fA g~ (fIAg)
proof —
have I: + ba g A (f~ fI) — (g A f)— (g A f1) by (rule BaAndSChopImport)
have 2: - (g A f)—~ (g A f1) = (f N g)—~ (f1 A g) by (rule AndSChopAndCommute)

432



from 1 2 show ?thesis by fastforce
qed

lemma BaAndSChopImportA:
Fba f A gogl — (f N g)—ygl
by (meson BaAndSChopImport SChopAndB lift-imp-trans)

lemma BaAndSChopImportB:
Fba fAg~g1 — (f A g)~(ba f A gI)
proof —
have 1: F ba f = ba (ba f)
by (simp add: BaEquBaBa)
have 2: + ba (ba f) N g—~g1 — g—~(ba f A gI)
by (metis AndSChopB BaAndSChopImport lift-imp-trans)
have 3: F ba f A g—~(ba f N g1) — (f N g)—~(ba f A gI)
by (simp add: BaAndSChopImportA)
from 1 2 8 show ?thesis by fastforce
qed

lemma SBalmpSBalmpSBaAnd:

F sba h — sba(g — sba h A g)

proof —

have I:+ sba h — (g — sba h A\ g ) by fastforce

hence 2: - sba(sba h) — sba(g — sba h A g ) by (rule SBaImpSBa)
have 3:t sba h = sba(sba h) by (rule SBaEquSBaSBa)

from 2 3 show ?thesis by fastforce

qed

lemma SBaSChopImpSChopSBa:

o sba f A finite — g~ g1 — g~ (( sba f) A gl)

proof —

have I: + sba f — sba (g1 — (sba f) N g1)
by (rule SBalmpSBalmpSBaAnd)

have 2: + sba (91 — sba f A g1) A finite — g~ g1 — g~ ( sba f A g1)
by (rule SBaRightSChopImpSChop)

from 1 2 show ?thesis by fastforce

qed

lemma BaSChopImpSChopBa:

Foba f — g~ gl — g~ ((ba f) A gI)

proof —

have I: + ba f — ba (g1 — (ba f) A g1)
by (rule BaImpBalmpBaAnd)

have 2: + ba (g1 — ba fAgl) — g~ gl — g~ (ba f A gl)
by (rule BaRightSChopImpSChop)

from 1 2 show ?thesis by fastforce

qed

lemma DfNotSBalmpNotSBa:
Fodf (= (sba f)) — = ( sba f)
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proof —

have 1:+ sba f = sba( sba f) by (rule SBaEquSBaSBa)

have 2:+ sba ( sba f) — bf ( sba f) by (rule SBalmpBf)
have 3:F sba f— bf ( sba f) using 1 2 by fastforce

hence 4: + sba f — = (df (= ( sba f))) by (simp add: bf-d-def)
from 4 show ?thesis by fastforce

qed

lemma DfNotBalmpNotBa:
Fodf (= (ba f)) — = (ba f)
proof —
have I:+ ba f= ba( ba f) by (rule BaEquBaBa)
have 2:+ ba (ba f) — bf ( ba f) by (rule BalmpBf)
have 3:F ba f— bf (ba f) using 1 2 by fastforce
hence /: F ba f— = (df (- (ba f))) by (simp add: bf-d-def)
from /4 show ?thesis by fastforce
qed

lemma NotSBaSChopImpNotSBa:

- (= (sba P))~ g — = ( sba f)

proof —

have 1: F (= ( sba f))~ g — df (= ( sba f)) by (rule SChopImpDf)
have 2: = df (= ( sba f)) — = ( sba f) by (rule DfNotSBalmpNotSBa)
from 1 2 show ?thesis using lift-imp-trans by blast

qed

lemma NotBaSChopImpNotSBa:

o (=(ba f))~g— —(ba f)

proof —

have I: + (= (ba f))~ g — df (- (ba f)) by (rule SChopImpDY)
have 2: - df (= (ba f)) — = ( ba f) by (rule DfNotBalmpNotBa)
from 1 2 show ?thesis using lift-imp-trans by blast

qed

lemma DiamondSFinImpSFin:
F <& (sfin f) — sfin f
proof —
have 1. sfin f = # True~(f A empty)
by (rule SFinEquTrueSChopAndEmpty)
hence 2: = < (sfin f) = # True—~(# True—~(f N empty))
by (metis DiamondSChopdef integ-reflection)
have 3:t #True—~(#True~(f N empty)) = (# True—~# True)~(f N empty)
by (rule SChopAssoc)
have /: b (#True~#True)~(f N empty) — # True—~(f N empty)
using 1 2 3
by (metis SChopImpDiamond TrueEquTrueSChopTrue integ-reflection)
from 1 2 8 / show ?thesis by fastforce
qed

lemma SChopSFinImpSFin:
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o f —~ sfin (init w) — sfin (init w)
proof —

have 1I: - f —~ sfin (init w) — < ( sfin (init w)) by (rule SChopImpDiamond)
have 2: = & (sfin (init w)) —  sfin (init w) by (rule DiamondSFinImpSFin)
from 1 2 show ?thesis using lift-imp-trans by blast
qed

lemma SFinImpSYieldsSFin:

Foo osfin (init w) — f syields (sfin (init w))

proof —

have I1:+ f~ (sfin (init (- w))) — (sfin (init (- w)))
by (simp add: SChopSFinImpSFin)

have 2:F finite — (= ( sfin (init w)) ) = (sfin  (init (- w)))
using SFinNotStateEquNotSFinState by fastforce

hence 3:  finite — f —~ (= ( sfin (init w))) = f~ ( sfin  (init (- w)))
using FiniteRightSChopEquSChop by blast

have 4:F f~ (= ( sfin (init w))) A finite — (= ( sfin (init w)))
using 1 2 3 by fastforce

hence 5: F sfin (init w) — = (f~ (= ( sfin (init w))))
by (metis (no-types, lifting) DiamondFin SChopImpDiamond int-simps(32) int-simps(4)

integ-reflection sfin-d-def)
from 5 show ?thesis by (simp add: syields-d-def)
qed

lemma SChopAndSFin:
 (F~ 9) A (sfin (init w)) = f~ (g A (sfin (init w))
proof —
have 1:+ sfin (init w) — f syields ( sfin (init w))
by (rule SFinImpSYieldsSFin)
have 2: - (f—~ g) A (sfin (init w)) — (f—~ g ) A fsyields ( sfin (init w))
using I by fastforce
have 3:F f—~ g A fsyields ( sfin (init w)) —
(g A (sfin (init w) ))
using SChopAndSYieldsImp by blast
have /:+ (f—~ g) A (sfin (init w))— f~ (g A sfin (init w))
using 2 3 by (metis (mono-tags, lifting) lift-imp-trans)
from 4 show ?thesis
by (simp add: Prop12 SChopAndA SChopSFinEzxportA int-iffI)
qed

lemma SChopAndNotSFin:
F(f~ g A= (sfin (init w)) A finite) = f~ (g A = ( sfin (init w)) A finite)
proof —
have I:+ (f—~ g A sfin (init (- w))) =f~ (g A sfin (init (- w)))
by (rule SChopAndSF'in)
have 2:F (sfin (init (= w)) A finite )= ( (= ( sfin (i