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Abstract

These Isabelle theories introduce the semantics and syntax of Finite and Infinite Interval Temporal
Logic (ITL). The ITL proof system, as introduced in [4, 7], has been encoded and its soundness has
been checked. The encoding is shallow using the Intensional Logic technique of [3]. An extensive
library of Finite and Infinite ITL theorems, taken from [6], has been checked.

We also present a theory of first occurrence and use it to derive an algebra of Runtime verification
(RV) monitors. Furthermore we provide examples of using quantification over both static (rigid)
and state (flexible) variables and several RV examples.
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1 Finite Intervals

theory Interval
imports
Main
begin



An interval is a finite sequence of elements of a particular type. Intervals are similar to list in Isabelle/HOL,
the difference is that intervals have instead of nil a single element at the end. So an interval of length
zero is a single element whereas for Isabelle’s list we have that an empty list is nil (no element present).

The usual operations on intervals are defined: length (intlen), prefix, suffix, sub, nth, intfirst, intlast, intapp
and intrev.

We also introduce index-sequence which is a sequence of chop (fuse) points. This sequence is used
in the old definition of chopstar which is an existential quantification over this sequence. The type
index-sequence is again of type interval but the elements are natural numbers. Two functions shift and
shiftm are introduced that are used to add (shift) and subtract a natural number of each element in the
sequence of chop (fuse) points.

1.1 Definitions

datatype (set: 'a) interval =
st a([-1)
| Cons 'a 'a interval (infixr © 65)
for
map: map
rel: interval-all2
pred: interval-all

type-synonym index = nat interval

syntax
— interval Enumeration
-interval :: args => 'a interval  ({(-)))

translations
(x, xs) == x@(xs)

(x) == [x]

primrec (nonexhaustive) intlen :: 'a interval = nat where
intlen (x) = 0
| intlen (x®xs) = 1+ (intlen xs)

primrec (nonexhaustive) nth :: 'a interval => nat => 'a where
nth (x) n = x
| nth (x®xs) n = (case n of 0 = x | Suc k = nth xs k)

primrec prefix:: nat = 'a interval = 'a interval where
prefix n (x) = (x)
| prefix n (x ©xs) = (case n of 0 = (x) | Suc m = x ® (prefix m xs))
primrec suffix:: nat = 'a interval = 'a interval where
suffix n (x) = (x)

| suffix n (x©xs) = (case n of 0 = (x®xs) | Suc m = suffix m xs)



definition sub:: nat = nat = 'a interval = 'a interval
where
sub n k xs = (if k<n then prefix 0 (suffix n xs)
else prefix (k—n) (suffix n xs)
)

primrec intfirst :: 'a interval = 'a where
intfirst (x) = x
| intfirst (Cons x -) = x

primrec intlast :: 'a interval = 'a where
intlast (x) = x
| intlast (Cons - xs) = intlast xs

primrec intapp :: 'a interval = 'a interval = 'a interval (infixr © 65) where
intapp-St: (x) © ys = x © ys |
intapp-Cons: (xOxs) © ys = x @ (xs © ys)

primrec intrev :: ‘a interval = 'a interval where
intrev (x) = (x)
| intrev (x ©xs) = (intrev xs) & (x)

definition index-sequence :: nat = index = bool where
index-sequence x idx = (nth idx 0 = x) A (VY n. n<intlen idx — nth idx n < nth idx (Suc n))

definition shift :: nat = nat = nat where
shift k = (X x. x+k)

definition shiftm :: nat = nat = nat where
shiftm k = (X x. (if k>x then 0 else (x—k)))

1.2 Lemmas

Basic lemmas are introduced for each of the above operations on intervals.

1.2.1 Interval Length

lemma interval-intlen-gr-zero [simp]:
intlen xs > 0
by auto

lemma interval-intlen-cons [simp]:
(intlen (x®xs)) = (intlen xs) +1
by simp

lemma interval-intlen-cons-1 :
intlen | > 0 +— (3 xIs. | = x Ols)
by (induct I) simp-all

lemma interval-intlen-map [simp]:



intlen (map f xs) = intlen xs
by (induct xs) simp-all

lemma interval-intlen-intapp [simp]:
intlen (xs © ys) = (intlen xs) + (intlen ys) +1
by (induct xs arbitrary: ys) simp-all

lemma interval-intrev-intlen [simp]:
intlen (intrev xs) = intlen xs
by (induct xs, simp, simp)

1.2.2 Map

lemma map-ext:
(Ax. x: set xs — fx = g x) => map fxs = map g xs
by (induct xs) simp-all

lemma map-ident [simp]:
map (Ax. x) = (Axs .xs)
by (rule ext, induct-tac xs) auto

lemma map-intapp [simp]:
map f (xs © ys) = map fxs © map fys
by (induct xs) auto

lemma map-map [simp]:
map f (map g xs) = map (f o g) xs
by (simp add: interval.map-comp)

lemma map-comp-map [simp]:

((map f) o (map g)) = map(f o g)
by (rule ext) simp

lemma intrev-map:
intrev (map f xs) = map f(intrev xs)
by (induct xs) auto

lemma map-eqg-conv [simp]:
(map fxs = map g xs) = (V x€ set xs. (fx) = (g x))
by (induct xs) auto

lemma map-cong:
xs=ys = (Ax. x €Esetys = fx =gx) = map fxs = map g ys
by simp

lemma map-injective:
mapfxs=mapfys = injf = xs = ys

by (meson injD interval.inj-map)

lemma inj-map-eq-map [simp|:



inj f = (map fxs = map fys) = (xs = ys)
by (blast dest: map-injective)

lemma inj-mapl:
inj f = inj (map f)
using interval.inj-map by blast

lemma inj-mapD:
inj (map f) = inj f
by (metis inj-def interval.map(1) interval.simps(1))

lemma inj-mapliff]:
inj (map f) = inj f
by (blast dest: inj-mapD intro: inj-mapl)

lemma map-idl: (Ax. x € set xs = fx = x) = map f xs = xs
by (induct xs, auto)

functor map: map
by (simp-all add: id-def)

declare map.id [simp]

1.2.3 nth

lemma interval-nth-zero [simp]:
nth (x®xs) 0 = x
by simp

lemma interval-nth-Suc [simp]:
nth (x®xs) (Suc n) = nth xs n
by auto

lemma interval-nth-last:
nth (x®xs) (intlen (x®xs)) = nth xs (intlen xs)
by simp

lemma interval-nth-cons:
assumes 0<i A i<I1+intlen(xs)
shows nth(x®xs) i =nth xs (i—1) A
nth(x®xs) (i+1) = nth xs ((i—1)+1)
by (metis One-nat-def Suc-lel add.commute assms interval-nth-Suc le-add-diff-inverse2 plus-1-eq-Suc)

lemma interval-nth-zero-intfirst:
nth xs 0 = intfirst xs
by (induct xs) simp-all

lemma interval-nth-intlen-intlast:
nth xs (intlen xs) = intlast xs
by (induct xs) simp-all



lemma interval-st-intlen :
(xs = (x)) «— intlen xs = 0 A nth xs 0 = x
by (induct xs) simp-all

lemma interval-eq-nth-eq :
(xs =ys) = (intlen xs =intlen ys A\ (¥ i< intlen xs. nth xs i = nth ys i))
by (induct xs arbitrary: ys, metis interval-st-intlen le-numeral-extra(3),
(case-tac ys, simp, fastforce))

lemma interval-nth-map :
nth (map fxs) i = f (nth xs i)
by (induct xs arbitrary: i, simp, (case-tac i, simp, simp))

1.2.4 index sequence

lemma interval-idx-less:

assumes iseq: index-sequence x idx

shows (n<intlen idx N n+k<intlen idx) — nth idx n < nth idx (Suc(n+k))
using index-sequence-def iseq by (induct k, simp, auto)

lemma interval-idx-less-last :

assumes index-sequence x idx

shows  (i<intlen idx A i+(intlen idx — (i+1))< intlen idx)
— nth idx i < nth idx (Suc(i+(intlen idx —(i+1))))

using assms interval-idx-less by blast

lemma interval-idx-less-last-1:

assumes index-sequence x idx

shows i<intlen idx — nth idx i < nth idx (intlen idx)
using assms interval-idx-less-last by auto

lemma interval-idx-greater-first:
assumes index-sequence x idx
shows  (i>0 A i< intlen idx) — x < nth idx i
using assms by (induct i, simp,
metis One-nat-def Suc-le-lessD add-Suc index-sequence-def interval-idx-less
less-le-trans plus-1-eq-Suc)

lemma interval-idx-cons:
index-sequence 0 (x®ls) =
(x=0 A x<nth Is 0 N\ index-sequence (nth Is 0) Is)
using less-Suc-eq-0-disj by (simp add: index-sequence-def, auto)

lemma interval-idx-shift-mono:
mono (shift k)
by (simp add: Interval.shift-def mono-def)

lemma interval-idx-expand:



assumes index-sequence 0 1 A (nth | (intlen I)) = (intlen xs) A 0<i A i< (intlen I)
shows  0< (nth i) A (nth i) < (nth! (i+1)) A (nth | (i+1)) < (intlen xs)
using assms
by (simp add: index-sequence-def,

(induct |, simp, metis Suc-lessl eq-imp-le interval-idx-less-last-1 less-imp-le-nat))

lemma interval-idx-shift-idx [simp]:
( index-sequence (x+k) (map (shift k) idx)) = (index-sequence x idx)
by (simp add: Interval.shift-def index-sequence-def interval-nth-map)

lemma interval-idx-shiftm :
assumes (index-sequence k (Isk) N Is = map (shiftm k) Isk)
shows index-sequence 0 (Is) A (intlen Is) = (intlen Isk)
using assms
by (simp add: interval-eq-nth-eq index-sequence-def shift-def shiftm-def interval-nth-map )
(smt Suc-lel diff-less-mono index-sequence-def interval-idx-greater-first interval-intlen-map
le-less-trans less-Suc-eq-0-disj not-less order.asym)

lemma interval-Isk-Is :
(index-sequence k (Isk) A Isk = map (shift k) Is A index-sequence 0 (Is) ) =
(index-sequence k (Isk) A Is = map (shiftm k) Isk A index-sequence 0 (Is) )
by (simp add: interval-eq-nth-eq index-sequence-def shift-def shiftm-def interval-nth-map,
rule,
metis (no-types, lifting) add-diff-cancel-right’ not-add-less2,
metis (no-types, lifting) Suc-eq-plusl add.commute add-cancel-right-left add-diff-inverse-nat
ex-least-nat-less le-SucE le-zero-eq not-less-zero order-refl)

lemma interval-idx-link-shiftm:
(index-sequence k (Isk) A Is = map (shiftm k) Isk ) =
(index-sequence k (Isk) A Is = map (shiftm k) Isk A
index-sequence 0 (Is) A (intlen Is) =(intlen Isk))
using interval-idx-shiftm by blast

lemma interval-idx-link:
(Isk = map (shift k) Is A index-sequence 0 (Is) ) =
(Isk = map (shift k) Is A index-sequence k (Isk) A index-sequence 0 (Is)A
(intlen Is) =(intlen Isk))
by (metis add.left-neutral interval-idx-shift-idx interval-intlen-map)

lemma interval-idx-bound-0 :

assumes index-sequence 0 Is A\ Interval.nth Is (intlen Is) = intlen (suffix k xs)
shows ((i<intlen Is) — ((nth Is (i)) < (intlen (suffix k xs))))

using assms

by (metis eq-iff interval-idx-less-last-1 le-neq-implies-less less-imp-le-nat)

lemma interval-idx-bound-1:

(index-sequence 0 (Is) A (nth (Is) (intlen (Is))) = (intlen (suffix k xs))) =
(index-sequence 0 (Is) A (nth (Is) (intlen (Is))) = (intlen (suffix k xs)) A
(Vi. (i<intlen Is) — ((nth Is (i)) < (intlen (suffix k xs)))) )

using interval-idx-bound-0 by blast
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1.2.5 prefix, suffix and sub

lemma interval-prefix-state [simp]:
prefix m (x) = (x)
by simp

lemma interval-prefix-suc [simp]:
prefix (Suc m) (xOxs) = x © (prefix m xs)
by auto

lemma interval-prefix-zero [simp]:
prefix 0 (x®xs) = (x)
by auto

lemma interval-prefix-zero-intfirst [simp]:
prefix 0 xs = (intfirst xs)
by (induct xs) simp-all

lemma interval-intfirst-prefix [simp]:
i<intlen xs = intfirst (prefix i xs) = intfirst xs
by (induct xs arbitrary: i, auto) (case-tac i, auto)

lemma interval-prefix-intlen [simp]:
(prefix (intlen xs) xs) = xs
by (induct xs) simp-all

lemma interval-prefix-intlen-gr-1 [simp]:
(prefix ((intlen xs)+1i) xs) = xs
by (induct xs) simp-all

lemma interval-intlen-prefix-cons [simp]:
intlen( prefix (Suc i) (x®xs)) = 1 + intlen(prefix i xs)
using interval-intlen-cons by auto

lemma interval-prefix-length [code]:
intlen (prefix i xs) = (if i< intlen xs then i else intlen xs)
by (induct xs arbitrary: i, simp) (case-tac i, auto)

lemma interval-prefix-length-good [simpl]:
assumes < jntlen xs
shows  (intlen ( prefix i xs)) =i

using assms by (simp add: interval-prefix-length)

lemma interval-prefix-length-bad [simp] :
assumes | > intlen xs
shows intlen (prefix i xs) = intlen xs
using assms by (simp add: interval-prefix-length)

lemma interval-pref-intlen-bound

assumes | < (intlen xs)
shows intlen (prefix i xs) < intlen xs

11



using assms by (induct xs, simp) (metis interval-prefix-length)

lemma interval-suffix-length [code]:
intlen (suffix i xs ) = (if i< intlen xs then (intlen xs)—i else 0)
by (induct xs arbitrary: i, simp) (case-tac i, auto)

lemma interval-suffix-length-good [simpl]:
assumes i< intlen xs
shows intlen (suffix i xs ) = (intlen xs)—i
using assms by (simp add: interval-suffix-length)

lemma interval-suffix-length-bad [simp]:
assumes > intlen xs
shows intlen (suffixixs ) = 0

using assms by (simp add: interval-suffix-length)

lemma interval-nth-prefix [simp]:
i<intlen xs A k < i = nth (prefix i xs) k = nth xs k
by (induct xs arbitrary: i k, auto, (case-tac i, auto, (case-tac k, auto)))

lemma interval-nth-suffix [simp]:

assumes <intlen xs N\ k < intlen xs —i

shows  nth (suffix i xs) k = nth xs (i+k)

by (induct xs arbitrary: i k, auto) (case-tac i, auto)

lemma interval-suffix-prefix-help-1:

assumes ia+i < intlen xs A\ k < ia

shows nth (prefix ia (suffix i xs)) k = nth (suffix i (prefix (ia +i) xs)) k
proof —

have 1: nth (prefix ia (suffix i xs)) k = nth (suffix i xs) k

using interval-nth-prefix assms by (metis interval-prefix-intlen-gr-1 le-cases le-iff-add)
have 2: nth (suffix i xs) k = nth xs (i+k)

using interval-nth-suffix assms by (simp add: add-le-imp-le-diff)

have 3: nth xs (i+k) = nth (prefix (ia+i) xs) (i+k)

using interval-nth-prefix assms by simp

have 4: nth (prefix (ia+i) xs) (i+k) = nth (suffix i (prefix (ia +i) xs)) k
using interval-nth-suffix assms by simp

from 1 2 3 4 show ?thesis by auto

ged

lemma interval-suffix-prefix-help-2:

assumes ia+i < intlen xs

shows (V k < ia. nth (prefix ia (suffix i xs)) k = nth (suffix i (prefix (ia +i) xs)) k)
using interval-suffix-prefix-help-1 using assms by fastforce

lemma interval-suffix-prefix-help-3:

assumes ja+i < intlen xs

shows intlen (prefix ia (suffix i xs)) = intlen (suffix i (prefix (ia +i) xs))
using assms interval-prefix-length-good interval-suffix-length-good by auto

12



lemma interval-suffix-prefix-swap:

assumes ja+i < intlen xs

shows  prefix ia (suffix i xs) = suffix i (prefix (ia +i) xs)

by (simp add: interval-eq-nth-eq interval-suffix-prefix-help-2 interval-suffix-prefix-help-3 assms)

lemma interval-prefix-prefix-zero [simp]:
prefix 0 ( prefix 0 xs ) = prefix 0 xs
by (induct xs) simp-all

lemma interval-pref-pref [simp]:
(prefix i (prefix i xs)) = prefix i xs
by (metis interval-prefix-intlen interval-prefix-intlen-gr-1 interval-prefix-length
less-imp-add-positive not-less)

lemma interval-pref-pref-3 [simp]:
(prefix i (prefix (i+k) xs)) = prefix i xs
by (induct xs arbitrary: i k, simp, (case-tac i, auto, (simp add: Nitpick.case-nat-unfold)))

lemma interval-pref-help:

assumes i<intlen (prefix (intlen xs — Suc 0) xs)

shows  (prefix i (prefix (intlen xs — Suc 0) xs)) = (prefix i xs)

using assms

by (metis diff-le-self interval-pref-pref-3 interval-prefix-length
ordered-cancel-comm-monoid-diff-class.add-diff-inverse)

lemma interval-pref-pref-help:

assumes intlen xs >0 A ia<intlen (xs)

shows (prefix ia (prefix (intlen xs — Suc 0) xs)) = (prefix ia xs)

using assms

by (metis Suc-lel Suc-le-mono Suc-pred diff-le-self interval-pref-help interval-prefix-length-good)

lemma interval-pref-pref-help-1:
assumes />0 A i< intlen xs
shows (prefix (intlen (prefix i xs) — Suc 0) (prefix i xs)) =
(prefix (intlen (prefix i xs) — Suc 0) xs)
using assms interval-pref-pref-3 by (metis diff-le-self interval-prefix-length-good le-iff-add)

lemma interval-suffix-suc [simp]:
suffix (Suc m) (x © xs) = suffix m xs
by auto

lemma interval-suffix-zero [simp]:
suffix 0 xs = xs
by (induct xs) simp-all
lemma interval-suffix-intlen [simp]:
suffix (intlen xs) xs = {(nth xs (intlen xs)))

by (induct xs) simp-all

lemma interval-suffix-intlast [simp]:
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suffix (intlen xs) xs = (intlast xs)
by (induct xs) simp-all

lemma interval-suffix-suffix [simp]:
suffix i (suffix j xs) = suffix (i+)) xs
by (induct xs arbitrary: i j, simp, (case-tac i, auto, (simp add: Nitpick.case-nat-unfold)))

lemma interval-prefix-suffix-intlen [code]:
intlen (prefix ia (suffix i xs)) =
(if i < intlen xs then
(if ia< intlen xs —i then ia else (intlen xs) —i )
else 0)
by (metis interval-prefix-length interval-suffix-length le-zero-eq)

lemma interval-prefix-suffix-intlen-good [simp]:
assumes ia< intlen xs —i A i < intlen xs
shows intlen (prefix ia (suffix i xs)) = ia

using assms by (simp add: interval-prefix-suffix-intlen)

lemma interval-prefix-suffix-intlen-bad-0 [simp]:
assumes > intlen xs
shows intlen (prefix ia (suffix i xs)) = 0

using assms by (simp add: interval-prefix-suffix-intlen)

lemma interval-prefix-suffix-intlen-bad-1 [simp] :
assumes | < intlen xs A ia > intlen xs —i
shows intlen (prefix ia (suffix i xs)) = (intlen xs) —i
using assms by (simp add: interval-prefix-suffix-intlen)

lemma interval-suffix-suffix-3:

assumes />0 A ia<i A i< intlen xs

shows (suffix (i—ia) (suffix ((intlen xs)—i) xs)) = (suffix (((intlen xs)—ia)) xs)
using assms by simp

lemma interval-sub-zero-prefix :
sub 0 k xs = prefix k xs
by (simp add: Interval.sub-def)

lemma interval-sub-suffix :

assumes (i < j A j< (intlen xs)—k)

shows  (sub (i+k) (j+k) xs) = (sub i j (suffix k xs))
using assms by (simp add: Interval.sub-def)

lemma interval-sub-prefix-suffix-0:

assumes (0 < i A ia+i < intlen xs)

shows  (sub i (i+ia) xs) = (prefix (ia) (suffix i xs))
using assms by (simp add: Interval.sub-def)

lemma interval-sub-prefix-suffix:
assumes 0 < i A i<j A j < intlen xs
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shows  (sub ijxs) = (prefix (j—i) (suffix i xs))
using assms by (simp add: Interval.sub-def)

1.2.6 intapp

lemma interval-prefix-intapp [simp]:
prefix (intlen xs —k) (xs © ys) = prefix (intlen xs —k) xs
by (induct xs arbitrary:k,simp, (case-tac k, simp,
metis comm-monoid-add-class.add-0 interval-intlen-gr-zero interval-prefix-intlen
le-add-diff-inverse),
smt Suc-diff-Suc diff-Suc-Suc diff-is-0-eq’ intapp.simps(2) interval-prefix-suc
interval-prefix-zero intlen.simps(2) not-le plus-1-eq-Suc)

lemma interval-prefix-intapp2 [simp]:

prefix (intlen xs + k +1) (xs © ys) = xs © prefix k ys

by (induct xs arbitrary: k, simp,
(case-tac k, simp, metis add.right-neutral interval-prefix-zero-intfirst),
simp add: add-eq-if)

lemma interval-suffix-intapp [simp]:

suffix (intlen xs +m +1) (xs © ys) = suffix (m) ys

by (induct xs arbitrary:m, simp, (case-tac m,simp,metis add.right-neutral interval-suffix-zero),
simp add: add-eq-if)

lemma interval-suffix-intapp2 [simp]:
(suffix (intlen xs — k) xs) © ys = suffix (intlen xs — k) (xs & ys)
by (induct xs, simp)
(metis Suc-diff-le diff-is-0-eq’ intapp-Cons interval-suffix-suc interval-suffix-zero
intlen.simps(2) not-less-eq-eq plus-1-eq-Suc)

lemma interval-intapp-assoc [simp]:
(xsOys)©zs=xs 0 (ys © z5)
by (induct xs) simp-all

lemma interval-intapp-nth:
nth (xs © ys) k = (if k < intlen xs
then (nth xs k)
else (nth ys (k — (intlen xs) —1)) )
by (induct xs arbitrary: k, (case-tac k, simp, simp),
(case-tac k, simp, simp))

lemma interval-rev-intapp [simp]:
intrev (xs © ys) = (intrev ys) © (intrev xs)
by (induct xs) simp-all

lemma interval-intlast-intapp [simp]:

intlast(xs © (x)) = x
by (induct xs,simp,simp)
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lemma interval-intlast-intapp2 [simp]:
intlast (xs © ys) = intlast ys
by (induct xs arbitrary: ys,simp,simp)

lemma interval-intfirst-intapp [simp]:
intfirst ((x) © xs) = x
by (induct xs,simp,simp)

lemma interval-intfirst-intapp2 [simp]:
intfirst(xs © ys) = intfirst xs
by (induct xs arbitrary: ys, simp,simp)

1.2.7 Reverse

lemma interval-rev-rev-ident [simp]:
intrev (intrev xs) = xs
by (induct xs) auto

lemma interval-rev-swap :
((intrev xs) = ys) = (xs = intrev ys)
by auto

lemma interval-rev-singleton-conv [simp]:
(intrev xs = (x)) = (xs = (x))
by (metis interval-rev-rev-ident intrev.simps(1))

lemma interval-single-rev-conv [simp]:
((x) = intrev xs) = ((x) = xs)
by (metis interval-rev-rev-ident intrev.simps(1))

lemma interval-rev-is-rev-conv [iff]:
(intrev xs = intrev ys) = (xs = ys)
proof

(induct xs arbitrary: ys)

case (St x)

then show ?case by simp

next

case (Cons x1a xs)

then show 7case

using interval-rev-swap by force
ged

lemma interval-rev-induct [case-names St snoc]:

IA y- P{y) ;Axxs. Pxs = P(xs & (x))] = P xs

by (simplesubst interval-rev-rev-ident[symmetric],
rule-tac interval = intrev xs in interval.induct, simp-all)

lemma interval-rev-exhaust [case-names St snoc]:

(Ax.xs=(x) = P) = (A\ysy.xs=ys© (y) = P) = P
by (induct xs rule:interval-rev-induct) auto
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lemmas interval-rev-cases = interval-rev-exhaust

lemma interval-rev-eq-cons-iff [iff]:
(intrev xs = y@ys) = (xs = (intrev ys) & (y))
by (metis interval-rev-rev-ident intrev.simps(2))

lemma interval-same-intapp-eq|iff|:
(xs © ys = xs © z5) = (ys = zs)
using interval-suffix-intapp by (metis interval-suffix-zero)

lemma interval-intapp-eq-conv|iff]:

(xso(x)=yso(y)=(xs=ysAx=y)

by (metis interval-intlast-intapp interval-rev-intapp interval-rev-is-rev-conv
interval-same-intapp-eq)

lemma interval-intapp-same-eq[iff|:
(ys © xs = zs © xs) = (ys = zs)
by (metis interval-rev-intapp interval-rev-swap interval-same-intapp-eq)

lemma interval-intrev-intapp-cons:
intrev (xs © (x)) = xQintrev xs
by (case-tac xs,simp,simp)

lemma interval-intlast-intrev:
intlast (intrev xs) = intfirst xs
by (case-tac xs,simp,simp)

lemma interval-intfirst-intrev:
intfirst (intrev xs) = intlast xs
by (induct xs,simp,simp)

lemma interval-intrev-nth:
assumes k< intlen (intrev xs)
shows  (nth (intrev xs) k) = (nth xs ((intlen xs) —k))
using assms
by (induct xs, simp,simp,
(case-tac k,simp add:interval-intapp-nth,
smt Interval.nth.simps(1) Suc-diff-Suc diff-Suc-Suc diff-is-0-eq’ interval-intapp-nth
interval-intrev-intlen le-SucE less-Suc-eq-le old.nat.simps(4) old.nat.simps(5)))

lemma interval-intrev-prefix:
assumes k< intlen xs
shows intrev( prefix k xs) = suffix ((intlen xs) — k) (intrev xs)
by (induct xs arbitrary: k, simp,simp,
(case-tac k, simp,
metis Suc-eq-plusl add.right-neutral interval-intlast-intapp interval-intlen-intapp
interval-intrev-intlen interval-suffix-intlast intlen.simps(1)),
metis dif-Suc-Suc interval-intrev-intlen interval-suffix-intapp2
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intrev.simps(2) old.nat.simps(5))

lemma interval-intrev-suffix:

assumes k< intlen xs

shows intrev( suffix k xs) = prefix ((intlen xs) — k) (intrev xs)

using assms

by (induct xs arbitrary: k, simp, simp add: interval-intrev-prefix interval-rev-swap)

lemma interval-intrev-sub:
assumes 0 < i A i<j A j < intlen xs
shows intrev (sub ij xs) = sub ((intlen xs) —j) ((intlen xs) — i) (intrev xs)
using assms
proof —
have 1: intrev (sub ij xs) = intrev (prefix (j—i) (suffix i xs))
using assms interval-sub-prefix-suffix by (simp add: interval-sub-prefix-suffix)
have 2: intrev (prefix (j—i) (suffix i xs)) = suffix ((intlen xs) — j) (intrev (suffix i xs))
using assms interval-intrev-prefix[of j—i suffix i xs| by auto
have 3: suffix ((intlen xs) — j) (intrev (suffix i xs)) =
suffix ((intlen xs) —j) (prefix ((intlen xs) — i) (intrev xs))
using assms interval-intrev-suffix[of i xs]| by auto
have 4: suffix ((intlen xs) —j) (prefix ((intlen xs) — i) (intrev xs)) =
sub ((intlen xs) —j) ((intlen xs) — i) (intrev xs)
using assms by (simp add: diff-le-mono2 interval-sub-prefix-suffix interval-suffix-prefix-swap)
from 1 2 3 4 show ?thesis by auto
ged

end

2 Infinite Intervals

theory Infinitelnterval
imports

Interval
begin

An infinite interval is a mapping from the natural numbers to a particular type. This is similar as the
theory Omega-Words-Fun of the Isabelle/HOL distribution. The difference is that our version has no
empty (no symbols) word. This is needed as an finite interval has at least one state. So we have to
adapt the definition of conc and upt. We also define the usual isuffix, iprefix and subinterval on infinite

intervals.

2.1 Definitions

type-synonym
'a infinterval = nat = 'a
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type-synonym
infiniteindex = nat infinterval

definition
conc :: ['a interval, 'a infinterval] = 'a infinterval
where conc w x = (An. if n < intlen w then nth w n else x (n — intlen w —1))

primrec upt :: nat = nat = nat interval ((1[-..</-1))
where
upt-0 : [i..<0] = (0)
| upt-Suc: [i..<(Suc j)] = (if i < jthen [i..<j] & ((Suc j)) else {(Suc j)) )

definition
isuffix :: [nat, 'a infinterval] = 'a infinterval
where isuffix k x = (An. x (k+n))

definition

subinterval :: 'a infinterval = nat = nat = 'a interval
where

subinterval wij = map w [i..<j]

definition

iprefix :: nat = 'a infinterval = 'a interval
where

iprefix n w = subinterval w 0 n

definition infinite-index-sequence :: nat = infiniteindex = bool where
infinite-index-sequence x idx = (idx 0 = x) A (Y n. idx n < idx (Suc n))

2.2 Lemmas
2.2.1 upt

lemma upt-rec[code]:
[i..<j] = (ifi<j then i ® [Suc i..<j] else (j})
by (induct j) auto

lemma upt-conv-st [simp]:

assumes j< |

shows  [i..<j] = (j)

using assms

by (metis Infinitelnterval.upt.simps(1) Infinitelnterval.upt.simps(2) Suc-leD less-Suc-eq-0-disj not-le)

lemma upt-same:

[i..<i] = (i)

by (metis Infinitelnterval.upt.simps(1) Infinitelnterval.upt.simps(2)
less-Suc-eq less-Suc-eq-0-disj not-le)

lemma upt-eq-st-conv|[simp]:

(i<l = U) = G<0)
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by (simp add: Infinitelnterval .upt-rec)

lemma upt-eq-cons-conv:
([i..<j] = xOxs) = (i<j A i=x A [Suc i..<j] = xs)
using Infinitelnterval.upt-rec by (induct j arbitrary: x xs, simp, auto)

lemma upt-suc-append:

assumes / < j

shows [i..<(Suc j)] = [i..<j]e((Suc j))
using assms by simp

lemma upt-conv-cons:

assumes /<

shows [i..<j] =i ® [(Suci)..<]]
using assms by (simp add: upt-rec)

lemma upt-conv-cons-cons:

(m®nons=[m.<q]) = (n© ns = [(Suc m)..<q])
proof (cases m < q)

case True

then show 7thesis by (simp add: Infinitelnterval.upt-rec)
next

case False

then show ?thesis by auto

ged

lemma upt-add-eg-append:

assumes i < j A k>0

shows  [i.<j+k] = [i..<j]©[Suc j..<j+K]
using assms

proof

(induct k)

case 0

then show ?case by blast

next

case (Suc k)

then show ?case using Suc-less-eq le-simps(2) by auto
ged

lemma upt-length:
intlen [i.<jl =j — i
by (induct j) (auto simp add: Suc-diff-le)

lemma test:
k < intlen [i..<i + K|
by (simp add: upt-length)

lemma upt-nth-help:

Interval.nth [i.<i + k] k =i + k
by (induct k arbitrary: i, simp add: upt-same,
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metis Infinitelnterval.upt-rec add-Suc-shift interval-nth-Suc less-add-same-cancell
zero-less-Suc)

lemma upt-nth:
assumes i + k < j
shows (nth [i.<j] k) =i+ k
using assms
by (induct j arbitrary: k i, simp,
metis Infinitelnterval .upt.upt-Suc Nat.le-diff-conv2 add.commute add-leD1
interval-intapp-nth le-SucE upt-length upt-nth-help)

lemma upt-intfirst:

assumes | < j

shows  intfirst [i..<j] =i

using assms

by (simp add: Infinitelnterval .upt-rec)

lemma upt-intlast:
intlast [i..<j] = j
by (metis Infinitelnterval .upt-rec interval-nth-intlen-intlast intlast.simps(1) less-or-eq-imp-le
ordered-cancel-comm-monoid-diff-class.add-diff-inverse upt-length upt-nth)

lemma prefix-upt:

assumes i+m < n

shows  prefix m [i..<n] = [i..<i+m]
using assms

proof

(induct m arbitrary: i)

case 0

then show ?case by (simp add: upt-intfirst upt-same)
next

case (Suc m)
then show ?case using Infinitelnterval .upt-rec by auto
ged

lemma suffix-upt:
suffix m [i..<j] = [i+m..<j]

proof

(induct m arbitrary: i j)
case 0

then show ?“case by simp
next

case (Suc j)

then show ?case using Infinitelnterval .upt-rec

by (metis add-Suc-shift interval-suffix-suc not-less-eq not-less-iff-gr-or-eq suffix.simps(1))
ged

lemma map-suc-upt:

map Suc [m..<n] = [Suc m..<Suc n]
proof
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(induct n arbitrary: m)
case 0

then show ?case by simp
next

case (Suc n)

then show 7case by simp
ged

lemma map-add-upt:

map (Ai. i + n) [0..<m] = [n..<m+n]
proof

(induct m)

case 0

then show 7case by (simp add: upt-same)
next

case (Suc m)

then show 7case by simp

ged

2.2.2 isuffix

lemma isuffix-nth:
(isuffix k x) n = x (k+n)
by (simp add: isuffix-def)

lemma isuffix-0:
isuffix 0 x = x
by (simp add: isuffix-def)

lemma isuffix-isuffix:
(isuffix m (isuffix n x)) = isuffix (n+m) x
by (rule ext) (simp add: isuffix-def add.assoc)

2.2.3 iprefix

lemma jprefix-0:
(iprefix 0 x) = ((x 0))
by (simp add: iprefix-def subinterval-def)

lemma iprefix-nth:

assumes k<m

shows (nth (iprefix m x) k) = (x k)

using assms

by (simp add: interval-nth-map iprefix-def subinterval-def upt-nth)

lemma iprefix-length:

intlen (iprefix n x) = n
by (simp add: iprefix-def subinterval-def upt-length)
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2.2.4 subinterval

lemma subinterval-length:
intlen (subinterval x i j) = j —i
by (simp add: subinterval-def upt-length)

lemma subinterval-nth:

assumes i+k < j

shows  nth (subinterval x i j) k = x (i+k)
unfolding subinterval-def

using assms by (simp add: interval-nth-map upt-nth)

lemma iprefix-isuffix:
iprefix n (isuffix k x) = subinterval x k (n+k)
proof —
have 0: iprefix n (isuffix k x) = map (An. x (k + n)) [0..<n]
by (simp add: iprefix-def isuffix-def subinterval-def)
have 1: [k..<n+k] = (map (\i. i+k) [0..<n])
using map-add-upt by simp
hence 2: map x [k..<n+k] = map x (map (\i. i+k) [0..<n])
by simp
have 3: map x (map (\i. i+k) [0..<n]) = map (x o (Ai. i+k)) [0..<n]
by simp
have 4: (x o (Ai. i+k)) = (An. x (k + n)) by (metis add.commute comp-apply)
hence 5: map (x o (Ai. i+k)) [0..<n] = map (An. x (k + n)) [0..<n]
by simp
have 6: subinterval x k (n+k) = map x [k..<n+k]
by (simp add: subinterval-def)
from 0 2 3 5 6 show ?thesis by auto
ged

lemma subinterval-sub-isuffix:
assumes | < j
shows  (subinterval xs (i+k) (j+k)) = (subinterval (isuffix k xs) i j)
proof —
have 1: (subinterval xs (i+k) (j+k)) =
iprefix (j—i) (isuffix (i4+k) xs)
by (simp add: iprefix-isuffix assms less-imp-le-nat)
have 2: iprefix (j—i) (isuffix (i+k) xs) =
iprefix (j—1i) (isuffix (i) (isuffix k xs))
by (simp add: isuffix-isuffix add.commute)
have 3: iprefix (j—i) (isuffix (i) (isuffix k xs)) =
(subinterval (isuffix k xs) i j)
by (simp add: iprefix-isuffix assms less-imp-le-nat)
from 1 2 3 show ?thesis by auto
ged

lemma subinterval-sub-isuffix-iidx:

assumes infinite-index-sequence 0 Isk A n>0

shows  (subinterval o ((Isk i) +n) ((Isk (Suc i))+n))
(subinterval (isuffix n o) (Isk i) (Isk (Suc i)))
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using assms by (simp add: infinite-index-sequence-def subinterval-sub-isuffix)

lemma interval-pref-ipref-3-intlen:
intlen (prefix i (iprefix (i4+k) xs)) = intlen (iprefix i xs)
by (simp add: iprefix-length)

lemma interval-pref-ipref-3-nth:
(nth (prefix i (iprefix (i+k) xs)) m) = (nth (iprefix i xs) m)
by (smt interval-eg-nth-eq interval-nth-prefix interval-pref-ipref-3-intlen iprefix-length
iprefix-nth le-add1 le-trans)

lemma interval-pref-ipref-3 [simp]:
(prefix i (iprefix (i+k) xs)) = iprefix i xs
by (simp add: interval-eq-nth-eq interval-pref-ipref-3-intlen interval-pref-ipref-3-nth)

lemma interval-iprefix-isuffix-swap-intlen:
intlen (iprefix ia (isuffix i xs)) = intlen (suffix i (iprefix (ia+i) xs))
by (simp add: iprefix-length)

lemma interval-iprefix-isuffix-swap-nth:

assumes m<ia

shows (nth (iprefix ia (isuffix i xs)) m) = (nth (suffix i (iprefix (ia+i) xs)) m)
using assms by (simp add: iprefix-length iprefix-nth isuffix-def)

lemma interval-iprefix-isuffix-swap:
iprefix ia (isuffix i xs) = suffix i (iprefix (ia+1i) xs)
by (simp add: interval-eq-nth-eq interval-iprefix-isuffix-swap-nth iprefix-length)

2.2.5 Conc

lemma conc-empty-zero:
(conc (s) x) 0 =s
unfolding conc-def by auto

lemma conc-empty-suc:
(conc (s) x) (Suci) = xi
unfolding conc-def by auto

lemma conc-conc:

conc x (conc y w) = conc (x © y) w (is ?lhs = 7rhs)

proof

fix n

have x: n < intlen x = ?lhs n = ?rhs n
by (simp add: conc-def interval-intapp-nth)

have y: n > intlen x A n < (intlen x) + (intlen y) == 7lhs n = ?rhs n
by (simp add: conc-def interval-intapp-nth, arith)

have w: n > (intlen x) + (intlen y) = 7lhs n = 7rhs n
by (simp add: conc-def interval-intapp-nth, arith)

from x y w show ?lhs n = 7rhs n using not-less by blast
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ged

lemma conc-iprefix-isuffix:
x = conc (iprefix n x) (isuffix (Suc n) x)
by (rule ext)
(induct n, simp add: conc-def iprefix-0 isuffix-def,
simp add: conc-def iprefix-length iprefix-nth |
metis isuffix-def nat-le-linear not-less-eq-eq
ordered-cancel-comm-monoid-diff-class.add-diff-inverse)

2.2.6 Infinite index sequence

lemma Jidx-1:

I = (conc ((10)) (Ax. (I (x+1))))

(is ?lhs = 7rhs)
proof
fix n
have x: n < intlen ((/ 0)) = ?lhs n = 7rhs n
by (simp add: conc-def interval-intapp-nth)
have /s: n > intlen ((/ 0)) = 7lhs n = 7rhs n
by (simp add: conc-def interval-intapp-nth)
from x Is show ?lhs n = ?rhs n by auto
ged

lemma Jidx-2:

infinite-index-sequence 0 (conc ((1 0)) (Ax. (I (x+1)))) =
((1o)y=0n(10)<(I1)A
infinite-index-sequence (I 1) (Ax. (I (x+1))))

by (simp add: infinite-index-sequence-def conc-def, auto)
(metis Suc-diff-Suc add-diff-cancel-left’ grOl plus-1-eq-Suc zero-less-diff)

lemma Jidx-less-plus:

assumes infinite-index-sequence n Is

shows (/s i) < (Is (Suc (i+k)))

using assms

by (simp add: infinite-index-sequence-def lift-Suc-mono-less)

lemma Jidx-greater:

assumes infinite-index-sequence n Is

shows />0 —n<lIsi

using assms

by (induct i, simp, metis infinite-index-sequence-def less-imp-Suc-add iidx-less-plus)

lemma iidx-3:
assumes infinite-index-sequence n Is
shows infinite-index-sequence 0 ((shiftm n)ols)
using assms
by (simp add: infinite-index-sequence-def shiftm-def)
(metis diff-less-mono less-le lift-Suc-mono-less-iff not-less zero-less-Suc)
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lemma Jidx-4:
(infinite-index-sequence (x+k) ((shift k)ols))=
infinite-index-sequence x Is
by (simp add: shift-def infinite-index-sequence-def)

lemma iidx-5:
assumes (infinite-index-sequence k (Isk) A Is = (shiftm k)olsk)
shows infinite-index-sequence 0 Is
using assms
by (simp add: infinite-index-sequence-def shiftm-def)
(metis add-less-same-cancell diff-less-mono lift-Suc-mono-less-iff not-add-less1 not-le-imp-Iless)

lemma iidx-ext:
((xs :: infiniteindex ) = ys) = (Vi. xsi = ys i)
by auto

lemma iidx-6:

(infinite-index-sequence k Isk N\ Isk = (shift k)ols A infinite-index-sequence 0 Is ) =
(infinite-index-sequence k Isk N Is = (shiftm k)olsk A infinite-index-sequence 0 Is)

by (simp add: iidx-ext infinite-index-sequence-def shift-def shiftm-def ,rule, auto,
metis add.commute add-diff-inverse-nat add-less-same-cancell lift-Suc-mono-less-iff not-add-less1)

lemma iidx-7:
(infinite-index-sequence k Isk N\ Is= (shiftm k) o Isk) =
(infinite-index-sequence k Isk A Is= (shiftm k) o Isk A
infinite-index-sequence 0 Is)
using Jiidx-5 by blast

lemma Jidx-8:
( Isk = (shift k) o Is A infinite-index-sequence 0 Is) =
( Isk = (shift k) o Is A infinite-index-sequence k Isk A
infinite-index-sequence 0 Is )
by (metis Interval.shift-def add-left-imp-eq diff-is-0-eq’ interval-idx-shift-mono
le-add-diff-inverse2 mono-def iidx-4 rel-simps(46))

lemma jidx-0-a:
infinite-index-sequence 0 | —
(10)=0AN(10) < (I1)A infinite-index-sequence (I 1) (Ax. I(x+1))
by (simp add: infinite-index-sequence-def)
metis

lemma iidx-0-b:
x =0 A x < (I 0) A infinite-index-sequence (I 0) | =
infinite-index-sequence 0 (conc (x) /)

using diff-Suc-less infinite-index-sequence-def

by (simp add: conc-def lift-Suc-mono-less)
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lemma Jidx-0:

(3 I. infinite-index-sequence 0 ) =

(3 Isx. x =0 A x< (Is 0) A infinite-index-sequence (Is 0) Is)
using infinite-index-sequence-def lessl iidx-0-b by metis

end

3 Finite ITL Semantics

theory Semantics
imports Interval HOL— TLA.Intensional
begin

This theory mechanises a shallow embedding of finite ITL using the Interval and Intensional theories.
A shallow embedding represents ITL using Isabelle/HOL predicates, while a deep embedding [1] would
represent ITL formulas as mutually inductive datatypes. See, e.g., [8] for a discussion about deep vs.
shallow embeddings in Isabelle/HOL. The choice of a shallow over a deep embedding is motivated [3, 2]
by the following factors: a shallow embedding is usually less involved, and existing Isabelle theories and
tools can be applied more directly to enhance automation; due to the lifting in the Intensional theory, a
shallow embedding can reuse standard logical operators, whilst a deep embedding requires a different set of
operators for formulas. Finally, since our target is system verification rather than proving meta-properties
of the logic, which requires a deep embedding, a shallow embedding is more fit for purpose.

3.1 Types of Formulas

To mechanise the ITL semantics, the following type abbreviations are used:

type-synonym (‘a,’b) formfun = 'a interval = 'b

type-synonym ’a formula = (a,bool) formfun
type-synonym ('a,’b) stfun = 'a="'b
type-synonym ’a stpred = (a,bool) stfun
instance

fun :: (type,type) world ..

instance
prod :: (type,type) world ..

instance
interval :: (type) world ..

Pair, function, and interval are instantiated to be of type class world. This allows use of the lifted
Intensional logic for formulas, and standard logical connectives can therefore be used.
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3.2 Semantics of ITL

The semantics of ITL is defined. Note chopstar is a derived operator, i.e., it is defined recursively in terms
of chop.

definition skip-d :: (‘a ::world) formula
where skip-d = As. intlen s =1

definition chop-d :: (‘a ::world) formula = ('a ::world) formula = ('a ::world) formula
where chop-d F1 F2 = X's. 3n. 0< n A n<intlen s A\ ((prefix ns) = F1) A ((suffixn's) = F2)

definition current-val-d :: (‘a::world,’b) stfun = ('a,’b) formfun
where current-val-d f = X s. (nths 0) |= f

definition next-val-d :: (‘a::world,’b) stfun = ('a,’b) formfun
where next-val-d f = X s. if intlen s >0 then ((nths 1) |= f) else (e (x::'b). x=x)

definition fin-val-d :: (‘a::world,’b) stfun = ('a,’b) formfun
where fin-val-d f = X\ s. (nth s (intlen s)) &= f

definition penult-val-d :: (‘a::world,’b) stfun = ('a,’b) formfun
where penult-val-d f = X s. if intlen s >0 then (nth s ((intlen s)—1) |= f) else (e (x::'b ). x=x)

This is the concrete syntax for the (abstract) operators above.

syntax

-skip-d o lift ((skip))

-chop-d o [liftlift]) = lift ((-;-) [84,84] 83)
-current-val-d :: lift = lift (($-) [100] 99)
-next-val-d  :: lift = lift ((-$) [100] 99)
finval-d o lift = lift (1) [100] 99)
-penult-val-d :: lift = lift ((-) [100] 99)
TEMP lift = 'b ((TEMP -))
syntax (ASCII)

-skip-d o lift ((skip))

~chop-d  [life lift] = lift ((=-) [84,84] 83)
-current-val-d :: lift = lift (($-) [100] 99)
-next-val-d  :: lift = lift ((-$) [100] 99)
-fin-val-d  : lift = lift ((!-) [100] 99)
-penult-val-d :: lift = lift ((-1) [100] 99)

translations

-skip-d = CONST skip-d
-chop-d = CONST chop-d
-current-val-d = CONST current-val-d
-next-val-d = CONST next-val-d
-fin-val-d = CONST fin-val-d
-penult-val-d = CONST penult-val-d
TEMP F — (F:: (- interval) = -)
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3.3 Abbreviations

Some standard temporal abbreviations, with their concrete syntax.
definition sometimes-d :: (‘a::world) formula = 'a formula
where sometimes-d F = LIFT (# True;F)

definition di-d :: (‘a::world) formula = 'a formula
where di-d F = LIFT(F;# True)

definition da-d :: ('a::world) formula = 'a formula
where da-d F = LIFT (# True;(F;# True))

definition next-d :: (‘a::world) formula = 'a formula
where next-d F = LIFT (skip;F)

definition prev-d :: (‘a::world) formula = 'a formula
where prev-d F = LIFT(F;skip)

syntax
-sometimes-d :: lift = lift ((<-) [88] 87)
didd o lift = lift ((di-) [88] 87)
-da-d 2 lift = lift ((da -) [88] 87)
-next-d = lift = lift ((O -) [88] 87)
-prev-d = lift = lift ((prev -) [88] 87)

syntax (ASCII)
-sometimes-d :: lift = lift ((<>-) [88] 87)

dirid o lift = lift ((di -) [88] 87)
-da-d 2 lift = lift ((da -) [88] 87)
-next-d 2 lift = lift ((next -) [88] 87)
-prev-d  :: lift = lift ((prev -) [88] 87)

translations
-sometimes-d = CONST sometimes-d
-di-d = CONST di-d
-da-d = CONST da-d
-next-d = CONST next-d
-prev-d = CONST prev-d

definition always-d :: (‘a::world) formula = 'a formula
where always-d F = LIFT (=(<(=F)))

definition bi-d :: (‘a::world) formula = 'a formula
where bi-d F = LIFT(~(di(=F)))

definition ba-d :: (‘a::world) formula = 'a formula
where ba-d F = LIFT (—(da(—F)))
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definition wnext-d :: (‘a::world) formula = 'a formula
where wnext-d F = LIFT (—(O(—F)))

definition wprev-d :: (‘a::world) formula = 'a formula
where wprev-d F = LIFT (—(prev(=F)))

definition more-d :: (‘a::world) formula
where more-d = LIFT (O(# True))

syntax

-always-d :: lift = lift ((O-) [88] 87)
bi-d o lift = lift ((bi -) [88] 87)
ba-d = lift = lift ((ba -) [88] 87)

-wnext-d  :: lift = lift ((wnext -) [88] 87)
-wprev-d  :: lift = lift ((wprev -) [88] 87)
-more-d  :: lift ((more))

syntax (ASCII)
-always-d :: lift = lift (([]-) [88] 87)

-bi-d 2 lift = lift ((bi -) [88] 87)
-ba-d 2 lift = lift ((ba -) [88] 87)
-wnext-d  :: lift = lift ((wnext -) [88] 87)
-wprev-d  :: lift = lift ((wprev -) [88] 87)
-more-d  :: lift ((more))

translations

-always-d = CONST always-d
-bi-d = CONST bi-d
-ba-d = CONST ba-d
-wnext-d = CONST wnext-d
-wprev-d = CONST wprev-d
-more-d = CONST more-d

definition empty-d :: (‘a::world) formula
where empty-d = LIFT (—(more))

definition dm-d :: (‘a::world) formula = 'a formula
where dm-d F = LIFT (# True;(more A F))

syntax

-empty-d . lift ((empty))
dm-d  : lift = lift ((dm -) [88] 87)
syntax (ASCII)

-empty-d . lift ((empty))
-dm-d 2 lift = lift ((dm -) [88] 87)
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translations
-empty-d = CONST empty-d
-dm-d = CONST dm-d

definition bm-d :: (‘a::world) formula = 'a formula
where bm-d F = LIFT (—(dm(—F)))

definition init-d :: (‘a::world) formula = 'a formula
where init-d F = LIFT ((empty A F);# True)

definition fin-d :: ('a::world) formula = 'a formula
where fin-d F = LIFT(O(empty — F))

definition halt-d :: ('a::world) formula = 'a formula
where halt-d F = LIFT(O(empty = F))

definition initonly-d :: (‘a::world) formula = 'a formula
where initonly-d F = LIFT (bi(empty = F))

definition keep-d :: (‘a::world) formula = 'a formula
where keep-d F = LIFT (ba(skip — F))

definition yields-d :: ('a::world) formula = 'a formula = 'a formula
where yields-d F1 F2 = LIFT(—(FI1;(—F2)))

definition ifthenelse-d :: ('a::world) formula = 'a formula = 'a formula = 'a formula
where ifthenelse-d F G H = LIFT((F A G) V (=F A H) )

primrec power-d :: ('a::world) formula = nat = 'a formula
where pow-0 : (power-d F 0) = LIFT (empty)
| pow-Suc: (power-d F (Suc n)) = LIFT((F);(power-d F n))

syntax

-bm-d = lift = lift ((bm -) [88] 87)
-init-d o lift = lift ((init -) [88] 87)
-fin-d it = lift ((fin -) [88] 87)
-halt-d = lift = lift ((halt -) [88] 87)
initonly-d :: lift = lift ((initonly -) [88] 87)
-keep-d = lift = lift ((keep -) [88] 87)

_yields-d = [lift,lif]] = lift  ((- yields -) [88,88] 87)
-ifthenelse-d :: [lift,lift,lift] = lift ((if; - then - else - ) [88,88,88] 87)

-power-d  :: [lift,nat] = lift ((power - -) [88,88] 87)
syntax (ASCII)

-bm-d = lift = lift ((bm -) [88] 87)

-init-d o lift = lift ((init -) [88] 87)

-fin-d it = lift ((fin -) [88] 87)
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-halt-d o lift = lift ((halt -) [88] 87)

-initonly-d  :: lift = lift ((initonly -) [88] 87)

-keep-d = lift = lift ((keep -) [88] 87)

yields-d :: [lift,liff] = lift (- yields -) [88,88] 87)

-ifthenelse-d :: [lift,lift,lift] = lift ((if; - then - else - ) [88,88,88] 87)
-power-d  :: [lift,nat] = lift ((power - -) [88,88] 87)

translations

-bm-d = CONST bm-d
-init-d = CONST init-d

-fin-d = CONST fin-d

-halt-d = CONST halt-d
-initonly-d = CONST initonly-d
-keep-d = CONST keep-d
-yields-d = CONST yields-d
-ifthenelse-d = CONST ifthenelse-d
-power-d = CONST power-d

definition /en-d :: nat = (a::world) formula
where len-d n = LIFT (power skip n)

definition powerstar-d :: ('a::world) formula = 'a formula
where powerstar-d F = LIFT(3 k. power F k)

syntax

-len-d :: nat = lift ((len -) [88] 87)
-powerstar-d  :: lift = lift ((powerstar -) [85] 85)
syntax (ASCII)

-len-d :: nat = lift ((len -) [88] 87)
-powerstar-d . lift = lift ((powerstar -) [85] 85)

translations
-len-d = CONST len-d
-powerstar-d = CONST powerstar-d

definition chopstar-d :: ('a::world) formula = 'a formula
where chopstar-d F = LIFT (powerstar (F A more))

syntax
-chopstar-d  :: lift = lift ((-) [85] 85)

syntax (ASCII)
-chopstar-d  :: lift = lift ((chopstar -) [85] 85)

translations
-chopstar-d = CONST chopstar-d

definition ifthen-d :: (‘a::world) formula = 'a formula = 'a formula

32



where ifthen-d F G = LIFT (if; F then G else # True )

definition while-d :: (‘a::world) formula = 'a formula = 'a formula
where while-d F G = LIFT( ( F A G)* A (fin ((=F))) )

syntax
-ifthen-d :: [lift,lift] = lift ((if; - then - ) [88,88] 87)
_while-d : [lift,lift] = lift ((while - do - ) [88,88] 87)

syntax (ASCII)
-ifthen-d :: [lift,lift] = lift ((if; - then - ) [88,88] 87)
_while-d :: [lift,lift] = lift (while - do - ) [88,88] 87)

translations
-ifthen-d = CONST ifthen-d
-while-d = CONST while-d

definition repeat-d :: ('a::world) formula = 'a formula = 'a formula
where repeat-d F G = LIFT(F;while (- G) do F )

syntax
-repeat-d :: [lift,lift] = lift ((repeat - until - ) [88,88] 87)

syntax (ASCII)
-repeat-d :: [lift,lift] = lift ((repeat - until - ) [88,88] 87)

translations
-repeat-d = CONST repeat-d
definition next-assign-d :: ('a::world,’b) stfun = ('a,’b) formfun = 'a formula

where next-assign-d ve = LIFT( v$ = e)

definition prev-assign-d :: (‘a::world,’'b) stfun = ('a,’b) formfun = 'a formula
where prev-assign-d ve = LIFT( v! = e)

definition always-eq-d :: (‘a::world,’b) stfun = ('a,’b) formfun = 'a formula
where always-eqg-d ve = X s. s = O(Sv = e)

definition temporal-assign-d :: ('a::world,’b) stfun = ('a,’b) formfun = 'a formula
where temporal-assign-dve =Xs. s Elv=ce

definition gets-d :: (‘a::world,’b) stfun = ('a,’b) formfun = 'a formula
where gets-d ve = X\ s. s = keep( temporal-assign-d v e)

definition stable-d :: (‘a::world,'b) stfun = 'a formula
where stable-d v = X\ s. s |= gets-d v (current-val-d v)

definition padded-d :: ('a::world,’b) stfun = 'a formula
where padded-d v = X s. s |= (stable-d v);skip V empty
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definition padded-temp-assign-d :: (‘a::world,’b) stfun = ('a,’b) formfun = 'a formula

where padded-temp-assign-d v e = X s. s |= (temporal-assign-d v e)

syntax

-next-assign-d = [lift ift] = lift ((- == -) [50,51] 50)
-prev-assign-d : [liftlift]) = lift ((- =: -) [50,51] 50)
-always-eq-d = [liftlift] = lift ((- ~ -) [50,51] 50)
-temporal-assign-d  :: [lift,lift] = lift ((- < -) [50,51] 50)
-gets-d : [liftlift] = lift ((- gets -) [50,51] 50)
-stable-d o lift = lift ((stable -) [51] 50)
_padded-d :lift = lift  ((padded -) [51] 50)

-padded-temp-assign-d :: [lift,lift] = lift ((- <~ -) [50,51] 50)

syntax (ASCII)

-next-assign-d : [liftlift) = lift ((- :== -) [50,51] 50)
-prev-assign-d = [liftlift]) = lift ((- =: -) [50,51] 50)
-always-eq-d [t lift) = lift ((- a/weqv -) [50,51] 50)
-temporal-assign-d  :: [lift,lift] = lift ((- <—— -) [50,51] 50)
-gets-d o [lift,lift] = lift ((- gets -) [50,51] 50)
-stable-d 2 lift = lift ((stable -) [51] 50)
-padded-d = ift = lift ((padded -) [51] 50)

-padded-temp-assign-d :: [lift,lift] = lift ((- <~ -) [50,51] 50)

translations

-next-assign-d = CONST next-assign-d
-prev-assign-d = CONST prev-assign-d
-always-eq-d = CONST always-eq-d
-temporal-assign-d = CONST temporal-assign-d
-gets-d = CONST gets-d

-stable-d = CONST stable-d

-padded-d = CONST padded-d

-padded-temp-assign-d = CONST padded-temp-assign-d

3.4 Properties of Operators

A (padded-d v)

The following lemmas show that above operators have the expected semantics.

lemma skip-defs :
(w = skip) = ( intlen w =1)
by (simp add: skip-d-def)

lemma chop-defs :

(wE F1; F2)=(3 n.0<n A n<intlen w A ((prefix n w)l= F1) A

by (simp add: chop-d-def)
lemma sometimes-defs :

(w =< F) = (3 n. 0<n A n<intlen w A ((suffix n w) = F))
by (simp add: Semantics.sometimes-d-def chop-defs)
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lemma always-defs :
(wlEOF)=(Y n. 0<n A n<intlen w — ((suffix n w) = F))
by (simp add: always-d-def sometimes-defs)

lemma di-defs :
(w =di F) = (3 n. 0<n A n<intlen w A ((prefix n w) = F))
by (simp add: Semantics.di-d-def chop-defs)

lemma bi-defs :
(w = bi F) = (¥ n. 0<n A n<intlen w — ((prefix n w) = F))
by (simp add: Semantics.bi-d-def di-defs)

lemma da-defs :
(wlE=daF)=(3 nna. 0<n A na+n < intlen w A ((sub n (na+n) w) = F))
using interval-prefix-length-good interval-suffix-length-good
by (simp add: Semantics.da-d-def chop-defs,
smt add.commute add-diff-cancel-left’ add-leD2 interval-sub-prefix-suffix-0 le-if-add
nat-add-left-cancel-le zero-le)

lemma ba-defs :
(w = ba F)=(V nna. 0<n A na+n < intlen w — ((sub n (na+n) w) = F))
by (simp add: ba-d-def da-defs)

lemma next-defs :
(w E O F) = (intlen w > 0 A ((suffix I w)l= F) )
using Suc-le-eq by (simp add: next-d-def chop-defs skip-defs, force)

lemma wnext-defs :
(w = wnext F) = (intlen w = 0 V ((suffix 1 w)l= F) )
by (simp add: wnext-d-def next-defs)

lemma prev-defs :
(w = prev F) = (intlen w > 0 A ((prefix ((intlen w)—1) w)l= F) )
by (simp add: prev-d-def chop-defs skip-defs)
(metis One-nat-def Suc-lel diff-diff-cancel diff-is-0-eq’ diff-le-self
interval-suffix-length-good neq0-conv zero-neg-one)

lemma wprev-defs :
(w = wprev F) = (intlen w = 0 V ((prefix ((intlen w)—1) w)E= F) )
by (metis (mono-tags, lifting) less-le prev-defs unl-lift wprev-d-def zero-le)

lemma more-defs :
(w = more) = (intlen w>0)
by (simp add: more-d-def next-defs)
lemma empty-defs :
(w = empty) = (intlen w = 0)
by (simp add: empty-d-def more-defs)

lemma init-defs :
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(w [= init F) = ( (Interval.prefix 0 w) = F )
by (simp add: init-d-def empty-defs chop-defs) auto

lemma initalt-defs :
(w = bi( empty — F)) = ( (Interval.prefix O w) = F )
by (simp add: bi-defs empty-defs)

lemma fin-defs :
(w [ fin F) = ( (Interval.suffix (intlen w) w) = F)
by (simp add: fin-d-def empty-defs always-defs)

lemma finalt-defs :
(w = # True;(F A empty)) = ( (Interval.suffix (intlen w) w) = F)
by (simp add: chop-defs empty-defs) fastforce

lemma halt-defs :
(w = halt(F)) = (V n<intlen w. (intlen w = n) = F (suffix n w))
by (simp add: halt-d-def empty-defs always-defs)

lemma initonly-defs :
(w [= initonly(F)) = (V n<intlen w. (n = 0) = F (prefix n w))
by (simp add: initonly-d-def bi-defs empty-defs)

lemma ifthenelse-defs:
(w [ if; F then G else H) =
((wEF)A(wEG)VI((~(wkEF)A(wEH)))
by (simp add: ifthenelse-d-def)

lemma len-defs :
(w = len n) = (intlen w =n)
by (induct n arbitrary: w, simp add: len-d-def empty-defs,
simp add: len-d-def chop-defs skip-defs) fastforce

lemma currentval-defs :

(s E $v) = (v (nth s 0))
by (simp add: current-val-d-def)

lemma nextval-defs :
(s = v8) = (if intlen s >0 then (v (nth s 1)) else (¢ x. x=x))
by (simp add: next-val-d-def)

lemma finval-defs :
(s =v) = (v (nth s (intlen s)))
by (simp add: fin-val-d-def)
lemma penultval-defs :
(s = v!) = (ifintlen s >0 then (v (nth s ((intlen s)—1))) else (¢ x. x=x))
by (simp add: penult-val-d-def)

lemma next-assign-defs :
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intlen s >0 = (s = v :=e) = v (Interval.nths 1) = es
by (auto simp: next-assign-d-def next-val-d-def)

lemma prev-assign-defs :
intlen s >0 = (s = v =: e) = v (Interval.nth s ((intlen s)—1)) = es
by (auto simp: prev-assign-d-def penult-val-d-def)

lemma always-eqv-defs :
(s Evee)=(V i<intlens. v (Interval.nth s i) = e (suffix i s))
by (simp add: always-eq-d-def always-defs current-val-d-def)

lemma temporal-assign-defs :
(s E v < e) = (v (Interval.nth s (intlen s)) = e s)
by (simp add: temporal-assign-d-def fin-val-d-def )

lemma gets-defs :

(s = vgetse) = (V i < intlens. v (Interval.nth s (Suci)) = e (subi (i+1)s))
using Suc-le-eq
by (simp add: gets-d-def keep-d-def ba-defs skip-defs sub-def temporal-assign-defs)

lemma stable-defs-help:
(Vi<intlen s. v (Interval.nth s (Suc i)) = v (Interval.nth s i)) =
(Vi<intlen s. v (Interval.nth s i) = v (Interval.nth s 0))
proof
(induct s)
case (St x)
then show ?case by simp
next
case (Cons xla s)
then show 7case
by (smt Suc-lessl interval-nth-Suc intlen.simps(2) le-SucE le-neq-implies-less le-simps(1)
less-Suc-eq plus-1-eq-Suc zero-less-Suc)
ged

lemma stable-defs:
(s = stable v) = (V i<intlens. (v (nth s i)) = (v (nth s 0)))
by (simp add: stable-d-def gets-defs current-val-d-def sub-def stable-defs-help)

lemma padded-defs :
(s E padded v) = ((V i< intlen s. (v (nth si)) = (v (nth s 0))) V intlen s =0)
by (simp add: padded-d-def stable-defs chop-d-def skip-defs empty-defs interval-suffix-length,
smt Suc-lel Suc-pred diff-diff-cancel interval-intlen-gr-zero le-neq-implies-less le-simps(1)
less-Suc-eq)

lemma padded-temporal-assign-defs :
(sEv<~e)=
((s = padded v) A
(v (Interval.nth s (intlen s)) = e s ))
by (simp add: padded-temp-assign-d-def padded-defs temporal-assign-defs, auto)
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lemma linalw:
a < b A b<intlen w A ((suffixaw )= 0O A) — ((suffixbw ) =0 A)
by (simp add: always-defs,
smt add.assoc add.commute interval-suffix-length-good le-add-diff-inverse le-trans
ordered-cancel-comm-monoid-diff-class.le-diff-conv2)

3.5 Soundness of Finite ITL Axioms
3.6.1 ChopAssoc

lemma ChopAssocSemHelp:
(Fiia. i<intlen o A ia < intlen o —i A (prefixi o = f) A
(prefix ia (suffix i o) |= g) A (suffix (ia + i) o = h)) =
(3jja . j <intlen o A ja < j A (prefix ja (prefix j o) = ) A
(suffix ja (prefix j o) = g) A (suffix j o = h))
by (smt Nat.le-diff-conv2 add-diff-cancel-left’ interval-pref-pref-3 interval-suffix-prefix-swap
le-add1 le-add-diff-inverse2 le-trans)

lemma ChopAssocSemHelp2:
(0= fi(g:h)=(ok(fg)h)
proof —
have (c = f;(g; h) =
((Fi<intlen o. (prefix i o = f) A (Fia<intlen (suffix i o).
(prefix ia (suffix i o) = g) A (suffix (ia + i) o = h))))
by (simp add: chop-defs)
also have ... =
(Fiia. i<intlen o N\ ia < intlen o —i A (prefixi o |= f) A
(prefix ia (suffix i o) = g) A (suffix (ia + i) o = h))
by fastforce
also have ... =
(3jja . j <intlen o A ja < j N\ (prefix ja (prefix j o) = f) A
(suffix ja (prefix j o) = g) A (suffix j o = h))
using ChopAssocSemHelp[of o f g h] by blast
also have ... =
(Fi<intlen o. (Fia<intlen (prefix i o). (prefix ia (prefix i o) = f) A
(suffix ia (prefix i o) = g)) A (suffix i o = h))
by fastforce
also have ... =
(o = (f;g);h) by (simp add: chop-defs)
finally show (o = f; (g; h) = (0 = (f;g):h) .
ged

lemma ChopAssocSem:

(0= fi(g:h)= (fig)h)
using ChopAssocSemHelp2 using unl-lift2 by blast

3.5.2 OrChoplmp

lemma OrChoplmpSem:
(cE (fVgsh — fhVvgh)
by (simp add: chop-defs) blast
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3.5.3 ChopOrimp

lemma ChopOrimpSem:
(c =fi(gvh)— figVv fih)
by (simp add: chop-defs) blast

3.5.4 EmptyChop

lemma EmptyChopSem:

(c Eempty ; f=1)
by (simp add: empty-defs chop-defs) auto

3.5.5 ChopEmpty

lemma ChopEmptySem:
(0 = fiempty = f)
by (simp add: empty-defs chop-defs) auto

3.56.6 StatelmpBi

lemma StatelmpBiSem:
(o = init f —  bi (init ) )
by (simp add: init-defs bi-defs)

3.5.7 NextlmpNotNextNot

lemma NextImpNotNextNotSem:
(cFOf— =(0(=1)))
by (simp add: next-defs)

3.56.8 BiBoxChoplmpChop

lemma BiBoxChoplmpChopSem:
(cEb(f—fl)NO(g — gl) — f,g — fl;g1)
by (simp add: bi-defs always-defs chop-defs) fastforce

3.5.9 BoxInduct

lemma box-induct-help-1 :
(c =f)A(Vi.Suc0 < intleno — i —
i < intlen 0 — (suffixi o |= f) — (suffix (Suc i) o = f))
= (V j. j < intlen 0 — (suffix j o = f))
proof
fix j
show (o |=f) A (Vi. Suc0 < intleno — i —
i < intlen 0 — (suffixi o |= f) — (suffix (Suc i) o = f))
= j < intlen 0 — (suffix j o |= f)
proof
(induct j arbitrary: o)
case 0
then show 7case by simp
next
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case (Suc j)
then show 7case
by (metis Nat.le-diff-conv2 One-nat-def Suc-eq-plusI-left Suc-leD)
ged
ged

lemma BoxInductSem:
(cEFO(f — wnext ) Nf — 0Of)
proof —
have I: (c FO(f — wnext f) A f — O f) =
((Y n<intlen o. f (suffix n o) — intlen o = n V f (suffix (Suc n) o)) A f 0 —
(V n<intlen o. f (suffix n 0)))
by (simp add: always-defs wnext-defs)
from 1 show 7thesis using box-induct-help-1
by (metis One-nat-def diff-self-eq-0 not-one-le-zero)
ged

3.56.10 ChopStarEqv

lemma ChopExist:
(3 k. fgk) =" (3 k. gk)
by (simp add: chop-defs Valid-def, auto)

lemma ExistChop:
F(3 k. (gk);f)= (3 k. gk);f
by (simp add: chop-defs Valid-def, auto)

lemma powersem1:
(o = (3 k. power f k) = (empty V (3 k. power f (Suc k))))
by (smt notO-implies-Suc pow-0 unl-Rex unl-lift2)

lemma powersem:

F (3 k. power fk) = ( empty V (f);(3 k. (power f k)))
proof —

have 1:F (3 k. power f k) = ( empty V (3 k. power f (Suc k)))
using powerseml by blast

have 2: - (3 k. power f (Suc k)) = (3 k. (f);power f k)
by simp

have 3: - (3 k. (f);(power f k)) = (f);(3 k. (power f k))
using ChopExist by blast

from 1 2 3 show ?thesis by fastforce
ged

lemma PowerstarEqvSem:
(¢ = (powerstar f) = (empty vV f;(powerstar f) ))
proof —
have I: (o = (powerstar f)) =
(o = (3 k. power f k))
by (simp add: powerstar-d-def)
have 2: (o = (3 k. power f k)) =
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(o0 = (empty V £;(3 k. (power f k))))
using powersem by (metis inteq-reflection)
from 1 2 show 7thesis by (simp add: powerstar-d-def)
ged

lemma ChopstarEqvSem:
(0 =f*= (empty vV (f A more); f*))
by (metis PowerstarEqvSem chopstar-d-def)

3.6 Quantification over State (Flexible) Variables

The hidden state approach, as used in the embedding of TLA in Isabelle/HOL TLA embedding [3, 2], is
used. Here [3, 2], a state space is defined by its projections, and everything else is unknown. Thus, a
variable is a projection of the state space, and has the same type as a state function. Moreover, strong
typing is achieved, since the projection function may have any result type. To achieve this, the state
space is represented by an undefined type, which is an instance of the world class to enable use with the
Intensional theory.

typedecl state
instance state :: world ..

type-synonym ‘a statefun = (state,’a) stfun

type-synonym statepred = bool statefun
type-synonym ‘a tempfun = (state,’a) formfun
type-synonym temporal = state formula

Similar to [3, 2] we define a state to be an anonymous type whose only purpose is to provide Skolem
constants. Similarly, we do not define a type of state variables separate from that of arbitrary state
functions, again in order to simplify the definition of flexible quantification later on. Nevertheless, we need
to distinguish state variables. Note we deviate from [3, 2] in that we do not use axioms but use definitions
and lemmas.

3.7 Temporal Quantifiers

definition exist-state-d :: (’a statefun = temporal )= temporal (binder Eex 10)
where exist-state-d F = (Xs. (3 x. s|E Fx))

syntax
-Eex :: [idts, lift] = lift ~ ((333 -./ -) [0,10] 10)

translations
-Eex vA == Eexv. A

definition forall-state-d :: ('a statefun = temporal )= temporal (binder Aall 10)
where forall-state-d F = LIFT(—=(33 x. =(F x)))

syntax
“Aall =: [idts, lift] = lift  ((3VV -./ -) [0,10] 10)
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translations
“Aallv A== Aallv. A

end

4 Old vs new definition of Chopstar

theory AltChopstarSem
imports Semantics
begin

We show that the old and new definition of chopstar are the same.

4.1 Definition

definition chopstar-d-old :: ('a::world) formula = 'a formula
where chopstar-d-old F = As. (3 (I::index). index-sequence 0 | A (nth | (intlen 1)) = (intlen s) A
(Vi. (0<i A i< (intlen ])) —
((sub (nth 1) (nth | (i+1))s) = F)
)
)

syntax
-chopstar-d-old ~ :: lift = lift ((chopstarold -) [85] 85)

syntax (ASCII)
-chopstar-d-old  :: lift = lift ((chopstarold -) [85] 85)

translations
-chopstar-d-old = CONST chopstar-d-old

4.2 Lemmas

lemma chopstar-help-1:
(31. 1= (0) A index-sequence 0 | N
Interval.nth | (intlen I) = (intlen o) A
(Vi. (0<i A i< (intlen 1)) —»
((sub (nth i) (nth | (i+1)) o) |= f)
)) «— (intlen o =0)
by (simp add: index-sequence-def )

lemma chopstar-help-2:
(Vi. (0<i A i< 1+(intlen Is)) —
) ((sub (nthIs (i—1)) (nthIs ((i—1)+1)) o) = f)
(Vi. (0<i A i< (intle; Is)) —
) ((sub (nth Is (i) (nth Is ((1)+1)) o) &= f)
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by (metis Suc-eq-plusl Suc-pred add-diff-cancel-right’ add-less-cancel-left
add-nonneg-pos le-add2 le-add-same-cancel2 plus-1-eq-Suc zero-less-one)

lemma chop-power-chain:
(3 (I::index). (intlen I) = (Suc n) A index-sequence 0 | A (nth | (intlen I)) = (intlen o) N
(Vi. (0<i A i< (intlen ])) —
((sub (nth 1) (nth | (i+1)) o) |= f)
)
) =
(T k.0 <k Nk<intleno N k> 0N
(subOko=1)A
(3 Is. (intlen Is) = n Aindex-sequence 0 (Is) A
(nth (Is) (intlen (Is))) = (intlen (suffix k o))
A (Vi. (0<i A i< (intlen Is)) —
((sub (nth Is (i) (nth Is ((/)+1)) (suffix k o)) = f)
)
)

proof —
have (3 (/::index). (intlen ) = (Suc n) A index-sequence 0 | N\
(nth I (intlen 1)) = (intlen o) A
(Vi. (0<i A i< (intlenl)) —
((sub (nth i) (nth | (i+1)) o) |= f)
)

)

(3 xIs 1. (intlen I) = (Suc n) A I=x®ls A\ index-sequence 0 | A
(nth I (intlen 1)) = (intlen o) A
(Vi. (0<i A i< (intlen ])) —
((sub (nth 1) (nth | (i+1)) o) |= f)
)
)

by (metis interval-intlen-cons-1 zero-less-Suc)
also have ... =
(3 xIs 1. (intlen I) = (Suc n) N\ I=x®ls A index-sequence 0 (x®Is) N
(nth (x®lIs) (intlen (x®Is))) = (intlen o) A
(Vi. (0<i A i< (intlen (x®ls))) —
((sub (nth (x®Is) i) (nth (x®Is) (i+1)) o) = f)
)

by auto
also have ... =
(3 x Is . (intlen Is) = n A index-sequence 0 (x®Is) A
(nth (x®lIs) (intlen (x®Is))) = (intlen o) A
(Vi. (0<i A i< (intlen (x®ls))) —
) ((sub (nth (x®Is) i) (nth (x®Is) (i+1)) o) | f)

by auto
also have ... =
(3 xIs . (intlen Is) = n A x =0 A index-sequence 0 (x ® Is) A
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(nth (Is) (intlen (Is))) = (intlen o) A
((Vi. (0<i A i< (intlen (xO®Is))) —
((sub (nth (x®Is) i) (nth (x®Is) (i+1)) o) | ))
| )
by (simp add: index-sequence-def)
also have ... =
(3 xIs . (intlen Is) = n A x =0 A index-sequence (nth Is 0) (Is) A
(nth (Is) (intlen (Is))) = (intlen o) A
(x < (nthIs 0) A
((Vi. (0<i A i< (intlen (x®ls))) —
) ((sub (nth (x®Is) i) (nth (x®Is) (i+1)) o) E ))

)
)

using interval-idx-cons by auto
also have ... =
(3 xIs . (intlen Is) = n A x =0 A index-sequence (nth Is 0) (Is) A
(nth (Is) (intlen (Is))) = (intlen o) A
(x < (nthIs 0) A
((sub (nth (x®Is) 0) (nth (x®Is) (1)) o) = f)
A\
((Vi. (0<i N i< 1+ (intlen (Is))) —
) ((sub (nth (x®Is) i) (nth (x®Is) (i+1)) o) = f))

)

)
by (metis (no-types, lifting) One-nat-def add.right-neutral add-Suc add-Suc-right

add-cancel-right-left interval-intlen-cons not-gr-zero zero-le zero-less-Suc)
also have ... =
(3 xIs . (intlen Is) = n A x =0 A index-sequence (nth Is 0) (Is) A
(nth (Is) (intlen (Is))) = (intlen o) A
(x < (nth Is 0) A (nth (x®Is) 0) = x A (nth (x®Is) (1)) = (nth Is 0) A
((sub (nth (x®Is) 0) (nth (x®Is) (1)) o) = f)
A
((Vi. (0<i A i< 1+ (intlen (Is))) —
((sub (nth (x®Is) i) (nth (x®Is) (i+1)) o) = f))
)
)

)
by auto
also have ... =
(3 xIs . (intlen Is) = n A x =0 A index-sequence (nth Is 0) (Is) A
(nth (Is) (intlen (Is))) = (intlen o) A
(x < (nthIs 0) A (nth (x®Is) 0) = x A (nth (x®Is) (1)) = (nth Is 0) A
((sub x (nth Is 0) o) = 1)
A
((Vi. (0<i A i< 1+ (intlen (Is))) —>
) ((sub (nth (x®Is) i) (nth (x®Is) (i+1)) o) = f))
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by auto

)
)

also have ... =

by auto

(3 xIs . (intlen Is) = n A x =0 A index-sequence (nth Is 0) (Is) A
(nth (Is) (intlen (Is))) = (intlen o) A
(x < (nthIs 0) A
((sub x (nth Is 0) o) = f)
A
((Vi. (0<i N i< 1+ (intlen (Is))) —
((sub (nth (x®Is) i) (nth (x®Is) (i+1)) o) = f))

)
)

also have ... =

(3 xIs . (intlen Is) = n A x =0 A index-sequence (nth Is 0) (Is) A
(nth (Is) (intlen (Is))) = (intlen o) A
(x < (nthls0) A
((sub x (nth Is 0) o) = f)
A
(Vi. (0<i A i< 1+(intlen Is)) —
") ((sub (nth Is (i—1)) (nthIs ((i—=1)+1)) o) | f)

using interval-nth-cons by metis
also have ... =

(3 xIs . (intlen Is) = n A x =0 A index-sequence (nth Is 0) (Is) A
(nth (Is) (intlen (Is))) = (intlen o) A
(x < (nth Is 0) A

(( ub x (nth Is 0) o) = f))

A (Vi. (0<i A i< (intlen Is)) —

) ((sub (nth Is (i) (nthIs ((I)+1)) o) E )
)

using chopstar-help-2 by (metis (mono-tags))
also have ... =

by simp

(3 Is . (intlen Is) = n A index-sequence (nth Is 0) (Is) A
(nth (Is) (intlen (Is))) = (intlen o) A
(0 < (nth Is 0) A
((sub 0 (nth Is 0) o) |= f))
A (Vi. (0<i A i< (intlen Is)) —

) ((sub (nth Is (i) (nth Is (()+1)) o) &= f)
)

also have ... =

(3 Isk . (intlen Isk) = n A (nth Isk 0) < intlen ¢ A (nth Isk 0) > 0 A
((sub 0 (nth Isk 0) o) = f) A
index-sequence (nth Isk 0) (Isk) A
(nth (Isk) (intlen (Isk))) = (intlen o) A
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(Vi. (0<i A i< (intlen Isk)) —
) ((sub (nth Isk (1)) (nth Isk ((i)+1)) o) E f)
)

by (metis Suc-eq-plusl Suc-pred add.left-neutral eq-iff interval-idx-less-last
interval-intlen-gr-zero le-neq-implies-less lessl less-imp-le-nat)
also have ... =
(3 k Isk. (intlen Isk) = n A (nth Isk 0) < intlen o A
(nth Isk 0) > 0 N k=(nth Isk 0) A
(sub 0 (nth Isk 0) o = f) A
index-sequence (nth Isk 0) (Isk) A
(nth (Isk) (intlen (Isk))) = (intlen (o)) A
(Vi. (0<i A i< (intlen Isk)) —
((sub ((nth Isk (i))) ((nth Isk ((i)+1))) (o)) = f)
)

)

by auto
also have ... =
(3 k Isk. (intlen Isk) = n A 0 <k A k < intlen o N k > 0 N\ k=(nth Isk 0) N\
(subO0ko=1)A
(index-sequence k (Isk) A
(nth (Isk) (intlen (Isk))) = ((intlen (suffix k &))+k) A
(Vi. (0<i A i< (intlen Isk))

) ((sub ((nth Isk (1)) ((nth Isk ((/)+1))) (¢)) & f)
)

by (simp add: interval-prefix-suffix-intlen interval-suffix-length interval-prefix-length, auto)
also have ... =
(3 k Isk. (intlen Isk) = n AN 0 <k ANk <intlen o N k > 0 A
(subOko|=1)A
(index-sequence k (Isk) A
(nth (Isk) (intlen (Isk))) = ((intlen (suffix k o))+k) A
(Vi. (0<i A i< (intlen Isk))
((sub ((nth Isk (1)) ((nth Isk ((i)+1))) (o)) = )

)
)
using index-sequence-def by auto
also have ... =

(3 k. 0<kANk<intleno AN k>0 A
(subO0ko=1)A
(3 Is Isk. (intlen Isk) = n A index-sequence k (Isk) A
Is = map (shiftm k) Isk A
(nth (Isk) (intlen (Isk))) = ((intlen (suffix k o))+k) A
(Vi. (0<i A i< (intlen Isk)) —

) ((sub ((nth Isk (i))) ((nth Isk ((1)+1))) (o)) = f)

)
by blast

also have ... =
(3 k. 0<kANk<intleno AN k>0 A
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(subOko|=1)A
(3 Is Isk. (intlen Isk) = n A index-sequence k (Isk) A
Is = map (shiftm k) Isk A
index-sequence 0 (Is) A (intlen Is) = n A
(nth (Isk) (intlen (Isk))) = ((intlen (suffix k o))+k) A
(Vi. (0<i A i< (intlen Isk)) —

((sub ((nth Isk (1)) ((nth Isk ((/)+1))) (¢)) & f)

)
)
using interval-idx-link-shiftm by blast
also have ... =

(3 k. 0<kANk<intleno Nk >0A
(subOko|=1)A
(3 Is Isk. (intlen Isk) = n A index-sequence k (Isk) A
Isk = map (shift k) Is A
index-sequence 0 (Is) A (intlen Is) = n A
(nth (Isk) (intlen (Isk))) = ((intlen (suffix k o))+k) A
(Vi. (0<i A i< (intlen Isk)) —

) ((sub ((nth Isk (7)) ((nth Isk ((/)+1))) (¢)) & )
)

using interval-Isk-Is by blast
also have ... =
(3 kisisk. 0<kANk<intlenoc ANk >0A
(subOko=1)A
( (intlen Isk) = n A Isk = map (shift k) Is A
index-sequence 0 (Is) N
index-sequence k (Isk) A
(nth (Is) (intlen (Is))) = (intlen (suffix k o)) A
(Vi. (0<i AN i< (intlen Is)) —

((sub ((nth Is (i))+k) ((nthIs ((I)+1))+k) (o)) = f)

)
)
by (simp add: Interval.shift-def interval-nth-map, blast)
also have ... =

(3 kislsk. 0 <k ANk < intleno ANk >0 A
(subOko|=1)A
( (intlen Isk) = n A Isk = map (shift k) Is A
(intlen Is) = n A index-sequence 0 (Is) A
(nth (Is) (intlen (Is))) = (intlen (suffix k o)) A
(Vi. (0<i A i< (intlen Is)) —

((sub ((nth Is (i))+k) ((nthIs ((I)+1))+k) (o)) = f)

)
)
using interval-idx-link by blast
also have ... =

(3 k.0 <k Nk <intleno N k>0 AN
(subOko|=1)A
(3 Is. (intlen Is) = n A index-sequence 0 (Is) A
(nth (Is) (intlen (Is))) = (intlen (suffix k o)) A
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(Vi. (0<i A i< (intlen Is)) —

) ((sub ((nth Is (i))+k) ((nth Is ((I)+1))+k) (o)) E )
)

by (simp)
also have ... =
(3 k.0<kANk<intlenoc Nk >0A
(subOko|=1)A
(3 Is. (intlen Is) = n A index-sequence 0 (Is) A
(nth (Is) (intlen (Is))) = (intlen (suffix k o)) A
(Vi<intlen Is. Interval.nth Is i < intlen (suffix k o)) A
(Vi. (0<i A i< (intlen Is)) —

((sub ((nth Is (i))+k) ((nth Is ((I)+1))+k) (o)) E )

)
)
)
using interval-idx-bound-1 by blast
also have ... =

(3 k.0<k Nk <intleno A k>0 A
(subO0ko=1)A
(3 Is. (intlen Is) = n A index-sequence 0 (Is) A
(nth (Is) (intlen (Is))) = (intlen (suffix k o)) A
(Vi<intlen Is. Interval.nth Is i < intlen (suffix k o))
A (Vi. (0<i A i< (intlen Is)) —
((sub (nth Is (i)) (nthIs ((/)+1)) (suffix k ¢)) |= f)
)

)
)

by (smt add.commute index-sequence-def interval-idx-expand interval-sub-suffix
interval-suffix-length-good plus-1-eq-Suc)
also have ... =
(3 k.0 <k Nk <intleno N k>0 AN
(subOko=1)A
(3 Is. (intlen Is) = n A index-sequence 0 (Is) A
(nth (Is) (intlen (Is))) = (intlen (suffix k o))
A (Vi. (0<i A i< (intlen Is)) —
((sub (nth Is (i) (nth Is ((/)+1)) (suffix k o)) = f)
)

)

using interval-idx-bound-1 by blast
finally show (3 (/::index). (intlen I) = (Suc n) A index-sequence 0 | A
(nth I (intlen 1)) = (intlen o) A
(Vi. (0<i A i< (intlenl)) —
((sub (nth i) (nth | (i+1)) o) |= f)

~—

) =
(3 k.0<kANk<intleno Nk >0AN(subOko="f)A
(3 Is. (intlen Is) = n Aindex-sequence 0 (Is) A
(nth (Is) (intlen (Is))) = (intlen (suffix k o)) A
(Vi. (0<i A i< (intlen Is)) —
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((sub (nth Is (i)) (nth Is ((i)+1)) (suffix k o)) = f)

)
)
)

ged

lemma chop-power-eqv-sem:

( (o E(3 n. (power (f A more) n)))) =

((o0 = empty) v ( (o = (f A more);(3 n. (power (f A more) n)))))
using ChopstarEqvSem powerstar-d-def chopstar-d-def
by (metis (mono-tags, lifting) unl-lift2)

lemma chopstar-eqv-power-chop-help:
(o = power (f N more) n) =
(3 (I::index). intlen(l) = n A index-sequence 0 | N
(nth I (intlen I)) = (intlen ( o)) A
(Vi. (0<i A i< (intlen 1)) —

| ((sub (nth 11) (nth I (i+1)) (o)) E f)
)

proof
(induct n arbitrary: o)
case 0
then show ?case using index-sequence-def chopstar-help-1 empty-defs
by (metis (mono-tags, lifting) intlen.simps(1) pow-0)
next
case (Suc n)
then show 7case
proof —
have 1: (o |= power (f A more) (Suc n)) = (o = ((f A more);(power (f A more) n)))
by simp
have 2: (o = ((f A more);(power (f A more) n))) =
(3 k. 0 <k N k < intlen (o) A k > 0 A
(prefix k (o) = ) A
(suffix k (o) = power (f N\ more) n)

)

by (simp add: more-defs chop-defs) auto
have 3: (3 k. 0 <k A k < intlen () A k > 0 N
(prefix k (o) E ) A
(suffix k (o) = power (f A more) n)
) =
(3 k. 0 <k N k < intlen (o) A k > 0 A
(sub0k (o) Ef) A
(suffix k (o) = power (f N\ more) n)
)
by (simp add: interval-sub-zero-prefix)
have 31: A k. ((suffix k o) |= power (f A more) n) =
(3 (I::index). intlen(l) = n A index-sequence 0 | A
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(nth I (intlen 1)) = (intlen (suffix k o)) A
(Vi. (0<i A i< (intlen 1)) —

((sub (nth 1'i) (nth I (i+1)) (suffix k ¢)) = f)
)

)
by (simp add: Suc.hyps)
have 4: (3 k. 0 <k A k < intlen () A k > 0 N
(subOk (o) =f) A
(suffix k (o) = power (f A more) n)
) =
(3 k. 0 <k N k < intlen (o) A k > 0 A
(subOk (o) =~f) A
(3 (I::index). intlen(l) = n A index-sequence 0 | A
(nth I (intlen 1)) = (intlen (suffix k o)) A
(Vi. (0<i A i< (intlen ) —>
((sub (nth 1'i) (nth I (i+1)) (suffix k ¢)) = f)
)

)
)
using 31 by simp
have 5:
(3 (I::index). (intlen I) = (Suc n) A index-sequence 0 | N\
(nth | (intlen I)) = (intlen o) A
(Vi. (0<i A i< (intlenl)) —
((sub (nth 1) (nth | (i+1)) o) E f)
)
) =

(3 k.0 <k Nk <intleno Nk >0 AN
(subOko=1)A
(3 Is. (intlen Is) = n Aindex-sequence 0 (Is) A
(nth (Is) (intlen (Is))) = (intlen (suffix k o)) A
(Vi. (0<i A i< (intlen Is)) —
((sub (nth Is (i) (nth Is ((I)+1)) (suffix k o)) = f)
)

)
)
using chop-power-chain by simp
from 1 2 3 4 5 show 7thesis by blast
qed
ged

lemma chopstar-eqv-power-chop:
(o [= chopstarold f) = ( (0 = (3 k. power (f A more) k)))
by (simp add: chopstar-d-old-def chopstar-eqv-power-chop-help)

lemma OldChopstarEqvSem:

(o = (chopstarold f = (empty vV (f A more); (chopstarold f))) )
using chopstar-eqv-power-chop chop-power-eqv-sem

by (smt chop-defs unl-lift2)
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lemma OIldChopstarEqvChopstar:
t (chopstarold f) = f*
by (simp add: Valid-def chopstar-d-def chopstar-eqv-power-chop powerstar-d-def)

end

5 Infinite ITL Semantics

theory InfiniteSemantics
imports Infinitelnterval HOL— TLA.Intensional
begin

This theory mechanises a shallow embedding of Infinite ITL using the Infinitelnterval and Intensional
theories. A similar embedding as finite ITL has been used with the difference that we use a sum type
which is either a finite or infinite interval.

5.1 Types of Formulas

To mechanise the Infinite ITL semantics, the following type abbreviations are used:

type-synonym ’'a intervals = 'a interval + 'a infinterval

type-synonym (‘a,’b) formfun = 'a intervals = 'b
type-synonym (‘a,’b) finformfun = 'a interval = 'b
type-synonym (’a,’b) infformfun = 'a infinterval = 'b
type-synonym ’'a formula = ('a,bool) formfun
type-synonym 'a finformula = ('a,bool) finformfun
type-synonym 'a infformula ('a,bool) infformfun

type-synonym ('a,’b) stfun ='a="
type-synonym ’'a stpred = ('a,bool) stfun
instance

fun :: (type,type) world ..

instance
prod :: (type,type) world ..

instance
sum :: (type,type) world ..

instance
interval :: (type) world ..

Pair, function, sum, and interval are instantiated to be of type class world. This allows use of the lifted
Intensional logic for formulas, and standard logical connectives can therefore be used.

5.2 Semantics of ITL

The semantics of ITL is defined.
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definition skip-d :: ('a ::world) formula
where
skip-d = (Xs. (case s of (Inl s) = (intlen s =1) | (Inr s) = False))

definition chop-d :: (‘a ::world) formula = ('a ::world) formula = ('a ::world) formula
where
chop-d F1 F2 =
(Xs.
(case s of (Inl's) =
(3n. n>0 A n<intlen s A ((Inl (prefix n's)) = F1) A ((Inl (suffix ns)) E F2))

|
(Inrs) =
( (3n. ((Inl (iprefix n s)) = F1) A ((Inr (isuffix n's)) = F2) )
V ((Inrs) = FI)
)
)
)

definition current-val-d :: (‘a::world,’b) stfun = ('a,’b) formfun
where
current-val-d f = (Xs. (case s of (Inls) = ((nths0) = f) | (Inrs) = ((s0) = f)))

definition next-val-d :: (‘a::world,’b) stfun = ('a,’b) formfun
where next-val-d f =
(X s. (case s of (Inl s) = if intlen s >0 then ((nth s 1) |= f) else (¢ (x::'b). x=x)

| | (Inrs) = ((s1) Ef)
)

definition fin-val-d :: (‘a::world,’b) stfun = ('a,’b) formfun
where fin-val-d f = X\ s. (case s of (Inl s) = (nth s (intlen s)) = f
| (Inrs) = (e (x::'b). x=x))

definition penult-val-d :: (‘a::world,’b) stfun = ('a,’b) formfun
where penult-val-d f =
(Xs.
(case s of (Inl s) = if intlen s >0 then (nth s ((intlen s)—1) = f) else (¢ (x::'b). x=x)
| (Inrs) = (e (x::'b). x=x)

)

)
syntax
-skip-d o lift ((skip))
_chop-d - [lift,lift] = life ((--) [84,84] 83)
-current-val-d :: lift = lift (($-) [100] 99)
-next-val-d  :: lift = lift ((-$) [100] 99)
-fin-val-d ~ : lift = lift ((!-) [100] 99)
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_penult-val-d :: lift = lift ((-) [100] 99)

TEMP < lift = 'b ((TEMP -))
syntax (ASCII)

-skip-d o lift ((skip))

~chop-d = [life lift] = lift ((~-) [84,84] 83)

-current-val-d :: lift = lift (($-) [100] 99)
-next-val-d  :: lift = lift ((-$) [100] 99)
-fin-val-d ~ :: lift = lift ((!-) [100] 99)

_penult-val-d : lift = lift  ((-) [100] 99)

translations

-skip-d = CONST skip-d
-chop-d = CONST chop-d
-current-val-d = CONST current-val-d
-next-val-d = CONST next-val-d
-fin-val-d = CONST fin-val-d
-penult-val-d = CONST penult-val-d
TEMP F — (F:: (- intervals) = -)

5.3 Abbreviations

Some standard temporal abbreviations, with their concrete syntax.

definition infinite-d :: ('a ::world) formula
where
infinite-d = LIFT (# True;# False)

syntax
-infinite-d :: lift (inf)

syntax (ASCII)
-infinite-d :: lift (inf)

translations
-infinite-d = CONST infinite-d

definition finite-d :: ('a ::world) formula
where

finite-d = LIFT (—(inf))

syntax
-finite-d  :: lift (finite)

syntax (ASCII)
-finite-d  :: lift (finite)

translations
-finite-d = CONST finite-d
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definition schop-d :: (‘a::world) formula = 'a formula = 'a formula

where schop-d F1 F2 = LIFT((F1 A finite);F2)

definition sometimes-d :: ('a::world) formula = 'a formula

where sometimes-d F = LIFT (finite;F)

definition di-d :: (‘a::world) formula = 'a formula
where di-d F = LIFT(F;# True)

definition da-d :: (‘a::world) formula = 'a formula
where da-d F = LIFT (finite;(F;# True))

definition next-d :: (‘a::world) formula = 'a formula
where next-d F = LIFT (skip;F)

definition prev-d :: (‘a::world) formula = 'a formula
where prev-d F = LIFT(F;skip)
syntax

-schop-d  :: [lift,lift] = lift ((- ~ -) [84,84] 83)
-sometimes-d :: lift = lift ((<-) [88] 87)

diid  lift = lift ((di-) [88] 87)
da-d  : lift = lift ((da -) [88] 87)
-next-d = lift = lift ((O -) [88] 87)
-prev-d = lift = lift ((prev -) [88] 87)

syntax (ASCII)

-schop-d  :: [lift,lift] = lift ((- schop -) [84,84] 83)

-sometimes-d :: lift = lift ((<>-) [88] 87)

di-d o lift = lift ((di -) [88] 87)
da-d  : lift = lift ((da -) [88] 87)
-next-d 2 lift = lift ((next -) [88] 87)
-prev-d = lift = lift ((prev -) [88] 87)

translations
-schop-d = CONST schop-d
-sometimes-d = CONST sometimes-d
-di-d = CONST di-d
-da-d = CONST da-d
-next-d = CONST next-d
-prev-d = CONST prev-d

definition df-d :: (‘a::world) formula = 'a formula
where df-d F = LIFT (F ~# True)
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definition sda-d :: (‘a::world) formula = 'a formula
where sda-d F = LIFT (# True~(F ~+#True))

definition always-d :: (‘a::world) formula = 'a formula

where always-d F = LIFT(~(<(=F)))

definition bi-d :: ('a::world) formula = 'a formula
where bi-d F = LIFT(=(di(=F)))

definition ba-d :: ('a::world) formula = 'a formula
where ba-d F = LIFT (—(da(—F)))

definition wnext-d :: (‘a::world) formula = 'a formula
where wnext-d F = LIFT (—(O(—F)))

definition wprev-d :: (‘a::world) formula = 'a formula
where wprev-d F = LIFT (—(prev(=F)))

definition more-d :: (‘a::world) formula
where more-d = LIFT (O(# True))

syntax

dfd o lift = lift ((df-) [88] 87)
-sda-d o lift = lift ((sda -) [88] 87)
-always-d :: lift = lift ((O -) [88] 87)
bi-d o lift = lift ((bi-) [88] 87)
ba-d = lift = lift ((ba -) [88] 87)

-wnext-d  :: lift = lift ((wnext -) [88] 87)
-wprev-d  :: lift = lift ((wprev -) [88] 87)
-more-d  :: lift ((more))

syntax (ASCII)

dfd o lift = lift ((df -) [88] 87)
-sda-d o lift = lift ((sda -) [88] 87)
-always-d :: lift = lift (([] -) [88] 87)
bi-d lift = lift ((bi-) [88] 87)
ba-d o lift = lift ((ba -) [88] 87)

-wnext-d  :: lift = lift ((wnext -) [88] 87)
-wprev-d  :: lift = lift ((wprev -) [88] 87)
-more-d  :: lift ((more))

translations

-d~d = CONST df-d
-sda-d = CONST sda-d
-always-d = CONST always-d
-bi-d = CONST bi-d

-ba-d = CONST ba-d
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-wnext-d = CONST wnext-d
-wprev-d = CONST wprev-d
-more-d = CONST more-d

definition bf-d :: (‘a::world) formula = 'a formula
where bf-d F = LIFT(~(df (—F)))

definition sba-d :: ('a::world) formula = 'a formula
where sba-d F = LIFT (—(sda(—F)))

definition empty-d :: (‘a::world) formula
where empty-d = LIFT (—(more))

definition fmore-d :: ('a::world) formula
where fmore-d = LIFT (more A finite)

definition dm-d :: (‘a::world) formula = 'a formula
where dm-d F = LIFT (# True;(more A F))

syntax

bfd o lift = lift ((bf-) [88] 87)
-sba-d  :: lift = lift ((sba -) [88] 87)
-empty-d . lift ((empty))
-fmore-d . lift ((fmore))

-dm-d 2 lift = lift ((dm -) [88] 87)
syntax (ASCII)

bfd o lift = lift ((bf-) [88] 87)
-sba-d  :: lift = lift ((sba -) [88] 87)
-empty-d . lift ((empty))
-fmore-d  :: lift ((fmore))

-dm-d 2 lift = lift ((dm -) [88] 87)

translations

-bf~d = CONST bf-d
-sba-d = CONST sba-d
-empty-d = CONST empty-d
-fmore-d = CONST fmore-d
-dm-d = CONST dm-d

definition bm-d :: ('a::world) formula = 'a formula
where bm-d F = LIFT(—(dm(—F)))

definition init-d :: ('a::world) formula = 'a formula
where init-d F = LIFT ((empty A F);# True)

definition fin-d :: (‘a::world) formula = 'a formula
where fin-d F = LIFT(O(empty — F))
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definition halt-d :: ('a::world) formula = 'a formula
where halt-d F = LIFT(O(empty = F))

definition initonly-d :: (‘a::world) formula = 'a formula
where initonly-d F = LIFT (bi(empty = F))

definition keep-d :: (‘a::world) formula = 'a formula
where keep-d F = LIFT (ba(skip — F))

definition yields-d :: (‘a::world) formula = 'a formula = 'a formula
where yields-d F1 F2 = LIFT(—(F1;(—F2)))

definition syields-d :: (‘a::world) formula = 'a formula = 'a formula
where syields-d F1 F2 = LIFT(~(F1~(=F2)))

definition ifthenelse-d :: ('a::world) formula = 'a formula = 'a formula = 'a formula
where ifthenelse-d F G H = LIFT((F A G) V (=F A H) )

primrec power-d :: ('a::world) formula = nat = 'a formula
where pow-0 : (power-d F 0) = LIFT (empty)
| pow-Suc: (power-d F (Suc n)) = LIFT((F A finite);(power-d F n))

primrec spower-d :: (‘a::world) formula = nat = 'a formula
where spow-0 : (spower-d F 0) = LIFT (empty)
| spow-Suc: (spower-d F (Suc n)) = LIFT(F ~(spower-d F n))

syntax

-bm-d o lift = lift ((bm -) [88] 87)
-init-d = lift = lift ((init -) [88] 87)
-fin-d = lift = lift ((fin -) [88] 87)
“halt-d lift = lift ((halt -) [88] 87)
-initonly-d . lift = lift ((initonly -) [88] 87)
-keep-d = lift = lift ((keep -) [88] 87)

-yields-d  :: [lift,lift] = lift ((- yields -) [88,88] 87)

syields-d :: [lift,lift] = lift  ((- syields -) [88,88] 87)
-ifthenelse-d :: [lift,lift,lift] = lift ((if; - then - else - ) [88,88,88] 87)
-power-d  :: [lift,nat] = lift ((power - -) [88,88] 87)

-spower-d  :: [lift,nat] = lift  ((spower - -) [88,88] 87)

syntax (ASCII)

-bm-d = lift = lift (bm -) [88] 87)
-init-d o lift = lift ((init -) [88] 87)
-fin-d 2 lift = lift ((fin -) [88] 87)
-halt-d o lift = lift ((halt -) [88] 87)
-initonly-d  :: lift = lift ((initonly -) [88] 87)
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-keep-d = lift = lift ((keep -) [88] 87)

yields-d :: [lift,liff] = lift  ((- yields -) [68,88] 87)

-syields-d  :: [lift,lift] = lift ~ ((- syields -) [88,88] 87)
ifthenelse-d :: [lift,lift,lift] = lift ((if; - then - else - ) [88,88,88] 87)
-power-d  :: [lift,nat] = lift ((power - -) [88,88] 87)

-spower-d 2 [lift,nat] = lift (spower - -) [88,88] 87)

translations
-bm-d = CONST bm-d
-init-d = CONST init-d
-fin-d = CONST fin-d
-halt-d = CONST halt-d
-initonly-d = CONST initonly-d
-keep-d = CONST keep-d
-yields-d = CONST yields-d
-syields-d = CONST syields-d
-ifthenelse-d = CONST ifthenelse-d
-power-d = CONST power-d
-spower-d = CONST spower-d

definition /en-d :: nat = ('a::world) formula
where len-d n = LIFT (power skip n)

definition fpowerstar-d :: (‘a::world) formula = 'a formula
where fpowerstar-d F = LIFT(3 k. power F k)

definition spowerstar-d :: ('a::world) formula = 'a formula
where spowerstar-d F = LIFT (3 k. spower F k)

definition omega-d :: ('a::world) formula = 'a formula
where omega-d F = ()s.

(case s of (Inl's) = False

| (Inrs) =
(3 (I::infiniteindex). infinite-index-sequence 0 | N\
(Vi.
((Inl (subinterval s (1) (I (Suci)))) = F)
)
)
)
syntax
-len-d :: nat = lift ((len -) [88] 87)
-fpowerstar-d  :: lift = lift ((fpowerstar -) [85] 85)
-spowerstar-d  :: lift = lift ((spowerstar -) [85] 85)
-omega-d = lift = lift ((+¥) [85] 85)
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syntax (ASCII)

-len-d :: nat = lift ((len -) [88] 87)
-fpowerstar-d  :: lift = lift ((fpowerstar -) [85] 85)
-spowerstar-d  :: lift = lift ((spowerstar -) [85] 85)
-omega-d = lift = lift ((omega -) [85] 85)

translations
-len-d = CONST len-d
-fpowerstar-d = CONST fpowerstar-d
-spowerstar-d = CONST spowerstar-d
-omega-d = CONST omega-d

definition powerstar-d :: ('a::world) formula = 'a formula
where powerstar-d F = LIFT((3 k. power F k);(empty V (F A inf)))

syntax
-powerstar-d  :: lift = lift ((powerstar -) [85] 85)

syntax (ASCII)
-powerstar-d  :: lift = lift ((powerstar -) [85] 85)

translations
-powerstar-d = CONST powerstar-d

definition chopstar-d :: ('a::world) formula = 'a formula
where chopstar-d F = LIFT (powerstar (F A more))

definition schopstar-d :: (‘a::world) formula = 'a formula
where schopstar-d F = LIFT (spowerstar (F A more))

syntax
-chopstar-d  :: lift = lift ((-*) [85] 85)
-schopstar-d  ::lift = lift ((schopstar -) [85] 85)

syntax (ASCII)
-chopstar-d  :: lift = lift ((chopstar -) [85] 85)
-schopstar-d  ::lift = lift ((schopstar -) [85] 85)

translations
-chopstar-d = CONST chopstar-d
-schopstar-d = CONST schopstar-d

definition sfin-d :: (‘a::world) formula = 'a formula
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where sfin-d F = LIFT (= (fin (= F)))

definition ifthen-d :: (‘a::world) formula = 'a formula = 'a formula
where ifthen-d F G = LIFT (if; F then G else # True )

definition while-d :: (‘a::world) formula = 'a formula = 'a formula
where while-d F G = LIFT( ( F A G)* A (fin ((=F))) )

syntax

ifthen-d :: [lift,lift] = lift ((if; - then - ) [88,88] 87)
-while-d :: [lift,lift] = lift ((while - do - ) [88,88] 87)
-sfin-d 2 lift = lift - ((sfin -) [88] 87)

syntax (ASCII)

ifthen-d = [lift,lift] = lift ((if; - then - ) [88,88] 87)
-while-d :: [lift,lift] = lift ((while - do - ) [88,88] 87)
sfind o lift = lift ((sfin -) [88] 87)

translations

-ifthen-d = CONST ifthen-d
-while-d = CONST while-d
-sfin-d = CONST sfin-d

definition swhile-d :: (‘a::world) formula = 'a formula = 'a formula
where swhile-d F G = LIFT( schopstar( F A G) A (sfin ((=F))) )

definition repeat-d :: (‘a::world) formula = 'a formula = 'a formula
where repeat-d F G = LIFT(F;while (- G) do F )

syntax
-swhile-d :: [lift,lift] = lift ((swhile - do - ) [88,88] 87)
-repeat-d :: [lift,lift] = lift ((repeat - until - ) [88,88] 87)

syntax (ASCII)
“swhile-d :: [lift,lift] = lift ((swhile - do - ) [88,88] 87)
-repeat-d :: [lift,lift] = lift ((repeat - until - ) [88,88] 87)

translations
-swhile-d = CONST swhile-d
-repeat-d = CONST repeat-d

definition srepeat-d :: ('a::world) formula = 'a formula = 'a formula
where srepeat-d F G = LIFT(F ~swhile (= G) do F )

definition next-assign-d :: (‘a::world,’b) stfun = ('a,’b) formfun = 'a formula
where next-assign-d ve = LIFT( v$ = e)

definition prev-assign-d :: (‘a::world,’'b) stfun = ('a,’b) formfun = 'a formula
where prev-assign-d v e = LIFT( finite — v! = e)
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definition always-eq-d :: (‘a::world,’b) stfun = ('a,’b) formfun = 'a formula
where always-eg-d ve =X s. s E 0O(Sv = e)

definition temporal-assign-d :: ('a::world,’b) stfun = ('a,’b) formfun = 'a formula
where temporal-assign-d ve = X s. s = finite — lv = e

definition gets-d :: (‘a::world,’b) stfun = ('a,’b) formfun = 'a formula
where gets-d ve = X s. s = keep( temporal-assign-d v e)

definition stable-d :: ('a::world,’b) stfun = 'a formula
where stable-d v = X s. s = gets-d v (current-val-d v)

definition padded-d :: ('a::world,'b) stfun = 'a formula
where padded-d v = X s. s |= (stable-d v);skip V empty

definition padded-temp-assign-d :: (‘a::world,’b) stfun = ('a,’b) formfun = 'a formula
where padded-temp-assign-d v e = X s. s |= (temporal-assign-d v e) A (padded-d v)

syntax

-srepeat-d o [lift lift] = lift ((srepeat until - ) [88,88] 87)
-next-assign-d = [liftlift) = lift ((- :== -) [50,51] 50)
-prev-assign-d : [liftlift]) = lift ((- =: -) [50,51] 50)
-always-eq-d = [liftlift] = lift ((- = -) [50,51] 50)
-temporal-assign-d . [lift,lift] = lift ((- < -) [50,51] 50)

-gets-d : [lift,lift] = lift ((- gets -) [50,51] 50)

-stable-d o lift = lift ((stable -) [51] 50)

_padded-d «ift = lift  ((padded -) [51] 50)

-padded-temp-assign-d :: [lift,lift] = lift ((- <~ -) [50,51] 50)

syntax (ASCII)

-srepeat-d o [lift lift] = lift ((srepeat until - ) [88,88] 87)
-next-assign-d = [lifelift) = lift ((- := -) [50,51] 50)
-prev-assign-d : [liftlift]) = lift ((- =: -) [50,51] 50)
-always-eq-d  [liftift] = lift ((- a/weqv -) [50,51] 50)
-temporal-assign-d  :: [lift,lift] = lift ((- <—— -) [50,51] 50)
-gets-d : [lift,lift] = lift ((- gets -) [50,51] 50)

-stable-d lift = lift ((stable -) [51] 50)

_padded-d :lift = lift  ((padded -) [51] 50)

-padded-temp-assign-d :: [lift,lift] = lift ((- <~ -) [50,51] 50)

translations

-srepeat-d = CONST srepeat-d
-next-assign-d = CONST next-assign-d
-prev-assign-d = CONST prev-assign-d
-always-eq-d = CONST always-eq-d
-temporal-assign-d = CONST temporal-assign-d
-gets-d = CONST gets-d

-stable-d = CONST stable-d

-padded-d = CONST padded-d
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-padded-temp-assign-d = CONST padded-temp-assign-d

5.4 Properties of Operators

The following lemmas show that above operators have the expected semantics.

lemma skip-defs :
(w = skip) = (case w of (Inl w) = (intlen w =1) | (Inr w) = False)
by (simp add: skip-d-def)

lemma skip-defs-finite :
((Inl w) = skip) = (intlen w =1)
by (simp add: skip-d-def)

lemma skip-defs-infinite :

= ((Inr w) = skip)
by (simp add: skip-d-def)

lemma chop-defs :
(wE F1; F2)=
(case w of (Inl w) =
(3n. n>0 A n<intlen w A ((Inl (prefix n w)) = F1 ) A ((Inl (suffixn w)) = F2))
| (Inr w) =
( (3n. ((Inl (iprefix n w)) = F1 ) A ((Inr (isuffix n w)) = F2))
)\/ ((Inr w) = F1)
)

by (simp add: chop-d-def)

lemma chop-defs-finite:
( (Inlw) = F1,F2) =
(3n. n>0 A n<intlen w A
(Inl (prefix n w) = F1) A (Inl (suffix nw) = F2)
)

by (simp add: chop-d-def)

lemma chop-defs-infinite:
( (Inr w) = F1,F2) =
( (3n. (Inl (iprefix n w) = F1 ) A (Inr (isuffix n w) = F2))
V (Inrw = F1)
)
by (simp add: chop-d-def)

lemma infinite-defs:
(w [ inf) = (case w of (Inr w) = True | (Inl w) = False)
by (simp add: infinite-d-def chop-d-def sum.case-eq-if)

lemma infinite-defs-1:

((Inr w) = inf)
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by (simp add: infinite-d-def chop-d-def sum.case-eq-if)

lemma finite-defs :
(w = finite) = (case w of (Inl w) = True | (Inr w) = False)
by (simp add: finite-d-def infinite-defs chop-d-def sum.case-eq-if)

lemma finite-defs-1 :
((Inl w) = finite)
by (simp add: finite-defs sum.case-eq-if)

lemma schop-defs :
(w = F1I ~ F2) =
(case w of (Inl w) =
(3n. n>0 A n<intlen w A ((Inl (prefix n w)) = F1 ) A ((Inl (suffix nw)) = F2))
| (Inr w) =
( (3n. ((Inl (iprefix n w)) = F1 ) A ((Inr (isuffix n w)) = F2))

)

by (simp add: schop-d-def chop-defs finite-defs sum.case-eq-if)

lemma schop-defs-finite :
((Inlw) = F1 ~ F2) =

(3n. n>0 A n<intlen w A ((Inl (prefix n w)) = F1 ) A ((Inl (suffixnw)) = F2))
by (simp add: schop-defs)

lemma schop-defs-infinite :
((Inrw) = F1 ~ F2) =
(3n. ((Inl (iprefix n w)) = F1 ) A ((Inr (isuffix n w)) = F2))

by (simp add: schop-defs)
lemma sometimes-defs :
(wkEOF)=
(case w of (Inl w) = (3 n. 0<n A n<intlen w A ((Inl (suffix n w)) = F))
| (Inr w) = (3 n. ((Inr (isuffix n w)) = F))
)
by (simp add: sometimes-d-def finite-defs chop-defs sum.case-eq-if)
lemma always-defs :
(wik=oF)=
(case w of (Inl w) = (V n. 0<n A n<intlen w — ((Inl (suffix n w)) = F))
| (Inr w) = (¥ n. ((Inr (isuffix n w)) = F))
)
by (simp add: always-d-def sometimes-defs sum.case-eq-if)
lemma di-defs :

(whkdiF) =
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(case w of (Inl w) = (3 n. 0<n A n<intlen w A ((Inl (prefix n w)) = F))
) | (Inr w) = (3 n. ((Inl (iprefix n w)) = F)) Vv ((Inr w) = F)

by (simp add: di-d-def chop-d-def sum.case-eq-if)

lemma df-defs :
(w = dfF) =
(case w of (Inl w) = (3 n. 0<n A n<intlen w A ((Inl (prefix n w)) |= F))
: | (Inr w) = (3 n. ((Inl (iprefix n w)) = F))

by (simp add: df-d-def schop-defs sum.case-eq-if)

lemma bi-defs :
(w = biF) =
(case w of (Inl w) = (V n. 0<n A n<intlen w — ((Inl (prefix n w)) = F))
) | (Inr w) = (¥ n. ((Inl (iprefix n w)) = F)) A ((Inr w) = F)

by (simp add: bi-d-def di-defs sum.case-eq-if)

lemma bf-defs :
(w = bfF) =
(case w of (Inl w) = (¥ n. 0<n A n<intlen w — ((Inl (prefix n w)) = F))
| | (Inr w) = (¥ n. ((Inl (iprefix n w)) = F))

by (simp add: bf-d-def df-defs sum.case-eq-if)

lemma da-defs :
(wlEdaF)=
(case wof (Inl w) = (3 nna. 0<n A na+n < intlen w A ((Inl (sub n (na+n) w)) = F))
| (Inr w) = (3 nna. 0<n A ((Inl (subinterval w n (na+n))) |= F)
V ( (Inr (isuffix n w)) = F))
)
by (simp add: da-d-def chop-defs finite-d-def infinite-d-def iprefix-isuffix sum.case-eq-if
smt Groups.add-ac(2) Nat.le-diff-conv2 add-leD2 interval-sub-prefix-suffix-0
interval-suffix-length-good zero-order(1)
)

lemma ba-defs :
(w = ba F) =
(case w of (Inl w) = (V nna. 0<n A na+n < intlen w — ((Inl (sub n (na+n) w)) = F))
| (Inr w) = (¥ nna. 0<n A ((Inl (subinterval w n (na+n))) = F)
) A ( (Inr (isuffix n w)) | F))

by (simp add: ba-d-def da-defs sum.case-eq-if)

lemma sda-defs :
(w = sda F) =
(case w of (Inl w) = (3 nna. 0<n A na+n < intlen w A ((Inl (sub n (na+n) w)) = F))
| (Inr w) = (3 nna. 0<n A ((Inl (subinterval w n (na+n))) = F))
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)
by (simp add: sda-d-def schop-defs iprefix-isuffix sum.case-eq-if ,
smt Groups.add-ac(2) Nat.le-diff-conv2 add-leD2 interval-sub-prefix-suffix-0
interval-suffix-length-good zero-order(1)
)

lemma sba-defs :
(w |z sha F) =
(case w of (Inl w) = (V nna. 0<n A na+n < intlen w — ((Inl (sub n (na+n) w)) = F))
| (Inr w) = (¥ nna. 0<n A ((Inl (subinterval w n (na+n))) = F))
)

by (simp add: sba-d-def sda-defs sum.case-eq-if)

lemma next-defs :

(WO F) =

(case w of (Inl w) = (intlen w > 0 A ((Inl (suffix 1 w))E= F))
) | (Inr w) = ((Inr (isuffix 1 w)) = F)

using Suc-le-eq
by (simp add: next-d-def chop-defs skip-d-def iprefix-length sum.case-eq-if, force)

lemma wnext-defs :
(w = wnext F) =
(case w of (Inl w) = (intlen w = 0 V ((Inl (suffix 1 w))= F) )
| (Inr w) = ((Inr (isuffix 1 w)) = F)
)

by (simp add: wnext-d-def next-defs sum.case-eq-if)

lemma prev-defs :
(w |= prev F) =
(case w of (Inl w) = (intlen w > 0 A ((Inl (prefix ((intlen w)—1) w)) = F) )
) | (Inrw)= (Inrw) = F

by (simp add: prev-d-def chop-defs skip-d-def sum.case-eq-if,
metis One-nat-def Suc-lel diff-diff-cancel diff-le-self interval-suffix-length-good
le-zero-eq neq0-conv zero-neq-one
)

lemma wprev-defs :
(w = wprev F) =
(case w of (Inl w) = (intlen w = 0 V ((Inl (prefix ((intlen w)—1) w)) = F) )
) | (Inr w) = (Inrw) = F

by (simp add: wprev-d-def prev-defs sum.case-eq-if )
lemma more-defs :
(w = more) =

(case w of (Inl w) = (intlen w>0)
| (Inr w) = True
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)

by (simp add: more-d-def next-defs sum.case-eq-if)

lemma fmore-defs :
(w = fmore) =
(case w of (Inl w) = (intlen w>0)
| (Inr w) = False
)

by (simp add: fmore-d-def more-defs finite-defs sum.case-eq-if)

lemma empty-defs :
(w = empty) =
(case w of (Inl w) = (intlen w = 0)
| (Inr w) = False
)

by (simp add: empty-d-def more-defs sum.case-eq-if)

lemma init-defs :
(w = init F) =
(case w of (Inl w) = ( (Inl (prefix 0 w)) = F )
) | (Inr w) = ( (Inl (iprefix 0 w)) = F)

by (simp add: init-d-def chop-defs empty-defs iprefix-length sum.case-eq-if ,auto)

lemma init-defs-finite:

((Inl w) = init F) = ( (Inl (prefix 0 w)) = F )
by (simp add: init-defs)

lemma init-defs-infinite:
((Inr w) = init F) = ( (Inl (iprefix 0 w)) = F )
by (simp add: init-defs)

lemma initalt-defs :
(w | bi( empty — F))
(case w of (Inl w) = ( (Inl (prefix 0 w)) = F )
) | (Inr w) = ( (Inl (iprefix 0 w)) = F)

by (simp add: bi-defs empty-defs iprefix-length sum.case-eg-if)

lemma fin-defs :
(w = fin F) =
(case w of (Inl w) = ( (Inl (suffix (intlen w) w)) = F)
| (Inr w) = True
)

by (simp add: fin-d-def empty-defs always-defs sum.case-eq-if)
lemma finalt-defs :
(w = # True;(F A empty))

(case w of (Inl w) = ( (lnl_(suffix (intlen w) w)) = F)
| (Inr w) = True
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)

by (simp add: chop-defs empty-defs sum.case-eq-if ,fastforce)

lemma sfin-defs :
(w [ sfin F) =
(case w of (Inl w) = ( (Inl (suffix (intlen w) w)) = F)
| (Inr w) = False
)

by (simp add: sfin-d-def fin-defs sum.case-eq-if )

lemma halt-defs :
(w = halt(F)) =
(case w of (Inl w) = (V n<intlen w. (intlen w = n) = ( (Inl (suffix n w)) = F))
) | (Inr w) = (VY n. =( (Inr (isuffix n w)) = F))

by (simp add: halt-d-def empty-defs always-defs sum.case-eq-if )

lemma initonly-defs :
(w [= initonly(F)) =
(case w of (Inl w) = (VY n<intlen w. (n = 0) = ( (Inl (prefix n w)) = F))
) | (Inr w) = (Vn. (n=0) = ((Inl (iprefix n w)) = F )) A =((Inr w) = F)

by (simp add: initonly-d-def bi-defs empty-defs iprefix-length sum.case-eq-if)

lemma ifthenelse-defs:
(w = ifj F then G else H) =

((wEF)A(wlG)VI((~(wF)A(w=H)))
by (simp add: ifthenelse-d-def)

lemma /en-defs :
(w |= len n) =
(case w of (Inl w) = (intlen w =n)
| (Inr w) = False
)

by (simp add: len-d-def power-d-def sum.case-eq-if
induct n arbitrary: w,
simp add: len-d-def empty-defs finite-defs sum.case-eq-if
simp add: len-d-def chop-defs skip-defs finite-defs sum.case-eq-if,
fastforce)

lemma currentval-defs :
(s ESv) =
(case s of (Inl's) = (v (nth s 0))
| (Inrs) = (v (s 0))
)
by (simp add: current-val-d-def)

lemma nextval-defs :
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(s = v8) =
(case s of (Inls) = (if intlen s >0 then (v (nth s 1)) else (e x. x=x))

| (Inrs) = (v (s1))
)
by (simp add: next-val-d-def)

lemma finval-defs :

(sE=lv)=
(case s of (Inl's) = (v (nth s (intlen s)))
) | (Inrs) = (e x. x=x)

by (simp add: fin-val-d-def)

lemma penultval-defs :

(sEv)=
(case s of (Inl's) = (if intlen s >0 then (v (nth s ((intlen s)—1))) else (¢ x. x=x))
) | (Inrs) = (e x. x=x)

by (simp add: penult-val-d-def)

lemma next-assign-defs :

(sEvi=¢e)=
(case s of (Inl's) = if 0 < intlen s then v (Interval.nth s 1) else (¢ x. x=x)
| Inrs = v (s1)

) =

es
by (auto simp: next-assign-d-def next-val-d-def)

lemma prev-assign-defs :
(sEv=e)=
(case s of (Inls) =
if 0 < intlen s then (v (Interval.nth s ((intlen s)—1)) = e (Inl s))
else ((e x. x=x) = e (Inls))
| (Inrs) = True

)

by (simp add: prev-assign-d-def penult-val-d-def finite-defs sum.case-eq-if)

lemma always-eqv-defs :

(sEv~e)=

(case s of (Inls) = (V i< intlen s. v (Interval.nth s i) = e (Inl (suffix i s)))
| (Inrs) = (Y i. v (si)= e (Inr (isuffix is)))

)

by (simp add: always-eq-d-def always-defs current-val-d-def isuffix-def sum.case-eq-if)
lemma temporal-assign-defs :
(sEv+e=

(case s of (Inl's) = (v (Interval.nth s (intlen s))) = e (Inl s)
| (Inrs) = True
)
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by (simp add: temporal-assign-d-def fin-val-d-def finite-defs sum.case-eq-if)

lemma gets-defs :
(s Evgetse) =
(case s of (Inl's) = (V i < intlen s. v (Interval.nth s (Suc i)) = e (Inl (subi (i+1) s)))
| (Inrs) = (Y i. v (s (Suci)) = e (Inl (subinterval si (i+1))))
)

using Suc-lel Suc-le-lessD
by (simp add: finite-defs gets-d-def keep-d-def ba-defs skip-defs sub-def temporal-assign-d-def
fin-val-d-def subinterval-length subinterval-nth sum.case-eq-if, auto)

lemma stable-defs-help:
(Vi<intlen s. v (Interval.nth s (Suc i)) = v (Interval.nth s i)) =
(Vi<intlen s. v (Interval.nth s i) = v (Interval.nth s 0))
proof
(induct s)
case (St x)
then show ?case by simp
next
case (Cons xla s)
then show 7case
by (smt Suc-lessl interval-nth-Suc intlen.simps(2) le-SucE le-neq-implies-less le-simps(1)
less-Suc-eq plus-1-eq-Suc zero-less-Suc)
ged

lemma stable-defs-infinite:
(Vi.v(s(Suci))=v (si))=(Vi.v(si)=v(s0))
proof —
have 1: (Vi. v (s (Suci))=v (si) =(N\j. v (sj) = v (s0))
proof —
assume Al: (Vi. v (s (Suci)) = v (si))
show (Aj. v (sj) = v (s 0))
proof —
fix j
show v (sj) = v (s 0)
using Al by (induct j,simp,simp)
qged
qged
have 2: (Vi. v (s (Suci)) =v (si)) = (V). v (sj) = v (s 0))
using 1 by blast
have 3: (V). v (sj) =v (s 0)) = (Nj. v (s (Sucj)) = v (5)))
proof —
assume A2: (Vj. v (sj) = v (s0))
show (Aj. v (s (Sucj)) = v (s)))
proof —
fix j
show v (s (Sucj)) = v (s))
using A2 by (induct j, auto, metis)
qged
ged
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have 4: (V). v (sj) =v (s 0)) = (V). v (s (Sucj)) = v (s)))
using 3 by blast

from 2 4 show ?thesis by blast

ged

lemma stable-defs:

(s = stable v) =
(case s of (Inls) = (V i<intlens. (v (nthsi)) = (v (nths0)))
: | (Inrs) = (VY i.(v(si)=(v(s0)))

by (simp add: stable-d-def gets-defs current-val-d-def sub-def stable-defs-help
subinterval-def
upt-same stable-defs-infinite sum.case-eq-if )

lemma padded-defs :
(s &= padded v) =
(case s of (Inls) = ((V i< intlens. (v (nth si)) = (v (nths0))) V intlen s =0)

S (6 () = (o))

by (simp add: padded-d-def stable-defs chop-d-def skip-defs empty-defs interval-suffix-length
sum.case-eq-if
smt Suc-lel Suc-pred diff-diff-cancel interval-intlen-gr-zero le-neq-implies-less le-simps(1)
less-Suc-eq

)

lemma padded-temporal-assign-defs :

(sEv<~e =
((s = padded v) A

(case s of (Inls) = (v (Interval.nth s (intlen s)) ) = e (Inls)
| | (Inr s) = True)

by (simp add: padded-temp-assign-d-def padded-defs temporal-assign-defs, auto)

lemma linalw-finite:
a < b A b<intlen w A ((Inl (suffix aw) )= 0O A) — ((Inl (suffix bw )) = O A)
by (simp add: always-defs,
smt add.assoc add.commute interval-suffix-length-good le-add-diff-inverse le-trans
ordered-cancel-comm-monoid-diff-class. le-diff-conv2)

lemma linalw-infinite:
a<b A((Inr (isuffixaw) )=0OA) — ((Inr (isuffix bw)) = O A)
by (simp add: always-defs,
metis isuffix-isuffix le-add-diff-inverse)

5.5 Soundness Axioms
5.5.1 ChopAssoc

lemma ChopAssocSemHelp:
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(Fiia. i<intlen o A ia < intlen o —i A (Inl (prefixi o) = ) A
(Inl (prefix ia (suffix i o)) = g) A (Inl (suffix (ia + i) o) = h)) =
(3jja . j <intlen o A ja < j A (Inl (prefix ja (prefix j 0)) = f) A
(Inl (suffix ja (prefix j o)) = g) A (Inl (suffix j o) = h))
by (smt Nat.le-diff-conv2 add-diff-cancel-left’ interval-pref-pref-3 interval-suffix-prefix-swap
le-add1 le-add-diff-inverse2 le-trans)

lemma ChopAssocSemHelpFinite:
((nl o) = £ (g h)=((Inlo) = (fig):h)
proof —
have ((Inlo) = f;(g; h)) =
((Fi<intlen o. (Inl (prefix i o) = ) A (Fia<intlen (suffix i o).
(Inl (prefix ia (suffix i o)) = g) A (Inl (suffix (ia + i) o) = h))))
by (simp add: chop-defs)
also have ... =
(Fiia. i<intlen o A ia < intlen o —i A ((Inl (prefix i o)) = ) A
(Inl (prefix ia (suffix i ¢)) = g) A (Inl (suffix (ia + i) o) = h))
by fastforce
also have ... =
(3jja.j <intlen o A ja < j A (Inl (prefix ja (prefix j o)) = ) A
(Inl (suffix ja (prefix j o)) = g) A (Inl (suffix j o) = h))
using ChopAssocSemHelp[of o f g h] by blast
also have ... =
(Fi<intlen o. (Fia<intlen (prefix i o). (Inl (prefix ia (prefix i o)) = f) A
(Inl (suffix ia (prefix i o)) = g)) A (Inl (suffix i o) = h))
by fastforce
also have ... =
(Inl o = (f;g);h) by (simp add: chop-defs)
finally show (Inl o = f; (g ; h)) = (Inl o = (f;g);h) .
ged

lemma ChopAssocSemHelpinFinite:
((Inr o) = £ (g h)) = ((Inr o) = (fig):h)
proof —
have ((Inr o) = f; (g h)) =
((3n.
f (Inl (iprefix n o)) A
((3 na. g (Inl (iprefix na (isuffix n o))) A h (Inr (isuffix na (isuffix n ¢)))) V
g (Inr (isuffix n 0)))) vV
f (Inr o))
by (metis chop-defs-infinite)
also have ... =
((3 n na.
f (Inl (iprefix n o)) A
(( g (Inl (iprefix na (isuffix n 0))) A h (Inr (isuffix na (isuffix n c)))) V
g (Inr (isuffix n 0)))) vV
f (Inr o))
by fastforce
also have ... =
((3 n na. na<intlen (iprefix n o) A
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( f (Inl (prefix na (iprefix n ¢))) A g (Inl (suffix na (iprefix n 0)))) A
h (Inr (isuffix n 0))) V
(I n:znat. f (Inl (iprefix n o)) A g (Inr (isuffix n 0))) V f (Inr o))

by (smt add.commute interval-iprefix-isuffix-swap interval-pref-ipref-3 iprefix-length
isuffix-isuffix le-add1 le-add-diff-inverse2)
also have ... =

((Inr o) = (fig):h)

by (metis chop-defs-finite chop-defs-infinite le-add2 le-add-same-cancel2)

finally show ((Inr o) = f; (g; h)) = ((Inr o) = (f;g):h) .
ged

lemma ChopAssocSem:

(0= fi(g:h)= (fig)h)
using ChopAssocSemHelpFinite ChopAssocSemHelpinFinite unl-lift2
by (smt old.sum.exhaust)

5.5.2 OrChoplmp

lemma OrChoplmpSem:

(cE= (fVgsh — fhVvgh)
using chop-defs
by (smt sum.case-eq-if unl-lift2)

5.5.3 ChopOrimp

lemma ChopOrImpSem:

(c =fi(gvh)— figVv fh)
using chop-defs
by (smt sum.case-eq-if unl-lift2)

5.5.4 EmptyChop

lemma EmptyChopSemFinite:

((Inl o) = empty ; f =1f)
by (simp add: empty-defs chop-defs) auto

lemma EmptyChopSeminfinite:

((Inr o) = empty ; f = 1)
by (simp add: chop-defs empty-defs iprefix-length isuffix-0)

lemma EmptyChopSem:

(c Eempty ; f=1)
using EmptyChopSemFinite EmptyChopSeminfinite by (smt old.sum.exhaust)

5.5.5 ChopEmpty

lemma ChopEmptySemFinite:

((Inl o) = fiempty = )
by (simp add: empty-defs chop-defs) auto
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lemma ChopEmptySemlinfinite:

((Inr o) |= fiempty = f)
by (simp add: chop-defs empty-defs)

lemma ChopEmptySem:

(0 = fiempty = f)
using ChopEmptySemFinite ChopEmptySemlinfinite
by (smt old.sum.exhaust)

5.56.6 StatelmpBi

lemma StatelmpBiSem:
(o0 = init f —  bi (init ) )

by (simp add: init-defs bi-defs sum.case-eqg-if,
metis conc-def conc-iprefix-isuffix interval-intlen-gr-zero interval-nth-zero-intfirst
iprefix-0)

5.5.7 NextlmpNotNextNot

lemma NextImpNotNextNotSem:
(cEOf— = (O(1))
by (simp add: next-defs sum.case-eq-if)

5.56.8 BiBoxChoplmpChop

lemma BiBoxChoplmpChopSem:
(cEb(f—fI)NO(g — gl) — ;g — fl;g1)
by (simp add: bi-defs always-defs chop-defs sum.case-eq-if, fastforce )

5.5.9 BoxInduct

lemma box-induct-help-1 :
((Inl o) = f) A (Vi. Suc 0 < intlen o — i —
i < intlen 0 — (Inl (suffixi ¢) = f) — (In
= (VY j.j < intlen 0 — (Inl (suffix j o) = f))
proof
fix j
show ((Inl o) = f) A (Vi. Suc 0 < intleno — i —
i < intlen 0 — (Inl (suffix i ¢) = f) — (Inl (suffix (Suc i) o) |= f))
= j < intlen 0 — (Inl (suffix j o) = f)
by
(induct j arbitrary: o, simp, metis Nat.le-diff-conv2 One-nat-def Suc-eq-plusl-left Suc-leD)

I (suffix (Suc i) o) = 1))

ged

lemma box-induct-help-infinite :
((Inr o) =) A (V.
((Inr (isuffix i o) = f) — (Inr (isuffix (Suc i) o) |= f)))
= (Y j. (Inr (isuffix j o) = f))
proof
fix j
show ((Inr o) =) A (V.
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(Inr (isuffix i o) = f) — (Inr (isuffix (Suc i) o) |= f))
= (Inr (isuffix j o) |= f)
by (induct j arbitrary: o, simp add: isuffix-0, blast)
ged

lemma BoxInductSem:
(cEFO(f — wnext ) Nf — 0Of)
using box-induct-help-1 box-induct-help-infinite
by (simp add: always-defs wnext-defs sum.case-eq-if ,
smt One-nat-def add.commute box-induct-help-1 box-induct-help-infinite
cancel-comm-monoid-add-class.diff-cancel isuffix-isuffix not-one-le-zero plus-1-eq-Suc
sum.collapse(1) sum.collapse(2))

5.5.10 ChopStarEqv

lemma ChopExist:
(3 k. f.gk)=1f,(3 k. gk)
by (simp add: chop-defs Valid-def sum.case-eq-if, auto)

lemma SChopExist:
F (3 k. f~gk)=F~(3 k. gk)
by (simp add: schop-defs Valid-def sum.case-eq-if, auto)

lemma ExistChop:
-3k (gk):f) = (3 k. gk)f
by (simp add: chop-defs Valid-def sum.case-eq-if, auto)

lemma ExistSChop:
F (3 k. (gk)~f) = (3 k. gk)~f
by (simp add: schop-defs Valid-def sum.case-eq-if, auto)

lemma powersem1:
(o = (3 k. power fk) = (empty V (3 k. power f (Suc k))))
by (smt notO-implies-Suc pow-0 unl-Rex unl-ift2)

lemma spowersem1:
(0 = (3 k. spower f k) = (' empty V (3 k. spower f (Suc k))))
by (smt notO-implies-Suc spow-0 unl-Rex unl-lift2)

lemma powersem:
F (3 k. power fk) = ( empty V (f A finite);(3 k. (power f k)))
proof —
have 1: F (3 k. power f k) = ( empty V (3 k. power f (Suc k)))
using powerseml by blast
have 2: - (3 k. power f (Suc k)) = (3 k. (f A finite);power f k)
by simp
have 3: - (3 k. (f A finite);(power f k)) = (f A finite);(3 k. (power f k))
using ChopExist by blast
from 1 2 3 show ?thesis by fastforce
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ged

lemma spowersem:

F (3 k. spower f k) = ( empty V f~(3 k. (spower f k)))
proof —

have I:+ (3 k. spower f k) = ( empty V (3 k. spower f (Suc k)))
using spowerseml by blast

have 2: - (3 k. spower f (Suc k)) = (3 k. f ~spower f k)
by simp

have 3: - (3 k. f~(spower f k)) = f~(3 k. (spower f k))
using SChopExist by blast

from 1 2 3 show ?thesis by fastforce
ged

lemma PowerstarEqvSemhelpl:
F empty;(empty v (f A inf)) = (empty V (f A inf))
using EmptyChopSem by blast

lemma PowerstarEqvSemhelp2:
F (f Ainf) = (f A inf);g
by (simp add: Valid-def infinite-defs chop-defs sum.case-eq-if)

lemma PowerstarEqvSemhelp3:
F((f A inf);g Vv (f A finite);g) = (f ;g)
by (simp add: Valid-def finite-defs infinite-defs chop-defs sum.case-eq-if ,auto)

lemma PowerstarEqvSem:
(0 = (powerstar f) = (empty V f;(powerstar f) ))
proof —
have I: (o = (powerstar f)) =
(o E (3 k. power f k);(empty V/ f A inf))
by (simp add: powerstar-d-def)
have 2: (o |= (3 k. power f k);(empty V f A inf)) =
(o = (empty V (f A finite);(3 k. (power f k)));(empty VV f A inf))
using powersem by (metis inteq-reflection)
have 3: (o = (empty V (f A finite);(3 k. (power f k)));(empty V f A inf)) =
(o = empty;(empty Vv (f A inf)) V
((f A finite);(3 k. (power f k)));(empty V f A inf))
by (smt chop-defs intensional-rews(3) sum.case-eq-if)
have 4: (o |= empty;(empty V (f A inf)) V
((f A finite);(3 k. (power f k))):(empty V f A inf)) =
(o = (empty v (f N inf) Vv ((f A finite);(3 k. (power f k)));(empty V f A inf)))
using PowerstarEqvSemhelpl
by (metis (mono-tags, lifting) inteqg-reflection unl-lift2)
have 5: (o |= (empty V (f A inf) V ((f A finite);(3 k. (power f k)));(empty V f A inf))) =
(o0 = (empty v (f A inf);((2 k. (power f k));(empty VV f A inf)) V
((f A finite);(3 k. (power f k)));(empty V f A inf)))
using PowerstarEqvSemhelp2
by (metis (mono-tags, lifting) inteq-reflection)
have 6: (o |= (empty V (f A inf);((3 k. (power f k));(empty VV f A inf)) V
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((f A finite);(3 k. (power f k)));(empty V f A inf))) =
(o0 = (empty v (f A inf);((2 k. (power f k));(empty VV f A inf)) V
(f A finite);((3 k. (power f k));(empty V f A inf))))

by (smt ChopAssocSemHelpFinite ChopAssocSemHelpinFinite sum.collapse(1) sum.collapse(2) unl-lift2)
have 7 : (o |= (empty V (f A inf);((3 k. (power f k));(empty V f A inf)) V
(f A finite);((3 k. (power f k));(empty V f A inf)))) =

(o0 = (empty V £;((3 k. (power f k));(empty V f A inf))))
using PowerstarEqvSemhelp3 by fastforce
have 8: (o |= (empty V f;((3 k. (power f k));(empty V f A inf)))) =

(o = (empty V f;(powerstar f)))
by (simp add: powerstar-d-def)
from 123456 7 8 show ?thesis by fastforce
ged

lemma FPowerstarEqvSem:
(o = (fpowerstar f) = (empty V (f A finite);(fpowerstar ) ))
proof —
have 1: (o = (fpowerstar f)) =
(o = (3 k. power f k))
by (simp add: fpowerstar-d-def)
have 2: ( o = (3 k. power f k)) =
(o0 = (empty V (f A finite);(3 k. (power f k))))
using powersem by (metis inteq-reflection)
from 1 2 show ?thesis by (simp add: fpowerstar-d-def)
ged

lemma SPowerstarEqvSem:
(0 = (spowerstar f) = (empty V f~(spowerstar f) ))
proof —
have I: (o |= (spowerstar f)) =
(o E (3 k. spower f k))
by (simp add: spowerstar-d-def )
have 2: (o |= (3 k. spower f k)) =
(o0 = (empty V f~(3 k. (spower f k))))
using spowersem by (metis inteq-reflection)
from 1 2 show ?thesis by (simp add: spowerstar-d-def)
ged

lemma powerchopsem:
F (3 k. power (f A more) k) =
( empty V ((f A more) A finite);(3 k. (power (f A more) k))

)

using powersem by auto

lemma spowerchopsem:
F (3 k. spower (f A more) k) =
( empty V (f A more)~(3 k. (spower (f A more) k))

)
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using spowersem by auto

lemma ChopstarEqvSem:
(o = *= (empty vV (f A more); f*))
by (metis PowerstarEqvSem chopstar-d-def)

lemma SChopstarEqvSem:
(o = (schopstar f) = (empty vV (f A more)~ (schopstar ) ))
by (metis SPowerstarEqvSem schopstar-d-def)

5.5.11 OmegaUnroll

lemma omega-unroll-chain:
(3 1. infinite-index-sequence 0 | A (Vi. f (Inl (subinterval o (Ii) (I (Suc i))))))

(3n.
f (Inl (iprefix n o)) A
0<nA
(3.
infinite-index-sequence 0 | N

(Vi. f (Inl (subinterval (isuffix n o) (Ii) (I (Suci)))))

)
)

proof —
have (3 /. infinite-index-sequence 0 | N
(Vi. f (Inl (subinterval o (Ii) (I (Suci)))))) =
(3 1. infinite-index-sequence 0 | A | = conc {(1 0)) (Ax. (I (x+1))) A
(Vi. f (Inl (subinterval o (Ii) (I (Suci))))))
using iidx-1 by blast
also have ... =
(3 1. infinite-index-sequence 0 (conc ((/ 0)) (Ax. (I (x+1)))) A
I = conc {(10)) (Ax. (I (x+1))) A
(Vi. f (Inl (subinterval o (conc ((10)) (Ax. (I (x+1))) i)
(conc (1 0)) (vx. (1 (x+1))) (Suc 1))

~—

)

by force
also have ... =
3L (10)=0A(0)< (/1) A
infinite-index-sequence (1 1) (Ax. (I (x+1))) A
I = conc ((10)) (Ax. (I (x+1))) A
(Vi. f (Inl (subinterval o (conc ((10)) (Ax. (I (x+1))) i)

(conc {(10)) (Ax. (I (x+1))) (Suc1))))

)
)
using /idx-2 by force
also have ... =

@1 (10)=0A(10)<(I1)A
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infinite-index-sequence (I 1) (Ax. (I (x+1))) A
/ 1

I'= conc ((10)) (M. (I (x+1))) A
f (Inl (subinterval o (10) (1 1))) A
/

(/
(Vi. f (Inl (subinterval o ((Ax. (I (x+1))) i) ( (Ax. (I (x+1))) (Suci)))))

)
+

)

by (smt Suc-dif-Suc Suc-eq-plusl add-cancel-left-right add-diff-cancel-left’ le-add1
le-neg-implies-less plus-1-eq-Suc)
also have ... =
3lls. Is=0x. (| (x+1)A(10)=0AN(10)<(I1)A
infinite-index-sequence (I 1) Is A
I = conc ((10)) Is A
f (Inl (subinterval o (10) (I 1))) A
(Vi. f (Inl (subinterval o (Is i) (Is (Suc i)))))

)

by force
also have ... =
3lls. Is=Mx. (I (x+D))A({0)=0A(0)<(I1)A
infinite-index-sequence (I 1) Is A
I = conc {(10)) Is A
f (Inl (iprefix (1'1) o)) A
(Vi. f (Inl (subinterval o (Is i) (Is (Suc i)))))
)

by (metis iprefix-def)
also have ... =
(3llsn.n=(s0)ANIs=(Mx. (I (x+1))) A0 <nA
infinite-index-sequence n Is A\ | = conc (0) Is A
f (Inl (iprefix n o)) A
(Vi. f (Inl (subinterval o (Is i) (Is (Suc i)))))
)

by (metis (no-types, lifting) One-nat-def conc-empty-suc conc-empty-zero)
also have ... =
(3 Ilsnn=(Is0)AN0<nA
infinite-index-sequence n Is A
f (Inl (iprefix n o)) A
(Vi. f (Inl (subinterval o (Is i) (Is (Suc i)))))
)

using iidx-0 by (rule, metis (no-types, lifting) Suc-eq-plusl conc-empty-suc)
also have ... =
(3 Isnlisk. n=(Is0) A0 < nA Isk = (shiftm n) o Is A
infinite-index-sequence n Is N
f (Inl (iprefix n o)) A
(Vi. f (Inl (subinterval o (Is i) (Is (Suc i)))))
)
by blast
also have ... =
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(3 Isnisk. n=(Is0) A0 < nA Isk = (shiftm n) o Is A
infinite-index-sequence n Is A infinite-index-sequence 0 Isk N
f (Inl (iprefix n o)) A
(Vi. f (Inl (subinterval o (Is i) (Is (Suc 1)))))

)

using iidx-5 by auto
also have ... =

(3 Isnisk. n=(Is0) A0 < nA Is=(shift n) o Isk A\
infinite-index-sequence n Is A\ infinite-index-sequence 0 Isk N
f (Inl (iprefix n o)) A
(Vi. f (Inl (subinterval o (Is i) (Is (Suc 1)))))

)

using /idx-6 by blast
also have ... =

(3 Is nIsk. n = (((shift n) o Isk) 0) A 0 < n A Is = (shift n) o Isk A
infinite-index-sequence n Is A infinite-index-sequence 0 Isk N
f (Inl (iprefix n o)) A
(Vi. f (Inl (subinterval o (((shift n) o Isk) i)

(((shift n) o Isk) (Suc 1)) ))

)

)
by metis
also have ... =
(3 Isnlisk. 0 = (Isk 0) AN O < n A Is = (shift n) o Isk A
infinite-index-sequence n Is A infinite-index-sequence 0 Isk N\
f (Inl (iprefix n o)) A
(Vi. f (Inl (subinterval o ((Isk i)+n) ((Isk (Suc i)+n)))))
)
using shift-def by auto
also have ... =
(3 Isnlisk. 0 = (Isk 0) AN O < n A Is = (shift n) o Isk A
infinite-index-sequence 0 Isk N
f (Inl (iprefix n o)) A
(Vi. f (Inl (subinterval o ((Isk i)+n) ((Isk (Suc i)+n)))))
)
using /idx-8 by blast
also have ... =
(3 nisk.0=(Isk0) N0 <nA
infinite-index-sequence 0 Isk N
f (Inl (iprefix n o)) A
(Vi. f (Inl (subinterval o ((Isk i)+n) ((Isk (Suc i)+n)))))
)

by blast

also have ... =
(3 nisk. 0= (Isk0) N0 <nA
infinite-index-sequence 0 Isk N
f (Inl (iprefix n o)) A
(Vi. f (Inl (subinterval (isuffix n o) ((Isk i)) ((Isk (Suc i))))))
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using subinterval-sub-isuffix-iidx by (metis calculation calculation )
also have ... =
(3 n. f (Inl (iprefixn o)) A0 < n A
(3 1. infinite-index-sequence 0 | N
(Yi. f (Inl (subinterval (isuffix n o) (I'i) (I (Suci)))))
)
)

using infinite-index-sequence-def by auto
finally show (3 /. infinite-index-sequence 0 | N
(Vi. f (Inl (subinterval o (1) (I (Suci)))))

)
(3n. f (Inl (iprefix n o)) A O < n A
(3 1. infinite-index-sequence 0 | N
(Vi. f (Inl (subinterval (isuffix n o) (Ii) (I (Suci)))))
)

ged

lemma omega-unroll-sem:
((Inr o) = (f A fmore);(omega f) = (omega f))
using omega-unroll-chain by (simp add: fmore-defs chop-defs omega-d-def iprefix-length, metis)

lemma OmegaUnrollSem:

o |= (omega ) = (f A fmore);(omega f)

using omega-unroll-sem

by (cases o,simp add: omega-d-def chop-defs-finite, fastforce)

5.5.12 Omegalnduct

lemma OmegalnductSem-help:
(o = inf N g NO(g — (f A fmore);g)) =
( case o of (Inl o) = False
| (Inr o) =
g (Inr o) A
(VY n::nat. g (Inr (isuffix n o)) —
(3 na::nat. f (Inl (subinterval o n (na+n))) A
(0::nat) < na A g (Inr (isuffix (n + na) o))))

)

by (simp add: infinite-defs always-defs chop-defs fmore-defs isuffix-isuffix sum.case-eq-if ,
metis iprefix-isuffix iprefix-length)

primrec cpoint :: ('a::world) formula = 'a formula = nat = 'a infinterval = nat
where cpoint fg0 o =0
| cpoint f g (Suc n) o =
(e x. (3 m. (Inl (subinterval o (cpoint fg n o) (m+(cpoint fgna)) ) Ef)
A m>0 A(Inr(isuffix (m+(cpoint fgno)) o) = g) A
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x=m+(cpoint f g n o)
)
)

lemma cpoint-order-0a:
na<x = intlen (suffix na (iprefix x 0)) = x—na
by (simp add: iprefix-length)

lemma cpoint-expand-0:
(cpoint fg 0 o) =0
by simp

lemma cpoint-expand-1:
(cpoint fglo)=
(SOME x. (3 m. f (Inl (subinterval o 0 (m)))
A m>0 A g (Inr (isuffix (m) o))
A x=m))
by (simp add: fmore-defs subinterval-length)

lemma cpoint-expand-n:
(cpoint f g (Suc n) o) =
(SOME x. (3 m. f (Inl (subinterval o (cpoint f g n o) (m+(cpoint f g n 0))))
A m>0 A g (Inr(isuffix (m+(cpoint fg n o)) o))
A x=m+(cpoint f g n o))

)

by (simp add: fmore-defs subinterval-length)

lemma cpoint-0:
assumes g (Inr o) A
(Vk. g (Inr (isuffix k o)) —
(3m. f (Inl (subinterval o k (m+k))) A
0 < mA g (Inr (isuffix (m+k) 0))))

shows g (Inr(isuffix (cpoint fgi o) o))
proof
(induct i)
case 0
then show 7case by (simp add: assms isuffix-0)
next
case (Suc i)
then show 7case
proof —
have 1: g (Inr(isuffix (cpoint fgi o) o))
by (simp add: Suc.hyps)
have 2: g (Inr(isuffix (cpoint fgi o) o)) —
(3m. f (Inl (subinterval o (cpoint fgi o) (m+(cpoint fgi o)))) A
0 < m A g (Inr (isuffix (m+(cpoint fgi o)) o)))
using assms by blast
have 3: (3m. f (Inl (subinterval o (cpoint fgi o) (m+(cpoint fgi o)))) A
0 < m A g (Inr (isuffix (m+(cpoint fgi o)) o)))
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using 1 2 by auto
have 4: (cpoint f g (Suci) o) =
(SOME x. (3 m. f (Inl (subinterval o (cpoint fgi o) (m+(cpoint fgi o))))

A m>0 A g (Inr(isuffix (m+(cpoint fgi o)) o))
A x=m+(cpoint f g i c)))

by simp

have 5: g (Inr(isuffix ((cpoint f g (Suc i) o)) o))

using 3 4 somel-ex by (smt iprefix-def iprefix-isuffix)

from 5 show 7thesis by auto

qged

ged

lemma cpoint-1:
assumes g (Inr o) A
(Vk. g (Inr (isuffix k o)) —
(3m. f (Inl (subinterval o k (m+k))) A
0 < m A g (Inr (isuffix (m+k) 0))))

shows ( g (Inr(isuffix (cpoint fgi o) o))
= g (Inr(isuffix (cpoint f g (Suc i) o) ¢)))

proof —
have 1: g (Inr o) A
(Vk. g (Inr (isuffix k o)) —
(3m. f (Inl (subinterval o k (m+k))) A
0 < m A g (Inr (isuffix (m+k) 0))))
using assms by blast
have 2: ( g (Inr(isuffix (cpoint fgi o) o))
= g (Inr(isuffix (cpoint f g (Suc i) o) 0)))
proof
(induct i)
case 0
then show 7case
proof —
have 01: g (Inr(isuffix (cpoint fg 0 o) o)) =
g (Inr(isuffix 0 o))
by auto
have 02: g (Inr(isuffix 0 o)) = g (Inr o)
by (simp add: isuffix-0)
have 03: (3m. f (Inl (subinterval o 0 (m))) A
0 < mA g (Inr (isuffix (m) 0)))
using 02 1 by fastforce
have 04: (cpoint fg1 o) =
(SOME x. (3 m. f (Inl (subinterval o 0 (m)))
A m>0 A g (Inr (isuffix (m) o))
A x=m)
)

using cpoint-expand-1 by blast
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have 05: g (Inr (isuffix (cpoint fg 1 o) o))
using 03 04 somel-ex by (metis (mono-tags, lifting))
from 01 05 show ?thesis by auto
qed
next
case (Suc i)
then show 7case
proof —
have n1: g (Inr (isuffix (cpoint fgi o) o)) = g (Inr (isuffix (cpoint f g (Suc i) ¢) o))
using Suc.hyps by blast
have n2: g (Inr (isuffix (cpoint f g (Suc i) o) o))
using Suc.prems by blast
have n3: (3m. f (Inl (subinterval o (cpoint f g (Suc i) o) (m+(cpoint f g (Suc i) ¢)))) A
0 < m A g (Inr (isuffix (m+(cpoint f g (Suc i) o)) o)))
using assms n2 by auto
have n4: (cpoint f g (Suc (Suci)) o) =
(SOME x. (3 m. f (Inl (subinterval o (cpoint f g (Suc i) o) (m+(cpoint f g (Suc i) 0))))
A m>0 A g (Inr(isuffix (m+(cpoint f g (Suc i) o)) o))
A x=m+(cpoint f g (Suc i) o))
)
using cpoint-expand-n by blast
have n5: g (Inr (isuffix (cpoint f g (Suc (Suci)) o) o))
using n3 n4 somel-ex by (smt iprefix-def iprefix-isuffix)
from n5 show 7thesis by auto
qged
qed
from 2 show ?thesis using assms cpoint-0 by blast
ged

lemma cpoint-2:
assumes g (Inr o) A
(Vk. g (Inr (isuffix k o)) —
(3 m. f (Inl (subinterval o k (m+k))) A
0 < m A g (Inr (isuffix (m+k) 0))))

shows f (Inl (subinterval o (cpoint f g i o) (cpoint f g (Suc i) 0)))

proof
(induct i)
case 0
then show 7case
proof —
have 1: g (Inr(isuffix 0 o))
using assms cpoint-0 cpoint-expand-0 by (simp add: isuffix-0)
have 2: (3m. f (Inl (subinterval o (cpoint fg 0 o) (m+(cpoint fg 0 ¢)))) A
0 < m A g (Inr (isuffix (m+(cpoint fg 0 7)) 0)))
using assms 1 by auto
have 3: (cpoint fg 1 o) =
(SOME x. (3 m. f (Inl (subinterval o (cpoint f g 0 o) (m+(cpoint fg 0 o)) ))
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A m>0 A g (Inr (isuffix (m+(cpoint f g 0 0)) o))
A x=m+(cpoint f g 0 ¢))

)

by simp
have 4: f (Inl (subinterval o (cpoint fg 0 o) ((cpoint fg 1 o)) ))
using 2 3 somel-ex by smt
from 4 show 7thesis by auto
ged
next
case (Suc i)
then show 7case
proof —
have nl: g (Inr (isuffix (cpoint f g (Suc i) o) o))
using assms cpoint-0 by blast
have n2: (3m. f (Inl (subinterval o (cpoint f g (Suc i) o) (m+(cpoint f g (Suc i) 0)))) A
0 < m A g (Inr (isuffix (m+(cpoint f g (Suc i) o)) 0)))
using assms nl by auto
have n3: (cpoint f g (Suc (Suci)) o) =
(SOME x. (3 m. f (Inl (subinterval o (cpoint f g (Suc i) o) (m+(cpoint f g (Suc i) ¢))))
A m>0 A g (Inr(isuffix (m+(cpoint f g (Suc i) o)) o))
A x=m+(cpoint f g (Suc i) o))
)
using cpoint-expand-n by blast
have n4: f (Inl (subinterval o (cpoint f g (Suc i) o) ((cpoint f g (Suc (Suc i)) 0))))
using n2 n3 somel-ex by (smt iprefix-def iprefix-isuffix)
from n4 show ?thesis by auto
qed
ged

lemma cpoint-3a:
m>0 N\ x=m+(cpoint f g (Suc i) 0) = (cpoint fg (Suc i) o) < x
by auto

lemma cpoint-3:
assumes g (Inr o) A
(Vk. g (Inr (isuffix k o)) —
(Im. f (Inl (subinterval o k (m+k))) A
0 < m A g (Inr (isuffix (m+k) 0))))

shows (cpoint fgi o) < (cpoint fg (Suc i) o)

proof
(induct i)
case (0
then show ?case
proof —
have 1: g (Inr(isuffix 0 o))
using assms cpoint-0 cpoint-expand-0 by (simp add: isuffix-0)
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have 2: (3m. f (Inl (subinterval o (cpoint fg 0 o) (m+(cpoint fg 0 c)))) A
0 < m A g (Inr (isuffix (m+(cpoint fg 0 o)) 0)))
using assms 1 by auto
have 3: (cpoint fg 1 o) =
(SOME x. (3 m. f (Inl (subinterval o (cpoint f g 0 o) (m+(cpoint f g 0 c))))
A m>0 A g (Inr (isuffix (m+(cpoint f g 0 0)) o))
A x=m+(cpoint f g 0 o))

)

by simp
have 4: (cpoint fg 0 o) < (cpoint f g 1 o)
using 2 3 somel-ex by (smt add.right-neutral cpoint-expand-0 less-numeral-extra(3) neqO-conv)
from 4 show ?thesis by auto
qged
next
case (Suc i)
then show 7case
proof —
have nl1: g (Inr (isuffix (cpoint f g (Suc i) o) o))
using assms cpoint-0 by blast
have n2: (Im. f (Inl (subinterval o (cpoint f g (Suc i) o) (m+(cpoint f g (Suc i) 0)))) A
0 < mA g (Inr (isuffix (m+(cpoint f g (Suc i) o)) 0)))
using assms nl by auto
have n3: (cpoint f g (Suc (Suci)) o) =
(SOME x. (3 m. f (Inl (subinterval o (cpoint f g (Suc i) o) (m+(cpoint f g (Suc i) c))))
A m>0 A g (Inr(isuffix (m+(cpoint f g (Suc i) o)) o))
N x=m+(cpoint f g (Suc i) o))
)
using cpoint-expand-n by blast
have n4: (3 m. f (Inl (subinterval o (cpoint f g (Suc i) o) (m+(cpoint fg (Suc i) 0))))
A m>0 A g (Inr(isuffix (m+(cpoint f g (Suc i) o)) o))
A (cpoint f g (Suc (Suc i)) o)=m+(cpoint f g (Suc i) o))
using n2 n3 somel-ex by smt
have n5: (cpoint f g (Suc i) o) < (cpoint f g (Suc (Suci)) o)
using n4 using cpoint-3a by blast
from n5 show 7thesis by auto
qged
ged

lemma OmegalnductSem:
(w = (inf AN g AN O(g — (f A fmore);g)) — omega f)
proof (cases w)
case (Inl a)
then show ’thesis
by (metis (no-types, lifting) finite-d-def finite-defs-1 int-simps(21) integ-reflection unl-con unl-ift2)
next
case (Inr b)
then show ’thesis
proof —
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have 1: ((Inr b) = (inf A g A O(g — (f A fmore);g))) =
(g (Inr b) A
(Vk. g (Inr (isuffix k b)) —
(Im. f (Inl (subinterval b k (m+k))) A
0 < m A g (Inr (isuffix (m+k) b)))))
by (smt Groups.add-ac(2) OmegalnductSem-help sum.case(2))
have 2: (g (Inr b) A
(Vk. g (Inr (isuffix k b)) —
(3m. f (Inl (subinterval b k (m+k))) A
0 < m A g (Inr (isuffix (m+k) b))))) —
infinite-index-sequence 0 (M\i. (cpoint fg ib ))
using 1 infinite-index-sequence-def cpoint-3 by (metis cpoint-expand-0)
have 3: (g (Inr b) A
(Vk. g (Inr (isuffix k b)) —
(Im. f (Inl (subinterval b k (m+k))) A
0 < m A g (Inr (isuffix (m+k) b))))) —
(Vi. f (Inl (subinterval b ((Mi. (cpoint fg ib ))i)
((M\i. (cpoint fg ib)) (Suci)))))
using 1 cpoint-2 by (metis )
have 4: (g (Inr b) A
(Vk. g (Inr (isuffix k b)) —
(3m. f (Inl (subinterval b k (m+k))) A
0 < m A g (Inr (isuffix (m+k) b))))) —
infinite-index-sequence 0 (M\i. (cpoint fg ib )) A
(Vi. f (Inl (subinterval b ((Xi. (cpoint fg ib ))i)
((X\i. (cpoint fg ib )) (Suci)))))
using 2 3 by auto
have 5: (g (Inr b) A
(Vk. g (Inr (isuffix k b)) —
(Im. f (Inl (subinterval b k (m+k))) A
0 < m A g (Inr (isuffix (m+k) b))))) —
(3 (Is::infiniteindex). infinite-index-sequence 0 Is N\
Is = (\i. (cpointfg ib)))
using 4 by auto
have 6: (g (Inr b) A
(Vk. g (Inr (isuffix k b)) —
(Im. f (Inl (subinterval b k (m+k))) A
0 < m A g (Inr (isuffix (m+k) b))))) — ((Inr b) = omega f)
using 5 omega-d-def by (smt 3 old.sum.simps(6))
have 7: ((Inr b) |= (inf A g A O(g — (f A fmore);g)) — (omega f) )
using 6 1 by auto
from 7 show ?thesis using Inr by blast
qged
ged

5.6 Quantification over State (Flexible) Variables

Quantification in Infinite ITL is done similarly as in Finite ITL.

typedecl state
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instance state :: world ..

type-synonym 'a statefun = (state,’a) stfun

type-synonym statepred = bool statefun
type-synonym ‘a tempfun = (state,’a) formfun
type-synonym temporal = state formula

5.7 Temporal Quantifiers

definition exist-state-d :: ('a statefun = temporal )= temporal (binder Eex 10)
where exist-state-d F = (As. (3 x. s = Fx))

syntax
-Eex :: [idts, lift] = lift ~ ((333 -./ -) [0,10] 10)

translations
-Eex vA == Eexv. A

definition forall-state-d :: ('a statefun = temporal )= temporal (binder Aall 10)
where forall-state-d F = LIFT(—=(33 x. =(F x)))

syntax
-Aall :: [idts, lift] = lift  ((3YV -./ -) [0,10] 10)

translations
SAallv A== Aallv. A

end

6 Finite ITL: Axioms and Rules

theory /7L
imports

Semantics
begin

The Finite ITL axiom and proof rules are introduced (taken from [4]). The soundness of the rules and
axioms are checked using the lemmas of Semantics.thy.

6.1 Rules

lemma MP :
assumes - f — g
Ff
shows F g
using assms(1) assms(2) by fastforce
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lemma BoxGen :

assumes - f

shows +—0Of

using assms by (auto simp: always-defs)

lemma BiGen:

assumes - f

shows  bif

using assms by (auto simp: bi-defs)

6.2 Axioms

lemma ChopAssoc :
= fi(g:h)= (fig)h
using ChopAssocSem Valid-def by blast

lemma OrChoplmp :
F(fVvg)yh — fhVgh
using OrChoplmpSem Valid-def by blast

lemma ChopOrimp :
F fi(gvh)— figVv fh
using ChopOrlmpSem Valid-def by blast

lemma EmptyChop :
F empty ; f =f
using EmptyChopSem Valid-def by blast

lemma ChopEmpty :
F fiempty = f
using ChopEmptySem Valid-def by blast

lemma StatelmpBi :
Finit f —  bi (init f)
using StatelmpBiSem Valid-def by blast

lemma Next/ImpNotNextNot :
F Of — _|(O(_|f))
using NextImpNotNextNotSem Valid-def by blast

lemma BiBoxChoplmpChop :
F bi(f—fI)NO(g — gl) — f,g — f1;g1
using BiBoxChoplmpChopSem Valid-def by blast

lemma BoxInduct :
FO(f — wnext)ANf —OFf
using BoxInductSem Valid-def by blast

lemma ChopstarEqv :
F = (empty V (f A more); f*)
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using ChopstarEqvSem Valid-def by blast

6.3 Additional Lemmas

The following is again from [3, 2] but adapted for our need.

lemma int-eq-true: - P — + P = #True
by auto

lemma integ: F X =Y = X =Y
by (auto simp: integ-reflection)

lemma int-iffl:
assumes- F — Gand - G — F
shows - F = G
using assms by force

lemma int-iffD1;: assumes h: - F = G shows - F — G
using h by auto

lemma int-iffD2: assumes h: - F = G shows+ G — F
using h by auto

lemma lift-imp-trans:
assumes - A — Band-B — C
shows- A — C
using assms by force

lemma Jift-imp-neg: assumes - A — B shows - -B — —A
using assms by auto

lemma lift-and-com: - (A A B) = (B A A)
by auto

6.4 Quantification

lemma EEx/ :
FFy — (33 x. Fx)
by (simp add: exist-state-d-def Valid-def, auto)

lemma EEXE:
[Ax. FFx — Gl =F @33 x. Fx) — G
by (metis (mono-tags, lifting) Valid-def exist-state-d-def unl-lift2)

lemma EExVal:

(wE (33 x. Fx)) =

(3 x (val :: 'a interval). ( ( val = (map x w) A (w = F x))))
by (simp add: exist-state-d-def)
lemma AAxDef:
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F(VV x. Fx)=(=(33 x. =(F x)))
by (simp add: Valid-def forall-state-d-def exist-state-d-def)

lemma ExEqvRule:

assumes A x. - (fx) = (g x)
shows - (3 x. fx) = (3 x. gx)

using assms by fastforce

6.5 Lemmas about current-val

lemma current-const: b $(#c) = #c
by (auto simp: current-val-d-def)

lemma current-funl: - $(f<x>) = f <$x>
by (auto simp: current-val-d-def)

lemma current-fun2: = $(f<x,y>) = f <$x,$y>
by (auto simp: current-val-d-def)

lemma current-fun3: b $(f<x,y,z>) = f <$x,$y,$z>
by (auto simp: current-val-d-def)

lemma current-forall: = $(V x. P x) = (V x. $(P x))
by (auto simp: current-val-d-def)

lemma current-exists: - $(3 x. P x) = (3 x. $(P x))
by (auto simp: current-val-d-def)

lemma current-existsl: - $(3! x. P x) = (3! x. $(P x))
by (auto simp: current-val-d-def)

lemmas all-current = current-const current-funl current-fun2 current-fun3
current-forall current-exists current-existsl

lemmas all-current-unl = all-current| THEN intD]
lemmas all-current-eq = all-current[ THEN inteq-reflection]

6.6 Lemmas about next-val

lemma next-const: = more — (#¢)$ = #c
by (auto simp: next-val-d-def more-defs)

lemma next-funl: b more — f<x>$ = f<x$>
by (auto simp: next-val-d-def more-defs)

lemma next-fun2: - more — f<x,y>% = f <x$,y$>
by (auto simp: next-val-d-def more-defs)

lemma next-fun3: = more — f<x,y,z>% = f <x$,y$,z$>
by (auto simp: next-val-d-def more-defs)
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lemma next-forall: = more — (V x. P x)$ = (V x. (P x)$)
by (auto simp: next-val-d-def)

lemma next-exists: = more — (3 x. P x)$ = (3 x. (P x)$)
by (auto simp: next-val-d-def)

lemma next-exists1: - more — (3! x. P x)$ = (3! x. (P x)$)
by (auto simp: next-val-d-def more-defs)

lemmas all-next = next-const next-funl next-fun2 next-fun3
next-forall next-exists next-existsl

lemmas all-next-unl = all-next[ THEN intD]

6.7 Lemmas about fin-val

lemma fin-const: - (#c) = #c
by (auto simp: fin-val-d-def)

lemma fin-funl: - 1(f<x>) = f <Ix>
by (auto simp: fin-val-d-def)

lemma fin-fun2: = I(f<x,y>) = f <Ix, ly>
by (auto simp: fin-val-d-def)

lemma fin-fun3: + |(f<x,y,z>) = f <Ix,ly,lz>
by (auto simp: fin-val-d-def)

lemma fin-forall: = (¥ x. P x) = (V x. /(P x))
by (auto simp: fin-val-d-def)

lemma fin-exists: - (3 x. P x) = (3 x. (P x))
by (auto simp: fin-val-d-def)

lemma fin-existsI: - 1(3! x. P x) = (3! x. |(P x))
by (auto simp: fin-val-d-def)

lemmas all-fin = fin-const fin-funl fin-fun2 fin-fun3
fin-forall fin-exists fin-existsl

lemmas all-fin-unl = all-fin[THEN intD]
lemmas all-fin-eq = all-fin[ THEN inteq-reflection]

6.8 Lemmas about penult-val

lemma penult-const: = more — (#c)! = #c
by (auto simp: penult-val-d-def more-defs)

lemma penult-funl: = more — f<x>! = f<x!>
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by (auto simp: penult-val-d-def more-defs)

lemma penult-fun2: = more — f<x,y>! = f <x!,y!>
by (auto simp: penult-val-d-def more-defs)

lemma penult-fun3: = more — f<x,y,z>! = f <xl,yl,zI>
by (auto simp: penult-val-d-def more-defs)

lemma penult-forall: = more — (¥ x. P x)! = (V x. (P x)!)
by (auto simp: penult-val-d-def)

lemma penult-exists: = more — (3 x. P x)! = (3 x. (P x)!)
by (auto simp: penult-val-d-def)

lemma penult-existsl: - more — (3! x. P x)! = (3! x. (P x)!)
by (auto simp: penult-val-d-def more-defs)

lemmas all-penult = penult-const penult-funl penult-fun2 penult-fun3
penult-forall penult-exists penult-existsl

lemmas all-penult-unl = all-penult|[ THEN intD]

6.9 Basic temporal variables properties

lemma empty-imp-fin-eqv-curr:
Fempty — lv = $v
by (simp add: Valid-def current-val-d-def empty-defs finval-defs)

lemma skip-imp-fin-eqv-next:
F skip — v = v$
by (simp add: Valid-def skip-defs next-val-d-def finval-defs)

lemma skip-imp-penult-eqv-curr:
F skip — v! = $v
by (simp add: Valid-def skip-defs penultval-defs current-val-d-def)

end

7 Infinite ITL: Axioms and Rules

theory Infinitel TL
imports

InfiniteSemantics
begin

The Infinite ITL axiom and proof rules are introduced (taken from [7]). The soundness of the rules and
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axioms are checked using the lemmas of InfiniteSemantics.thy.

7.1 Rules

lemma MP :
assumes - f — g
Hf
shows F g
using assms(1) assms(2) by fastforce

lemma BoxGen :

assumes - f

shows FH0Of

using assms

by (smt always-defs intD intl sum.case-eq-if)

lemma BiGen:

assumes - f

shows F bif

using assms

by (smt bi-defs intD intl sum.case-eq-if)

7.2 Axioms

lemma ChopAssoc :
= fi(gih)= (fig)h
using ChopAssocSem Valid-def by blast

lemma OrChoplmp
F(fVvg)h — fhVgh
using OrChoplmpSem Valid-def by blast

lemma ChopOrimp :
F fi(lgvh)— fgV fh
using ChopOrlmpSem Valid-def by blast

lemma EmptyChop :
F empty ; f=f
using EmptyChopSem Valid-def by blast

lemma ChopEmpty :
F fiempty = f
using ChopEmptySem Valid-def by blast

lemma StatelmpBi :
Finit f —  bi (init f)
using StatelmpBiSem Valid-def by blast

lemma Next/ImpNotNextNot :
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using NextImpNotNextNotSem Valid-def by blast

lemma BiBoxChoplmpChop :
F obi(f— fI)NDO(g — gl) — fig — f1;g1
using BiBoxChoplmpChopSem Valid-def by blast

lemma BoxInduct :
FO(f — wnext f)ANf — Of
using BoxInductSem Valid-def by blast

lemma ChopstarEqv :
F = (empty V (f A more); f*)
using ChopstarEqvSem Valid-def by blast

lemma OmegaUnroll:
F Y = (f A fmore);f¥
using OmegaUnrollSem Valid-def by blast

lemma Omegalnduct:
F (inf A g AN O(g — (f A fmore);g)) —> omega f
using OmegalnductSem Valid-def by blast

7.3 Additional Lemmas

The following is again from [3, 2] but adapted for our need.

lemma int-eq-true: - P — F P = # True
by auto

lemma inteq: - X =Y = X =Y
by (auto simp: inteq-reflection)

lemma int-iffl:
assumes - F — Gand - G — F
shows - F = G
using assms by force

lemma int-iffD1: assumes h: - F = G shows+ F — G
using h by auto

lemma int-iffD2: assumes h: - F = G shows - G — F
using h by auto

lemma Jift-imp-trans:
assumes - A— Band-B — C
shows- A — C
using assms by force

lemma lift-imp-neg: assumes - A — B shows - =B — —A
using assms by auto
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lemma lift-and-com: + (A A B) = (B A A)
by auto

7.4 Quantification

lemma EEx/ :
FFy — (33 x. Fx)
by (simp add: exist-state-d-def Valid-def, auto)

lemma EEXE:
AN FFx — G]l=F (33 x. FX) — G
by (metis (mono-tags, lifting) Valid-def exist-state-d-def unl-lift2)

lemma EExValFinite:

((Infw) = (33 x. Fx)) =

(3 x (val :: 'a interval). ( ( val = (map x w) A ((Inl w) & F x))))
by (simp add: exist-state-d-def)

lemma EExValinfinite:

((Inrw) E (33 x. Fx)) =

(3 x (val :: 'a infinterval). ( (val = x o w A ((Inr w) = F x))))
by (simp add: exist-state-d-def)

lemma AAxDef:
F(VV x. Fx)=(=(33 x. =(F x)))
by (simp add: Valid-def forall-state-d-def exist-state-d-def)

lemma ExEqvRule:

assumes \ x. - (fx) = (g x)
shows - (3 x. fx) = (3 x. gx)

using assms by fastforce

7.5 Lemmas about current-val

lemma current-const: = $(#c) = #c
by (simp add: current-val-d-def intl)

lemma current-funl: - $(f<x>) = f <$x>
by (simp add: current-val-d-def intl sum.case-eq-if)

lemma current-fun2: F $(f<x,y>) = f <$x,$y>
by (auto simp: current-val-d-def intl sum.case-eq-if )

lemma current-fun3: F $(f<x,y,z>) = f <$x,%y,$z>
by (auto simp: current-val-d-def intl sum.case-eq-if)

lemma current-forall: = $(V x. P x) = (¥ x. $(P x))
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by (auto simp: current-val-d-def intl sum.case-eq-if)

lemma current-exists: - $(3 x. P x) = (3 x. $(P x))
by (auto simp: current-val-d-def intl sum.case-eq-if)

lemma current-exists1: - $(3! x. P x) = (3! x. $(P x))
by (auto simp: current-val-d-def intl sum.case-eq-if)

lemmas all-current = current-const current-funl current-fun2 current-fun3
current-forall current-exists current-existsl

lemmas all-current-unl = all-current| THEN intD]
lemmas all-current-eq = all-current[ THEN inteq-reflection]

7.6 Lemmas about next-val

lemma next-const: = more — (#¢)$ = #c
by (auto simp: next-val-d-def more-defs intl sum.case-eq-if )

lemma next-funl: - more — f<x>$ = f<x$>
by (auto simp: next-val-d-def more-defs intl sum.case-eq-if)

lemma next-fun2: - more — f<x,y>% = f <x$,y$>
by (auto simp: next-val-d-def more-defs intl sum.case-eq-if )

lemma next-fun3: = more — f<x,y,z>% = f <x$,y$,z$>
by (auto simp: next-val-d-def more-defs intl sum.case-eq-if)

lemma next-forall: = more — (V x. P x)$ = (V x. (P x)$)
by (auto simp: next-val-d-def intl sum.case-eq-if)

lemma next-exists: = more — (3 x. P x)$ = (3 x. (P x)$)
by (auto simp: next-val-d-def intl sum.case-eq-if)

lemma next-existsl: = more — (3! x. P x)$ = (3! x. (P x)$)
by (auto simp: next-val-d-def more-defs intl sum.case-eq-if)

lemmas all-next = next-const next-funl next-fun2 next-fun3
next-forall next-exists next-existsl

lemmas all-next-unl = all-next[ THEN intD]

7.7 Lemmas about fin-val

lemma fin-const: & finite — |(#c) = #c
by (auto simp: fin-val-d-def finite-defs intl sum.case-eq-if)

lemma fin-funl: - finite —(f<x>) = f <Ix>
by (auto simp: fin-val-d-def finite-defs intl sum.case-eq-if)
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lemma fin-fun2: = finite — (f<x,y>) = f <Ix, ly>
by (auto simp: fin-val-d-def finite-defs intl sum.case-eq-if)

lemma fin-fun3: = finite — (f<x,y,z>) = f <Ix,ly,1z>
by (auto simp: fin-val-d-def finite-defs intl sum.case-eq-if)

lemma fin-forall: - finite — (V¥ x. P x) = (V x. I(P x))
by (auto simp: fin-val-d-def finite-defs intl sum.case-eq-if)

lemma fin-exists: = finite — (3 x. P x) = (3 x. (P x))
by (auto simp: fin-val-d-def finite-defs intl sum.case-eq-if)

lemma fin-existsl: \- finite — (3! x. P x) = (3! x. (P x))
by (auto simp: fin-val-d-def finite-defs intl sum.case-eq-if)

lemmas all-fin = fin-const fin-funl fin-fun2 fin-fun3
fin-forall fin-exists fin-existsl

lemmas all-fin-unl = all-fin[ THEN intD]

7.8 Lemmas about penult-val

lemma penult-const: = more A finite — (#c)! = #c
by (auto simp: penult-val-d-def more-defs finite-defs intl sum.case-eq-if)

lemma penult-funl: - more A finite — f<x>! = f<x!>
by (auto simp: penult-val-d-def more-defs finite-defs intl sum.case-eq-if)

lemma penult-fun2: = more A finite — f<x,y>! = f <xl y!>
by (auto simp: penult-val-d-def more-defs finite-defs intl sum.case-eq-if)

lemma penult-fun3: = more A finite — f<x,y,z>! = f <xl,yl,z!>
by (auto simp: penult-val-d-def more-defs finite-defs intl sum.case-eq-if)

lemma penult-forall: = more A finite — (¥ x. P x)! = (V x. (P x)!)
by (auto simp: penult-val-d-def finite-defs intl sum.case-eq-if)

lemma penult-exists: = more A finite — (3 x. P x)! = (3 x. (P x)!)
by (auto simp: penult-val-d-def finite-defs intl sum.case-eq-if)

lemma penult-existsl: = more A finite — (3! x. P x)! = (3! x. (P x)!)
by (auto simp: penult-val-d-def more-defs finite-defs intl sum.case-eq-if)

lemmas all-penult = penult-const penult-funl penult-fun2 penult-fun3
penult-forall penult-exists penult-existsl

lemmas all-penult-unl = all-penult| THEN intD]
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7.9 Basic temporal variables properties

lemma empty-imp-fin-eqv-curr:
Fempty — v = $v
by (simp add: Valid-def current-val-d-def empty-defs finval-defs sum.case-eq-if)

lemma skip-imp-fin-eqv-next:
- skip — v = v$
by (simp add: Valid-def skip-defs next-val-d-def finval-defs sum.case-eq-if)

lemma skip-imp-penult-eqv-curr:
F skip — v! = $v
by (simp add: Valid-def skip-defs penultval-defs current-val-d-def sum.case-eq-if)

end

8 Finite ITL theorems

theory Theorems
imports
ITL
begin

We give the proofs of a list of Finite ITL theorems. These proofs and theorems were from [6].

8.1 Propositional reasoning

This is a list of propositional logic theorems used in the proofs of the ITL theorems.

lemma /fThenElselmp:
- (ifi g then f elsefl) — ((g — f) A (ng — f1))
by (simp add: ifthenelse-defs Valid-def)

lemma Prop01:
assumes - f — gV h
shows FgAf—h
using assms by auto

lemma Prop02:
assumes - f — g
Ffl—g
shows Ff VvV fl — g
using assms(1) assms(2) by fastforce

lemma Prop03:
assumes - f = (g V h)
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shows Hh— f
using assms by auto

lemma Prop04:
assumes - f = h
Ff=hl
shows  hl =h
using assms(1) assms(2) using int-eq by auto

lemma Prop05:
assumes - f — g
shows-f — hV g
using assms by auto

lemma Prop06:
assumes - f = (g V h)
F h=hi
shows - f = (g VV hl)
using assms(1) assms(2) by fastforce

lemma Prop07:

assumes - f — g V h
shows FfA—-g—h
using assms by auto

lemma Prop08:
assumes - f — g V h
Fh— hi
shows +Hf — gV hl
using assms(1) assms(2) by fastforce

lemma Prop09:

assumes - f A g — h
shows +f — (g — h)
using assms by auto

lemma Propl0:
assumes - f — g
shows 1 =(f A g)
using assms by auto

lemma Propll:
Ff=fA)=((HFf—Ff)N (Ffl —F))
by (auto simp: Valid-def)

lemma Propl2:

Ff—(fIANR)=(FFf— )N Ff— 12))
by (auto simp: Valid-def)
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8.2 State formulas

The init operator denotes state formulas, i.e., ITL formula that only constrain the first state of an interval.

lemma Initprop :
F ((init £) A (init g)) = init(f A g)
F (= (init £)) =init (= f)
F ((init £) V (init g)) = init (f V g)
F init # True

by (auto simp: init-defs)

lemma Finprop :

F ((# True;(f A empty)) A (#True;(g N\ empty)))
F ((# True;(f A empty)) V (#True;(g N empty)))
b (# True;((# True) A empty))

F (= (#True;(f A empty))) = (# True;(=f N empty))

by (auto simp: finalt-defs ) (simp add: chop-defs empty-defs interval-suffix-length, fastforce)

(# True;((f N\ g) N empty))
(# True;((f vV g) A empty))

8.3 Basic Theorems

lemma BiChop/mpChop :
Fbi(f—fl)— fig — fl;g
proof —
have 1:+ g — g by auto
hence 2: - 0O ( g — g) by (rule BoxGen)
have 3:+ bi (f — fI) N O(g — g) — f;g — f1;g by (rule BiBoxChoplmpChop)
from 2 3 show ?thesis by fastforce
ged

lemma AndChopA:
F(fAfl),g — fig
proof —
have I:+ f A fl — f by auto
hence 2: - bi (f A f1 — ) by (rule BiGen)
have 3:F bi (f ANfl — f) — (f A fl1);g — f;g by (rule BiChoplmpChop)
from 2 3 show ?thesis using MP by blast
ged

lemma AndChopB:
F(fAfl),g — fl,g
proof —
have 1:+ f A fl — f1 by auto
hence 2: + bi (f A f1 — f1) by (rule BiGen)
have 3:+ bi (f N fl — f1) — (f A f1);g — f1;g by (rule BiChoplmpChop)
from 2 3 show ?thesis using MP by blast
ged

lemma NextChop:
= (O f)g = O(fig)
proof —
have 1: - skip;(f;g) = (skip;f);g by (rule ChopAssoc)

100



show ?7thesis by (metis 1 int-eq next-d-def)
ged

lemma BoxChoplmpChop :
Fo(g—gl)— fig — fgl
proof —
have 1:+ g — g by auto
hence 2: - bi ( g — g) by (rule BiGen)
have 3:+bi (f — f) ANO(g — gl) — f;g — f;g1 by (rule BiBoxChoplmpChop)
from 2 3 show ?thesis by fastforce
ged

lemma LeftChoplmpChop:

assumes - f— f1

shows F f;,g — fl;g

proof —

have I1:+ f— fI using assms by auto

hence 2: - bi (f — f1) by (rule BiGen)

have 3.+ bi (f — f1) — f;g — f1;g by (rule BiChoplmpChop)
from 2 3 show 7thesis using MP by blast

ged

lemma RightChoplmpChop:

assumes - g — gl

shows F f;g — f,gl

proof —

have 1:+F g — gl using assms by auto

hence 2: - 0O (g — gl) by (rule BoxGen)

have 3:+0O (g — gl) — f;g — f;g1 by (rule BoxChoplmpChop)
from 2 3 show ?thesis using MP by blast

ged

lemma RightChopEqvChop:

assumes - g = gl

shows  (f;g) = (f;g1)

proof —

have 1: - g = gl using assms by auto

have 2: (F g — gl) = (- f;g — f;g1) by (rule RightChoplmpChop)
have 3: (- gI — g) = (- f;gl — f;g) by (rule RightChoplmpChop)
from 1 2 3 show ?thesis by fastforce

ged

lemma ChopOrEqv:
Hfi(gVvegl)=(fgVfgl)
proof —
have 1:+g — g V gl by auto
hence 2: + f;g — f;(g V g1) by (rule RightChoplmpChop)
have 3:+ gl — g V gl by auto
hence 4: + f;g1 — f;(g V g1) by (rule RightChoplmpChop)
from 2 4 show ?thesis by (meson ChopOrlmp Prop02 Propll)
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ged

lemma OrChopEqv:
F(fVvfl),g=(fgVflg)
proof —
have 1:+ f — f V fI by auto
hence 2: + f;g — (fV f1);g by (rule LeftChoplmpChop)
have 3:+ f1 — f V f1 by auto
hence 4: + f1;,g — (fV f1);g by (rule LeftChoplmpChop)
from 2 4 show 7thesis
by (meson OrChoplmp int-iffl Prop02)
ged

lemma OrChoplmpRule:

assumes - f — f1 V 2

shows + f;g — (f1;g) V (2;g)

proof —

have 1:+ f — fl1 V f2 using assms by auto

hence 2: + ;g — (f1 Vv 12);g by (rule LeftChoplmpChop)
have 3:+ (f1 v 12); g = (fl;g V 2;g) by (rule OrChopEqv)
from 2 3 show ?thesis by fastforce

ged

lemma LeftChopEqvChop:

assumes - f = {1

shows | f;g = (f1;g)

proof —

have I:+ f = f1 using assms by auto

hence 2: - f — f1 by auto

hence 3: + f;g — f1;g by (rule LeftChoplmpChop)
have - fI — f using 1 by auto

hence 4: + f1,g — f;g by (rule LeftChoplmpChop)
from 3 4 show ?thesis by (simp add: int-iffl)

ged

lemma OrChopEgvRule:

assumes - f = (f1 V f2)

shows  f;g = ((f1;g) Vv (f2;g))

proof —

have I:F f = (fI V f2) using assms by auto

hence 2: + f;g = ((f1 V 2);g) by (rule LeftChopEqvChop)
have 3:+ (1 V 2),g = (f1,g V 2;g) by (rule OrChopEqv)
from 2 3 show ?thesis by fastforce

ged

lemma NextImpNext:

assumes - f — g

shows FOf —Og

proof —

have 1:+ f — g using assms by auto
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hence 2: - O (f — g) by (rule BoxGen)

have 3:+ 0O (f — g) — (skip;f) — (skip;g) by (rule BoxChoplmpChop)
have 4: (skip;f) — (skip;g) by (metis 2 3 MP)

from 4 show ?thesis by (metis next-d-def)

ged

lemma ChopOrimpRule:

assumes g — gl VvV g2

shows |+ f;g — (f;g1) V (f;g2)

proof —

have 1:+ g — gl V g2 using assms by auto

hence 2: + f;g — f;(gl V g2) by (rule RightChoplmpChop)
have 3:F+ f;(gl v g2) = (f;gl V f;g2) by (rule ChopOrEqv)
from 2 3 show ?thesis by fastforce

ged

lemma NextImpDist:

FoO(f—g)—Of—0g

proof —

have I:+ (= (f — g)) = (f A = g) by auto

hence 2: + skip;(— (f — g)) = skip;(f A\ = g) by (rule RightChopEqvChop)
have 3:Ff — g VvV (f A = g) by auto

hence 4: & skip;f — (skip;g) V (skip;(f A = g)) by (rule ChopOrImpRule)
hence 5: F — (skip;(f A = g)) — (skip;f) — (skip;g) by auto

have 6:F — (skip;(=(f — g))) — (skip;f) — (skip;g) using 2 5 by fastforce
hence 7: + = (O(—(f — g))) — (O f) — (O g) by (simp add: next-d-def)
have 8:F O(f — g) — = (O(=(f — g))) by (rule NextimpNotNextNot)
from 7 8 show ?thesis using lift-imp-trans by blast

ged

lemma Chop/mpDiamond:

Ffig —<g

proof —

have 1:+F f — #True by auto

hence 2: + f;g — # True;g by (rule LeftChoplmpChop)
from 2 show 7thesis by (simp add: sometimes-d-def)
ged

lemma NowlmpDiamond:

Hf— OFf

proof —

have 1:t empty;f = f by (rule EmptyChop)

have 2:+ empty — # True by auto

hence 3: - empty;f — # True;f by (rule LeftChoplmpChop)
have 4: F f — #True;f using 1 3 by fastforce

from 4 show ?thesis by (simp add: sometimes-d-def)

ged

lemma BoxElim:
FoOof — f
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proof —
have I:+ - f — < (= f) by (rule NowlmpDiamond)
hence 2: + - (¢ (= f)) — f by auto
from 2 show 7thesis by (metis always-d-def)

ged

lemma NextDiamondIimpDiamond-:

FO(OF)—Of

proof —

have 1:t skip;(# True;f) = ((skip;# True);f) by (rule ChopAssoc)

hence 2: & (skip;# True);f = skip;(# True;f) by auto

hence 3: & (skip;# True);f = O(<f) by (simp add: next-d-def sometimes-d-def)
have 4:+ (skip;# True);f — < f by (rule ChoplmpDiamond)

from 3 4 show ?thesis by fastforce

ged

lemma BoxImpNowAndWeakNext:
FOf— (f ANwnext (Of))

proof —
have 1:+—-f — <& (= f) by (rule NowlmpDiamond)
hence 2: + - (& (= f)) — f by auto
hence 3: - O f — f by (metis always-d-def)
have 4: -0 (<O (= f)) — & (= ) by (rule NextDiamondimpDiamond)
have 5:|——w—|(<>(—|f))—)<>(—|f) by auto
hence 6:F O (== (C (= f))) — O(O(~ 1)) by (rule NextimpNext)
have 72O (= (¢ (= f))) — <& (— f ) using 4 6 by auto
hence 8: - O (=( DO f)) — <& (— f) by (simp add: always-d-def)
hence 9: -~ (O (—~f)) — = (O (~(0Of))) by auto
hence 10:+ Of — wnext ( O f ) by (simp add: always-d-def wnext-d-def)
from 3 10 show ?thesis by fastforce

ged

lemma BoxImpBoxRule:

assumes - f — g

shows FOf—0Og

proof —

have I1:+ f — g using assms by auto

hence 2: - - g — = f by auto

hence 3: - O(—~ g — — ) by (rule BoxGen)

have 4.+ O(-g — - f) — (#True;(—g)) — (# True;(—f)) by (rule BoxChoplmpChop)
have 5:t (#True;(—g)) — (# True;(—f)) using 3 4 MP by blast
hence 6: + O (ng) — O(—f) by (simp add: sometimes-d-def)
hence 7: + — (O(—f) ) — —( © (—g)) by auto

from 7 show ?thesis by (simp add: always-d-def)

ged

lemma BoxImpDist:

FoO(f—g)—0Of—0Og
proof —
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have I:+(f — g) — (- g — — f) by auto
hence 2: - O(f — g) — O(— g — = ) by (rule BoxImpBoxRule)

have 3:+F0O((—- g) — —~ f) — (#True; (= g)) — (#True; (= f)) by (rule BoxChoplmpChop)
have 4.+ 0O(f — g) — (#True; (- g)) — (#True; (= f)) using 2 3 lift-imp-trans by blast

hence 5: - O(f — g) — <O(— g) — O(— ) by (simp add: sometimes-d-def)
hence 6: - O(f — g) — —(<O(= ) — =( O(— g)) by auto

from 6 show ?thesis by (simp add: always-d-def)

ged

lemma DiamondEmpty:
F <& empty
proof —
have 1:+ #True by auto
have 2: - #True; empty = # True by (rule ChopEmpty)
have 3: - #True; empty using 1 2 by auto
from 3 show ?thesis by (simp add: sometimes-d-def)
ged

lemma NextEqvNext:

assumes - f=g

shows FOf=0g

proof —

have 1:F f= g using assms by auto

hence 2: \ skip;f = skip;g by (rule RightChopEqvChop)
from 1 show 7thesis by (metis 2 next-d-def)

ged

lemma NextAndNextimpNextRule:
assumes - (f A g) — h

shows H(OFfANOg)— Oh
using assms by (auto simp: next-defs)

lemma NextAndNextEqvNextRule:

assumes - (f A g) = h

shows F(OfAOg)=0h

using assms by (metis NextAndNextImpNextRule Propl1 Propl2 int-eq int-simps(20))

lemma WeakNextEqvWeakNext:

assumes - f= g

shows F wnext f = wnext g

using assms using inteq-reflection by force

lemma DiamondIimpDiamond-

assumes - f— g

shows FOFf—Cg

using assms by (simp add: RightChoplmpChop sometimes-d-def)

lemma DiamondEqvDiamond:

assumes - f=g
shows FOfF=30g
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using assms using int-eq by force

lemma BoxEqvBox:

assumes - f= g

shows FOf=0g¢g

using assms using inteq-reflection by force

lemma BoxAndBoxImpBoxRule:

assumes - f A g — h

shows FOfAOg—0Oh

using assms by (auto simp: always-defs Valid-def)

lemma BoxAndBoxEqvBoxRule:

assumes - (f A g) = h

shows - (OfADOg)=0h

using assms BoxAndBoxImpBoxRule BoxImpBoxRule by (metis int-iffD1 int-iffD2 int-iffl Prop12)

lemma ImpBoxRule:

assumes - f — g

shows FOf—0Og

using assms by (simp add: BoxImpBoxRule)

lemma BoxIntro:
assumes - f— g
F more Nf —Of
shows Ff—0Og
proof —
have I1:F more N f —O f using assms by auto
hence 2:+ f— (empty V Of) by (auto simp: next-defs empty-defs more-defs)
hence 3:+ f — wnext f by (auto simp: wnext-defs empty-defs next-defs)
hence 4:F O(f — wnext f) by (rule BoxGen)
have 5:+F (O (f — wnext f)) A f — O f by (rule BoxInduct)
hence 6: I+ (O (f — wnext f)) — (f — Of) by fastforce
have 7:F f — 0Of using 4 6 MP by blast
have 8:F Of — f by (rule BoxElim)
have 9:F f = 0O f using 7 8 by fastforce
have 10:+ f — g using assms by auto
hence 11: + Oof — 0O g by (rule ImpBoxRule)
from 7 9 11 show 7thesis using lift-imp-trans by blast
ged

lemma NextLoop:

assumes - f— O f

shows + - f

proof —

have I1:F f— O f using assms by auto

hence 2:+ f — (more A wnext f) by (auto simp: more-defs wnext-defs next-defs)
hence 3:+ f — wnext f by auto

hence 4:t+ O(f — wnext f) by (rule BoxGen)

have 5:+ 0O (f — wnext f) A f — O f by (rule BoxInduct)
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hence 6:+ 0O (f — wnext f) — (f — Of) by fastforce
have 7:F f — 0Of using 4 6 MP by blast

have 8:+ Of — f by (rule BoxElim)

have 9:F f = 0O f using 7 8 by fastforce

have 10: + f — more using 2 by auto

hence 11: - 0O f — O more by (rule ImpBoxRule)

have 12:+ —(0O more) by (auto simp: always-defs more-defs)
from 7 9 11 12 show ?7thesis by fastforce

ged

lemma WhnextEqvEmptyOrNext:
F wnext f = (empty V O f)
by (auto simp: empty-defs wnext-defs next-defs)

lemma NotEmptyAndNext:
F =(empty A O f)
by (auto simp: empty-defs next-defs)

lemma BoxEqvAndWhextBox:

FoOf = (f A wnext (0O f))

proof —

have I: - O f — f A wnext ( O f)
using BoxImpNowAndWeakNext by blast

have 2: - f Awnext (Of) — f
by auto

have 3: - more A (f A wnext (O f)) — O (f AN wnext (O f))
using 1 NextImpNext WnextEqvEmptyOrNext empty-d-def int-iffD1
by (metis Prop01 Prop05 Prop08)

have 4: - f Awnext (Of) — O f
using 2 3 BoxIntro by blast

from 1 4 show ?thesis by fastforce

ged

lemma BoxEqvAndEmptyOrNextBox:
= of = (f A (empty Vv O(O f)))
using BoxEqvAndWnextBox WnextEqvEmptyOrNext by (metis int-eq)

lemma BoxEqvBoxBox:

Fof=0(Of)

using BoxGen BoxInduct

by (metis BoxImpNowAndWeakNext MP int-iffl Prop09 Prop12)

lemma BoxBoxImpBox:
Fo(aoh) — O h
by (simp add: BoxElim)

lemma BoxImpBoxBox:

Foh — oO(oh)
by (auto simp: always-defs)
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lemma Diamondintro:
assumes bt (f A= g) — O f
shows Ff—<C g
proof —
have I:FfA- g— Of
using assms by auto
hence 22 fA- gA(O(-g)— (OFf)A(D(—g))
by auto
have 3:F(O0(-g))— &g
by (rule BoxElim)
hence 4: -0 (-g)=(0(-g) A~ g)
using BoxImpBoxBox BoxBoxImpBox by fastforce
have 5:FfA(O(-g)— OfADO(—g)
using 2 4 by fastforce
have 6:+- 0 (- g) = ((—g) A wnext(D (- g)))
using BoxEqvAndWhextBox by metis
have 7:FOfADO(-g)— Of A wnext(O (- g))
using 6 by auto
have 8:Ff A (O (- g))— O f A wnext(O (— g))
using 5 7 using lift-imp-trans by blast
hence 9:+ f A (O (- g))— more A wnext f A wnext(O (- g))
by (auto simp: always-defs more-defs next-defs wnext-defs)
hence 10: - f A (O (- g))—>wnext f A wnext(O (- g))
by auto
hence 11: - f A (O (- g))— wnext (f A O (- g))
by (auto simp: wnext-defs always-defs next-defs)
hence 12: - O(f A (O (— g))— wnext (f A O (- g)))
by (rule BoxGen)
have 13:FO(f A(O(—g)— wnext (FAO(—g)AFfA(O(-g))— O A(D (- g)))
by (rule BoxInduct)
hence 14: - O(f A (O (— g))— wnext (F AD (- g))) — (F A (T (- g))) — O(f A(O (— g))))
by fastforce
have 15:F ((f A (O (= g))) — 0(f A (D (- g))))
using 12 14 MP by blast
have 16: - 0O(f A (O (- g))) — (F A (T (- g)))
by (rule BoxElim)
have 17:F0O(f A (O (- g))) =(f A (O (- g)))
using 16 15 by fastforce
have 18:+ (f A (D (— g))) — more
using 9 by auto
hence 19: - O(f A (O (- g))) — O more
by (rule ImpBoxRule)
have 20: + —(0O more)
by (auto simp: always-defs more-defs)
have 21: - —(f A (O (- g)))
using 17 19 20 by fastforce
hence 22: - - f v = (O (= g))
by auto
have 23:F (- (O (- g)) =< g
by (auto simp: always-d-def)
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from 22 23 show ?7thesis by fastforce
ged

lemma DiamondintroB:

assumes - (FA - g) — O(f A - g)

shows FFf—<C g

proof —

have I:+ (f A- g) — O (f A —g) using assms by auto
hence 2: - —(f A = g) by (rule NextLoop)

hence 3: - f — g by auto

have 4:+ g — < g by (rule NowlmpDiamond)

from 3 4 show ?thesis using lift-imp-trans by blast

ged

lemma NextContra :

assumes - (FA = g)— (O fF A =( O g))

shows Ff — g

proof —

have I:+ (fA— g)— (O f A=(O g)) using assms by auto

hence 2: - —( f — g) — O ( =(f — g)) by (auto simp: next-defs Valid-def)
hence 3: + - —( f — g) by (rule NextLoop)

from 3 show ?thesis by auto

ged

lemma DiamondDiamondEqvDiamond:
FOOFf)=0F
proof —
have 1:t # True;# True = # True by (auto simp: chop-defs)
hence 2: & (# True;# True);f = # True;f using LeftChopEqvChop by blast
have 3: b (# True;# True);f = # True;(# True;f) using ChopAssoc by fastforce
from 2 3 show ?7thesis by (metis inteq-reflection sometimes-d-def)
ged

lemma WeakNextDiamondInduct:

assumes + wnext (& f) — f

shows I f

proof —

have I:F wnext (O f) — f using assms by blast

hence 2: - -~ f — —( wnext (< f)) by fastforce

hence 3: - -~ f — O( = (¢ f)) by (simp add: wnext-d-def)
have 4.+ f — < f by (rule NowlmpDiamond)

hence 5: + —( & f) — = f by auto

have 6:F —f — O( —f) using 3 5 using NextImpNext lift-imp-trans by blast
hence 7: + —— f by (rule NextLoop)

from 7 show ?thesis by auto

ged

lemma EmptyNextInducta:
assumes - empty — f
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FOf—f

shows F f

proof —

have 1:+ empty — f using assms by auto

have 2:+ O f — f using assms by blast

have 3:F (empty V O f) — f using 1 2 by fastforce
have 4:t wnext f = (empty V O f) by (rule WnextEqvEmptyOrNext)
hence 5: - wnext f — f using 3 by fastforce

hence 6: - ~f — — (wnext f) by auto

hence 7: F ~f — O(— f) by (auto simp: wnext-d-def)
hence 8: - — — f by (rule NextLoop)

from 8 show ?thesis by auto
ged

lemma EmptyNextinductb:
assumes - empty A f — g
FoO(f—g)ANf—g

shows Ff— g

proof —

have 1:+ empty A f — g using assms by auto

have 2:+ O(f— g) A f — g using assms by blast

have 3:F (empty V O(f— g)) A f — g using 1 2 by fastforce
hence 4: + wnext (f— g) AN f — g using WhextEqvEmptyOrNext by fastforce
hence 5: - wnext (f— g) — ( f — g) by fastforce

hence 6: -~ (f — g) — - ( wnext (f— g)) by fastforce

hence 7.+ - (f — g) — O ( ~(f— g)) by (simp add: wnext-d-def)
hence 8: - - - ( f — g) by (rule NextLoop)

from 8 show ?thesis by auto
ged

lemma FinlmpFin:

assumes - f — g

shows + fin f — fin g

using ImpBoxRule[of TEMP (empty — f) TEMP (empty — g)] assms fin-d-def
by (smt intl intensional-rews(3) inteq-reflection Prop10)

lemma FinEqvFin:

assumes - f = g

shows + fin f= fin g

using assms by (simp add: FinlmpFin Propll)

lemma FinAndFinlmpFinRule:
assumes - f A g — h
shows + fin f A fin g — fin h
proof —
have - f A g — h using assms by auto

then show ?thesis by (simp add: fin-defs Valid-def)
ged
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lemma FinAndFinEqvFinRule:

assumes - (f A g) =h

shows  (fin f A fin g)= fin h

using assms

by (simp add: FinAndFinlmpFinRule FinlmpFin Propl1 Propl2)

lemma HaltEqvHalt:

assumes - f = g

shows F halt f = halt g

proof —

have 1:+ f = g using assms by auto

hence 2: + (empty = f) = (empty = g) by auto

hence 3: - O(empty = f) = O (empty = g) by (rule BoxEqvBox)
from 3 show ?thesis by (simp add: halt-d-def)

ged

lemma BilmpDilmpDi:
Fbi(f—g)— di f— di g
proof —
have I:+ bi (f— g) — (f; #True) — (g; # True) by (rule BiChoplmpChop)
from 1 show 7thesis by (simp add: di-d-def)
ged

lemma DilmpDi:

assumes - f— g

shows + di f — di g

proof —

have 1:+ f— g using assms by auto

hence 2: + f; #True — g; # True by (rule LeftChoplmpChop)
from 2 show ?thesis by (simp add: di-d-def)

ged

lemma BilmpBiRule:

assumes - f— g

shows Fbi f— bi g

proof —

have I1:+ f— g using assms by auto

hence 2: - -~ g — — f by auto

hence 3: - di (- g) — di (= f) by (rule DilmpDi)
hence 4: -~ (di (= f)) — —~ (di (= g)) by auto
from 4 show ?thesis by (simp add: bi-d-def)

ged

lemma DiEqvDi:

assumes - f=g

shows + di f= di g

proof —

have I1:+ f = g using assms by auto

hence 2: & f; # True = g; # True by (rule LeftChopEqvChop)
from 2 show ?thesis by (simp add: di-d-def)
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ged

lemma BiEqvBi:

assumes - f = g

shows + bif= bi g

proof —

have I1:F f = g using assms by auto

hence 2: + (= f) = (-~ g) by auto

hence 3:+ di (= f)= di (- g) by (rule DiEqvDi)
hence 4: + (= (di (- )= (- (di (- g))) by auto
from 4 show ?thesis by (simp add: bi-d-def)

ged

lemma LeftChopChoplmpChopRule:

assumes - (f; g) — g

shows + (f; g); h — (g; h)

proof —

have I1:F (f; g) — g using assms by blast

hence 2: + (f; g); h — g; h by (rule LeftChoplmpChop)
have 3:+ f; (g; h) = (f; g); h by (rule ChopAssoc)
from 2 3 show ?thesis by auto

ged

lemma AndChopCommute :
F(fAfl),g=(f1NFf)g

proof —

have I: - (f A fI) = (f1 A f) by auto

from 1 show ?thesis by (rule LeftChopEqvChop)
ged

lemma BiAndChoplmport:

F obi fA(f1;8) — (FAFl), g

proof —

have 1:+f — (f1 — fA f1) by auto

hence 2: - bi f — bi (f1 — fA fI) by (rule BilmpBiRule)

have 3:+ bi (f1 — (f AN f1)) — f1, g — (f A f1); g by (rule BiChoplmpChop)
from 2 3 show ?thesis using MP by fastforce

ged

lemma StateAndChoplmport:

F (init w) A (f; g) — ((init w) A f); g

proof —

have 1:F (init w)— bi (init w) by (rule StatelmpBi)

hence 2: + (init w) A (f; g) — bi (init w) A (f; g) by auto

have 3:F bi (init w) A (f; g) — ((init w) A f); g by (rule BiAndChoplmport)
from 2 3 show ?thesis using MP by fastforce

ged
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8.4 Further Properties Di and Bi

lemma /mpDi:

Ff— di f

proof —

have I:+ f; empty = f by (rule ChopEmpty)

have 2:+ empty — # True by auto

hence 3: - f; empty — f, # True by (rule RightChoplmpChop)
have 4 : - f — f; # True using 1 3 by fastforce

from 4 show ?thesis by (simp add: di-d-def)

ged

lemma DiState:

F di (init w) = (init w)

proof —

have 0:F (init (ww)) — bi (init (—w)) using StatelmpBi by fastforce

hence 1:F —(init w) — bi ( = (init w)) using Initprop(2) by (metis inteq-reflection)
hence 2: + (= (init w)) — = (di (= = (init w))) by (simp add: bi-d-def)

have 3:F (= (init w) —~— (di (= = (init w)))) — (di (= = (init w)) — (init w)) by auto
have 4:+ di (- = (init w)) — (init w) using 2 3 MP by blast

have 5:F (init w) — — = (init w) by auto

hence 6: - di (init w) — di (= = (init w)) by (rule DilmpDi)

have 7:F di (init w) — (init w) using 6 4 using lift-imp-trans by metis

have 8:t (init w) — di (init w) by (rule ImpDi)

from 7 8 show ?thesis by fastforce

ged

lemma StateChop:
F (init w); f — (init w)
using DiState by (auto simp: di-defs init-defs chop-defs)

lemma StateChopExportA:
F ((init w) A f); g — (init w)
using DiState by (auto simp: init-defs chop-defs)

lemma StateAndChop:
F ((init w) A f); g = ((init w) A (f; g))
by (simp add: AndChopB StateAndChoplmport StateChopExportA Propll Propl2)

lemma StateAndChoplmpChopRule:

assumes  (init w) A f — f1

shows  (init w) A (f; g) — (f1; g)

proof —

have I:F (init w) A f — f1 using assms by auto

hence 2: - ((init w) A f); g — f1; g by (rule LeftChoplmpChop)

have 3: + ((init w) A f); g = ((init w) A (f; g)) by (rule StateAndChop)
from 2 3 show ?thesis by fastforce

ged

lemma StatelmpChopEqvChop :
assumes (init w) — (f = fI)
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shows + (init w) — ((f; g) = (f1; g))

proof —

have I:\ (init w) — (f= f1) using assms by auto

hence 2: - (init w) A f — f1 by auto

hence 3: F (init w) A (f; g) — (f1; g) by (rule StateAndChoplmpChopRule)
have 4:+ (init w) A f1 — f using 1 by auto

hence 5: - (init w) A (f1; g) — (f; g) by (rule StateAndChoplmpChopRule)
from 3 5 show ?thesis by fastforce

ged

lemma ChopEqgvStateAndChop:
assumes - f = (init w) A f1
shows  (f; g) = ((init w) A (fI; g))
proof —
have I:+ f = ((init w) A f1) using assms by auto
hence 2: + f; g = (((init w) A f1); g) by (rule LeftChopEqvChop)
have 3: + ((init w) A f1); g = ((init w) A (f1; g)) by (rule StateAndChop)
from 2 3 show ?thesis by fastforce
ged

lemma Dilntro:
Ff— di f
proof —
have 1:+ f; empty = f by (rule ChopEmpty)
have 2:+ empty — #True by auto
hence 3: - O( empty — # True) by (rule BoxGen)
have 4:+ O( empty — #True) — (f; empty — f; # True) by (rule BoxChoplmpChop)
have 5:+ f; empty — f; #True using 3 4 MP by fastforce
hence 6: - f; empty — di f by (simp add: di-d-def)
from 1 6 show ?thesis by fastforce
ged

lemma BiElim:
Fobi f—f
proof —
have I:+ - f — di (= f) by (rule Dilntro)
have 2:+ (—| f— di (—\ f)) — (—\ ( di (—\ f)) — f) by auto
have 3:+ - (di (= f)) — f using 1 2 MP by blast
from 3 show ?thesis by (metis bi-d-def)
ged

lemma BiContraPosImpDist:

proof —
have 1:+bi(—m g— = f)— (di (= g)) — (di (= f)) by (rule BilmpDilmpDi)
hence 2:+bi (- g— = f) — (= (di (= 1)) — (- (di (- g))) by auto
from 2 show 7thesis by (metis bi-d-def)

ged

lemma BilmpDist:
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Fbi (F— g) — (bi f) — (bi g)
proof —
have I:+(f — g) — (- g — — f) by auto
hence 2.+~ (- g — = f) — = (f — g) by auto
hence 3: - bi (- (- g — - f) — = (f — g)) by (rule BiGen)
have 4:+-bi (= (- g — - f) — = (f — g))
—
bi (f — g) — bi (- g — = f) by (rule BiContraPosImpDist)
have 5:F bi (f — g) — bi (- g — = f) using 34 MP by blast
have 6:+ bi (- g — = f) — (bi f) — (bi g) by (rule BiContraPosImpDist)
from 5 6 show ?thesis using lift-imp-trans by blast
ged

lemma /fChopEqvRule:
assumes - f = if; (init w) then fI else f2
shows G+ f; g = if; (init w) then (fl; g) else (f2; g)
proof —
have 1:+ f = if; (init w) then f1 else 2
using assms by auto
hence 2: - f = (((init w) A 1) vV ( (init (= w)) A 2))
by (simp add: ifthenelse-d-def init-defs Valid-def)
hence 3: + f; g = (((init w) A f1); g vV ( (init (= w)) A 12); g)
by (rule OrChopEqvRule)
have 4:+ ((init w) A f1); g = ((init w) A (f1; g))
by (rule StateAndChop)
have 5:F ( (init (- w)) A f2); g = ((init (= w)) A (f2; g))
by (rule StateAndChop)
have 6: - f; g = (((init w) A f1; g) Vv ( (init (= w)) A 12; g))
using 3 4 5 by fastforce
from 6 show 7thesis by (simp add: ifthenelse-d-def init-defs Valid-def)

ged

lemma ChopOrEqvRule:

assumes - g = (g1 V g2)

shows + f; g =((f; gl) Vv (f; g2))

proof —

have 1:+ g = (gl V g2) using assms by auto

hence 2: + f; g = (f; (g1 vV g2)) by (rule RightChopEqvChop)
have 3:Ff; (gl Vv g2)=(f;, gl Vv f;g2) by (rule ChopOrEqv)
from 2 3 show ?thesis by fastforce

ged

lemma EmptyOrChopEqv:

= (empty v f);g=(gV (f;g))

proof —

have I:+ (empty V ), g = ((empty ; g) VvV (f;, g)) by (rule OrChopEqv)
have 2: - empty ; g = g by (rule EmptyChop)

from 1 2 show ?thesis by fastforce

ged
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lemma EmptyOrNextChopEqv:
F(empty V Of);g=(gV O(f: g))
proof —
have I: - (empty V Of); g =(gV ((Of); g)) by (rule EmptyOrChopEqv)
have 2: - (O f); g = O(f; g) by (rule NextChop)
from 1 2 show ?thesis by fastforce
ged

lemma EmptyOrChoplmpRule:

assumes - f — empty V fI

shows +f;g— gV (fI; g)

proof —

have 1:+f — empty V fl using assms by auto

hence 2: + f; g — (empty V f1); g by (rule LeftChoplmpChop)

have 3:F (empty vV fl1), g = (g Vv (f1; g)) by (rule EmptyOrChopEqv)
from 2 3 show ?thesis by fastforce

ged

lemma EmptyOrChopEqvRule:

assumes - f = (empty V fI)

shows +f; g=(gVv (fI; g))

proof —

have I:+f = (empty V fI) using assms by auto

hence 2: + f; g = (( empty V f1); g) by (rule LeftChopEqvChop)

have 3:+ (empty vV fl1), g = (g V (fl; g)) by (rule EmptyOrChopEqv)
from 2 3 show ?thesis by fastforce

ged

lemma EmptyOrNextChoplmpRule:

assumes - f — empty V O fI

shows +f; g — gV O(fl; g)

proof —

have 1:+f — empty V O fl using assms by auto

hence 2: + f; g — (empty V O f1); g by (rule LeftChoplmpChop)

have 3:F (empty Vv O fl), g =(gV O(fl; g)) by (rule EmptyOrNextChopEqv)
from 2 3 show ?thesis by fastforce

ged

lemma EmptyOrNextChopEqvRule:

assumes - f = (empty vV O fI)

shows +f; g=(gV O(fl; g))

proof —

have I:+f = (empty V O f1) using assms by auto

hence 2: + f; g = ((empty Vv O f1); g) by (rule LeftChopEqvChop)

have 3:+ (empty Vv O fl), g = (gV O(fl; g)) by (rule EmptyOrNextChopEqv)
from 2 3 show ?thesis by fastforce

ged

lemma ChopEmptyOrimpRule:
assumes - g — empty V gl
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shows - f; g — f VvV (f; gl)

proof —

have 1:+ g — empty V gl using assms by auto

hence 2: + f; g — (f; empty )V (f; gl) by (rule ChopOrlmpRule)
have 3:+ f; empty = f by (rule ChopEmpty)

from 2 3 show ?thesis by fastforce

ged

lemma StateAndEmptylmpBoxState:
F (init w) A empty — O (init w)
by (simp add: init-defs empty-defs always-defs Valid-def)

lemma BoxEqvAndBox:
FOf=(fAD)
by (simp add: always-defs Valid-def) fastforce

lemma NotBoxImpNotOrNotNextBox:
|__|(|:|f)—>_|f\/ _|(O(Df))
proof —
have I: FfA (O (OFf)) —Of
using BoxEqvAndEmptyOrNextBox by fastforce
hence 2: - (O f) — ~(f A (O (O f))) by fastforce
have 3: - (=(fF A (O (T f))))=(=>f V(O (Of)) ) byauto
from 2 3 show ?thesis by auto
ged

lemma BoxStateChopBoxEqvBox:
F O (init w); O (init w) = O (init w)
proof —
have I1:+ (O (init w)) = ((init w) A ( empty vV O(O (init w))))
by (rule BoxEqvAndEmptyOrNextBox)
hence 2:+ (O (init w); O (init w)) =
((init w) A (( empty v O(O (init w))); O (init w)))
by (metis StateAndChop inteq-reflection)
have 3:+ ((empty v O(O (init w))); O (init w)) =
(O (init w) v O(O (init w); O (init w)))
by (rule EmptyOrNextChopEqv)
have 4:+ (O (init w); O (init w)) =
((init w) A (O (init w) v O(O (init w); O (init w))))
using 2 3 by fastforce
have 5:+ = (O (init w)) — = (init w) vV =( O(O (init w)))
by (rule NotBoxImpNotOrNotNextBox)
have 6:+ (O (init w); O (init w)) A =( O (init w)) —
O(oO (init w); O (init w)) A =( O(T (init w)))
using 4 5 by fastforce
hence 7:+ O (init w); O (init w) — O (init w)
by (rule NextContra)
have 1I:+ O (init w) = ((init w) A O (init w))
by (rule BoxEqvAndBox)
have 12:+ empty ; O (init w) = O (init w)
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by (rule EmptyChop)

have 13:F ((init w) A empty ); O (init w) = ((init w) A ( empty ; O (init w)))
by (rule StateAndChop)

have 14:F O (init w) = ((init w) A empty ); O (init w)
using 11 12 13 by fastforce

have 15:F (init w) A empty — O (init w)
by (rule StateAndEmptylmpBoxState)

hence 16: \- ((init w) A empty ); O (init w) — O (init w); O (init w)
by (rule LeftChoplmpChop)

have 17:F O (init w) — O (init w); O (init w)
using 14 16 by fastforce

from 7 17 show ?thesis by fastforce

ged

lemma NotBoxStatelmpBoxYieldsNotBox:

F =( O (init w)) — (T (init w)) yields (=( O (init w)))

proof —

have I:F O (init w); O (init w) = O (init w) by (rule BoxStateChopBoxEqvBox)

have 2: + O (init w) = (= =( O (init w))) by auto

hence 3: F O (init w); O (init w) = O (init w); (= —( O (init w))) by (rule RightChopEqvChop)
have 4:+ —( O (init w)) — = (O (init w); (= = (O (init w)))) using 1 3 by auto

from 4 show ?thesis by (simp add: yields-d-def)

ged

lemma StateEqvBi:

F (init w) = bi (init w)

proof —
have 1:t (init w) — bi (init w) by (rule StatelmpBi)
have 2:  bi (init w) — (init w) by (rule BiElim)
from 1 2 show ?thesis by fastforce

ged

lemma TrueChopEqvDiamond-:
F #True, F = f
by (simp add: sometimes-d-def)

8.5 Properties of Da and Ba

lemma DaEqvDtDi:

- da f=9<(di f)

proof —

have 1:t #True; (f; # True) = #True; (f; # True) by auto

hence 2: & # True; (f; # True) = # True; di f by (simp add: di-d-def)
have 3:F #True; di f=<(di f) by (rule TrueChopEqvDiamond)
have 4:t #True; (f; #True) = <&( di f) using 2 3 by fastforce
from 4 show ?thesis by (simp add:da-d-def)

ged

lemma DaEqvDiDt:
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Foda f= di (¢f)

proof —

have I:t #True; f =< f by (rule TrueChopEqvDiamond)

hence 2: & (# True; f); # True = (O f); # True by (rule LeftChopEqvChop)
hence 3: - (# True; f); # True = di( & f) by (simp add: di-d-def)

have 4:t #True; (f; # True) = (#True; f); # True by (rule ChopAssoc)
have 5:F #True; (f; #True) = di (O f) using 3 4 by fastforce

from 5 show ?thesis by (simp add: da-d-def)

ged

lemma DtDiEqvDiDt:
O (di f)= di (OF)
by (metis ChopAssoc di-d-def sometimes-d-def)

lemma DiamondNotEqvNotBox:
|—<>(—| f):(ﬁ(ljf))
by (simp add: always-d-def)

lemma BaEqvBiBt:

F ba f=bi(Of)

proof —

have 1:+ da (= f)= di( < (= f)) by (rule DaEqvDiDt)
have 2: - < (= f) = (—( O f)) by (rule DiamondNotEqvNotBox)
hence 3:+ di (O(—~ f)) = di (- (O f)) by (rule DiEqvDi)
have 4.+ da (- f)= di (=( O f)) using 1 3 by fastforce
hence 5: - (= (da (= f))) = (= (di (=(Of)))) by auto
hence 6: - (= (da (= f))) = bi( O f) by (simp add: bi-d-def)
from 6 show 7thesis by (simp add: ba-d-def)

ged

lemma DiNotEqvNotBi:

Foodi (= f)=(=(bi f))

proof —

have 1: - bi f = (= (di (= f))) by (simp add: bi-d-def)
from 1 show ?thesis by auto

ged

lemma NotDiamondNotEqvBox:
FE(E))=0f
by (simp add: always-d-def)

lemma BaEqvBtBi:

o ba f=0O(bi f)

proof —

have I:+ da (= f) =< (di (- f)) by (rule DaEqvDtDi)

have 2:F di (—\ f) = (= (bi f)) by (rule DiNotEqvNotBi)

hence 3 FO (di (= )) O(— (bi f)) by (rule DiamondEqvDiamond)
have 4:F (= (O(= (bi f)))) = a(bi ) by (rule NotDiamondNotEqvBox)
have 5:F (= (da (= f))) =0(bi f) using I 2 34 by fastforce

from 5 show ?thesis by (simp add: ba-d-def)
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ged

lemma BtBiEqvBiBt:

oo (bi f)=bi( Of)

proof —

have I: = ba f =0 (bi f) by (rule BaEqvBtBi)
have 2: = ba f = bi( O f) by (rule BaEqvBiBt)
from 1 2 show ?thesis by fastforce

ged

lemma BoxStateEqvBaBoxState:

F oo (init w) = ba (O (init w))

proof —

have I1:F (init w)= bi (init w) by (rule StateEqvBi)

hence 2: - O (init w) = O (bi (init w)) by (rule BoxEqvBox)

have 3:F O (bi (init w)) = bi( O (init w)) by (rule BtBiEqvBiBt)
have 4:+ O (init w) = 0O(0O (init w)) by (rule BoxEqvBoxBox)
hence 5: - bi( O (init w)) = bi (O(D (init w))) by (rule BiEqvBi)
have 6: + ba( O (init w)) = bi( (T (init w))) by (rule BaEqvBiBt)
from 2 3 5 6 show ?thesis by fastforce

ged

lemma BalmpBi:

 ba f— bi f

proof —

have I:+ ba f = 0O(bi f) by (rule BaEqvBtBi)
have 2: - O(bi f) — bi f by (rule BoxElim)

from 1 2 show ?thesis using lift-imp-trans by fastforce
ged

lemma BalmpBt:

F ba f—0Of

proof —

have 1: = ba f = bi( O f) by (rule BaEqvBiBt)
have 2: - bi( O f) — O f by (rule BiElim)

from 1 2 show 7thesis using lift-imp-trans by fastforce
ged

lemma DiamondImpDa:
F Of— daf
by (metis Dilntro DiamondlmpDiamond da-d-def di-d-def sometimes-d-def)

lemma DilmpDa:
Fodi f— da f
by (metis NowlmpDiamond da-d-def di-d-def sometimes-d-def)

lemma BoxAndChoplmport:

F OhAf,g— f;(hAg)

proof —

have 1:+h— g — (hA g) by auto
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hence 2: - 0 h — O(g — (hA g)) by (rule ImpBoxRule)

have 3:+0O(g — (hA g)) — f; g — f; (hA g) by (rule BoxChoplmpChop)
from 2 3 show ?7thesis by fastforce

ged

lemma BaAndChoplmport:
o ba fA(g gl) — (fAg) (fAgl)
proof —
have 1:+ ba f — bi f by (rule BalmpBi)
have 2:+ bi f A (g; g1) — (f A g); g1 by (rule BiAndChoplmport)
have 3:+ ba f — O f by (rule BalmpBt)
have 4:FOf A(fAg), gl — (fAg) (f Agl) by (rule BoxAndChoplmport)
from 1 2 3 4 show ?thesis by fastforce
ged

lemma ChopAndCommute:

= fi(gngl)="1 (gl Ng)

proof —

have I: - (g A g1) = (g1 A g) by auto

from 1 show ?thesis by (rule RightChopEqvChop)
ged

lemma ChopAndA:

H o fi(gNngl)—f g

proof —

have I: - (g A g1) — g by auto

from 1 show 7thesis by (rule RightChoplmpChop)
ged

lemma ChopAndB:

o f, (g Ngl)—f; gl

proof —

have I: + (g A g1) — gl by auto

from 1 show ?thesis by (rule RightChoplmpChop)
ged

lemma BoxStateAndChopEqvChop:

F (O (init w) A (f; g)) = ((T (init w) A f); (O (init w) A g))

proof —

have I:+ O (init w) = ba( O (init w))
by (rule BoxStateEqvBaBoxState)

have 2:+ ba( O (init w)) A (f; g) — (O (init w) A £); (O (init w) A g)
by (rule BaAndChoplmport)

have 3:+ O (init w) A (f; g) — (O (init w) A f); (O (init w) A g)
using 1 2 by fastforce

have 11:+ (O (init w) A f); (T (init w) A g) — (O (init w)); (O (init w) A g)
by (rule AndChopA)

have 12: + (O (init w)); (O (init w) A g) — (O (init w)); (O (init w))
by (rule ChopAndA)

have 13: - (O (init w)); (O (init w)) = O (init w)
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by (rule BoxStateChopBoxEqvBox)

have 14: F (O (init w) A f); (O (init w) A g) — £, (O (init w) A g)
by (rule AndChopB)

have 15: + f; (O (init w) N g) — £, g
by (rule ChopAndB)

have 16: F (O (init w) A f); (O (init w) A g) — O (init w) A (f; g)
using 11 12 13 14 15 by fastforce

from 3 16 show ?thesis by fastforce

ged

lemma DiEqvNotBiNot:
Foodi f=(=(bi (= f)))
proof —
have 1:+ bi (= f)= (= (di (=~ f))) by (simp add: bi-d-def)
hence 2: + di (== f) = (=(bi (= f))) by auto
have 3:+ f = (- - f) by auto
hence 4.+ di f = di (= - f) by (rule DiEqvDi)
from 2 4 show ’thesis by auto
ged

lemma ChopAndBoxImport:

H f,gAnOh—f; (g Ah)

proof —

have I: F O hAf; g — f; (h A g) by (rule BoxAndChoplmport)
have 2: - f; (h A g) = f; (g A h) by (rule ChopAndCommute)
from 1 2 show ?thesis by fastforce

ged

lemma AndChopAndCommute:

= (fAg)i(f1 Agl)= (g Af) (gl AfI)

proof —

have 1: - (f A g); (f1 N gl) = (g A f); (f1 A g1) by (rule AndChopCommute)
have 2: - (g A f); (f1 N gl) = (g A f); (g1 A f1) by (rule ChopAndCommute)
from 1 2 show ?thesis by fastforce

ged

lemma Chop/mpChop:

assumes - f— f1 - g— gl

shows + f; g — f1; gl

proof —

have 1:+ f — fl1 using assms by auto

hence 2: + f; g — f1; g by (rule LeftChoplmpChop)
have 3:+ g — gl using assms by auto

hence 4: + f1; g — f1; g1 by (rule RightChoplmpChop)
from 2 4 show ?thesis by fastforce

ged

lemma ChopEqgvChop:

assumes - = fl - g= gl
shows + f; g =f1; gl
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proof —

have I1:+ f = fl1 using assms by auto

hence 2: + f; g = f1; g by (rule LeftChopEqvChop)
have 3:+ g = gl using assms by auto

hence 4: + f1;, g = f1; gl by (rule RightChopEqvChop)
from 2 4 show ?thesis by fastforce

ged

lemma BoxImpBoxImpBox:

Foh—0oO(g—0OhAg)

proof —

have I: -0 h— (g — O h A g) by auto

hence 2: - 0O(O0 h) — O(g — O h A g ) by (rule ImpBoxRule)
have 3: - 0O h = 0O(0h) by (rule BoxEqvBoxBox)

from 2 3 show ?thesis by fastforce

ged

lemma BoxChoplmpChopBox:

H oh—f,g—f(OhAg)

proof —

have I: - 0O h— 0O(g — O h A g ) by (rule BoxlmpBoxImpBox)

have 2:+-0O(g — O hANg)— f, g — f, (0 h A g) by (rule BoxChoplmpChop)
from 1 2 show ?thesis by fastforce

ged

lemma NotChopEqvYieldsNot:

(= (f; g)) = fyields (- g)

proof —

have 1:+ g = (- - g) by auto

hence 2: - f; g = f; (= = g) by (rule RightChopEqvChop)
hence 3: + (= (f; g)) = (= (f; (-~ g))) by auto

from 3 show 7thesis by (simp add: yields-d-def)

ged

lemma NotDiFalse:

F = (di #False)

proof —

have 1:F (init #True) — bi (init # True) by (rule StatelmpBi)
hence 2: - # True — bi # True by (auto simp: bi-defs)
have 3: 1 # True by auto

have 4:+ bi # True using 2 3 MP by auto

hence 5: - — ( di (— #True)) by (simp add: bi-d-def)
have 6:t (- #True) = #False by auto

hence 7: + di (= #True) = di #False by (rule DiEqvDi)
from 5 7 show ?thesis by auto

ged

lemma StateAndEmptyChop:

F o ((init w) A empty ); f = ((init w) A f)
proof —

123



have I:+ ((init w) A empty ); f = ((init w) A empty ; f) by (rule StateAndChop)
have 2: - empty ; f = f by (rule EmptyChop)

from 1 2 show ?thesis by fastforce

ged

lemma StateAndNextChop:

o ((init w) A O f); g = ((init w) A O(f; g))

proof —

have 1:F ((init w) A O f); g = ((init w) A (O f); g) by (rule StateAndChop)
have 2: - (O f); g = O(f; g) by (rule NextChop)

from 1 2 show ?thesis by fastforce

ged

lemma NextAndEqvNextAndNext:
FO(fAg)=(0OfANOg)
by (auto simp: next-defs)

lemma NextStateAndChop:

F o O(((init w) A f); g) = (O (init w) A O(f; g))

proof —

have I1:F ((init w) A f); g = ((init w) A f; g) by (rule StateAndChop)

hence 2: = O(((init w) A f); g) = O((init w) A f; g) by (rule NextEqvNext)

have 3:F O((init w) A f; g) = (O (init w) A O(f; g)) by (rule NextAndEqvNextAndNext)
from 2 3 show ?thesis by fastforce

ged

lemma StateYieldsEqv:

F o ((init w) — (f yields g)) = ((init w) A f) yields g

proof —

have I:F ((initw) A f); (= g) = ((initw) A f; (= g)) by (rule StateAndChop)
hence 2: - ((init w) — = (f; (= g))) = (= (((init w) A f); (= g))) by auto
from 2 show 7thesis by (simp add: yields-d-def)

ged

lemma StateAndDi:

Fo ((init w) A di f) = di ((init w) A f)

proof —

have I:+ ((init w) A f); #True= ((init w) A f; # True) by (rule StateAndChop)
from 1 show ?thesis by (metis di-d-def inteq-reflection)

ged

lemma DilNext:

F o di(Of)=0(d f)

proof —

have 1:+ (O f); # True = O(f; # True) by (rule NextChop)
from 1 show ?thesis by (simp add: di-d-def)

ged

lemma DiNextState:
o di( O (init w)) = O (init w)

124



proof —

have I:+ di( O (init w)) = O( di (init w)) by (rule DiNext)
have 2:+ di (init w) = (init w) by (rule DiState)

hence 3: - O( di (init w)) = O (init w) by (rule NextEqvNext)
from 1 3 show ?7thesis by fastforce

ged

lemma StatelmpBiGen:

assumes (init w)— f

shows | (init w) — bi f

proof —

have I:\ (init w) — f using assms by auto

hence 2: - = f — = (init w) by auto

hence 3: + di (= f) — di (= (init w)) by (rule DilmpDi)

hence 4: + di (= f) — di (init (—w)) by (metis Initprop(2) inteq-reflection)
have 5:F di (init (- w)) = (init (= w)) by (rule DiState)

have 6:+ di (- f) — = (init w) using 4 5 using Initprop(2) by fastforce
hence 7: + (init w) — = ( di (= f)) by auto

from 7 show ?thesis by (simp add: bi-d-def)

ged

lemma ChopAndNotChoplmp:

g (f,gl)— f, (g N gl)

proof —

have I:+g — (gN — gl)V gl by auto

hence 2: - f; g — f; ((gN = gl) vV gl) by (rule RightChoplmpChop)

have 3:+f; ((gA— gl)Vv gl) — (f; (gN - gl)) Vv (f; gl) by (rule ChopOrimp)
have 4.+ f;, g — f; (gA— gl)V f; gl using 2 3 MP by fastforce

from 4 show ?7thesis by auto

ged

lemma ChopAndYieldsimp:

F f, g A fyields gl — f; (g A gl)

proof —

have 1:+ g — (gAgl)V - gl by auto

hence 2: +f; g — f; ((gN gl)V —gl) by (rule RightChoplmpChop)

have 3:Ff; ((gn gl)Vv —gl) — (f; (gn gl)) Vv (f; (— gl)) by (rule ChopOrimp)
have 4:+f, g — f; (gN gl)V f; (- gl) using 2 3 MP by fastforce

hence 5: - f; g A= (f; (- gl)) — f; (g A g1) by auto

from 5 show ?thesis by (simp add: yields-d-def)

ged

lemma ChopAndYieldsMP:

F f, g A fyields (g— gl) — f; gl

proof —

have 1:+f; g A fyields (g— g1) — f; (g N (g — gl)) by (rule ChopAndYieldsimp)
have 2:+ g A (g — gl) — gl by auto

hence 3: - f; (g AN (g — gl1)) — f; g1 by (rule RightChoplmpChop)

from 1 3 show ?thesis by fastforce

ged
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lemma OrYieldsimp:

F (f Vv f1) yields g = ((fyields g) A (f1 yields g))
proof —

have 1:F ((fv fI); (- g))=((f;(— g))V (fI;, (- g))) by (rule OrChopEqv)
hence 2: + (= ((fv f1); (= g))) = (= (f; (= g)) A =(f1; (= g))) by auto
from 2 show ?thesis by (simp add: yields-d-def)
ged

lemma LeftYieldsimpYields:

assumes - f— f1

shows + (f1 yields g) — (f yields g)

proof —

have 1:+F f — f1 using assms by auto

hence 2: + f; (- g) — f1; (= g) by (rule LeftChoplmpChop)
hence 3: - - (f1; (- g)) — — (f; (= g)) by auto

from 3 show ?thesis by (simp add: yields-d-def)

ged

lemma LeftYieldsEqvYields:

assumes - f = fI

shows - (f yields g) = (f1 yields g)

proof —

have 1:F+ f = fl1 using assms by auto

hence 2: + f; (- g) = f1; (= g) by (rule LeftChopEqvChop)
hence 3: + (= (f; (- g))) = (= (fI; (= g))) by auto

from 3 show 7thesis by (simp add: yields-d-def)

ged

8.6 Properties of Fin

lemma FinEqvTrueChopAndEmpty:
F fin f = # True;(f N\ empty)

proof —

have I: fin f = O(empty — f)
by (simp add: fin-d-def)

have 2: - O(empty — ) = (=(C(~(empty — ) ) ))
by (simp add: always-d-def)

have 3: F (=(empty — f)) = (= f A empty)
by auto

hence 4: - O(—(empty — 1)) = O(— £ A empty)
using DiamondEqvDiamond by blast

hence 5: - —(O(—(empty — £))) = (=(O(= £ A empty)))
by auto

have 6: - (=(O(— f A empty))) = # True;(f A empty)
using Finprop(4) sometimes-d-def by (metis int-eq int-simps(4))

from 1 25 6 show ?thesis by fastforce

ged
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lemma DiamondFin:
F O(fin w) = finw
by (metis DiamondDiamondEqvDiamond FinEqvTrueChopAndEmpty TrueChopEqvDiamond inteq-reflection)

lemma ChopFinExportA:

- fi(g A finw) — finw

using DiamondFin

by (metis ChopAndB ChoplmpDiamond inteq-reflection lift-imp-trans)

lemma FinlmpBox:
F fin w — O(fin w)
by (metis BoxImpBoxBox fin-d-def )

lemma FinAndChoplmport:

F (fin w) A (f;8) — £;((fin w) A g)

proof —

have 1: F fin w — 0O(fin w) by (rule FinlmpBox)

hence 2: - fin w A f;g — O(fin w) A (f;g) by auto

have 3: F O(fin w) A (f;g) — f;((fin w) A g) using BoxAndChoplmport by blast
from 2 3 show ?thesis using MP by fastforce

ged

lemma FinAndChop:
F(fi(g A finw)) = (finw A f;g)
using FinAndChoplmport ChopFinExportA ChopAndA ChopAndCommute by fastforce

lemma ChopAndEmptyEqvEmptyChopEmpty:

F ((f;g) A empty) = (f A empty);(g N empty)
by (auto simp: empty-defs chop-defs)

lemma FinAndEmpty:

F ((fin w) A empty) = (w A empty)

proof —

have I:+ ((fin w) A empty) = (# True;(w A empty) N empty)
using FinEqvTrueChopAndEmpty by fastforce

have 2: - (#True;(w N empty) A empty) = ((# True N\ empty);(w A empty))
using ChopAndEmptyEqvEmptyChopEmpty
by (smt int-eq int-iffD2 lift-and-com Propl0 Propl2)

have 3: - (#True A empty);(w A empty) = (empty;(w A empty))
using LeftChopEqvChop by fastforce

have 4: - (empty;(w A empty)) = (w A empty)
using EmptyChop by blast

from 1 2 3 4 show ?thesis by fastforce

ged

lemma AndFinEqvChopAndEmpty:

F (FA fing)="1, (g N empty)

proof —

have I: - (f A fin g) = (f;empty A fin g)
using ChopEmpty by (metis int-eq)
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have 2: - (fin g A f;empty) = (f;(empty A fin g))
using FinAndChop by fastforce
have 3: - (empty A fin g) = (fin g N\ empty)
by auto
have 4: - (fin g A\ empty) = (g N empty)
using FinAndEmpty by metis
have 5: - (empty A fin g) = (g N empty)
using 3 4 by auto
hence 6: - f;(empty A fin g) = f;(g N empty)
using RightChopEqvChop by blast
from 1 2 5 show 7thesis by (metis integ-reflection lift-and-com)
ged

lemma AndFinEqvChopStateAndEmpty:
Fo(F A fin (init w)) = f; ((init w) A empty )
using AndFinEqvChopAndEmpty by blast

lemma FinStateEqvStateAndEmptyOrNextFinState:
F fin (init w) = (((init w) A empty )V O( fin (init w)))
proof —
have I: I\ fin (init w) = O( empty — init w)
by (simp add: fin-d-def)
have 2 : - O(empty — init w) =
((empty — init w) A wnext (O (empty — init w)))
by (rule BoxEqvAndWhnextBox)
have 3: I fin (init w) = ((empty — init w) A wnext (fin (init w)))
using 1 2 by (simp add: fin-d-def)
have 4: - wnext (fin (init w)) = (empty V O (fin (init w)))
by (rule WnextEqvEmptyOrNext)
have 5: |- fin (init w) = ((empty — init w) A (empty V/ O (fin (init w))))
using 3 4 by fastforce
have 6: - ((empty — init w) A (empty VvV O (fin (init w)))) =
(((empty — init w) A empty) V ((empty — init w) A O (fin (init w))))
by auto
have 7: + ((empty — init w) A empty) = ((init w) A empty)
by auto
have 8: - ((empty — init w) A O (fin (init w))) = O (fin (init w))
by (metis 1 BoxElim DiamondFin NextDiamondlmpDiamond int-eq lift-and-com
lift-imp-trans Propl0)
have 9: F (((empty — init w) A empty) V ((empty — init w) A O (fin (init w)))) =
((init w) A empty ) vV O( fin (init w))
using 7 8 by auto
from 5 6 8 9 show ?thesis by fastforce
ged

lemma FinChopEqvOr:
Fo (fin (init w)); £ = (((init w) A ) v O(( fin (init w)); f))
proof —
have 1:F fin (init w) = (((init w) A empty )V O( fin (init w)))
by (rule FinStateEqvStateAndEmptyOrNextFinState)
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hence 2: = ( fin (init w)); f = (((init w) A empty )V O( fin (init w))); f
by (rule LeftChopEqvChop)
have 3:F (((init w) A empty )V O (fin (init w)));
= (((init w) N empty ); f vV (O (fin (init w))); )
by (rule OrChopEqv)
have 4:t ((init w) A empty ); f = ((init w) A f)
by (rule StateAndEmptyChop)
have 5:F (O (fin (init w))); f = O(( fin (init w)); f)
by (rule NextChop)
from 2 3 4 5 show ?thesis by fastforce
ged

lemma FinChopEqvDiamond:

o ( fin (init w)); f =< ((init w) A )

proof —

have 1:t ( fin (init w)) = (# True;((init w) A empty))
by (rule FinEqvTrueChopAndEmpty)

hence 2: - ( fin (init w));f = (# True;((init w) A empty));f
by (rule LeftChopEqvChop)

have 3: - #True;(( (init w) A empty);f) = (# True;((init w) A empty));f
by (rule ChopAssoc)

have 4:t # True;(( (init w) A empty);f)= < ( ( (init w) A empty);f)
by (simp add: sometimes-d-def)

have 5:t ( (init w) A empty);f = ((init w) A f)
using StateAndEmptyChop by blast

hence 6: - & (( (init w) A empty);f) = < ( (init w) A f)
by (rule DiamondEqvDiamond)

from 2 3 4 6 show ?thesis by fastforce

ged

lemma NotDiamondAndNot:

F —|( & ( f A= f))

proof —

have 1: - (=( <O (f A= f))) = 0O(—~(f A —=f)) using NotDiamondNotEqvBox by fastforce
have 2: - —(f A —f) by simp

have 3: - 0O(—(f A —f)) using 2 by (simp add: BoxGen)

from 1 3 show ?thesis by fastforce

ged

lemma FinYields:

o (fin (init w)) yields (init w)

proof —

have I:+ (fin (init w)); (=(init w)) = <&((init w) A =(init w)) by (rule FinChopEqvDiamond)
have 2: = —( O((init w) A = (init w))) by (rule NotDiamondAndNot)

have 3: = = (( fin (init w)); (= (init w))) using 1 2 by fastforce

from 3 show ?thesis by (simp add: yields-d-def)

ged

lemma ImpAndFinStateOrFinNotState:
= f — (f A fin (init w)) V fin (= (init w))
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by (simp add: fin-defs Valid-def)

lemma AndFinChopEqvStateAndChop:
o (F A fin (init w)); g = f; ((init w) A g)
proof —
have 1:F ( fin (init w)) yields (init w)
by (rule FinYields)
have 2:+ f A fin (init w) — fin (init w)
by auto
hence 3:t+ ( fin (init w)) yields (init w) — (f A fin (init w)) yields (init w)
by (rule LeftYieldsimpYields)
have 4:+ (f A fin (init w)) yields (init w)
using 1 3 MP by fastforce
have 5:+ (f A fin (init w)); g A (f A fin (init w)) yields (init w)
— (f A fin (init w)); (g A (init w))
by (rule ChopAndYieldsimp)
have 6:+ (f A fin (init w)); g — (f A fin (init w)); (g A (init w))
using 4 5 by fastforce
have 7:+ (f A fin (init w)); (g A (init w)) — f; (g A (init w))
by (rule AndChopA)
have 8:+ g A (init w) — (init w) A g
by auto
hence 9:t+ f; (g A (init w)) — f; ((init w) N g)
by (rule RightChoplmpChop)
have 10:F (f A fin (init w)); g — f; ((init w) A g)
using 6 7 9 by fastforce
have 11:+f — (f A fin (init w)) VvV fin (= (init w))
by (rule ImpAndFinStateOrFinNotState)
hence 12: - f; ((init w) A g) —
((f A fin (init w))V fin (= (init w))); ((init w) A g)
by (rule LeftChoplmpChop)
have 13:F ((f A fin (init w))V fin (= (init w))); ((init w) A g)

((f A fin (init w)); ((init w) A g) vV ( fin (= (init w))); ((init w) A g))
by (rule OrChopEqv)
have 14:F ( fin (init (= w))); ((init w) A g) — O( (init (= w)) A ((init w) A g))
using FinChopEqvDiamond by fastforce
have 141: = =( &( (init (= w)) A ((init w) A g))) —
= ((fin (init (= w))); ((init w) A g))
using 14 by fastforce
have 15:F =( O( (init (= w)) A ((init w) A g)))
using NotDiamondAndNot Initprop(2) by (auto simp: sometimes-defs init-defs)
have 151: = = ( ( fin (init (= w))); ((init w) A g))
using 15 141 by fastforce
have 1511: + ( fin (= (init w))); ((init w) A g) — F#False
using 151 by (metis Initprop(2) int-simps(14) inteq-reflection)
have 152: - (f A fin (init w)); ((init w) A g) vV ( fin (= (init w))); ((init w) A g) —
(f A fin (init w)); ((init w) A g)
using 1511 by fastforce
have 16:F f; ((init w) A g) — (f A fin (init w)); ((init w) A g)
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using 12 13 152 by fastforce

have 17:+ (f A fin (init w)); ((init w) A g) — (fA fin (init w)); g
by (rule ChopAndB)

have 18:+ f; ((init w) A g) — (f A fin (init w)); g
using 16 17 by fastforce

from 10 18 show ?thesis by fastforce

ged

lemma DiAndFinEqvChopState:

Fodi (f A fin (init w)) = f; (init w)

proof —

have 1:F (f A fin(init w)); # True = f;((init w) A # True) by (rule AndFinChopEqvStateAndChop)
have 2: + ((init w) A # True) = (init w) by auto

hence 3: = (f; ((init w) A # True)) = (f; (init w)) by (rule RightChopEqvChop)

have 4:+ (f A fin (init w)); # True = f; (init w) using I 3 by auto

from 4 show ?thesis by (simp add: di-d-def)

ged

lemma FinNotStateEqvNotFinState:

E fin (init (— w)) = (=( fin  (init w)))

using FinEqvTrueChopAndEmpty

by (metis (no-types, hide-lams) Finprop(4) Initprop(2) int-eq int-simps(4) int-simps(7) sometimes-d-def)

lemma BilmpFinEqvYieldsState:

F o bi (f — fin (init w)) = f yields (init w)

proof —

have 1:F di (f A fin (init (= w))) = f; (init (= w))
by (rule DiAndFinEqvChopState)

have 2:F (f A fin(init (= w))) = (f A =(fin(init w)))
using FinNotStateEqvINotFinState by fastforce

have 3:F (f A = (fin(init w))) = (= (f — fin (init w)))
by auto

have 4:t (f A fin(init (= w))) = (= (f — fin(init w)))
using 2 3 by fastforce

hence 5: - di (f A fin (init (= w))) = di (= (f — fin(init w)))
by (rule DiEqvDi)

have 6:+ di (- (f — fin (init w))) = (=( bi (f — fin(init w))))
by (rule DiNotEqvNotBi)

have 7:+ = (bi (f — fin (init w))) = f;(init (- w))
using 1 5 6 Initprop by fastforce

hence 8:  bi (f — fin (init w)) = (= (f; (= (init w))))
by (metis Initprop(2) int-eq int-simps(7))

from 8 show 7thesis by (simp add: yields-d-def)

ged

lemma StatelmpYields:

assumes — (init w) A f — fin (init wl)

shows | (init w) — (f yields (init wl))

proof —

have I:F+ (initw) A f — fin (init wl) using assms by auto
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hence 2: + (init w) — (f — fin (init wl)) by auto

hence 3: & (init w) — bi (f — fin (init wl)) by (rule StatelmpBiGen)

have 4:F bi (f — fin (init wl)) = fyields (init wl) by (rule BilmpFinEqvYieldsState)
from 3 4 show ?thesis by fastforce

ged

lemma StateAndYieldsImpYields:

assumes - (init w) A f — f1I

shows | (init w) A (f1 yields g) — (f yields g)

proof —

have I1:F (initw) A f — fI using assms by auto

hence 2: F (init w) A (f; (= g)) — f1; (= g) by (rule StateAndChoplmpChopRule)
hence 3: + (init w) A = (f1; (= g)) — — (f; (= g)) by auto

from 3 show 7thesis by (simp add: yields-d-def)

ged

lemma AndYieldsA:

F fyields g — (f A f1) yields g

proof —

have 1: +f A fl — f by auto

from 1 show ?thesis by (rule LeftYieldsimpYields)
ged

lemma AndYieldsB:
F flyields g — (f A f1) yields g
proof —
have 1:+f A fl1 — f1 by auto
from 1 show ?thesis by (rule LeftYieldsimpYields)
ged

lemma RightYieldsimpYields:

assumes - g— gl

shows + (fyields g) — (f yields gl)

proof —

have 1:+ g — gl using assms by auto

hence 2: - - gl — — g by auto

hence 3: + f; (- gl) — f; (= g) by (rule RightChoplmpChop)
hence 4: + - (f; (- g)) — — (f; (= gl1)) by auto

from 4 show ?thesis by (simp add: yields-d-def)

ged

lemma RightYieldsEqvYields:

assumes - g= gl

shows | (fyields g) = (f yields gl)

proof —

have I1:} g = gl using assms by auto

hence 2: + (- g) = (-~ gl) by auto

hence 3: - f; (- g) =f; (- gl) by (rule RightChopEqvChop)
hence 4: + (= (f; (- g))) = (= (f; (- g1))) by auto

from 4 show ?thesis by (simp add: yields-d-def)
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ged

lemma BoxImpYields:

F Og— fyields g

proof —

have I:+f; (= g) — <(— g) by (rule ChoplmpDiamond)
hence 2: + = (O(— g)) — = (f; (= g)) by auto

from 2 show ?thesis by (simp add: yields-d-def always-d-def)
ged

lemma BoxEqvTrueYields:

F O f = #True yields f

proof —

have I:t #True; (— f) =< (= f) by (rule TrueChopEqvDiamond)
hence 2: - (= (#True; (= £))) = (=(<© (= f))) by auto

have 3:F0Of = (= (< (= f))) by (simp add: always-d-def)

have 4.+ 0O f = (= (#True; (-~ f))) using 2 3 by fastforce

from 4 show ?thesis by (simp add: yields-d-def)

ged

lemma YieldsGen:
assumes - g
shows G fyields g
proof —
have 1:F g using assms by auto
hence 2: - O g by (rule BoxGen)
have 3:+ 0O g — fyields g by (rule BoxImpYields)
from 2 3 show ?thesis using MP by fastforce
ged

lemma YieldsAndYieldsEqvYieldsAnd:
F o ((fyields g) N (f yields gl)) = fyields (g N gI)
proof —

have 1.+ f; (- gV = gl)=((f; (- g))V (f; (- gl1))) by (rule ChopOrEqv)

hence 2: + ((f; (- g)) vV (f; (- g1))) =1, (- gV - gl) by auto

have 3:F (- gV = gl) = (= (g A gl1)) by auto

hence 4 Ff, (- gVv - gl) = f;, (- (g A gl)) by (rule RightChopEqvChop)

have 5:F (f; (= )) (f; (- gl ) =f; (- (g N gl)) using 2 4 by fastforce

hence 6 F(=(f (= g) A~ (f (= gl)=((f; (- (g Ngl)))) by (autosimp: chop-defs)
from 6 show ?thesis by (simp add: yields-d-def)

ged

lemma YieldsAndYieldsimpAndYieldsAnd:
o (fyields g) A (f1 yields g1) — (fA f1) yields (gA gl)
proof —
have 1: I fyields g — (f A f1) yields g
by (rule AndYieldsA)
have 2: |- f1 yields gl — (f A f1) yields gl
by (rule AndYieldsB)
have 3: - ((f A f1) yields g N (f A f1) yields g1) = (f A f1) yields (g N g1)

133



by (rule YieldsAndYieldsEqvYieldsAnd)
from 1 2 3 show ?thesis by fastforce
ged

lemma YieldsYieldsEqvChopYields:

k- fyields (g yields h) = (f; g) yields h

proof —

have I:+f;(g; (= h)) =(f;g); (= h) by (rule ChopAssoc)

hence 2: + f; (g; (= h)) = (f; g); (- h) by auto

have 3:g; (= h)=(——(g; (= h))) by auto

hence 4: + f; (g; (= h)) =f; (= - (g; (= h))) by (rule RightChopEqvChop)
have 5.+ f; (== (g; (= h))) =(f; g); (= h) using 2 4 by auto

hence 6: + f; (- (g yields h)) = (f; g); (— h) by (simp add: yields-d-def)

hence 7: F (= (f; (= (g yields h)))) = (= ((f; g); (= h))) by auto
from 7 show ?thesis by (simp add: yields-d-def)
ged

lemma EmptyYields:

F  empty vyields f =f

proof —

have 1:+ empty; (= f)= (- f) by (rule EmptyChop)
hence 2: - (= ( empty ; (= f))) = f by auto

from 2 show 7thesis by (simp add: yields-d-def)

ged

lemma NextYields:

F (O f) yields g = wnext (f yields g)

proof —

have 1:+ (O f); (= g) = O(f; (= g)) by (rule NextChop)

hence 2: = (= (O f); (= g))) = (= (O(f; (= g)))) by auto

hence 3: - (O f) yields g = (= (O(f; (- g)))) by (simp add: yields-d-def)

have 4:F (=( O(f; (= g)))) = wnext (= (f; (= g))) by (auto simp: wnext-d-def)
have 5:F (O f) yields g = wnext (- (f; (- g))) using 3 4 by fastforce

from 5 show 7thesis by (simp add: yields-d-def)

ged

lemma SkipChopEqvNext:
F skip; f=0f
by (simp add: next-d-def)

lemma SkipYieldsEquWeakNext:

F  skip yields f = wnext f

proof —

have I:+ skip; (= f) = O(—~ f) by (rule SkipChopEqvNext)
hence 2: + (— ( skip ; (= f))) = (=( O(—~ f))) by auto

have 3:+ (= (O(— f))) = wnext f by (auto simp: wnext-d-def)
have 4:F (= ( skip; (= f))) = wnext f using 2 3 by fastforce
from 4 show ?thesis by (simp add: yields-d-def)

ged
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lemma NextImpSkipYields:

F Of — skip yields f

proof —

have 1: - O f — wnext f using WhnextEqvEmptyOrNext by fastforce
have 2: - skip yields f = wnext f by (rule SkipYieldsEqvWeakNext)
from 1 2 show ?thesis by fastforce

ged

lemma MoreEqvSkipChopTrue:

F more = skip ; # True

proof —

have I:t skip; #True = O# True by (rule SkipChopEqvNext)
hence 2: - O# True = skip ; # True by auto

from 2 show 7thesis by (simp add: more-d-def)

ged

lemma MoreChoplmpMore:

F  more; f — more

proof —

have 1:+ (O#True); f = O(#True; f) by (rule NextChop)

have 2: = O(# True; f) — more by (auto simp: more-defs next-defs)
have 3: - (O#True; f) — more using 1 2 by fastforce

from 3 show ?thesis by (metis more-d-def)

ged

lemma ChopMorelmpMore:

F f; more — more

proof —

have I:+ f; more — < more by (rule ChoplmpDiamond)

have 2: - & more — more by (auto simp: more-defs sometimes-defs)
from 1 2 show ?thesis by fastforce

ged

lemma MoreChopEqvNextDiamond:

F o more; f = O(C f)

proof —

have 1: = more ; f = (O #True); f by (simp add: more-d-def)
have 2: - (O# True); f = O(# True; f) by (rule NextChop)
have 3: = more ; f = O(# True; f) using 1 2 by fastforce
from 3 show ?thesis by (simp add: sometimes-d-def’)

ged

lemma WeakNextBoxImpMoreYields:

= more yields f = wnext( O f)

proof —

have I1:+ more ; (- f) = O(<C (—f)) by (rule MoreChopEqvNextDiamond)
have 2: - O(<® (=f)) = O(—(DOf)) by (auto simp: always-d-def)

have 3: - O(~(Of)) = (= ( wnext( O f) )) by (auto simp: wnext-d-def)
have 4: - more ; (- f) = (—(more yields f)) by (simp add: yields-d-def)
from 1 2 3 4 show ?thesis by fastforce
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ged

lemma NotEqvYieldsMore:

F (= f) = fyields more

proof —

have 1:+ f; empty = f by (rule ChopEmpty)

hence 2: - (= (f; empty )) = (= f) by auto

have 3.+ empty = (- more) by (auto simp: empty-d-def)
hence 4: - f; empty = f; (= more) by (rule RightChopEqvChop)
hence 5: + (- (f; empty )) = (= (f; (= more ))) by auto
have 6:+ (= f) = (- (f; (- more))) using 2 5 by fastforce
from 6 show 7thesis by (metis yields-d-def)

ged

lemma LeftChoplmpMoreRule:

assumes - f — more

shows + f; g — more

proof —

have 1:+ f — more using assms by auto

hence 2: + f; g — more ; g by (rule LeftChoplmpChop)
have 3: -+ more ; g — more by (rule MoreChoplmpMore)
from 2 3 show ?thesis using lift-imp-trans by blast

ged

lemma RightChoplmpMoreRule:

assumes - g — more

shows F f; g — more

proof —

have 1:+ g — more using assms by auto

hence 2: + f; g — f; more by (rule RightChoplmpChop)
have 3:+ f; more — more by (rule ChopMorelmpMore)
from 2 3 show 7thesis using lift-imp-trans by blast

ged

lemma NotDiEqvBiNot:

(= (di f))=bi(~ f)

proof —

have I:+f = (- - f) by auto

hence 2: + di f = di (-~ f) by (rule DiEqvDi)
hence 3:+ (= (di f))=(=(di (-~ f))) by auto
from 3 show ?thesis by (simp add: bi-d-def)

ged

lemma Chop/mpDi:

F fg— di f

proof —

have 1:+F g — #True by auto

hence 2: + f; g — f; # True by (rule RightChoplmpChop)
from 2 show 7thesis by (simp add: di-d-def)

ged
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lemma TrueEqvTrueChopTrue:

F #True = # True; # True

proof —

have 1:F #True; # True — # True by auto

have 2:t #True — di #True by (rule Dilntro)

hence 3: b # True — #True; # True by (simp add: di-d-def)
from 1 3 show ?thesis by auto

ged

lemma DiEqvDiDi:

Fodi f= di( dif)

proof —

have I1:t #True = # True; # True by (rule TrueEqvTrueChopTrue)
hence 2: & f; #True = f; (# True; # True) by (rule RightChopEqvChop)
have 3: & f; (#True; # True)= (f; # True); # True by (rule ChopAssoc)
have 4: & f; #True = (f; # True); # True using 2 3 by fastforce

from 4 show ?thesis by (metis di-d-def)

ged

lemma BiEqvBiBi:

F bi f = bi( bi f)
proof —

have I:+ di(—- f
have 2:+ di (= f) = (
hence 3: + di (di (= 1))
have 4:+ di (= f) = di (=( bi f))
hence 5: - (= (di (= )= (- (di(
from 5 show ?thesis by (metis bi-d-def
ged

) by (rule DiEqvDiDi)
) by (rule DiNotEqvNotBi)
- (b

using 1 3 by fastforce
( bi f)))) by fastforce

lemma DiOrEqv:

Fodi(fv g)= (di fVv di g)

proof —

have 1:+ (fV g); #True = (f; # True V g; #True) by (rule OrChopEqv)
from 1 show 7thesis by (simp add: di-d-def)

ged

lemma DiAndA:

- di(FAg) — di f

proof —

have 1:+ (f A g); #True — f; #True by (rule AndChopA)
from 1 show 7thesis by (simp add: di-d-def)

ged

lemma DiAndB:

Fodi(fhg)— di g

proof —

have 1:+ (f A g); #True — g; # True by (rule AndChopB)
from 1 show ?thesis by (simp add: di-d-def)
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ged

lemma DiAndImpAnd.:

Fodi(fAg)— di fA dig

proof —

have I: di (f A g) — di f by (rule DiAndA)
have 2: + di (f A g) — di g by (rule DiAndB)
from 1 2 show ?thesis by fastforce

ged

lemma DiSkipEqgvMore:

F  di skip = more

proof —

have 1:+ skip ; # True = O# True by (rule SkipChopEqvNext)
have 2: = O# True = more by (auto simp: more-d-def)

have 3: - skip ; # True = more using 1 2 by fastforce

from 3 show ?thesis by (simp add: di-d-def)

ged

lemma DiMoreEqvMore:
F di more = more
proof —

have I:t di (O #True ) = O( di #True) by (rule DiNext)

have 2:+ O( di #True) — more by (auto simp: next-defs di-defs more-defs)
have 3:t di( O #True) — more using 1 2 by fastforce

hence 4: = di more — more by (simp add: more-d-def)

have 5:+ more — di more by (rule ImpDi)

from 4 5 show ?thesis by fastforce

ged

lemma DilfEqvRule:

assumes - f = if; (init w) then g else h

shows t di f = if; (initw) then (di g) else (di h)
proof —

have 1:+ f = if; (init w) then g else h using assms by auto

hence 2: & f; #True = if; (init w) then (g; # True) else (h; # True) by (rule IfChopEqvRule)
from 2 show ?thesis by (simp add: di-d-def)

ged

lemma DiEmpty:

F  di empty

proof —

have 1: #True by auto

have 2: - empty ; # True = # True by (rule EmptyChop)
have 3: - empty ; #True using 1 2 by auto

from 3 show ?thesis by (simp add: di-d-def)

ged

lemma DaNotEqvNotBa:
F da(—| f):(—\(ba f))
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proof —

have I:+ ba f = (= (da(— f))) by (simp add: ba-d-def)
from 1 show ?7thesis by fastforce

ged

lemma DaEqvDa:

assumes - f =g

showstda f = da g

using assms using int-eq by force

lemma DaEqvNotBaNot:

F da f:(—|(ba(—| f)))

proof —

have 1:+ ba (= f)= (- (da(—— f))) by (simp add: ba-d-def)
hence 2: + da (- — f)=(=( ba(— f))) by fastforce

have 3:+f = (=~ f) by simp

hence 4:+ da f = da (- — f) by (rule DaEqvDa)

from 2 4 show ?thesis by simp

ged

lemma BaElim:

o oba f— f

proof —

have 1:+ ba f =0(bi f) by (rule BaEqvBtBi)

have 2:+ bi f — f by (rule BiElim)

hence 3: - O(bi f — f) by (rule BoxGen)

have 4:+0O(bi f — f) — O(bi f) — O f by (rule BoxImpDist)
have 5:+ O(bi f) — O f using 3 4 MP by fastforce

have 6:+ O f — f by (rule BoxElim)

from 1 5 6 show 7thesis using BalmpBt lift-imp-trans by metis
ged

lemma Dalntro:

F f— da f

proof —

have I:+ ba (= f) — (= f) by (rule BaElim)

hence 2: -~ - f — = ( ba (= f)) by fastforce

have 3:+f = (=~ f) by simp

have 4:+ da f = (- (ba (= f))) by (rule DaEqvNotBaNot)
from 2 3 4 show ?thesis by fastforce

ged

lemma BaGen:

assumes - f

shows + ba f

proof —

have 1:+ f using assms by auto
hence 2: - O f by (rule BoxGen)
hence 3: + bi( O f) by (rule BiGen)
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have 4:+ ba f = bi (O f) by (rule BaEqvBiBt)
from 3 4 show ?thesis by fastforce
ged

lemma BalmpDist:
F ba(f — g) — ba f — ba g
proof —
have 1.+ bi (f — g) — (bi f — bi g) by (rule BilmpDist)
hence 2: - O(bi (f — g) — (bi f — bi g)) by (rule BoxGen)
have 3:+ O(bi (f — g) — (bi f — bi g))
—
(0 (bi (F — g)) — (D(b] ) — D(b] &)
by (meson 2 BoxImpDist MP lift-imp-trans Prop01 Prop05 Prop09)
have 4:+ O(bi (f — g)) — (O(bi f) — O(bi g)) using 2 3 MP by fastforce
have 5:+ ba (f— g) = 0O(bi (f — g)) by (rule BaEqvBtBi)
have 6:+ ba f =0O(bi f) by (rule BaEqvBtBi)
have 7:+ ba g = 0O(bi g) by (rule BaEqvBtBi)
from 4 5 6 7 show ?thesis by fastforce
ged

lemma BaAndEqv:
F ba(fAg)= (ba f A ba g)
proof —
have I:+ ba(f Ag)= 0O(bi (f A g))
by (rule BaEqvBtBi)
have 2:+ bi (f N g) = (bif A big)
by (auto simp: bi-defs)
hence 3: - O(bi (f A g)) = O(bi f A bi g)
using BoxEqvBox by blast
have 4:+ O(bi f A big)= (O(bi f) A O(bi g))
by (metis 2 BoxAndBoxEqvBoxRule inteqg-reflection)
have 5:tba f=0(bi f)
by (rule BaEqvBtBi)
have 6:+ ba g =0(bi g)
by (rule BaEqvBtBi)
from 1 34 5 6 show ?thesis by fastforce
ged

lemma BalmpBaEqvBa:
F ba(f=g)— (ba f= ba g)

proof —

have 1:+ ba(f — g) — ba f — ba g by (rule BalmpDist)

have 2:+ ba(g — f) — ba g — ba f by (rule BalmpDist)

have 3:F ba (f =g) =ba ((f — g) N (g — f)) by (auto simp: ba-defs)

have 4:+ ba ((f — g) N (g — f)) = (ba((f — g)) N ba((g — f))) by (rule BaAndEqv)
have 5:+ ((ba f — ba g) A (ba g — ba f))=(ba f = ba g) by auto

from 1 2 3 4 5 show ?thesis by fastforce
ged

lemma BalmpBa:
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assumes - f — g
shows Fba f — ba g
using BaGen BalmpDist MP assms by metis

lemma BaEqvBa:

assumes - f =g

shows Fba f= ba g

using BaGen BalmpBaEqvBa MP assms by metis

lemma DalmpDa:

assumes - f — g

shows FHda f— da g

using assms by (metis DaEqvDtDi DiAndB DiamondlmpDiamond integ-reflection Prop10)

lemma DiamondEqvDiamondDiamond:
FOfF=0(Of)
proof —
have 1: - O (O f) = # True;(# True;f)
by (simp add: sometimes-d-def)
have 2: - # True;(# True;f) = (# True;# True);f
by (rule ChopAssoc)
have 3: & (# True;# True);f = # True;f
using LeftChopEqvChop TrueEqvTrueChopTrue by (metis int-eq)
have 4: - #True;f = OFf
by (simp add: sometimes-d-def)
from 1 2 3 4 show ?thesis by fastforce
ged

lemma DaEqvDaDa:

F da f= da( da f)

proof —

have 1:F da f=<3(di f)
by (rule DaEqvDtDi)

have 2:+ di f= (di (di f))
by (rule DiEqvDiDi)

hence 3: - < (di ) =< (di (di 1))
by (rule DiamondEqvDiamond)

have 4: < (di £) = <O(<O (di (di 1))
using DiamondEqvDiamondDiamond DiEqvDiDi using 3 by fastforce

have 5: < (di (di f)) = di (¢ (di f))
by (rule DtDiEqvDiDt)

hence 6: - O(O (di (di 1)) =< (di (& (di 1))
by (rule DiamondEqvDiamond)

have 7:F da f =< (di( ¢ (di f)))
using 1 3 4 6 by fastforce

have 8:F da (O (di 1)) =<(di (O (di 1))
by (rule DaEqvDtDi)

have 9:+ da(da f)= da (¢ (di f))
using 1 by (rule DaEqvDa)

from 7 8 9 show ?thesis by fastforce
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ged

lemma BaEqvBaBa:

F ba f= ba (ba f)

proof —

have I:+ da (- f) = da (da(— f)) by (rule DaEqvDaDa)

have 2: + da (da (= f)) = (= (ba (=~ (da(— f))))) by (rule DaEqvNotBaNot)
have 3:+ (= (da (da (—~ f)))) = ba(— (da(— f))) by (auto simp: ba-d-def)
have 4: + (= (da (=~ f))) = ba (= (da (- f))) using 1 2 3 by fastforce

from 4 show ?thesis by (metis ba-d-def)

ged

lemma BalLeftChoplmpChop:

F ba(f— fl) — f,g — fl; g

proof —

have 1: + ba (f — f1) — bi (f — f1) by (rule BalmpBi)

have 2: + bi (f — f1) — f; g — f1; g by (rule BiChoplmpChop)
from 1 2 show ?thesis by fastforce

ged

lemma BaRightChoplmpChop:

F ba(g— gl) — f, g — f; gl

proof —

have I: - ba (g — gl) — 0O(g — g1) by (rule BalmpBt)

have 2: - 0O(g — gl) — f;, g — f; g1 by (rule BoxChoplmpChop)
from 1 2 show ’thesis by fastforce

ged

lemma ChopAndBalmport:

E o (f, fI) N ba g — (f A g); (f1 A g)
proof —

have I: + ba g A (f; f1) — (g A f); (g A 1) by (rule BaAndChoplmport)
have 2: - (g A f); (g N 1) = (f A g); (f1 A g) by (rule AndChopAndCommute)
from 1 2 show ?thesis by fastforce
ged

lemma BalmpBalmpBaAnd:

- bah— ba(g — bahAg)

proof —

have I:+ bah— (g — ba h A g ) by fastforce

hence 2: - ba(ba h) — ba(g — ba h A g ) by (rule BalmpBa)
have 3:F ba h = ba(ba h) by (rule BaEqvBaBa)

from 2 3 show ?thesis by fastforce

ged

lemma BaChoplmpChopBa:
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F ba f— g gl — g;((ba )N gl)

proof —

have I: - ba f — ba (gl — (ba f) A g1 ) by (rule BalmpBalmpBaAnd)

have 2:+ ba (gl — ba fANgl)— g, g1 — g;( ba f A gl) by (rule BaRightChoplmpChop)
from 1 2 show ’thesis by fastforce

ged

lemma DiNotBalmpNotBa:
F o di (= (ba f)) — = (ba f)
proof —
have 1:+ ba f = ba( ba f) by (rule BaEqvBaBa)
have 2:+ ba ( ba f) — bi ( ba f) by (rule BalmpBi)
have 3:+ ba f — bi ( ba f) using 1 2 by fastforce
hence 4:+ ba f — = (di (= ( ba f))) by (simp add: bi-d-def)
from 4 show ?thesis by fastforce
ged

lemma NotBaChoplmpNotBa:

F (= (ba f)), g — —~(ba f)

proof —

have I: + (= ( ba f)); g — di (= ( ba f)) by (rule ChoplmpDi)
have 2:+ di (- ( ba f)) — -~ ( ba f) by (rule DiNotBalmpNotBa)
from 1 2 show ?thesis using lift-imp-trans by blast

ged

lemma DiamondFinlmpFin:
F <O (fin f) — fin f
proof —
have I1:t finf = #True;(f N\ empty)
by (rule FinEqvTrueChopAndEmpty)
hence 2: = < (fin f) = # True;(# True;(f N empty))
by (metis ChopEqvChop TrueEqvTrueChopTrue integ-reflection sometimes-d-def)
have 3: & # True;(# True;(f A empty)) = (F# True;# True);(f N empty)
by (rule ChopAssoc)
have 4: & (# True;# True);(f N empty) = # True;(f A empty)
using TrueEqvTrueChop True using LeftChopEqvChop by (metis int-eq)
from 1 2 3 4 show ?thesis by fastforce
ged

lemma ChopFinlmpFin:

F f; fin (init w) — fin (init w)
proof —

have I1:+ f; fin (init w) — < ( fin (init w)) by (rule ChoplmpDiamond)
have 2: = & (fin (init w)) — fin (init w) by (rule DiamondFinlmpFin)
from 12 show ?’thesis using lift-imp-trans by blast
ged

lemma FinlmpYieldsFin:
= fin (init w) — fyields ( fin (init w))
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proof —

have I:+f; fin (init (—w)) — fin (init (- w))
by (rule ChopFinlmpFin)

have 2:+ fin (init (- w)) = (= ( fin (init w)))
using FinNotStateEqvNotFinState by blast

hence 3: - f; fin (init (= w)) = f; (= ( fin (init w)))
by (rule RightChopEqvChop)

have 4:+ f; (= ( fin (init w))) — = ( fin (init w))
using 1 2 3 by fastforce

hence 5: = fin (init w) — = (f; (= ( fin (init w))))
by fastforce

from 5 show ?7thesis by (simp add: yields-d-def)

ged

lemma ChopAndFin:
F ((f; g) A fin (init w)) = f; (g A fin (init w))

proof —

have 1:t fin (init w) — fyields ( fin (init w))
by (rule FinlmpYieldsFin)

hence 2: + (f; g) A fin (init w) — (f; g) A fyields ( fin (init w))
by auto

have 3:F (f; g) A fyields ( fin (init w)) — f; (g A fin (init w))
by (rule ChopAndYieldsimp)

have 4:F (f; g) A fin (init w) — f; (g A fin (init w))
using 2 3 by fastforce

have 11: + f; (g A fin (initw)) — f; g
by (rule ChopAndA)

have 12: + f; (g A fin (init w)) — f; fin (init w)
by (rule ChopAndB)

have 13: + f; fin (init w) — < ( fin (init w))
by (rule ChoplmpDiamond)

have 14: + &( fin (init w)) — fin (init w)
by (rule DiamondFinlmpFin)

have 15: + f; (g A fin (init w)) — (f; g) A fin (init w)
using 11 12 13 14 by fastforce

from 4 15 show 7thesis by fastforce

ged

lemma ChopAndNotFin:
Fo(f; g A= (fin (initw)))="f; (g A= (fin (init w)))

proof —

have 1:F (f; g A fin (init (= w)))="f; (g A fin (init (- w)))
by (rule ChopAndFin)

have 2:+ fin (init (= w)) = (=~ ( fin (init w)))
using FinNotStateEqvNotFinState by blast

hence 3: - (g A fin (init (= w))) = (g A =( fin (init w)))
by auto

hence 4: - f; (g A fin  (init (= w))) =f; (g A= (fin (init w)))
by (rule RightChopEqvChop)
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from 1 2 4 show ?’thesis by fastforce
ged

lemma FinChopChain:
F o ((init w)— fin (init wl)); ((init wl) — fin (init w2))
— ((init w) — fin (init w2))
proof —
have I:+ (init w) A ((init w)— fin (init wl)); ((init wl) — fin (init w2))
—
( (init w) A ((init w)— fin (init wl))); ((init wl)— fin (init w2))
by (rule StateAndChoplmport)
have 2:t (init w) A ((init w) — fin (init wl)) — fin (init wl)
by auto
have 3:F ((init w) A ((init w)— fin (init wl))); ((init wl) — fin (init w2))
—
( fin (init wl)); ((init wl) — fin (init w2))
using 2 by (rule LeftChoplmpChop)
have 4:+ ( fin (init wl)); ((init wl) — fin (init w2)) =
O((init wl) A ((init wl) — fin (init w2)))
by (rule FinChopEqvDiamond)
have 41: + ((init wl) A ((init wl) — fin (init w2))) — fin (init w2)
by auto
have 42: = &((init wl) A ((init wl) — fin (init w2))) — < ( fin (init w2))
using 41 DiamondImpDiamond by blast
have 5:F O( fin( init w2)) —  fin (init w2)
using DiamondFinlmpFin by blast
have 6:F (init w) A ((init w)— fin (init wl)); ((init wl) — fin (init w2))
— fin (init w2)
using 1 34 5 42 by fastforce
from 6 show ?thesis by fastforce
ged

lemma ChopRule:
assumes - (init w) A f — fin (init wl)

o (init wI)A f1 — fin (init w2)
shows  (init w) A (f; f1) — fin (init w2)
proof —
have 1:F (init w) A (f; f1) — ((init w) A f); f1 by (rule StateAndChoplmport)
have 2:+ (init w) A f — fin (init wl) using assms by auto
hence 3: - ((init w) A f); f1 — ( fin (init wl)); f1 by (rule LeftChoplmpChop)
have 4:+ ( fin (init wl)); f1 = <((init wl) A 1) by (rule FinChopEqvDiamond)
have 5:F (init wl) A f1 — fin (init w2) using assms by auto
hence 6: - O((init wl) A f1) — < (fin (init w2)) by (rule DiamondImpDiamond)
have 7:F <O( fin (init w2)) — fin (init w2) using DiamondFinlmpFin by blast
from 1 3 4 6 7 show ?thesis by fastforce
ged

lemma ChopRep:
assumes — (init w) A f — fI A fin (init wl)

145



Fo (initwl) N g — gl
shows + (init w) A (f; g) — (fI; g1)
proof —
have I:F+ (initw) Af — fI A fin (init wl) using assms by auto
hence 2: - (init w) A (f; g) — (f1 A fin (init wl)); g by (rule StateAndChoplmpChopRule)
have 3:+ (f1 A fin (init wl)); g = f1; ((init wl) A g) by (rule AndFinChopEqvStateAndChop)
have 4:t (init wl)A g — gl using assms by auto
hence 5: + f1; ((init wl) A g) — f1; g1 by (rule RightChoplmpChop)
from 2 3 5 show ?7thesis by fastforce
ged

lemma ChopRepAndFin:
assumes -~ (init w) A f — f1 A fin (init wl)
Fo (initwl) AN g — g1 A fin (init w2)
shows + (init w) A (f; g) — (f1; g1) A fin (init w2)

proof —

have I:F+ (initw) A f — fI A fin (init wl) using assms by auto

have 2:F (init wl) A g — g1 A fin (init w2) using assms by auto

have 3: + (init w) A (f; g) — f1; (g1 A fin (init w2)) using 1 2 by (rule ChopRep)
have 4:+ f1; (g1 A fin (init w2)) — f1; g1 by (rule ChopAndA)

have 5:+ f1; (g1 N fin (init w2)) — f1; fin (init w2) by (rule ChopAndB)

have 6:+ f1; fin (init w2) — fin (init W2) by (rule ChopFinlmpFin)

from 1 2 34 5 6 show 7thesis using ChopRep ChopRule by fastforce
ged

lemma TrueChopMoreEqvMore:
F # True ; more = more
by (metis ChopMorelmpMore NowlmpDiamond TrueChopEqvDiamond int-eq int-iffl)

lemma MoreChopLoop:
assumes - f — more ; f
shows + - f
proof —
have 1:+f — more; f
using assms by auto
hence 11: - & f — & (more;f)
by (rule DiamondImpDiamond)
have 12:+ <& (more;f) = # True;(more;f)
by (simp add: sometimes-d-def)
have 13: & # True;(more;f) = (# True;more);f
by (rule ChopAssoc)
have 14:+ < (more;f) = more;f
using TrueChopMoreEqvMore 12 13 by (metis int-eq)
have 2:+ more ; f = O(<C f)
by (rule MoreChopEqvNextDiamond)
have 3:+ O f — O(C f)
using 11 14 2 by fastforce
hence 4:+ = (< f)
by (rule NextLoop)
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have 5|——\(<>f)—)—|f

using Now/mpDiamond by fastforce
from 4 5 show ?thesis using MP by blast
ged

lemma MoreChopContra:

assumes - f A- g — (more; (fAN—- g))

shows Hf — g

proof —

have 1I: - f A= g — (more; (f A = g)) using assms by auto
hence 2: - - (f A = g) by (rule MoreChopLoop)

from 2 show ?thesis by auto

ged

lemma ChopLoop:
assumes - f — g;f

Fg — more
shows F - f
proof —
have 1:+ f — g; f using assms by auto
have 2:+ g — more using assms by auto
hence 3: + g; f — more ; f by (rule LeftChoplmpChop)
have 4:+ f — more ; f using 1 3 by fastforce
from 4 show ?thesis using MoreChopLoop by auto
ged

lemma ChopContra:

assumes - f A= g— h fA=(hg)
Fh— more

shows +Hf —g

proof —

have I:+f A -~ g— h; f A = (h; g) using assms by auto

have 2: - h — more using assms by auto

have 3:F h; f A= (h; g) — h; (f AN = g) by (rule ChopAndNotChoplmp)

have 4.+ h; (f AN — g) — more ; (f A = g) using 2 by (rule LeftChoplmpChop)
have 5:+-f A— g — more; (f N = g) using 1 34 by fastforce

from 5 show ?thesis using MoreChopContra by auto
ged

8.7 Properties of Chopstar and Chopplus

lemma EmptylmpCS:

Fempty — *

proof —

have I1:+ * = (empty V (f A more);f*) by (rule ChopstarEqv)
have 2: - empty — empty V (f A more);f* by auto

from 1 2 show ?thesis by fastforce

ged

lemma CSEqvOrChopCS:
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F f* = (empty VvV (f; "))

proof —

have I:+ f* = (empty V (f A more);f*) by (rule ChopstarEqv)

have 2: - (f A more);f* — f;f* by (rule AndChopA)

have 3: - f* — empty V f; f* using 1 2 by (metis int-iffD1 Prop08)
have 4: - empty — f* by (rule EmptylmpCS)

have 5: - f — empty V (f A more) by (auto simp: empty-d-def)

have 6: - f; f* — f* Vv (f A more ); f* using 5 by (rule EmptyOrChoplmpRule)
have 7: + f* — empty V (f A more);f* using 1 by fastforce

have 8: - f; f* — empty V (f A more ); f* using 6 7 by fastforce
hence 9: - f; f* — * using 1 by fastforce

have 10: - empty V f; f* — f* using 9 4 by fastforce

from 3 10 show ?thesis by fastforce

ged

lemma CSAndMoreEqvAndMoreChop:
F (f* A more) = (f A more ); f*

proof —

have 1:+ (empty Vv (f A more); f*) A more — (f A more ); f*
by (auto simp: empty-d-def)

have 2:F f* = (empty V (f A more);f*)
by (rule ChopstarEqv)

have 3:+ f* A more — (f A more ); f*
using 1 2 by fastforce

have 4:F (f A more ); f* — f*
using 2 by fastforce

have 5:F (f A more ) — more
by auto

hence 6: - (f A more ); f* — more
by (rule LeftChoplmpMoreRule)

have 7:+ (f A more ); f* — f* A more
using 4 6 by fastforce

from 3 7 show ?thesis by fastforce

ged

lemma CSAndMorelmpChopCS:

F A more — f; f*

proof —

have 1: F (f* A more) = (f A more ); * by (rule CSAndMoreEqvAndMoreChop)
have 2: - (f A more ); f* — f; f* by (rule AndChopA)

from 1 2 show ?thesis by fastforce

ged

lemma NotAndMoreEqvEmptyOr:

F = (f A more) = (empty V —f)

by (auto simp: empty-d-def)

lemma MoreAndEmptyOrEqvMoreAnd:

F (more A (empty V —f)) = (more A\ = f)
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by (auto simp: empty-d-def)

lemma CSMoreNotImpChopCSAndMore:

F f*A more A= f — (f A more); (F*A more )

proof —

have I:+ (f* A more) = (f A more); f*
by (rule CSAndMoreEqvAndMoreChop)

have 2: - empty V more
by (auto simp: empty-d-def)

hence 3: + f* — empty V (f* A more )
by auto

hence 4: - (f A more ); f* — (f A more ) V ((f A more ); (f* A more ))
by (rule ChopEmptyOrimpRule)

hence 5: = (f A more ); f* A =(f A more) — ((f A more ); (f* A more))
by fastforce

have 6:F (f A more ); f* = ((f A more ); f* A more) using I
by auto

have 7:+ ((f A more ); f* A =(f A more)) = ((f A more ); f* A more A\ =(f N\ more))
using 6 by auto

have 8:+ (f A more ); f* A more AN = f— (f A more ); (f* A more )
using 5 7 by auto

have 9:F (f* A more A= )= ((f* A more) A (more A — f))
by auto

have 10:+ ((f* A more) A (more A = f)) = ((f A more); f* A (more A = f))
using 1 by fastforce

from 1 8 9 10 show ?thesis by fastforce

ged

lemma CSAndMorelmpCSChop:
F A more — f*; f
proof —
have I:+ (f* A more) = (f N more); f*
by (rule CSAndMoreEqvAndMoreChop)
have 2:+ empty V more
by (auto simp: empty-d-def)
hence 3: - f* — empty vV (f* A more )
by auto
hence 4: - (f A more ); f* —
(f A more )V ((f A more); (f*\ more ))
by (rule ChopEmptyOrimpRule)
have 5:F f* A more N — f — (f A more ); (f*\ more)
by (rule CSMoreNotImpChopCSAndMore)
have 6:+ f* = (empty V (f A more); f*)
by (rule ChopstarEqv)
hence 7: + f*; f = (f v ((f A more); *); f)
by (rule EmptyOrChopEqvRule)
have 8:F (f A more ); (f*; f)= ((f N more ); f*); f
by (rule ChopAssoc)
have 9:F (f* A more ) A = (f*; f) —
(f A more ); (F*\ more ) A = ((f A more ); (f*; f))
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using 5 7 8 by fastforce
have 10: - f A more — more

by auto
from 9 10 show ?thesis by (rule ChopContra)
ged

lemma NotEmptyEqvMore:
F (= empty) = more
by (simp add: empty-d-def)

lemma NotCSImpMore:

F = (f*) — more

proof —

have I:t empty — (f*) using EmptylmpCS by blast
hence 2: = — empty V (f*) by fastforce

from 2 show 7thesis using 1 NotEmptyEqvMore by fastforce
ged

lemma CSChopCSImpCS:

EoofR o —

proof —

have 1.+ f*= (empty V (f A more); f*)
by (rule ChopstarEqv)

hence 2: F f*; f* = (f*Vv ((f A more); f*); f*)
by (rule EmptyOrChopEqvRule)

have 21: - f*;, f* A = (f*) — ((f A more ); f*); f*
using 2 by auto

have 22: + = (f*) = (mempty A = ((f A more ); f*))
using 1 by fastforce

have 23: + = (f*) — = ((f A more ); f*)
using 2 22 by fastforce

have 24: = f*; f* A = (f*) — = ()
by auto

have 25: F f* f* A = (f*) — = ((f A more ); f*)
using 23 24 MP by auto

have 3:F * f* A= (f*) — ((f A more ); £*); F*A = ((f A more ); )
using 21 25 by fastforce

have 4:+ (f A more );( f*; f*)= ((f A more ); *); f*
by (rule ChopAssoc)

have 5:F f* f* A= (f*) — (f A more ); (f*; F*) A= ((f A more ); f*)
using 3 4 by fastforce

have 6:+ f A more — more
by auto

from 5 6 show ?thesis using ChopContra by blast

ged

lemma ImpChopPlus:

F f— fif*
proof —
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have I:+ f* = (empty vV f; f*) by (rule CSEqvOrChopCS)

hence 2: + f;f* = (f;empty vV f; (f;f*)) using ChopOrEqvRule by blast
have 3:+ f;empty = f using ChopEmpty by blast

from 2 3 show ?thesis by fastforce

ged

lemma ImpCS:

F f—f*

proof —

have I1:+ f — f;f* by (rule ImpChopPlus)

hence 2: - f — empty V f;f* by auto

from 2 show ?thesis using CSEqvOrChopCS by fastforce
ged

lemma CSChoplmpCS:

Hoff—

proof —

have I:+f — f* by (rule ImpCS)

hence 2: - f*; f — f*; f* by (rule RightChoplmpChop)
have 3:+ *; f* — * by (rule CSChopCSImpCS)
from 2 3 show ?thesis using lift-imp-trans by blast

ged

lemma ChopPlusImpCS:
HoOffr —
proof —
have I: - f;f* — empty V f;f* by auto
from 1 show ?thesis using CSEqvOrChopCS by fastforce
ged

lemma CSChopEqvOrChopPlusChop:

e =(gVv (fif);g)

proof —

have I:+ * = (empty VvV f;f*) by (rule CSEqvOrChopCS)
from 1 show ?thesis using EmptyOrChopEqvRule by blast
ged

lemma CSElim:
assumes - empty — g
F(f A more), g — g

shows Ff* — g

proof —

have 1:+ f*= (empty V (f A more); f*)
by (rule ChopstarEqv)

have 2:+ empty — g
using assms by blast

have 3:F (f A more ), g — g
using assms by blast

have 31: = - g — more
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using 2 by (auto simp: empty-d-def)
have 32: - =g — = ((f A more ); g)
using 3 by fastforce
have 33: - f* A more — (f A more ); f*
using 1 using CSAndMoreEqvAndMoreChop by fastforce
have 34: - f* A= g — f* A more
using 31 by auto
have 35:+ f* A= g — (f A more ); f*
using 33 34 by fastforce
have 36: - * A= g — = ((f A more ); g)
using 32 by auto
have 4:+-f*AN—= g — (f A more); f* A = ((f A more ); g)
using 35 36 by fastforce
have 5:+ f A more — more
by auto
from 4 5 show ?thesis using ChopContra by blast
ged

lemma CSCSImpCS:

Foo(F) — f*

proof —

have 1:+ empty — f* by (rule EmptylmpCS)

have 2: F (f* A more ); f* — *; f* by (rule AndChopA)

have 3: - f*; f* — * by (rule CSChopCSImpCS)

have 4: - (f* A more ); f* — * using 2 3 lift-imp-trans by blast
from 1 4 show 7thesis using CSElim by blast

ged

lemma RightEmptyOrChopEqv:

= gi(empty V f)=(gV (g f))

proof —

have I:+ g;( empty V )= (g;empty V g;f) by (rule ChopOrEqv)
have 2: - g;empty = g by (rule ChopEmpty)

from 1 2 show ?thesis by fastforce

ged

lemma RightEmptyOrChopEqvRule:

assumes - f = (empty V 1)

shows + g;f = (g V (g:f1))

proof —

have 1:+ f = (empty V f1) using assms by auto

hence 2: + g;f = g;(empty V f1) by (rule RightChopEqvChop)

have 3:t g;(empty V f1) = (g V (g:f1)) by (rule RightEmptyOrChopEqv)
from 2 3 show ?thesis by fastforce

ged

lemma ChopPlusEqvOrChopChopPlus:

Eo(ffF) =(FV £ (f;fY))
proof —
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have 1: - f* = (empty V f;f*) by (rule CSEqvOrChopCS)
from 1 show ?thesis by (rule RightEmptyOrChopEqvRule)
ged

lemma CSAndEmptyEqvEmpty:
F ((f*) A empty) = empty
using EmptylmpCS by fastforce

lemma NotAndMoreChopAndEmpty:

F =(((f A more);g) N empty)

by (metis AndChopA ChopEmpty LeftChoplmpMoreRule Prop01 empty-d-def int-simps(14)
int-simps(25) int-simps(4) inteq-reflection lift-and-com)

lemma NotChopAndMoreAndEmpty:

F =((f;(gA more)) A empty)

by (metis (no-types, lifting) ChopAndEmptyEqvEmptyChopEmpty ChopEmpty ChoplmpDiamond DiamondFin
Finprop(1) NotEmptyEqvMore Propl2 always-d-def empty-d-def fin-d-def int-simps(14) int-simps(2)
int-simps(21) integ-reflection sometimes-d-def )

lemma ChopCSAndEmptyEqvAndEmpty:
F((F;f*) A empty) = (f A empty)

proof —

have I:F ((f;f*) A empty) = (fA empty);(f* A empty)
using ChopAndEmptyEqvEmptyChopEmpty by blast

have 2: - (fA empty);(f* A empty) = (fA empty),empty
using CSAndEmptyEqvEmpty using RightChopEqvChop by blast

have 3: - (fA empty),empty = (f\ empty)
by (rule ChopEmpty)

from 1 2 3 show ?thesis by fastforce

ged

lemma AndMoreChopAndMoreEqvAndMoreChop:
= ((f A more);g N more) = (f A more);g
using ChoplmpDi DiAndB DiMoreEqvMore by fastforce

lemma ChopPlusEqv:

E(fif*) =(fV (fFA more); (%))

proof —

have I:+ f*= (empty V (f A more); f*)
by (rule ChopstarEqv)

have 2: - f* = (empty V f;f*)
by (rule CSEqvOrChopCS)

hence 3: + (empty V f;f*) = (empty V (f A more );f*)
using 1 2 by fastforce

have 4:+ (f A more );(f*) = (f A more );(empty V f;f*)
using 2 using RightChopEqvChop by blast

hence 5: = empty V f;f* =empty V (f A more ),(empty V f,f*)
using 3 4 by fastforce

have 6:F (f A more ); (empty V f;f*) =

((f A more ); empty vV (f A more ); (f;f*))
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using ChopOrEqv by blast
have 7:+ (f A more); empty = (f A more)
using ChopEmpty by blast
have 8:+ (empty VvV f;f*) =
(empty vV (f A more )V (f A more); (f;f*))
using 5 6 7 by (metis 2 3 integ-reflection)
have 9:+ ((empty V f;f*) A more) = (f;f* A more)
by (auto simp: empty-d-def)
have 10: + ((empty VvV (f A more ) vV (f A more ); (f;f*)) A more) =
(((F A more )V (f AN more); (f;f*)) A more)
by (auto simp: empty-d-def)
have 11: - (((f A more ) v (f A more ); (f;f*)) A\ more) =
((f AN more )V (f A more); (f;f*))
using 10 6 7 int-eq
using AndMoreChopAndMoreEqvAndMoreChop by fastforce
have 12: - (f;f* A more) = ((f A more )V (f A more ); (f;f*))
using 8 9 10 11 by fastforce
have 13: F (f;f* A empty) = (f N empty)
by (rule ChopCSAndEmptyEqvAndEmpty)
have 14: + ((f A more ) vV (f A more ); (f;f*) V (f A empty)) =
(f v (f A more );(f;f*))
by (auto simp: empty-d-def)
have 15: - f;f* = (( f;f* A empty) V ( f;f* A more))
by (auto simp: empty-d-def)
from 12 13 14 15 show ?thesis by fastforce
ged

lemma ChopPlusimpChopPlus:
assumes - f — g
shows - f;f* — g;g*
proof —
have I: - f — g
using assms by auto
have 2:  f;f* = (f Vv (fA more ); (f;f*))
by (rule ChopPlusEqv)
have 3: - g;g* = (g Vv (g A more );(g:g"))
by (rule ChopPlusEqv)
have 4: - f;f* A= (g:g*) — ((FA more); (f;f*) ) A= ((g A more ); (g:8%) )
using 1 2 3 by fastforce
have 5: - f A more — g A more using 1
by auto
have 6: - (fA more ); (f;f*) — (g A more ); (f;f*)
using 5 by (rule LeftChoplmpChop)
have 7: - f;f* A - (g:g*) —
((gn more ); (£;f*) ) A= ((g A more ); (g:8") )
using 4 6 by fastforce
have 8: g A more — more
by auto
from 7 8 show ?thesis using ChopContra by blast
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ged

lemma ChopChopPlusimpChopPlus:

Eoof(FFY) — £

proof —

have 1:F empty V more by (auto simp: empty-d-def)

hence 2: - f — empty V (f A more ) by auto

hence 3: + f; (f;f*) — (f;f*) VvV (f A more );(f;f*) by (rule EmptyOrChoplmpRule)
have 4:+ f;f*=(fVv (fA more); (f;f*)) by (rule ChopPlusEqv)

hence 5: + (fA more ); (f;f*) — f;f* by auto

from 3 5 show ?thesis using ChopPluslmpCS RightChoplmpChop by blast

ged

lemma CSImpCS:

assumes - f — g

shows F ¥ — g*

proof —

have 1:+ f — g using assms by auto

hence 2: + f;f* — g;g* by (rule ChopPluslmpChopPlus)

hence 3: - empty VvV f;f* — empty V g;g* by auto

from 2 3 show ?thesis using CSEqvOrChopCS by (metis integ-reflection)
ged

lemma ChopPluslintro:
assumest f A- g — (g A more); f
shows +f — g;g*
proof —
have I: - f A= g — (g A more ); f using assms by auto
have 2: + g;g* = (g Vv (g N more); (g;g*)) by (rule ChopPlusEqv)
have 3: - f A= (gig* ) —
(g N more ), f A= ((g N more); (g:8*) ) using 12 by fastforce
have 4: - g A more — more by auto
from 3 4 show ?thesis using ChopContra by blast
ged

lemma ChopPlusElim:
assumes - f — g

F(fA more ), g — g
shows F f;f* — g
proof —
have I:+ f;f* =(fVv (fA more); (f;f*)) by (rule ChopPlusEqv)
have 2:+F f — g using assms by blast
hence 21: - - g — = f by auto
have 3:+ (fA more ); g — g using assms by blast
hence 31: - = g — = ((fA\ more ); g) by fastforce
hence 32: + f;f* A= g — = ((fA\ more ); g) by auto
have 33:Ff;f* A= g — (f A more ); (f;f*) using 1 21 by fastforce
have 4:F fif*N=- g —

(f A more ); (f;f*) AN = ((FA more ); g) using 31 33 by fastforce

have 5:Ff A more — more by auto
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from 4 5 show ?thesis using ChopContra by blast
ged

lemma ChopPlusElimWithoutMore:
assumes - f — g
Ffig—g
shows +F f;f* — g
proof —
have 1:+ f — g using assms by blast
have 2: - (f; g) — g using assms by blast
have 3: - (f A more ); g — f; g by (rule AndChopA)
have 4: - (f A more ); g — g using 2 3 lift-imp-trans by blast
from 1 4 show ?thesis using ChopPlusElim by blast
ged

lemma ChopPlusEqvChopPlus:

assumes - f =g

shows F f;f* =g g*

proof —

have 1:+ f = g using assms by auto

hence 2: - f — g by auto

hence 3: + f;f* — g;g* by (rule ChopPlusimpChopPlus)
have 4:+ g — f using 1 by auto

hence 5: + g;g* — f;f* by (rule ChopPlusimpChopPlus)
from 3 5 show ?thesis by fastforce

ged

lemma CSEqvCS:

assumes - f =g

shows F f*=g*

proof —

have 1:F f = g using assms by auto

hence 2: + f;f* = g;g* by (rule ChopPlusEqvChopPlus)
hence 3: + (empty V f;f*) = (empty V g;g*) by auto
from 3 show ?thesis using CSEqvOrChopCS by (metis int-eq)
ged

lemma AndCSA:

Fo(FAg —

proof —

have I: - f A g — f by auto

from 1 show ?thesis using CSImpCS by blast
ged

lemma AndCSB:

- (Frg)r — g

proof —

have 1: - f AN g — g by auto

from 1 show ?thesis using CSImpCS by blast
ged
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lemma CSintro:
assumes - f A more — (g A more ); f
shows +f — g*
proof —
have I1:+f A more — (g A more ); f
using assms by auto
have 2:+ more = (= empty)
by (auto simp: empty-d-def)
have 3:+f A - empty — (g A more ); f
using 1 2 by fastforce
have 4:F g* = (empty V (g A more ); g*)
by (rule ChopstarEqv)
hence 41: F (=(empty V (g A more ); g*)) = (mempty A —((g A more ); g*))
by fastforce
have 411:F (—empty A =((g A more ); g*)) = (more A\ —~((g N more ); g*))
using NotEmptyEqvMore by fastforce
have 42:+ —( g*) = (more A =((g A more ); g*))
using 4 41 411 by fastforce
have 43:-f A =(g*) — f A more A = ((g A more ); g*)
using 42 by fastforce
have 44:+f A more A = ((g A more ); g*) — (g A more ); f A = ((g A more ); g*)
using 3 43 1 by auto
have 5:FfA-(g") —
(g A more); f A= ((g N more ); g*)
using 43 44 lift-imp-trans by fastforce
have 6:F g A more — more
by auto
from 5 6 show ?thesis using ChopContra by blast
ged

lemma CSElimWithoutMore:
assumes - empty — g
Ffg—g
shows + f* — g
proof —
have 1: - empty — g using assms by blast
have 2: - f; g — g using assms by blast
have 3: - (f A more ); g — f; g by (rule AndChopA)
have 4: + (f A more ); g — g using 2 3 lift-imp-trans by blast
from 1 4 show ?thesis using CSElim by blast
ged

lemma ChopAssocB:

= (f:g):h = fi(g:h)
using ChopAssoc by fastforce

lemma CSChopEqvChopOrRule:

assumes - = (g*; h)
shows +f =((g; f)V h)
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proof —

have 1:+ f = (g*; h) using assms by auto

have 2:+ g* = (empty V (g; g*)) by (rule CSEqvOrChopCS)
hence 3:+g*; h=(hV ((g; g*); h)) by (rule EmptyOrChopEqvRule)
have 4:+ (g, g%); h= g;(g*; h) by (rule ChopAssocB)

hence 41: - g*; h = (h V g; (g*; h)) using 3 by fastforce

have 5:+ g;f =g; (g% h) using I by (rule RightChopEqvChop)
hence 6:+ (g*; h) (h Vv g; f) using 41 by fastforce

hence 61: + (g*; h) = ((g; f) V h) by auto

from 1 61 show ?thesis by fastforce

ged

lemma CSChoplntroRule:
assumes - f A- h— g, f
Fg — more
shows Hf — g*; h
proof —
have I: - f A= h— g, f
using assms by blast
have 2: - g — more
using assms by blast
hence 3: g — g A more
by auto
hence 4: + g; f — (g A more ); f
by (rule LeftChoplmpChop)
have 5:-f — (g A more ); fV h
using 1 4 by fastforce
have 6:+ g* = (empty V (g A more ); g*)
by (rule ChopstarEqv)
hence 7: + (g*); h=(hV ((g A more); g*); h)
by (rule EmptyOrChopEqvRule)
have 8:+ ((g A more ); g*); h= (g N more ); (g*; h)
by (rule ChopAssocB)
have 9:+ (g*); h=(hV (g A more); (g*; h))
using 7 8 by fastforce
have 10: - f A = (g*; h) — (g N more); f N = ((g N more); (g*; h))
using 5 9 by fastforce
have 11: - g A more — more
by fastforce
from 10 11 show ?thesis using ChopContra by blast
ged

lemma DiamondAndEmptyEqvAndEmpty:
F (O f A empty) = (f A empty)
by (auto simp: sometimes-defs empty-defs)

lemma /nitAndEmptyEqvAndEmpty:
F ((init w) A empty) = (w A empty)
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proof —
have 1:+ ((init w) A empty) = ((w A empty);# True A\ empty)
by (metis init-d-def int-eq lift-and-com)

have 2: - ((w A empty);# True A empty) = (w A empty);(# True A empty)
by (meson AndChopA ChopAndA ChopAndEmptyEqvEmptyChopEmpty lift-imp-trans Propl1 Propl2)

have 3: - (w A empty);(# True A empty) = (w A empty);empty
using RightChopEqvChop by fastforce

have 4: - (w A empty);empty = (w A empty)
using ChopEmpty by blast

from 1 2 3 4 show ?thesis by fastforce

ged

lemma /nitAndNotBoxInitimpNotEmpty:
Finit w A =( O (init w)) — = empty
proof —
have I: ((init w) A empty) = (w A empty)
by (rule InitAndEmptyEqvAndEmpty)
have 2: - (=( O (init w)) A empty) = (<& (= (init w)) A empty)
by (auto simp: always-d-def)
have 3: F (& (= (init w)) A empty) = (= (init w) A empty)
by (simp add: DiamondAndEmptyEqvAndEmpty)
have 4: - (= (init w)) = (init (= w)) using Initprop(2) by blast
have 5: - (= (init w) A empty) = (= w A empty)
using 4 InitAndEmptyEqvAndEmpty by (metis inteq-reflection)
have 6: - (=( O (init w)) A empty) = (= w A empty)
using 2 3 5 by fastforce
have 7: = =(init w A =( O (init w)) A\ empty)
using 1 6 by fastforce
from 7 show ?thesis by auto
ged

lemma BoxImpTrueChopAndEmpty:
F O f — #True,(f A empty)
using BoxAndChoplmport Finprop(3) by fastforce

lemma BoxInitAndMorelmpBoxInitAndMoreAndFininit:
F O( init w) A more — (O (init w) A more ) A fin (_init w)
proof —

have I:+ fin (init w) = # True ; (init w A empty) using FinEqvTrueChopAndEmpty by blast
have 2: - O( init w) — # True;(init w A empty) by (rule BoxImp TrueChopAndEmpty)

from 1 2 show ?thesis by fastforce
ged

lemma CSImpBox:

assumes - f — empty V (O (init w) A more ); f

shows  init w A f — O (init w)

proof —

have 1:+f — empty Vv (Q( init w) A more );
using assms by auto

have 2:+ init w A =( O (init w)) — — empty
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by (rule InitAndNotBoxInitimpNotEmpty)
have 3:F initw A f A —=( O (init w)) — (O (init w) A more ); f
using 1 2 by fastforce
have 4:+ O (init w) A more — (O (init w) A more ) A fin ( init w)
by (rule BoxInitAndMorelmpBoxInitAndMoreAndFinlnit)
hence 5: - (O( init w) A more ); f — ((T (init w) A more ) A fin (_init w) );
by (rule LeftChoplmpChop)
have 6: - ((O (init w) A more ) A fin (init w) ); f =
(O( init w) A more ); (init w A f)
by (rule AndFinChopEqvStateAndChop)
have 7:+ =( O( init w)) — (O (init w)) yields (=( O (init w)))
by (rule NotBoxStatelmpBoxYieldsNotBox)
have 8:+ (O( init w)) yields (= (O (init w))) —
(O (init w) A more ) yields (=( O( init w)))
by (rule AndYieldsA)
have 9:t (O( init w) A more ); (init w A f) A (O( init w) A more ) yields (=( O (init w)))
—
(O (init w) A more ); ((init w A f) A = (T (init w)))
by (rule ChopAndYieldsimp)
have 10: F (init w A f) A =( O (init w)) —
(a( init w) A more ); ((init w A f) A =( O (init w)))
using 35 6 7 8 9 by fastforce
have 11:+ (O( init w) A more ); ((init w A f) A =( O (init w))) —
more ; ((init w A f) A =( O (init w)) )
by (rule AndChopB)
have 12:  (init w A f) A =( O (init w)) —
more ; ((init w A f) A =( O (init w)) )
using 10 11 by fastforce
from 12 show ?’thesis using MoreChopContra by blast
ged

lemma BoxCSEqvBox:

o (init w A (O( init w))*) = O (init w)

proof —

have I:F (O (init w))* = (empty Vv (O (init w) A more ); (O (init w))*)
by (rule ChopstarEqv)

hence 2: - (O (init w))* — empty Vv (O (init w) A more ); (O (init w))*
by fastforce

hence 3: I init w A (O (init w))* — O (init w)
by (rule CSImpBox)

have 11: F 0O (init w) — (init w)
using BoxElim by blast

have 12: - O( init w) — (O (init w))*
by (rule ImpCS)

have 13: + 0O (init w) — init w A (O (init w))*
using 11 12 by fastforce

from 3 13 show 7thesis by fastforce

ged

lemma BoxStateAndCSEqv(CS:
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Fo(a(init w) A £*) = (init w A (T( init w) A £)*)
proof —
have I1:F O (init w) — init w
using BoxElim by blast
have 2:F (f* A more) = (f A more ); f*
by (rule CSAndMoreEqvAndMoreChop)
have 3:+ (O( init w) A ((f A more ); f*)) =
((O (init w) A f A more ); (O (init w) A f*))
by (rule BoxStateAndChopEqvChop)
have 4:+ O (init w) A f A more — (O (init w) A f) A more
by auto
hence 5: - (O (init w) A f A more ); (
((a (init w) A f) A more ); (O
by (rule LeftChoplmpChop)
have 6: - (O( init w) A f*) A more —
((O (init w) A f) A more ); (O (init w) A f*)
using 2 3 5 by fastforce
hence 7: - O (init w) A f* — (O (init w) A f)*
by (rule CSintro)
have 71: & init w A O (init w) A f* — init w A (3O (init w) A £)*
using 7 by fastforce
have 8:F O( init w) A f* — init w A (O (init w) A f)*
using 1 71 by fastforce
have 11: F (O (init w) A f)* — (O (init w))*
by (rule AndCSA)
have 12: + (init w A (O (init w))*) = O (init w)
by (rule BoxCSEqvBox)
have 13: F (O (init w) A f)* — f*
by (rule AndCSB)
have 14: & init w A (O (init w) A £)* — init w A (O (init w))* A *
using 11 13 by fastforce
have 15: - init w A (O (init w))* A f* — O (init w) A f*
using 12 by auto
have 16: - init w A (O (init w) A f)* — O (init w) A f*
using 14 15 lift-imp-trans by blast
from 8 16 show ?7thesis by fastforce
ged

O (init w) A f*) —
(init w) A f*)

lemma BaCSImpCS:

o ba(f —g) — *—g*

proof —

have I1:+ f*= (empty vV (f A more); *)
by (rule ChopstarEqv)

have 2:+ g*= (empty V (g A more); g*)
by (rule ChopstarEqv)

have 21:+ —(g*) = (—empty A —=( (g A more ); g*))
using 2 by fastforce

hence 22: - —(g*) = (more N =( (g A more ); g*))
using NotEmptyEqvMore by fastforce

have 3:+f* A= (g*) —
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(empty V (f A more ); f*) A more A = ((g A more ); g*)
using 1 22 by fastforce
have 31:F ((empty V (f A more); f*) A more) = ((f A more ); f* A more)
by (auto simp: empty-d-def)
have 32:F f* A= (g*) — (f A more ); f* A = ((g A more ); g*)
using 3 31 by fastforce
have 4:+ (f — g) — (f A more — g A more )
by auto
hence 5:+ ba(f — g) — ba (f A more — g A more)
by (rule BalmpBa)
have 6:+ ba(f A more — g A more ) —
(f N more ); f* — (g A more ); f*
by (rule BaLeftChoplmpChop)
have 7:+ ba(f — g) A (f A more ); f* — (g A more ); f*
using 5 6 by fastforce
have 8:+ (g A more ); f* A= ((g A more ); g*)
— (g A more ); (f* A = (g%))
by (rule ChopAndNotChoplmp)
have 9:+ (g A more ); (f* A = (g*)) — more ; (F* A = (g%))
by (rule AndChopB)
have 10:+ ba (f — g) — more ; (f* A = (g*)) —
more ; ( ba (f — g) A f* A = (g*))
by (rule BaChoplmpChopBa)
have 11:+ ba(f — g)ANf*N=(g") —
more ; ( ba (f — g) A f* A = (g"))
using 32 7 8 9 10 by fastforce
hence 12: - — ( (ba (f — g)) A (f*) A (= (g%)))
using MoreChopLoop by blast
from 12 show ?’thesis using MP by fastforce
ged

lemma BaCSEqvCS:
o ba(f=g)— (=g

proof —

have I:+ ba (f = g) = (ba (f — g) A ba (g — f)) by (auto simp: ba-defs)
have 2: - ba (f — g) — (f* — g*) by (rule BaCSImpCS)

have 3:+ ba (g — f) — (g — *) by (rule BaCSImpCS)

have 4: - ba (f = g) — (f* — g*) A (g* — f*) using 1 2 3 by fastforce

have 5: - ((f* — g*) A (g© — *)) = (f* = g*) by auto
from 4 5 show ?thesis by auto
ged

lemma BaAndCSImport:

o ba fAg"— (fAg)*

proof —

have 1:+f — (g — f A g) by auto

hence 2: - ba f — ba (g — f A g) by (rule BalmpBa)

have 3:+ ba (g — f ANg) — g~ — (f A g)* by (rule BaCSImpCS)
from 2 3 show ?thesis by fastforce

ged
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lemma CSSkip:
F skip*
by (metis ChopPluslmpCS EmptylmpCS EmptyNextinducta next-d-def)

8.8 Properties of While

lemma WhileEqvlf:
F while (init w) do f = if; (init w) then (f; ( while (init w) do f)) else empty
proof —
have 1:F while (init w) do f = (((init w) A f)* A fin (= (init w)))
by (simp add: while-d-def)
have 2:F (initw A f)* = (empty vV ((init w A f); (init w A £)*))
by (rule CSEqvOrChopCS)
have 21: F (((init w) A £)* A fin (= (init w))) =
((empty Vv ((init w A f); (init w A £)*)) A fin (= (init w)))
using 2 by fastforce
have 22: - ((empty Vv ((init w A f); (init w A £)*)) A fin (= (init w))) =
(( empty A fin (=(init w))) V ( ((init w A £); (init w A £)*) A fin (= (init w))))
by auto
have 3:+ (empty A fin (= (init w))) = (= (init w) A empty)
using AndFinEqvChopAndEmpty EmptyChop by (metis int-eq)
have 4:F (init w A f); (init w A f)* = (init w A (f; (init w A )¥))
by (rule StateAndChop)
have 41: F (((init w A f); (init w A £)*) A fin (= (init w))) =
(init w A (f; (init w A £)*) A fin (= (init w)))
using 4 by auto
have 42: + (init w A (f; (init w A £)*) A fin (= (init w))) =
(init w A (f; (init w A £)*) A fin (init (= w)))
using Initprop(2) by (metis StateAndEmptyChop int-eq)
have 5:F ((f; ((init w A £)*)) A (fin (init (= w))))
= (f; ((init w A £)* A (fin (init (= w)))))
by (rule ChopAndFin)
have 51: & (f; ((init w A £)* A (fin (init (= w))))) =
(f; ((init w A £)* A (fin (= (init w)))))
using Initprop(2) by (smt RightChopEqvChop int-eq lift-and-com)
have 52: & (init w A (f; (init w A F)*) A fin (= (init w))) =
(init w A (f; ((init w A F)* A fin (= (init w)))))
using 42 5 51 by fastforce
have 6:F (f; ((init w A £)* A fin (= (init w)))) = f; while (init w) do f
by (simp add: while-d-def)
have 61:  (init w A (f; ((init w A £)* A fin (= ((init w))))) =
(init w A (f; while (init w) do f)) using 6
by auto
have 62: F ( empty A fin (= (init w))) V ( ((init w A f); (init w A £)*) A fin (= (init w)))
= (= (init w) A empty )V (init w A (f; while (init w) do f))
using 21 22 3 4 52 61 by fastforce
have 7:+ while (init w) do f
= ((= (init w) A empty )V (init w A (f; while (init w) do f)))
using 1 21 22 62
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by (metis 3 41 42 5 51 inteq-reflection)
have 71: & if; (init w) then (f; ( while (init w) do f)) else empty =
((= (init w) A empty )V (init w A (f; while (init w) do f)))
by (auto simp: ifthenelse-d-def)
from 7 71 show ?thesis by fastforce
ged

lemma WhileChopEqvif:
F ( while (init w) do f); g = ifi(init w) then (f; ((while ( init w) do f); g)) else g
proof —
have 1:t while (init w) do f =
ifi (init w) then (f; ( while (init w) do f)) else empty
by (rule WhileEqvif)
hence 2: + ( while (init w) do f), g =
ifi (init w) then ((f; while (init w) do f); g) else (empty ; g)
by (rule IfChopEqvRule)
have 3: - empty ;g =g
by (rule EmptyChop)
have 4:+ if; (init w) then ((f; while (init w) do f); g) else (empty ; g) =
ifi (init w) then ((f; while (init w) do f); g) else g
using 3 using inteq-reflection by fastforce
have 5:F ((f; while (init w) do f); g) = (f; (while (init w) do f; g))
by (rule ChopAssocB)
have 6:F if; (init w) then ((f; while (init w) do f), g) else g =
ifi (init w) then (f; ((while (init w) do f); g)) else g
using 5 using inteq-reflection by fastforce
from 1 2 4 6 show ?thesis by fastforce
ged

lemma WhileChopEqvlfRule:
assumes - f = (while (init w) do g); h
shows + f = if; (init w) then (g; f) else h
proof —
have 1:+ f = ( while (init w) do g); h
using assms by auto
have 2: - ( while (init w) do g); h =
ifi (init w) then (g; (( while (init w) do g); h)) else h
by (rule WhileChopEqvif)
have 3: F (g; f) = (g; (( while (init w) do g); h))
using 1 by (rule RightChopEqvChop)
have 4: F (g; (( while (init w) do g); h)) = (g; f)
using 3 by auto
have 5: - if; (init w) then (g; (( while (init w) do g); h)) else h =
ifi (init w) then (g; f) else h
using 4 using inteq-reflection by fastforce
from 1 2 5 show ?thesis by fastforce
ged

lemma WhilelmpFin:
F while (init w) do f — fin (= ( init w))
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proof —

have 1:F (init w A f)* A fin (= (init w)) — fin (= ( init w)) by auto
from 1 show 7thesis by (simp add: while-d-def)

ged

lemma WhileEqvEmptyOrChopWhile:
F while (init w) do f = ((— (init w) A empty) V (init w A (f A more );while (init w) do f))
proof —
have I:F (initw A f)* = (empty VvV ((init w A f)A more ); (init w A f)*)
by (rule ChopstarEqv)
have 2:+ ((initw A f) A more) = (initw A (f A more ))
by auto
hence 3: - ((init w A f)A more ); (init w A £)* = (init w A f N more); (init w A f)*
by (rule LeftChopEqvChop)
have 4:t (initw A f)* = (empty V (initw A f A more); (init w A f)*)
using 1 3 by fastforce
have 5:F ((init w A £)* A fin (= (init w))) =
(( empty A fin (= (init w))) V
((init w A £ N more ); (init w A £)*A fin (= ( init w))))
using 1 4 by fastforce
have 6:+ (empty A fin (= (init w))) = (= ( init w) A empty)
using AndFinEqvChopAndEmpty EmptyChop by (metis int-eq)
have 7:F (initw A f A more); (init w A f)* = (init w A (f A more ); (init w A )*)
by (rule StateAndChop)
have 8:F (((f A more ); (init w A F)*) A fin (init (- w))) =
((f A more ); ((init w A F)* A fin (init (- w))))
by (rule ChopAndFin)
have 81: & fin ( init (= w)) = fin (= ( init w))
using FinEqvFin Initprop(2) by fastforce
have 82: F ((f A more ); (init w A F)* A fin (= (init w))) =
((f A more ); ((init w A £)* A fin (= ( init w))))
using 8 81
by (metis integ-reflection)
have 9:F ((init w A f)* A fin (= (init w))) =
((= (init w) A empty ) V
(init w A (f A more ); ((init w A £)* A fin (= (init w)))))
using 5 6 7 82 by fastforce
from 9 show ?thesis by (simp add: while-d-def)
ged

lemma Whilelntro:
assumes - - (init w) A f — empty
Finitw A f — (g A more ); f

shows + f— while ( init w) do g

proof —

have I:+ = (initw) A f — empty
using assms by blast

have 2:F initw A f — (g A more ); f
using assms by blast

have 3:+ while (initw) do g =

165



((= (init w) A empty )V (init w A (g A more ); while (init w) do g))
by (rule WhileEqvEmptyOrChopWhile)

hence 31: - — ( while (init w) do g) =
(=( (= (init w) A empty )V (init w A (g A more ); while (init w) do g)))
by fastforce
hence 32: - (f A = ( while (init w) do g)) =

(f A =( (=(init w) A empty) vV (init w A (g A more ); while (init w) do g)))
by fastforce

have 33:F (f A =( (=(init w) A empty) V (init w A (g A\ more); while (init w) do g))) =
(f A =(=(init w) A empty ) A =(init w A (g A more ); while (init w) do g))
by auto

have 34:F (f A =(=(init w) A empty) A =((init w) A ((g A more ); while (init w) do g))) =
(f A ( (init w) vV more ) A (=(init w) V —((g A more); while (init w) do g)))
by (auto simp: empty-d-def)
have 35:F (f A ((init w) V more) A (—(init w) V =((g A more);while (init w) do g))) =
((f A (init w) A = ((g A more ); while ( init w) do g)) V
(f A (init w) A =(init w)) V
(f A more A = ((g N more ); while (init w) do g)) V

(f A more A —(init w)))
by auto

have 36:F (f A = ( while (init w) do g)) =

((f A (init w) A= ((g A more ); while ( init w) do g)) V
(f A (init w) A =(init w)) V
(f Amore A = ((g A more ); while (init w) do g)) V

(f A more A —(init w))) using 32 33 34 35 by fastforce
have 37:F =(f A more A =(init w))

using 1 by (auto simp: empty-d-def)
have 38:+ (f A more A = ((g A more ); while (init w) do g)) —

((g A more); f A= ((g AN more); while (init w) do g))
using 1 2 by (auto simp: empty-d-def Valid-def)

have 39:F (f A (init w) A — ((g A more ); while ( init w) do g)) —
((g A more); f A= ((g A\ more); while (init w) do g))
using 2 by auto
have 40:F ((f A (init w) A = ((g A more ); while ( init w) do g)) V
(f A (init w) A =(init w)) V
(f A more A = ((g A more ); while (init w) do g)) V
(f A more A —=(init w))) —

using 39 38 37 38 by fastforce
have 4:+ f A - ( while (init w) do g) —

(g N more); f A= ((g N more); while ( init w) do g)

(g A more ), f A= ((g AN more); while ( init w) do g)

using 36 40 by fastforce

have 5:F g A more — more
by auto

from 4 5 show ?thesis using ChopContra by blast
ged

lemma WhileElim:

assumes - - (init w) A empty — g
Finitw A (F A more ); g — g
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shows G+ while (initw) do f — g
proof —
have 1:F while ( init w) do f =
((= (init w) A empty )V (init w A (f A more ); while ( init w) do f))
by (rule WhileEqvEmptyOrChopWhile)
hence 11: + ((while ( init w) do f) A - g)=
(((=(init w) A empty) V' (init w A (f A more);while (init w) do f)) A — g)
by auto
have 2:F - (init w) A empty — g
using assms by blast
hence 21: + -~ g — —(— (init w) A empty)
by auto
have 22: - ((— (init w) A empty) V (init w A (f A more);while (init w) do f)) A = g —
(init w A (f A more ); while (init w) do f)
using 21 by auto
have 23:F (while (init w) do f)AN—-g —
(init w A (f A more ); while (initw) do f)AN- g
using 11 21 by fastforce
have 3:F (init w) A ((f A more ); g) — g
using assms by blast
hence 31: - = g — =((init w) A ((f A more ); g))
by fastforce
have 32:F (init w A (f A more ); while (init w) do f)N—-g —
(((f A more); (while (init w) do f)) A= ((f A\ more); g)) N —g
using 31 by auto
have 4:+ (while (initw) do f)A- g —
((f A more); (while (init w) do f)) A= ((f A more); g)
using 23 32 by fastforce
have 5:Ff A more — more
by auto
from 4 5 show 7thesis using ChopContra by blast
ged

lemma BaWhilelmpWhile:

- ba (f — g) — ( while (init w) do f) — ( while (init w) do g)

proof —

have I:+ (f — g) — ((initw A f) — (initw A g))
by auto

hence 2: - ba (f — g) — ba ((init w A f) — (init wA g))
by (rule BalmpBa)

have 3:  ba ((init w A f) — (init wA g)) — ((init wA f)* — (init wA g)*)
by (rule BaCSImpCS)

have 4:F ba (f — g) — ((init wA f)*A fin (= (init w)) — (init wA g)*A fin (= (init w)))
using 2 3 by fastforce

from 4 show ?thesis by (simp add: while-d-def)

ged

lemma WhilelmpWhile:

assumes - f— g
shows - ( while (init w) do f) — ( while (init w) do g)
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proof —

have 1:+f — g
using assms by auto

hence 2: - ba (f — g)
by (rule BaGen)

have 3:+ ba (f — g) — ( while (init w) do f) — ( while (init w) do g)
by (rule BaWhilelmpWhile)

from 2 3 show ?thesis using MP by blast

ged

8.9 Properties of Halt

lemma WhextAndMoreEqvNext:
F (wnext f A more) = O f
by (auto simp: wnext-defs more-defs next-defs)

lemma BoxStateAndEmptyEqvStateAndEmpty:
F (O(empty = (init w)) A empty) = ((init w) A empty)
by (auto simp: always-defs init-defs empty-defs)

lemma BoxEmptyEqviIStateqvEmptyAndStateOrNotStateNext:
F O(empty = (init w)) = ((empty A init w) V (=(init w) A O(O(empty = (init w)))))
proof —
have I1:F O(empty = (init w)) =
((O(empty = (init w)) A empty) V (O(empty = (init w)) A more))
by (auto simp: empty-d-def)
have 2:+ (O(empty = (init w)) A empty) = ((init w) A empty)
using BoxStateAndEmptyEqvStateAndEmpty by blast
have 3:F O(empty = (init w)) = ((empty = (init w)) A wnext(O(empty = (init w))))
using BoxEqvAndWhnextBox by blast
hence 4: - (O(empty = (init w)) A more) =
(((empty = (init w)) A more) A (wnext(O(empty = (init w))) A more))
by auto
have 5: + ((empty = (init w)) A more) = (=(init w) A more)
by (auto simp: empty-d-def)
have 6:F (wnext(O(empty = (init w))) A more) = O(O(empty = (init w)))
using WhextAndMoreEqvNext by metis
have 7:t (O(empty = (init w)) A more) =
((= (init w) A more) A (wnext(O(empty = (init w))) A more) )
using 4 5 by fastforce
have 8:F ((— (init w) A more) N\ (wnext(D(empty = (init w))) A more) ) =
((= (init w)) A (wnext(D(empty = (init w))) A more) ) by auto
have 9: - ((= (init w)) A (wnext(O(empty = (init w))) A more) ) =
((= (init w)) A O(O(empty = (init w)))) using 8 6 by auto
have 10: - O(empty = (init w)) = (((init w) A empty) V (O(empty = (init w)) A more) )
using 1 2 by fastforce
from 7 9 10 show ?thesis by fastforce
ged

lemma HaltStateEquifState ThenEmptyElseNext:
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Fhalt( init w) = if; (init w) then empty else ( O( halt ( init w)))
proof —
have I: I halt( init w) = O(empty = (init w))
by (simp add: halt-d-def)
have 2: - O(empty = (init w)) =
((empty A init w) V (=(init w) A O(O(empty = (init w)))))
by (rule BoxEmptyEqvIStateqvEmptyAndStateOrNotStateNext)
have 21: F ((empty A init w) Vv (=(init w) A O(O(empty = (init w))))) =
((init w A empty) V (=(init w) A O(O(empty = (init w)))))
by auto
have 22: + O(halt ( init w)) = O(O(empty = (init w)))
using NextEqvNext using 1 by blast
have 3: & if; (init w) then empty else ( O( halt ( init w))) =
((init w A empty ) V (=(init w) A O( halt ( init w))))
by (simp add: ifthenelse-d-def)
from 1 221 22 3 show ?thesis by fastforce
ged

lemma HaltChopEqv:
F ((halt ((init w)) ; f) = (if; (init w) then ( ) else (O( (halt ( init w)); f)))
proof —
have 1:t halt(init w) =
(if; (init w) then empty else ( O( halt ( init w))))
by (rule HaltStateEqvlfState ThenEmptyElseNext)
hence 2: = ((halt(init w));f) =
(ifi (init w) then (empty;f) else ( O( halt ( init w));f))
by (rule IfChopEqvRule)
have 3:+ empty ; f =f
by (rule EmptyChop)
have 4:+ (O (halt ( init w))); f = O( halt ( init w); f)
by (rule NextChop)
from 2 3 4 show ?thesis by (metis integ-reflection)
ged

lemma AndHaltChoplmp:

= init w A ( halt ((init w); f) — f

proof —

have 1:+ halt (init w); f = if; (init w) then f else ( O( halt ( init w); f))
by (rule HaltChopEqv)

have 2: - init w A\ if; (init w) then f else ( O( halt ( init w); f)) — f
by (auto simp: ifthenelse-d-def)

from 1 2 show ?thesis by fastforce

ged

lemma NotAndHaltChoplmpNext:

F = (init w) A ( halt (init w); f) — O( halt ( init w); f)

proof —

have 1: F halt (init w); f = if; (init w) then f else ( O( halt ( init w); f))
by (rule HaltChopEqv)

have 2: = = (init w) A if; (init w) then f else ( O( halt ( init w); f)) —
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O( halt (init w); f)
by (auto simp: ifthenelse-d-def)
from 1 2 show “thesis by fastforce
ged

lemma NotAndHaltChoplmpSkipYields:

F = (init w) A ( halt ((init w); f) — skip yields ( halt (init w); f)

proof —

have 1: F = (init w) A ( halt ( init w); f) — O( halt ( init w); f)
by (rule NotAndHaltChoplmpNext)

have 2: = O( halt ( init w); f) — skip yields ( halt ( init w); f)
by (rule NextImpSkipYields)

from 1 2 show ?thesis by fastforce

ged

lemma TrueChopAndEmptyEqvChopAndEmpty:

= ((# True;(f A empty)) A g) = (g:(fA empty))
using AndFinEqvChopAndEmpty FinEqvTrueChopAndEmpty by (metis int-eq lift-and-com)

lemma WprevEqvEmptyOrPrev:
+ wprev f = (empty V prev f)
by (auto simp: wprev-defs empty-defs prev-defs)

lemma NotChopSkipEqvMoreAndNotChopSkip:

F (= f);skip = (more N —(f;skip))

proof —

have I1:+ wprev f = (empty V prev f) using WprevEqvEmptyOrPrev by auto
hence 2: + (=(wprev f)) = (—(empty V prev f)) by auto

have 3: = —=(wprev f) = ((— f);skip) by (simp add: wprev-d-def prev-d-def)

have 31: F (empty V prev ) = (empty V (f;skip)) by (simp add: prev-d-def)

have 32: - (empty V (f;skip)) = (~more V —=—(f;skip)) by (simp add: empty-d-def)
have 33: + (—more VV —~—(f;skip)) = (—(more N —(f;skip))) by fastforce

have 34: - (empty V prev f) = (—=(more N\ —(f;skip))) using 31 32 33 by (metis int-eq)
have 4: - —(empty V prev f) = (more N\ —(f;skip)) using 34 by fastforce

from 2 3 4 show ?thesis by fastforce

ged

lemma HaltChoplmpNotHaltChopNot:
F halt ((init w); f — = ( halt ( init w); (= f))
proof —
have 1:+ halt (init w);, f = if; (init w) then f else ( O( halt ( init w); f))
by (rule HaltChopEqv)
have 2:F if; (init w) then f else ( O( halt ( init w); f)) —
( ((init w) — ) A ( =(init w) — ( O( halt ( init w); f))))
by (rule IfThenElselmp)
have 3:F halt (init w); (=f) =
ifi (init w) then (—f) else ( O( halt ( init w); (=f)))
by (rule HaltChopEqv)
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have 4:F if; (init w) then (—f) else ( O( halt ( init w); (—=f))) —
( ((init w) — =f) A ( =(init w) — ( O( halt (init w); (=f)))))
by (rule IfThenElselmp)
have 5: I halt (init w); f A halt (init w); (=f) —
( ((init w) — £) A ( =(init w) — ( O( halt (init w); f)))) A
( ((init w) — =f) A (=(init w) — ( O( halt ( init w); (—F)))))
using 1 2 3 4 by fastforce
have 6:+ ( ((init w) — f) A ( =(init w) — ( O( halt ( init w); f)))) A
( ((init w) — =) A ( =(init w) — ((O( halt (init w); (—=f))))) —
( O( halt ((init w); £)) A ( O( halt (init w); (=f)))
by auto
have 7:t halt (init w); f A halt (init w); (=f) —
( O( halt ( init w); f)) A ( O( halt ( init w); (=f)))
using 5 6 lift-imp-trans by blast
have 8:F (( O( halt ((init w); £)) A ( O( halt ( init w); (=f)))) =
O (halt ( init w); f A halt ( init w); (=f))
using NextAndEqvNextAndNext by fastforce
have 9: I halt (init w); f A halt (init w); (—f) —
O (halt ( init w); £ A halt ( init w); (=f))
using 7 8 by fastforce
hence 10: - —(halt (init w); f A halt (init w); (=f))
using NextLoop by blast
from 10 show 7thesis by auto
ged

lemma HaltChoplmpHaltYields:

F o halt (init w); f — ( halt ( init w)) yields f

proof —

have 1:+ halt (init w); f — = ( halt ( init w); (= f)) by (rule HaltChoplmpNotHaltChopNot)
from 1 show ?thesis by (simp add: yields-d-def)

ged

lemma HaltChopAnd:
F ( halt (init w)); £ A ( halt (init w)); g — ( halt (init w)); (f A g)
proof —
have I:+ ( halt (init w)); g — ( halt (init w)) yields g by (rule HaltChoplmpHaltYields)
hence 2: = ( halt (init w)); f A ( halt (init w)); g —
( halt (init w)); f A ( halt (init w)) yields g by auto
have 3:+ ( halt (init w)); f A ( halt (init w)) yields g—
( halt (init w)); (f A\ g) by (rule ChopAndYieldsimp)
from 2 3 show ?thesis by fastforce
ged

lemma HaltAndChopAndHaltChoplmpHaltAndChopAnd-:
F o (halt (init w) A f); f1 A ( halt (init w); g) — ( halt (init w) A f); (f1 A g)
proof —
have 1:+-fl — - gV (f1 Ag)
by auto
hence 2:+ ( halt (init w) A f); f1 —
( halt (init w) A f); (= g) Vv (( halt (init w) A f); (f1 A g))
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by (rule ChopOrimpRule)
have 3:F (halt (init w) A f); (= g) — halt (init w); (- &)
by (rule AndChopA)
have 31:+ ( halt (init w) A f); f1 —
halt (init w); (= g) Vv (( halt (init w) A f); (f1 A g))
using 23 by fastforce
have 4:+ halt (init w); g — = ( halt (init w); (- g))
by (rule HaltChoplmpNotHaltChopNot)
hence 41: + ( halt (init w); (= g)) — —(halt (init w); g)
by auto
have 42:F ( halt (init w) A f); f1 —
=( halt (init w); g) vV (( halt (init w) A f); (f1 A g))
using 31 41 by fastforce
from 42 show ?’thesis by auto
ged

lemma HaltImpBoxYields:
o (halt (init w)); f — (O(— ( init w))) yields (( halt (init w)); )
proof —
have I1:+ (O (- (init w))); (= ( halt (init w); f)) — di (O (= (init w)))
by (rule ChoplmpDi)
have 2:+ O (= (init w)) — = (init w)
by (rule BoxElim)
hence 3:+ di (O (= (init w))) — di (= (init w))
by (rule DilmpDi)
have 4:+ di (init (- w)) = (init (-w))
by (rule DiState)
have 41:+ (init (- w)) = (= (init w))
using Initprop(2) by fastforce
have 42:+ di (= (init w)) = (=(init w))
using 4 41 by (metis inteqg-reflection)
have 5:+ ((O(= (init w))); (= ( halt (init w); f))) — = (init w)
using 1 2 42 using 3 by fastforce
hence 51: F ( halt (init w); f) A ((O(= (init w))); (= ( halt (init w); f))) —
( halt (init w); f) A = ( init w)
by fastforce
have 6:F halt (init w); f = if; (init w) then f else (O( halt (init w); f))
by (rule HaltChopEqv)
hence 61: - (halt (init w); f A = (init w)) =
((if; (init w) then f else (O( halt (init w); f))) A = ( init w))
using 6 by auto
have 62: - (if; (init w) then f else (O( halt (init w); f))) A
= (init w) — (O( halt (init w); f))
by (auto simp: ifthenelse-d-def)
have 63:F halt (init w); f A = (init w) — (O( halt (init w); f))
using 61 62 by fastforce
have 7:+ (‘halt (init w); f) A (TO(= (init w))); (= ( halt (init w); f)) —
O(( halt (init w)); f)
using 51 63 using lift-imp-trans by blast
have 8:F O (= (init w)) — empty vV O(O(=( init w)))
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using BoxBoxImpBox BoxEqvAndEmptyOrNextBox by fastforce
hence 9:F ((O (= (init w))); (= ( halt (init w); f))) —
= ((halt (init w); f) v O((a(= (init w))); (= ( halt (init w); f)))
by (rule EmptyOrNextChoplmpRule)
hence 10: - (( halt (init w)); f) A (O (= (init w))); (= ( halt (init w); f)) —
o((a(= (init w))); (= ( halt (init w); f)))
by fastforce
have 1I:+ ( halt (init w)); f A (O (= (init w))); (= ( halt (init w); f)) —
O(( halt (init w)); f) A o((T(= (init w))); (= ( halt (init w); f)))
using 7 10 by fastforce
have 12:+ O(( halt (init w)); f) A O((T(— (init w))); (= ( halt (init w); £)))
— O((( halt (init w)); F) A ((O(— (init w))); (= ( halt (init w); f))))
using NextAndEqvNextAndNext by fastforce
have 13:F ( halt (init w)); f A (O (= (init w))); (= ( halt (init w); f)) —
O((( halt (init w)); £) A ((TO(= (init w))); (= ( halt (init w); f))))
using 11 12 by fastforce
hence 14: - = (( halt (init w)); f A (O (= (init w))); (= ( halt (init w); f)))
using NextLoop by blast
hence 15: - ( halt (init w)); f — = ((O (= (init w))); (= ( halt (init w); f)))
by auto
from 15 show ?thesis by (simp add: yields-d-def)
ged

8.10 Properties of Groups of chops

lemma NestedChoplmpChop:
assumes - init w A f — g; (init wl A fI)
Foinit wl A f1 — g1; (init w2 A 2)
shows G initw A f — g; (gl; (init w2 A 12))
proof —
have I1:F initw Af — g; (init wl A f1) using assms(1) by auto
have 2:t init wl A f1 — gI; (init w2 A f2) using assms(2) by auto
hence 3: F g; (init wl A f1) — g; (g1; (init w2 A 2)) by (rule RightChoplmpChop)
from 1 3 show ?thesis by fastforce
ged

end

9 Infinite ITL theorems using Weak Chop

theory Infinite Theorems
imports
Infinitel TL
begin

We give the proofs of a list of Infinite ITL theorems. These proofs and theorems are from [6] but adapted
for infinite and finite intervals.
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9.1 Propositional reasoning

This is a list of propositional logic theorems used in the proofs of the ITL theorems.

lemma /fThenElselmp:
- (ifi g then f else f1) — ((g — f) A (ng — f1))
by (simp add: ifthenelse-defs Valid-def)

lemma Prop01:
assumes - f — gV h
shows FgAf—h
using assms by auto

lemma Prop02:
assumes - f — g
Ffl—g
shows FfV fl — g
using assms(1) assms(2) by fastforce

lemma Prop03:
assumes - f = (g V h)
shows Hh— f

using assms by auto

lemma Prop04:
assumes - f = h
Ff = hl
shows F hl =h
using assms(1) assms(2) using int-eq by auto

lemma Prop05:
assumes - f — g
shows-f — hV g
using assms by auto

lemma Prop06:
assumes - f = (g V h)
F h = hl
shows - f = (g V hl)
using assms(1) assms(2) by fastforce

lemma Prop07:

assumes - f — g V h
shows Ff A—-g—h
using assms by auto

lemma Prop08:
assumes - f — g V h
Fh— hl
shows +f — gV hl
using assms(1) assms(2) by fastforce
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lemma Prop09:

assumes - f A g — h
shows +f — (g — h)
using assms by auto

lemma Propl0:
assumes - f — g
shows +f = (f A g)
using assms by auto

lemma Propll:
Ff=f)=((FFf—FA)AN (Ff1 — 1))
by (auto simp: Valid-def)

lemma Propl2:
Ff—(fAAR)=(FF—TFf)N(FFf— 12))
by (auto simp: Valid-def)

lemma Propl3:

assumes - f — g V h

shows Ff A—-h—g

using assms by (auto simp: Valid-def)

0.2 State formulas

The init operator denotes state formulas, i.e., ITL formula that only constrain the first state of an interval.

lemma Initprop :
F ((init £) A (init g)) = init(f A g)
F (= (init £)) =init (=)
F ((init £) v (init g)) = init (f V g)
F init # True

by (auto simp: init-defs sum.case-eq-if)

lemma Finprop :
F ((# True;(f A empty)) A (#True;(g N\ empty)))
F ((#True;(f N\ empty)) V (#True;(g N\ empty)))
F (# True;((# True) A empty))
F finite — (= (# True;(f N empty))) = (# True;(—~f A empty))
F (= (# True;(f A empty))) = ( (# True;(—f A empty)) A finite)
by (auto simp: finalt-defs finite-defs sum.case-eq-if
simp add: chop-defs finite-defs empty-defs interval-suffix-length sum.case-eq-if ,auto)

(# True;((f N g) A empty))
(# True;((f vV g) A empty))

9.3 finite and inf properties

lemma EmptylmpFinite:

F empty — finite

by (simp add: empty-defs finite-defs intl sum.case-eq-if)
lemma SkipChopFinitelmpFinite:
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F skip;finite — finite
by (simp add: Valid-def finite-defs chop-defs skip-defs sum.case-eq-if )

lemma FiniteChopSkiplmpFinite:
F finite;skip — finite
by (simp add: Valid-def finite-defs chop-defs skip-defs sum.case-eq-if )

lemma FiniteChopSkipEqvFiniteAndMore:
= finite;skip = (finite A\ more)
by (simp add: Valid-def more-defs finite-defs chop-defs skip-defs sum.case-eq-if
metis Suc-lel add-diff-cancel-left’ diff-diff-cancel diff-is-0-eq’
diff-le-self interval-suffix-length-good less-SucQ nat-neq-iff plus-1-eq-Suc)

lemma FiniteChopSkipEqvSkipChopFinite:
- finite;skip = skip;finite
by (simp add: Valid-def finite-defs chop-defs skip-defs sum.case-eq-if
metis diff-diff-cancel diff-le-self interval-prefix-length-good interval-suffix-length-good)

lemma FiniteAndEmptyEqvEmpty:
- (finite \ empty) = empty
by (simp add: Valid-def empty-defs finite-defs chop-defs skip-defs sum.case-eq-if )

lemma FiniteChopFiniteEqvFinite:
F finite;finite = finite
by (simp add: Valid-def finite-defs chop-defs sum.case-eq-if, blast)

lemma InfChoplinfEqvinf:
F inf;inf = inf
by (simp add: Valid-def infinite-defs chop-defs sum.case-eq-if)

lemma InfChopFiniteEqvinf:
F inf:finite = inf
by (simp add: Valid-def infinite-defs chop-defs sum.case-eq-if)

lemma FiniteChoplInfEqvinf:
& finite;inf = inf
by (simp add: Valid-def infinite-defs finite-defs chop-defs sum.case-eq-if)

lemma InfEqvNotFinite:
Finf = (= finite)
by (simp add: Valid-def infinite-defs finite-defs chop-defs sum.case-eq-if)

lemma FiniteEqvINotinf:
t finite = (— inf)
by (simp add: Valid-def infinite-defs finite-defs chop-defs sum.case-eq-if)

lemma ChopTrueAndFiniteEqvAndFiniteChopFinite:

F ((f;# True) A finite) = (f A finite);finite
by (simp add: Valid-def infinite-defs finite-defs chop-defs sum.case-eq-if)
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lemma TrueChopAndFiniteEqvAndFiniteChopFinite:
F ((#True;f) A finite) = finite;(f A finite)
by (simp add: Valid-def infinite-defs finite-defs chop-defs sum.case-eq-if)

lemma FiniteChopMoreEqvMore:
F finite;more = more
by (simp add: Valid-def more-defs infinite-defs finite-defs chop-defs sum.case-eq-if, auto)

lemma ChopAndFiniteDist:
F ((f;g) A finite) = (f A finite);(g A finite)
by (simp add: Valid-def finite-defs chop-defs sum.case-eq-if)

lemma FiniteOrlnfinite:
F finite \V inf
by (simp add: Valid-def finite-defs infinite-defs sum.case-eq-if )

lemma FinitelmpAnd:

assumes - finite — f = g

shows - (f A finite) = (g A finite)

using assms by (simp add: Valid-def finite-defs, auto)

lemma FmoreEqvSkipChopFinite:

F fmore = skip;finite

by (metis FiniteChopSkipEqvFiniteAndMore FiniteChopSkipEqvSkipChopFinite
fmore-d-def integ-reflection lift-and-com)

lemma Finitelmp:
F (f A finite — g) = (f A finite — g A finite)
by (simp add: finite-defs Valid-def)

lemma ChopAndinf:
= ((fig) A inf) = (fi(g A inf))
by (simp add: Valid-def chop-defs finite-defs infinite-defs sum.case-eq-if)

lemma ChopAndInfB:
F((f;g) N inf) = ((F A inf) V (f A finite);(g A inf) )
by (simp add: Valid-def chop-defs finite-defs infinite-defs sum.case-eq-if ,auto)

lemma MoreAndInfEqvinf:

F (more A inf) = inf

by (metis ChopAndinf EmptylmpFinite FiniteChopMoreEqvMore InfEqvNotFinite Propl1l Propl2 empty-d-def
finite-d-def int-simps(32) inteq-reflection)

lemma AndInfChopAndInfEqvAndinf:

= (f A inf);(f A inf) = (f A inf)
by (simp add: Valid-def infinite-defs chop-defs sum.case-eq-if)
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lemma AndinfChopEqvAndinf:
= (f Ainf);g = (f A inf)
by (simp add: Valid-def chop-defs infinite-defs sum.case-eq-if)

lemma AndMoreAndInfEqvAndInf:
F ((f A more) A inf) = (f A inf)
by (simp add: Valid-def more-defs infinite-defs sum.case-eq-if)

lemma AndMoreAndFiniteEqvAndFmore:
F ((f A more) A finite) = (f A fmore)
by (simp add: Valid-def more-defs fmore-defs finite-defs sum.case-eq-if )

lemma NotFmoreAndEmpty:
F = (empty A fmore)
by (simp add: fmore-d-def empty-d-def ,auto)

lemma NotFmoreAndinf:
== ((f A inf) A fmore)
by (simp add: fmore-d-def finite-d-def infinite-d-def, auto)

lemma FmoreChopAnd:
= (((f A more);g) N fmore) = ((f A fmore);(g A finite))
by (simp add: Valid-def more-defs fmore-defs chop-defs finite-defs sum.case-eq-if, auto)

lemma NotEmptyAndinf:
F —(empty A inf)
by (simp add: Valid-def empty-defs infinite-defs sum.case-eq-if)

lemma OrFinitelnf:
F f = ((f A finite) V ( f A inf))
by (simp add: finite-defs Valid-def infinite-defs sum.case-eq-if )

lemma AndInfEqvChopFalse:
F (f A inf) = f;#False
by (simp add: finite-defs Valid-def infinite-defs chop-defs sum.case-eq-if)

9.4 Basic Theorems

lemma BiChoplmpChop :
Fbi(f— f1) — fig — fl;g
proof —
have I:+ g — g by auto
hence 2: -0 ( g — g) by (rule BoxGen)
have 3:+ bi (f — fI) ANO(g — g) — ;g — f1;g by (rule BiBoxChoplmpChop)
from 2 3 show ?thesis by fastforce
ged

lemma AndChopA:
F(fFAfl),g — fig
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proof —

have 1:+ f A fl — f by auto

hence 2: - bi (f A f1 — ) by (rule BiGen)

have 3:F bi (f AN fl — ) — (f A fl);g — f;g by (rule BiChoplmpChop)
from 2 3 show ?thesis using MP by blast

ged

lemma AndChopB:
F(fAfl),g — fl;g
proof —
have 1:+ f A f1 — f1 by auto
hence 2: = bi (f N f1 — fI) by (rule BiGen)
have 3:+ bi (f AN fl — f1) — (f A f1);g — f1,;g by (rule BiChoplmpChop)
from 2 3 show ?thesis using MP by blast
ged

lemma NextChop:
F (O f)g = O(f;g)
proof —
have 1: | skip;(f;g) = (skip;f);g by (rule ChopAssoc)
show ?thesis by (metis 1 int-eq next-d-def)
ged

lemma BoxChoplmpChop
FoO(g—gl)— fig — fgl
proof —
have 1:+ g — g by auto
hence 2: - bi ( g — g) by (rule BiGen)
have 3:+bi (f — f) ANO(g — gl) — ;g — f;g1 by (rule BiBoxChoplmpChop)
from 2 3 show ?thesis by fastforce
ged

lemma LeftChoplmpChop:

assumes - f— fI

shows + f;,g — fl;g

proof —

have I1:+ f— fI using assms by auto

hence 2: + bi (f — f1) by (rule BiGen)

have 3:+ bi (f — f1) — f;g — f1;g by (rule BiChoplmpChop)
from 2 3 show ?thesis using MP by blast

ged

lemma RightChoplmpChop:

assumes - g — gl

shows F f;g — f,gl

proof —

have 1:+F g — gl using assms by auto

hence 2: - 0O (g — gl) by (rule BoxGen)

have 3:+0O (g — gl) — f;g — f;g1 by (rule BoxChoplmpChop)
from 2 3 show ?thesis using MP by blast
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ged

lemma RightChopEqvChop:

assumes - g = gl

shows + (f;g) = (f;gl)

proof —

have 1.+ g = gl using assms by auto

have 2: (- g — gl) = (- f;g — f;g1) by (rule RightChoplmpChop)
have 3: (- gI — g) = (- f;g1 — f;g) by (rule RightChoplmpChop)
from 1 2 3 show ?’thesis by fastforce

ged

lemma ChopOrEqv:

- fi(gVvel)=(figVfgl)
proof —

have 1:+ g — gV gl by auto

hence 2: + f;g — f;(g Vv gl) by (rule RightChoplmpChop)
have 3:+ gl — g V gl by auto

hence 4: + f;g1 — f;(g Vv gl) by (rule RightChoplmpChop)
from 2 4 show ?thesis by (meson ChopOrlmp Prop02 Propll)
ged

lemma OrChopEqv:
F(fVvfl),g=(fgVflg)
proof —
have I1:+f — f V fl by auto
hence 2: + f;g — (fV f1);g by (rule LeftChoplmpChop)
have 3:+ fI — f V f1I by auto
hence 4: + f1;,g — (fV f1);g by (rule LeftChoplmpChop)
from 2 4 show ?thesis
by (meson OrChoplmp int-iffl Prop02)
ged

lemma OrChoplmpRule:

assumes - f — f1 V 2

shows  f;g — (f1;8) V (f2;g)

proof —

have 1:+ f — fl1 V f2 using assms by auto

hence 2: + f;g — (f1 Vv f2);g by (rule LeftChoplmpChop)
have 3:+ (1 V 2);, g = (fl;,g Vv 2,g) by (rule OrChopEqv)
from 2 3 show ?thesis by fastforce

ged

lemma LeftChopEqvChop:

assumes - f = f1

shows G f;g = (f1;g)

proof —

have I1:+ f = f1 using assms by auto

hence 2: - f — f1 by auto

hence 3: + f;g — f1;g by (rule LeftChoplmpChop)
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have - fI — f using 1 by auto

hence 4: + f1;,g — f;g by (rule LeftChoplmpChop)
from 3 4 show ?7thesis by (simp add: int-iffl)

ged

lemma OrChopEqvRule:

assumes - f = (f1 Vv 12)

shows + f;g = ((f1;g) V (2;g))

proof —

have I:+ f = (fI V f2) using assms by auto

hence 2: + f;g = ((f1 V 2);g) by (rule LeftChopEqvChop)
have 3:F (f1 v f2);g = (fl;,g V 12;g) by (rule OrChopEqv)
from 2 3 show ?thesis by fastforce

ged

lemma NextImpNext:

assumes - f — g

shows FOf —0Og

proof —

have 1:+ f — g using assms by auto

hence 2: - O (f — g) by (rule BoxGen)

have 3:+ 0O (f — g) — (skip;f) — (skip;g) by (rule BoxChoplmpChop)
have 4: (skip;f) — (skip;g) by (metis 2 3 MP)

from 4 show ?thesis by (metis next-d-def)

ged

lemma ChopOrimpRule:

assumes g — gl VvV g2

shows I f;g — (f;g1) V (f;g2)

proof —

have 1:+ g — gl V g2 using assms by auto

hence 2: + f;g — f;(gl V g2) by (rule RightChoplmpChop)
have 3:+ f;(gl v g2) = (f;gl V f;g2) by (rule ChopOrEqv)
from 2 3 show ?thesis by fastforce

ged

lemma NextImpDist:

FO(f—g) —0Of —=0g

proof —

have I1:F (= (f — g)) = (f A = g) by auto

hence 2: - skip;(— (f — g)) = skip;(f A = g) by (rule RightChopEqvChop)
have 3:+Ff — g VvV (f A = g) by auto

hence 4: b skip;f — (skip;g) V (skip;(f A — g)) by (rule ChopOrimpRule)
hence 5: F — (skip;(f A = g)) — (skip;f) — (skip;g) by auto

have 6:F — (skip;(=(f — g))) — (skip;f) — (skip;g) using 2 5 by fastforce
hence 7: + = (O(—(f — g))) — (O f) — (O g) by (simp add: next-d-def)
have 8:F O(f — g) — = (O(=(f — g))) by (rule NextimpNotNextNot)
from 7 8 show ?thesis using lift-imp-trans by blast

ged
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lemma FiniteChoplmpDiamond:

F (f A finite),g — < g

proof —

have I1:F+ f A finite — finite by auto

hence 2: - (f A finite);g — finite;g by (rule LeftChoplmpChop)
from 2 show ?thesis by (simp add: sometimes-d-def)

ged

lemma Nowl/mpDiamond:

Ff—Of

proof —

have 1:t empty;f = f by (rule EmptyChop)

have 2:+ empty — finite by (rule EmptylmpFinite)
hence 3: + empty;f — finite;f by (rule LeftChoplmpChop)
have 4: - f — finite;f using 1 3 by fastforce

from 4 show ?thesis by (simp add: sometimes-d-def)

ged

lemma BoxElim:

FOf—f

proof —
have I:+ —f — < (= f) by (rule NowlmpDiamond)
hence 2: + - (& (= f)) — f by auto

from 2 show 7thesis by (metis always-d-def)

ged

lemma NextDiamondIimpDiamond:

FO(OFf)—Of

proof —

have 1:t skip;(finite;f) = ((skip;finite);f) by (rule ChopAssoc)

hence 2: & (skip;finite);f = skip;(finite;f) by auto

hence 3: - (skip;finite);f = O(<f) by (simp add: next-d-def sometimes-d-def)
have 4:t (skip;finite);f — <& f

by (simp add: SkipChopFinitelmpFinite LeftChoplmpChop sometimes-d-def)
from 3 4 show ?thesis by fastforce

ged

lemma BoxImpNowAndWeakNext:
FOf— (f ANwnext (Of))
proof —
have 1.+~ f — <& (= f) by (rule NowlmpDiamond)
hence 2: - - (¢ (= f)) — f by auto
hence 3: - O f — f by (metis always-d-def)
have 4: -0 (<O (= f)) — <& (= ) by (rule NextDiamondlmpDiamond)
have 5:|——w—|(<>(—|f))—)<>(—|f) by auto
hence 6:F O (== (C (= 1)) — O (O(~1f)) by (rule NextimpNext)
have 72O (= (¢ (= f))) — & (— f ) using 46 by auto
hence 8: - O (—=( DO f)) — <& (— f ) by (simp add: always-d-def)
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hence 9: -~ (O (= f)) — = (0O (~(0Of))) by auto
hence 10:+ Of — wnext ( O f ) by (simp add: always-d-def wnext-d-def)
from 3 10 show 7thesis by fastforce

ged

lemma BoxImpBoxRule:

assumes - f — g

shows FOf—0Og

proof —

have 1:+ f — g using assms by auto

hence 2: - - g — - f by auto

hence 3: - 0O(— g — - f) by (rule BoxGen)

have 4.+ O(- g — - f) — (finite;(—g)) — (finite;(—f)) by (rule BoxChoplmpChop)
have 5:  (finite;(—g)) — (finite;(—f)) using 3 4 MP by blast
hence 6: - O (—g) — <(—f) by (simp add: sometimes-d-def)
hence 7: F = (O(—f) ) — —( © (—g)) by auto

from 7 show ?thesis by (simp add: always-d-def)

ged

lemma BoxImpDist:

FoOf—g)—0Of—0Og
proof —

have I:+(f — g) — (- g — — f) by auto

hence 2: - O(f — g) — O(—~ g — = ) by (rule BoxImpBoxRule)
have 3:+F0O((— g) — - f) — (finite; (- g)) — (finite; (= f))
by (rule BoxChoplmpChop)

have 4:+ O(f — g) — (finite; (= g)) — (finite; (= f))

using 2 3 lift-imp-trans by blast

hence 5: - O(f — g) — <O(— g) — <O(— ) by (simp add: sometimes-d-def)
hence 6: - O(f — g) — —(<O(= ) — =( O(— g)) by auto
from 6 show ’thesis by (simp add: always-d-def)
ged

lemma DiamondEmptyEqvFinite:

F < empty = finite
proof —

have 1: | finite; empty = finite by (rule ChopEmpty)
from 1 show 7thesis by (simp add: sometimes-d-def)
ged

lemma NextEqvNext:

assumes - f=g

shows FOf=0g¢g

proof —

have 1:F f= g using assms by auto

hence 2: \ skip;f = skip;g by (rule RightChopEqvChop)
from 1 show 7thesis by (metis 2 next-d-def)

ged

lemma NextAndNextImpNextRule:
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assumes - (f A g) — h

shows F(OfANOg)— Oh

using assms

by (simp add: Valid-def next-defs sum.case-eq-if )

lemma NextAndNextEqvNextRule:

assumes - (f A g) = h

shows F(OfAOg)=0h

using assms by (metis NextAndNextImpNextRule Propll Propl2 int-eq int-simps(20))

lemma WeakNextEqvWeakNext:

assumes - f = g

shows F wnext f = wnext g

using assms using inteq-reflection by force

lemma DiamondIimpDiamond:

assumes - f — g

shows FOf—Cg

using assms by (simp add: RightChoplmpChop sometimes-d-def)

lemma DiamondEqvDiamond:
assumes - f = g

shows FOCFF=3Cg

using assms using int-eq by force

lemma BoxEqvBox:

assumes - f = g

shows FOf=0g¢g

using assms using inteq-reflection by force

lemma BoxAndBoxImpBoxRule:

assumes - f A g — h

shows FOfAOg—0Oh

using assms by (auto simp: always-defs Valid-def sum.case-eq-if)

lemma BoxAndBoxEqvBoxRule:

assumes - (f A g) =h

shows F(OfADOg)=0h

using assms BoxAndBoxImpBoxRule BoxImpBoxRule by (metis int-iffD1 int-iffD2 int-iffl Prop12)

lemma ImpBoxRule:

assumes - f — g

shows FOf —0Og

using assms by (simp add: BoxImpBoxRule)

lemma BoxIntro:
assumes - f — g
F more Nf— Of
shows Hf —0Og
proof —
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have I1:F more N f —O f using assms by auto

hence 2:+ f— (empty V Of) by (auto simp: Valid-def next-defs empty-defs more-defs sum.case-eq-if)
hence 3:+ f — wnext f by (auto simp: Valid-def wnext-defs empty-defs next-defs sum.case-eq-if)
hence 4:F O(f — wnext f) by (rule BoxGen)

have 5:+ (O (f — wnext f)) A f — O f by (rule BoxInduct)

hence 6:+ (O (f — wnext f)) — (f — Of) by fastforce

have 7:F f — 0Of using 4 6 MP by blast

have 8:F Of — f by (rule BoxElim)

have 9:F f = 0O f using 7 8 by fastforce

have 10:+ f — g using assms by auto

hence 11: - Of — O g by (rule ImpBoxRule)

from 7 9 11 show 7thesis using lift-imp-trans by blast

ged

lemma NextLoop:

assumes - f — O f

shows F finite — = f

proof —

have I1:F f— O f using assms by auto

hence 2:+ f — (more A wnext )

by (auto simp: Valid-def more-defs wnext-defs next-defs sum.case-eq-if )
hence 3:+ f — wnext f by auto

hence 4:t+ O(f — wnext f) by (rule BoxGen)

have 5:+ 0O (f — wnext f) A f — O f by (rule BoxInduct)
hence 6:+ O (f — wnext f) — (f — Of) by fastforce

have 7:F f — Of using 4 6 MP by blast

have 8:+ Of — f by (rule BoxElim)

have 9:F f = 0O f using 7 8 by fastforce

have 10: + f — more using 2 by auto

hence 11: - O f — O more by (rule ImpBoxRule)

have 12:+ finite = (—~(0 more))

by (auto simp: Valid-def finite-defs always-defs more-defs sum.case-eq-if )
from 7 9 11 12 show ?thesis by fastforce

ged

lemma WhextEqvEmptyOrNext:
F wnext f = (empty V O f)
by (auto simp: Valid-def empty-defs wnext-defs next-defs sum.case-eq-if )

lemma NotEmptyAndNext:
F =(empty A O f)
by (auto simp: Valid-def empty-defs next-defs sum.case-eq-if)

lemma BoxEqvAndWhnextBox:
FoOf=(f A wnext (Of))
proof —
have I: 0O f — f A wnext ( O f)

using BoxImpNowAndWeakNext by blast
have 2: - f ANwnext (O f) — f

by auto
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have 3: - more A (f AN wnext (O f) ) — O (f A wnext (O f))
using 1 NextlmpNext WnextEqvEmptyOrNext empty-d-def int-iffD1
by (metis Prop01 Prop05 Prop08)

have 4: - f Awnext (O f) — O f
using 2 3 BoxlIntro by blast

from 1 4 show ?thesis by fastforce

ged

lemma BoxEqvAndEmptyOrNextBox:
Fof = (f A (empty v O(O f)))
using BoxEqvAndWhnextBox WnextEqvEmptyOrNext by (metis int-eq)

lemma BoxEqvBoxBox:

Fof =00 f)

using BoxGen BoxInduct

by (metis BoxlImpNowAndWeakNext MP int-iffl Prop09 Propl2)

lemma BoxBoxImpBox:
Fo(oh) — O h
by (simp add: BoxElim)

lemma BoxImpBoxBox:
Foh — 0O(ah)
by (auto simp: Valid-def isuffix-isuffix always-defs sum.case-eq-if)

lemma DiamondintroC:

assumes - f — O g

shows Hf — O g

using assms

by (metis (no-types, lifting) ChopAssoc FiniteChopSkipEqvSkipChopFinite NextChop
NextDiamondImpDiamond NowlmpDiamond inteqg-reflection lift-imp-trans next-d-def
sometimes-d-def)

lemma Diamondintro:
assumest (F A g) — Of
shows + f A finite — < g
proof —
have I:FfA—- g—Of
using assms by auto
hence 2:-f A= gA(O(-g))— (OFf)A(O(—g))
by auto
have 3: - (O0(-g)) — - g
by (rule BoxElim)
hence 4:F 0 (-g)=((O(-8)) A~ g)
using BoxImpBoxBox BoxBoxImpBox by fastforce
have 5:FfA(OD(-g)— OFfAD(—g)
using 2 4 by fastforce
have 6:F 0 (- g)=((—g) A wnext(O (- g)))
using BoxEqvAndWhnextBox by metis
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have 7:-FOfAO(ng)— OFf A wnext(O (- g))
using 6 by auto
have 8:+-f A (O (- g))— O f A wnext(O (- g))
using 5 7 using lift-imp-trans by blast
hence 9:+ f A (O (- g))— more A wnext f A wnext(O (— g))
by (auto simp: Valid-def always-defs more-defs next-defs wnext-defs sum.case-eq-if)
hence 10: - f A (O (- g))—>wnext f A wnext(O (- g))
by auto
hence 11: - f A (O (- g))— wnext (f A O (- g))
by (auto simp: Valid-def wnext-defs always-defs next-defs sum.case-eq-if)
hence 12: - O(f A (O (- g))— wnext (f A O (- g)))
by (rule BoxGen)
have 13:FO(f A(O (—g))— wnext (F ADO (= g))AfA(O(—g)) — Of A(D (- g)))
by (rule BoxInduct)
hence 14: - O(f A (O (- g))— wnext (f A O(= g))) — ((F A (O(— g))) — O(f A (O (- g))))
by fastforce
have 15:+ ((f A (O (= g))) — O(f A (O (- &))))
using 12 14 MP by blast
have 16:+0O(f A (O (- g))) — (F A (O (- g)))
by (rule BoxElim)
have 17:FO(f A(O(—g)))=(f A (DO (- g)))
using 16 15 by fastforce
have 18:+ (f A (D (— g))) — more
using 9 by auto
hence 19: - O(f A (O (— g))) — O more
by (rule ImpBoxRule)
have 20: - finite = (—~(0O more))
by (auto simp: Valid-def finite-defs always-defs more-defs sum.case-eq-if)
have 21:F finite — —(f A (O (- g)))
using 17 19 20 by fastforce
hence 22: + finite — — f vV = (O (= g))
by auto
have 23: - (- (O (—g)) =g
by (auto simp: always-d-def)
from 22 23 show ?thesis by fastforce
ged

lemma DiamondintroB:

assumes b (F A= g) — O (FA-g)

shows + f A finite — < g

proof —

have I:+ (f A~ g) — O (f A —g) using assms by auto
hence 2: + finite — —(f A = g) by (rule NextLoop)
hence 3: - f A finite — g by auto

have 4:+ g — < g by (rule NowlmpDiamond)

from 3 4 show ?thesis using lift-imp-trans by blast

ged

lemma NextContra :
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assumes - (F A= g) — (O Ff A=(0Og))
shows F f A finite — g
proof —

have I:+ (FA = g)— (O f A =( O g)) using assms by auto

hence 2: - ~( f — g) — O ( =(f — g)) by (auto simp: next-defs Valid-def sum.case-eq-if)
hence 3: + finite — = =( f — g) by (rule NextLoop)

from 3 show ?thesis by auto

ged

lemma DiamondDiamondEqvDiamond:

FO(O ) =CF
proof —

have 1:t finite;finite = finite by (simp add: FiniteChopFiniteEqvFinite)
hence 2: & (finite;finite);f = finite;f using LeftChopEqvChop by blast
have 3: + (finite;finite);f = finite;(finite;f) using ChopAssoc by fastforce
from 2 3 show 7thesis by (metis inteq-reflection sometimes-d-def)
ged

lemma WeakNextDiamondInduct:

assumes - wnext (O f) — f

shows I finite — f

proof —

have I:t wnext (& f) — f using assms by blast

hence 2: - -~ f — —( wnext (< f)) by fastforce

hence 3: - - f — O( = (¢ f)) by (simp add: wnext-d-def)
have 4:+ f — < f by (rule NowlmpDiamond)

hence 5: - =(C f) — = f by auto

have 6: - —f — O( —f) using 3 5 using NextImpNext lift-imp-trans by blast
hence 7: + finite — —— f by (rule NextLoop)

from 7 show ?thesis by auto
ged

lemma EmptyNextinducta:
assumes - empty — f
FOf—f

shows - finite — f

proof —

have I1:F empty — f using assms by auto

have 2:+ O f — f using assms by blast

have 3:+ (empty V O f) — f using 1 2 by fastforce
have 4:F wnext f = (empty V O f) by (rule WhnextEqvEmptyOrNext)
hence 5: - wnext f — f using 3 by fastforce

hence 6: - ~f — — (wnext f) by auto

hence 7: - —-f — O(— f) by (auto simp: wnext-d-def )
hence 8: - finite — — — f by (rule NextLoop)

from 8 show ?thesis by auto
ged

lemma EmptyNextinductb:
assumes - empty AN f — g
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FO(F— g)Nf— g
shows F f A finite — g
proof —
have I1:+ empty A f — g using assms by auto
have 2:+ O(f— g) A f — g using assms by blast
have 3:F (empty V O(f— g)) A f — g using 1 2 by fastforce

hence 4: - wnext (f— g) A f — g using WnextEqvEmptyOrNext by fastforce
hence 5: - wnext (f— g) — ( f — g) by fastforce

hence 6: -~ (f — g) — - ( wnext (f— g)) by fastforce

hence 7:+ -~ (f — g) — O ( ~(f— g)) by (simp add: wnext-d-def)

hence 8: + finite — — = ( f — g) by (rule NextLoop)

from 8 show 7thesis by auto

ged

lemma FinlmpFin:

assumes - f — g

shows + fin f — fin g

using ImpBoxRule[of TEMP (empty — f) TEMP (empty — g)] assms fin-d-def
by (smt intl intensional-rews(3) inteq-reflection Prop10)

lemma FinEqvFin:

assumes - f = g

shows + fin f = fin g

using assms by (simp add: FinlmpFin Propl1)

lemma FinAndFinlmpFinRule:
assumes - f A g — h
shows + fin f A fin g — fin h
proof —
have - f A g — h using assms by auto

then show ?thesis by (simp add: fin-defs Valid-def sum.case-eq-if)
ged

lemma FinAndFinEqvFinRule:
assumes - (f A g) =h

shows + (fin f A fin g)= fin h
using assms

by (simp add: FinAndFinlmpFinRule FinlmpFin Propll Propl2)

lemma HaltEqvHalt:

assumes - f = g

shows G+ halt f = haltg

proof —

have 1:F f = g using assms by auto

hence 2: + (empty = f) = (empty = g) by auto

hence 3: F O(empty = f) = 0O (empty = g) by (rule BoxEqvBox)
from 3 show ?thesis by (simp add: halt-d-def)

ged
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lemma BilmpDilmpDi:
Fbi(f—g)— di f— di g
proof —
have I:+ bi (f— g) — (f; #True) — (g; # True) by (rule BiChoplmpChop)
from 1 show 7thesis by (simp add: di-d-def)
ged

lemma DilmpDi:

assumes - f — g

shows + di f — di g

proof —

have 1:+ f— g using assms by auto

hence 2: + f; #True — g; # True by (rule LeftChoplmpChop)
from 2 show 7thesis by (simp add: di-d-def)

ged

lemma BilmpBiRule:

assumes - f — g

shows F bif — big

proof —

have 1:+F f— g using assms by auto

hence 2: - - g — = f by auto

hence 3: + di (- g) — di (= f) by (rule DilmpDi)
hence 4: -~ (di (= f)) — —~ (di (- g)) by auto
from 4 show ?7thesis by (simp add: bi-d-def)

ged

lemma DiEqvDi:

assumes - f = g

shows F dif = dig

proof —

have I:F f = g using assms by auto

hence 2: + f; #True = g; # True by (rule LeftChopEqvChop)
from 2 show 7thesis by (simp add: di-d-def)

ged

lemma BiEqvBi:

assumes - f = g

shows + bif= bi g

proof —

have I:+ f = g using assms by auto

hence 2: + (= f) = (-~ g) by auto

hence 3: + di (= f)= di (- g) by (rule DiEqvDi)
hence 4:+ (= (di (= 1)) = (= (di (= g))) by auto
from 4 show ?thesis by (simp add: bi-d-def)

ged

lemma LeftChopChoplmpChopRule:

assumes - (f; g) — g
shows  (f; g); h— (g; h)
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proof —

have 1:F (f; g) — g using assms by blast

hence 2: + (f; g); h — g; h by (rule LeftChoplmpChop)
have 3:+ f; (g; h) = (f; g); h by (rule ChopAssoc)
from 2 3 show ?7thesis by auto

ged

lemma AndChopCommute :
F(fAfl),g=(fINf) g

proof —

have I:+ (f A f1) = (f1 A f) by auto

from 1 show 7thesis by (rule LeftChopEqvChop)
ged

lemma BiAndChoplmport:

F obif A(fl;8) — (FAFl)g

proof —

have 1:+f — (fI — fA f1) by auto

hence 2: - bi f — bi (f1 — fA fI) by (rule BilmpBiRule)

have 3: - bi (f1 — (f N fl1)) — 1, g — (f A f1); g by (rule BiChoplmpChop)
from 2 3 show ?thesis using MP by fastforce

ged

lemma StateAndChoplmport:

F (init w) A (f;8) — ((init w) A f);g

proof —

have 1:F (init w)— bi (init w) by (rule StatelmpBi)

hence 2: - (init w) A (f; g) — bi (init w) A (f; g) by auto

have 3:F bi (init w) A (f; g) — ((init w) A f); g by (rule BiAndChoplmport)
from 2 3 show ?thesis using MP by fastforce

ged

9.5 Further Properties Di and Bi

lemma ImpDi:

Ff— di f

proof —

have I:+ f; empty = f by (rule ChopEmpty)

have 2:+ empty — # True by auto

hence 3: + f; empty — f, # True by (rule RightChoplmpChop)
have 4 : - f — f; # True using 1 3 by fastforce

from 4 show 7thesis by (simp add: di-d-def)

ged

lemma DiState:

F di (init w) = (init w)

proof —

have 0:t (init (ww)) — bi (init (—w)) using StatelmpBi by fastforce

hence 1:F —(init w) — bi ( = (init w)) using Initprop(2) by (metis inteq-reflection)
hence 2: + (= (init w)) — = (di (= = (init w))) by (simp add: bi-d-def)
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have 3:+ (—| (init W) — (di (—| - (init W)))) —
(di (== (init w)) — (init w)) by auto
have 4:+ di (== (init w)) — (init w) using 2 3 MP by blast
have 5:+ (init w) — = = (init w) by auto
hence 6: - di (init w) — di (-~ — (init w)) by (rule DilmpDi)
have 7:+ di (init w) — (init w) using 6 4 using lift-imp-trans by metis
have 8:+ (init w) — di (init w) by (rule ImpDi)
from 7 8 show ?thesis by fastforce
ged

lemma StateChop:
F (init w); f — (init w)
using DiState
by (auto simp: di-defs init-defs chop-defs sum.case-eq-if,
smt conc-def conc-iprefix-isuffix interval-intlen-gr-zero interval-nth-zero-intfirst iprefix-0)

lemma StateChopExportA:
F ((init w) A f); g — (init w)
using DiState
by (auto simp: init-defs chop-defs sum.case-eq-if,
smt conc-def conc-iprefix-isuffix interval-intlen-gr-zero interval-nth-zero-intfirst iprefix-0)

lemma StateAndChop:
F ((init w) A f); g = ((init w) A (f; g))
by (simp add: AndChopB StateAndChoplmport StateChopExportA Propll Propl2)

lemma StateAndChoplmpChopRule:

assumes - (init w) A f — f1

shows + (init w) A (f; g) — (f1; g)

proof —

have I1:F (initw) A f — fI using assms by auto

hence 2: + ((init w) A f); g — f1; g by (rule LeftChoplmpChop)

have 3:F ((init w) A f); g = ((init w) A (f; g)) by (rule StateAndChop)
from 2 3 show ?thesis by fastforce

ged

lemma StatelmpChopEqvChop :

assumes F (init w) — (f = f1)

shows + (init w) — ((f; g) = (f1; g))

proof —

have I1:F (init w) — (f= f1) using assms by auto

hence 2: + (init w) A f — f1 by auto

hence 3: + (init w) A (f; g) — (f1; g) by (rule StateAndChoplmpChopRule)
have 4:F (init w) A f1 — f using I by auto

hence 5: + (init w) A (f1; g) — (f; g) by (rule StateAndChoplmpChopRule)
from 3 5 show ?thesis by fastforce

ged

lemma ChopEqvStateAndChop:
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assumes - f = (init w) A f1
shows  (f; g) = ((init w) A (fI; g))
proof —
have I:+ f = ((init w) A f1) using assms by auto
hence 2: + f; g = (((init w) A f1); g) by (rule LeftChopEqvChop)
have 3:+ ((init w) A f1); g = ((init w) A (f1; g)) by (rule StateAndChop)
from 2 3 show ?thesis by fastforce
ged

lemma Dilntro:

Ff— di f

proof —

have 1:F f;empty = f by (rule ChopEmpty)

have 2:+ empty — #True by auto

hence 3: - O( empty — # True) by (rule BoxGen)

have 4:+ O( empty — #True) — (f; empty — f; # True) by (rule BoxChoplmpChop)
have 5:+ f;empty — f;# True using 3 4 MP by fastforce
hence 6: - f;empty — di f by (simp add: di-d-def)
from 1 6 show ?thesis by fastforce

ged

lemma BiElim:
Fobi f— f
proof —
have I1:+ —f — di (=f) by (rule Dilntro)
have 2:+ (=f — di (=f)) — (=(di (=f)) — ) by auto
have 3:+ = (di (—=f)) — f using 1 2 MP by blast
from 3 show ?thesis by (metis bi-d-def)
ged

lemma BiContraPosImpDist:

proof —
have 1:+ bi (-g — —f) — (di (=g)) — (di (=f)) by (rule BilmpDilmpDi)
hence 2: + bi (ng — —~f) — (=( di (=f))) — (—(di (—g))) by auto
from 2 show 7thesis by (metis bi-d-def)

ged

lemma BilmpDist:
Fbi (f— g) — (bif) — (bi g)
proof —
have 1:+(f — g) — (- g — — f) by auto
hence 2:+ -~ (- g — - f) — = (f — g) by auto
hence 3:+ bi (- (- g — = f) — = (f — g)) by (rule BiGen)
have 4:|—bi(—|(—| g — 7 f)—>—|(f—>g))
—
bi (f — g) — bi (- g — = ) by (rule BiContraPosImpDist)
have 5:+ bi (f — g) — bi (- g — — f) using 3 4 MP by blast
have 6:+ bi (- g — - f) — (bi f) — (bi g) by (rule BiContraPosImpDist)
from 5 6 show ?thesis using lift-imp-trans by blast
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ged

lemma /fChopEqvRule:
assumes - f = if; (init w) then fI else f2
shows G+ f; g = if; (init w) then (fl; g) else (f2; g)
proof —
have 1:+ f = if; (init w) then f1 else 2
using assms by auto
hence 2: - f = (((init w) A 1) vV ( (init (= w)) A £2))
by (simp add: ifthenelse-d-def init-defs Valid-def sum.case-eq-if)
hence 3: + f; g = (((init w) A f1); g vV ( (init (= w)) A 12); g)
by (rule OrChopEqvRule)
have 4:+ ((init w) A f1); g = ((init w) A (f1; g))
by (rule StateAndChop)
have 5:F ( (init (= w)) A f2); g = ((init (= w)) A (f2; g))
by (rule StateAndChop)
have 6: - f; g = (((init w) A f1; g) Vv ( (init (= w)) A 12; g))
using 3 4 5 by fastforce
from 6 show ?thesis by (simp add: ifthenelse-d-def init-defs Valid-def sum.case-eq-if)
ged

lemma ChopOrEqvRule:

assumes - g = (g1 V g2)

shows + f;g = ((f;gl) Vv (f:g2))

proof —

have 1:+ g = (gl V g2) using assms by auto

hence 2: + f; g = (f; (g1 vV g2)) by (rule RightChopEqvChop)
have 3:Ff; (gl vV g2)=(f;, gl Vv f;g2) by (rule ChopOrEqv)
from 2 3 show ?thesis by fastforce

ged

lemma EmptyOrChopEqv:

= (empty v f);g=(gV (f;g))

proof —

have I:+ (empty Vv ), g = ((empty ; g) VvV (f; g)) by (rule OrChopEqv)
have 2: - empty ; g = g by (rule EmptyChop)

from 1 2 show ?thesis by fastforce

ged

lemma EmptyOrNextChopEqyv:
F(empty v Of), g=(gV Of; g))
proof —
have I: - (empty Vv Of),g=(gV ((Of); g)) by (rule EmptyOrChopEqv)
have 2: - (O f); g = O(f; g) by (rule NextChop)
from 1 2 show ?thesis by fastforce
ged

lemma EmptyOrChoplmpRule:

assumes - f — empty V fI
shows +f;g— gV (fI; g)
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proof —

have 1:+f — empty V fl using assms by auto

hence 2: + f; g — (empty V f1); g by (rule LeftChoplmpChop)

have 3:+ (empty vV fl1), g = (g Vv (f1; g)) by (rule EmptyOrChopEqv)
from 2 3 show ?7thesis by fastforce

ged

lemma EmptyOrChopEqvRule:

assumes - f = (empty V fI)

shows +f; g=(gV (fI; g))

proof —

have I:+ f = (empty V fI) using assms by auto

hence 2: + f; g = (( empty V f1); g) by (rule LeftChopEqvChop)

have 3:+ (empty vV fl1), g = (g V (fl; g)) by (rule EmptyOrChopEqv)
from 2 3 show ?thesis by fastforce

ged

lemma EmptyOrNextChoplmpRule:

assumes - f — empty V O fI

shows +f; g — gV O(fl; g)

proof —

have 1:+f — empty V O fl using assms by auto

hence 2: + f; g — (empty V O f1); g by (rule LeftChoplmpChop)

have 3:+ (empty Vv O fl), g =(gV O(fl; g)) by (rule EmptyOrNextChopEqv)
from 2 3 show ?thesis by fastforce

ged

lemma EmptyOrNextChopEqvRule:

assumes - f = (empty vV O fI)

shows +f; g=(gV O(f1; g))

proof —

have I:+ f = (empty V O f1) using assms by auto

hence 2: + f; g = ((empty Vv O f1); g) by (rule LeftChopEqvChop)

have 3:+ (empty Vv Ofl), g =(gV O(fl; g)) by (rule EmptyOrNextChopEqv)
from 2 3 show ?thesis by fastforce

ged

lemma ChopEmptyOrimpRule:

assumes - g — empty V gl

shows - f; g — f VvV (f; gl)

proof —

have 1:+ g — empty V gl using assms by auto

hence 2: + f; g — (f; empty ) vV (f; g1) by (rule ChopOrlmpRule)
have 3:+ f; empty = f by (rule ChopEmpty)

from 2 3 show ?thesis by fastforce

ged

lemma StateAndEmptylmpBoxState:

F (init w) A empty — O (init w)
by (simp add: init-defs empty-defs always-defs Valid-def sum.case-eq-if)
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lemma BoxEqvAndBox:
Fof=(fFADOf)
by (simp add: always-defs Valid-def sum.case-eq-if
metis (no-types, lifting) interval-intlen-gr-zero interval-suffix-zero
isl-def isuffix-0 projl-def sum.case(1) sum.case-eq-if surjective-sum)

lemma NotBoxImpNotOrNotNextBox:
F=(of)—~fVv (0O (af))
proof —
have I: Ff AN (O(Of)) —Of
using BoxEqvAndEmptyOrNextBox by fastforce
hence 2: - ~( O f) — —=(f A (O (DO f))) by fastforce
have 3: = (=(f A (O (O f)) ) = (=f v (O (B f)) ) by auto
from 2 3 show ?thesis by auto
ged

lemma BoxStateChopBoxAndInflmpBox:
F 0 (init w); O (init w) A inf — O (init w)
by (simp add: Valid-def always-defs chop-defs init-defs sum.case-eq-if infinite-defs
iprefix-length iprefix-0,
metis add.right-neutral interval-nth-suffix interval-nth-zero-intfirst
iprefix-length iprefix-nth isuffix-def le0 le-cases le-iff-add)

lemma BoxStateChopBoxEqvBox:
F O (init w); O (init w) = O (init w)
proof —
have 1I1:+ (O (init w)) = ((init w) A ( empty vV O(O (init w))))
by (rule BoxEqvAndEmptyOrNextBox)
hence 2:+ (O (init w); O (init w)) =
((init w) A (( empty Vv O(O (init w))); O (init w)))
by (metis StateAndChop inteq-reflection)
have 3:+ ((empty v O(O (init w))); O (init w)) =
(O (init w) v O(O (init w); O (init w)))
by (rule EmptyOrNextChopEqv)
have 4:+ (O (init w); O (init w)) =
((init w) A (O (init w) v O(O (init w); O (init w))))
using 2 3 by fastforce
have 5:F = (O (init w)) — = (init w) vV =( O(O (init w)))
by (rule NotBoxImpNotOrNotNextBox)
have 6:+ (O (init w); O (init w)) A =( O (init w)) —
O(0O (init w); O (init w)) A =( O(T (init w)))
using 4 5 by fastforce
hence 7:F O (init w); O (init w) A finite — O (init w)
by (rule NextContra)
have 8:F O (init w); O (init w) A inf — O (init w)
by (rule BoxStateChopBoxAndInflmpBox)
have 9:F O (init w); O (init w) A (finite V inf) — O (init w)
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using 7 8 by fastforce
hence 10:+ O (init w); O (init w) — O (init w)
using FiniteOrlinfinite by fastforce
have 1I:+ O (init w) = ((init w) A O (init w))
by (rule BoxEqvAndBox)
have 12:+ empty ; O (init w) = O (init w)
by (rule EmptyChop)
have 13:F ((init w) A empty ); O (init w) = ((init w) A ( empty ; O (init w)))
by (rule StateAndChop)
have 14:F O (init w) = ((init w) A empty ); O (init w)
using 11 12 13 by fastforce
have 15:F (init w) A empty — O (init w)
by (rule StateAndEmptylmpBoxState)
hence 16: - ((init w) A empty ); O (init w) — O (init w); O (init w)
by (rule LeftChoplmpChop)
have 17:F O (init w) — O (init w); O (init w)
using 14 16 by fastforce
from 10 17 show ?thesis by fastforce
ged

lemma NotBoxStatelmpBoxYieldsNotBox:

F o =( o (init w)) — (O (init w)) yields (=( O (init w)))

proof —

have I:F O (init w); O (init w) = O (init w) by (rule BoxStateChopBoxEqvBox)

have 2:F O (init w) = (= —( O (init w))) by auto

hence 3: - O (init w); O (init w) = O (init w); (= —( O (init w))) by (rule RightChopEqvChop)
have 4:F —( O (init w)) — = (O (init w); (= = (O (init w)))) using 1 3 by auto

from 4 show ?thesis by (simp add: yields-d-def)

ged

lemma StateEqvBi:

o (init w) = bi (init w)

proof —
have I: I+ (init w) — bi (init w) by (rule StatelmpBi)
have 2: - bi (init w) — (init w) by (rule BiElim)
from 1 2 show ?thesis by fastforce

ged

lemma FiniteChopEqvDiamond:
F finite; f = f
by (simp add: sometimes-d-def)

9.6 Properties of Da and Ba

lemma DaEqvDtDi:

- da f=9(di f)

proof —

have 1:t finite; (f; # True) = finite; (f; # True) by auto

hence 2: + finite; (f; # True) = finite; di f by (simp add: di-d-def)
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have 3:F finite; di f = <( di f) by (rule FiniteChopEqvDiamond)
have 4:t finite; (f; #True) = O( di ) using 2 3 by fastforce
from 4 show 7thesis by (simp add:da-d-def)

ged

lemma DaEqvDiDt:

o oda f= di (¢f)

proof —

have 1:t finite; f = & f by (rule FiniteChopEqvDiamond)

hence 2: t (finite; f); # True = (O f); # True by (rule LeftChopEqvChop)
hence 3: & (finite; f); #True = di( & f) by (simp add: di-d-def)

have 4:t+ finite; (f; # True) = (finite; f); # True by (rule ChopAssoc)
have 5:t finite; (f; #True) = di (¢ f) using 3 4 by fastforce

from 5 show ?thesis by (simp add: da-d-def)

ged

lemma DtDiEqvDiDt:
O (di f)= di (OF)
by (metis ChopAssoc di-d-def sometimes-d-def)

lemma DiamondNotEqvINotBox:

FO (- f)=((af))
by (simp add: always-d-def)

lemma BaEqvBiBt:
F baf=0bi(Of)
proof —

have I:+ da(— f)= di

f (<O (= f)) by (rule DaEqvDiDt)
have 2.+ < (= f)=(~(DO

—( O f)) by (rule DiamondNotEqvNotBox)
hence 3: - di (¢(— f)) di (- (O f)) by (rule DiEqvDi)
have 4:F da (- f) = -( O f)) using 1 3 by fastforce

||/-\

hence 5: = (= (da (- ))) (= (di (=(Tf)))) by auto
hence 6: + (- (da (- f))) = bi( O f) by (simp add: bi-d-def)
from 6 show ?thesis by (simp add: ba-d-def)

ged

lemma DiNotEqvNotBi:

Foodi (= f)=(=(bi f))

proof —

have I: - bi f = (= (di (- f))) by (simp add: bi-d-def)
from 1 show ?thesis by auto

ged

lemma NotDiamondNotEqvBox:
F((O(=1f)=0of
by (simp add: always-d-def)

lemma BaEqvBtBi:

F ba f=0O(bi f)
proof —
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have I:+ da (= f) =< (di (- f)) by (rule DaEqvDtDi)

have 2:F di (—\ f) = (= (bi f)) by (rule DiNotEqvNotBi)

hence 3 F O (di (- f)) =<O(= (bi f)) by (rule DiamondEqvDiamond)
have 4:+ (= (O(= (bi f)))) = O(bi f) by (rule NotDiamondNotEqvBox)
have 5:F (= (da (= f))) =0(bi f) using I 2 34 by fastforce

from 5 show ?thesis by (simp add: ba-d-def)

ged

lemma BtBiEqvBiBt:

Foo(bi f)=0bi(Of)

proof —

have I: = ba f =0 (bi f) by (rule BaEqvBtBi)
have 2: = ba f = bi( O f) by (rule BaEqvBiBt)
from 1 2 show ?thesis by fastforce

ged

lemma BoxStateEqvBaBoxState:

O (init w) = ba (O (init w))

proof —

have 1:F (init w) = bi (init W) y (rule StateEqvBi)

hence 2: - O (init w) = O (bi (m/t w)) by (rule BoxEqvBox)

have 3:+ O (bi (init w)) = bi( O (init w)) by (rule BtBiEqvBiBt)
have 4:+ O (init w) = O(0O (init w)) by (rule BoxEqvBoxBox)
hence 5: - bi( O (init w)) = bi (O(O (init w))) by (rule BiEqvBi)
have 6: + ba( O (init w)) = bi( O(O (init w))) by (rule BaEqvBiBt)
from 2 3 5 6 show ?thesis by fastforce

ged

lemma BalmpBi:

F ba f— bi f

proof —

have I: - ba f = 0O(bi f) by (rule BaEqvBtBi)
have 2: - O(bi f) — bi f by (rule BoxElim)

from 1 2 show ?thesis using lift-imp-trans by fastforce
ged

lemma BalmpBt:

F ba f—0Of

proof —

have 1: + ba f = bi( O f) by (rule BaEqvBiBt)
have 2: - bi( O f) — O f by (rule BiElim)

from 1 2 show ?thesis using lift-imp-trans by fastforce
ged

lemma DiamondIimpDa:
F Of — da f
by (metis Dilntro DiamondImpDiamond da-d-def di-d-def sometimes-d-def)

lemma DilmpDa:
F di f— da f
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by (metis NowlmpDiamond da-d-def di-d-def sometimes-d-def)

lemma BoxAndChoplmport:

F OhAf,g— f;(hAg)

proof —

have 1:+h— g — (hA g) by auto

hence 2: - 0 h — 0O(g — (hA g)) by (rule ImpBoxRule)

have 3:+0O(g — (hA g)) — f;, g — f; (hA g) by (rule BoxChoplmpChop)
from 2 3 show 7thesis by fastforce

ged

lemma BaAndChoplmport:
o ba fA(g gl)— (fAg) (fAgl)
proof —
have 1:+ ba f — bi f by (rule BalmpBi)
have 2:+ bi f A (g; g1) — (f N g); g1 by (rule BiAndChoplmport)
have 3:+ ba f — O f by (rule BalmpBt)
have 4: O f A(f Ag), gl — (fAg)(fAgl) by (rule BoxAndChoplmport)
from 1 2 3 4 show ?thesis by fastforce
ged

lemma ChopAndCommute:

- fi(gnegl)="1 (gl Ng)

proof —

have I: - (g A g1) = (gl A g) by auto

from 1 show 7thesis by (rule RightChopEqvChop)
ged

lemma ChopAndA:

H fi(gNngl)—f g

proof —

have I: - (g A g1) — g by auto

from 1 show 7thesis by (rule RightChoplmpChop)
ged

lemma ChopAndB:

F o fi(gNgl)—f, gl

proof —

have I: + (g A g1) — gl by auto

from 1 show ?thesis by (rule RightChoplmpChop)
ged

lemma BoxStateAndChopEqvChop:
(O (init w) A (f; g)) = ((O (init w) A f); (T (init w) A g))
proof —
have I1:F O (init w) = ba( O (init w))
by (rule BoxStateEqvBaBoxState)
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have 2:F ba( O (init w)) A (f; g) — (O (init w) A f); (O (init w) A g)
by (rule BaAndChoplmport)

have 3:F O (init w) A (f; g) — (O (init w) A f); (T (init w) A g)
using 1 2 by fastforce

have 11:+ (O (init w) A f); (T (init w) A g) — (O (init w)); (O (init w) A g)
by (rule AndChopA)

have 12: + (O (init w)); (O (init w) A g) — (O (init w)); (O (init w))
by (rule ChopAndA)

have 13: F (O (init w)); (O (init w)) = O (init w)
by (rule BoxStateChopBoxEqvBox)

have 14: F (O (init w) A f); (O (init w) A g) — £, (O (init w) A g)
by (rule AndChopB)

have 15: + f; (O (init w) N g) — £, g
by (rule ChopAndB)

have 16: F (O (init w) A f); (O (init w) A g) — O (init w) A (f; g)
using 11 12 13 14 15 by fastforce

from 3 16 show 7thesis by fastforce

ged

lemma DiEqvNotBiNot:
Eoodi f=(=(bi(= f)))
proof —
have 1:+ bi (= f)= (= (di (=~ f))) by (simp add: bi-d-def)
hence 2: + di (== f) = (=(bi (= f))) by auto
have 3:+ f = (== f) by auto
hence 4:+ di f = di (= - f) by (rule DiEqvDi)
from 2 4 show ?thesis by auto
ged

lemma ChopAndBoxImport:

H f,gAnOh— 1 (gAh)

proof —

have I: F O hAf; g — f; (h A g) by (rule BoxAndChoplmport)
have 2: - f; (h A g) = f; (g A h) by (rule ChopAndCommute)
from 1 2 show ?thesis by fastforce

ged

lemma AndChopAndCommute:

F (fAg)i(f1Agl)=(gAf) (gl AfI)

proof —

have I: - (f A g); (f1 N gl) = (g A f); (f1 A gI) by (rule AndChopCommute)
have 2: F (g A f); (f1 N gl) = (g N f); (g1 A f1) by (rule ChopAndCommute)
from 1 2 show ?thesis by fastforce

ged

lemma Chop/mpChop:
assumes - f — f1

Fg— gl
shows | f;g — f1;g1
proof —
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have 1:+F f — f1 using assms by auto

hence 2: + f; g — f1; g by (rule LeftChoplmpChop)
have 3:+ g — gl using assms by auto

hence 4: + f1; g — f1; g1 by (rule RightChoplmpChop)
from 2 4 show ’thesis by fastforce

ged

lemma ChopEqvChop:
assumes - f = f1
Fg=gl
shows F f;g = fl;gl
proof —
have 1:+ f = fl1 using assms by auto
hence 2: + f; g = f1; g by (rule LeftChopEqvChop)
have 3:+ g = gl using assms by auto
hence 4: + f1;, g = f1; gl by (rule RightChopEqvChop)
from 2 4 show ?thesis by fastforce
ged

lemma BoxImpBoxImpBox:

Foh—0oO(g—0OhAg)

proof —

have I: -0 h— (g — O h A g) by auto

hence 2: - 0O(O0 h) — O(g — O h A g ) by (rule ImpBoxRule)
have 3: - 0O h = 0O(0h) by (rule BoxEqvBoxBox)

from 2 3 show ?thesis by fastforce

ged

lemma BoxChoplmpChopBox:

H Ooh—f,g—f(OhAg)

proof —

have I: - 0O h— 0O(g — O h A g ) by (rule BoxlmpBoxImpBox)

have 2:+-0O(g — O hANg)— f, g — f, (0 h A g) by (rule BoxChoplmpChop)
from 1 2 show ?thesis by fastforce

ged

lemma NotChopEqvYieldsNot:

(= (f; g)) = fyields (- g)

proof —

have 1:+ g = (- - g) by auto

hence 2: - f; g = f; (= = g) by (rule RightChopEqvChop)
hence 3: + (= (f; g)) = (= (f; (-~ g))) by auto

from 3 show 7thesis by (simp add: yields-d-def)

ged

lemma NotDiFalse:

F = (di #False)

proof —

have 1:F (init #True) — bi (init # True) by (rule StatelmpBi)
hence 2: - # True — bi # True by (auto simp: bi-defs sum.case-eq-if)

202



have 3: 1\ # True by auto

have 4:+ bi # True using 2 3 MP by auto

hence 5: - — ( di (= #True)) by (simp add: bi-d-def)
have 6:F (- #True) = #False by auto

hence 7: + di (= #True) = di #False by (rule DiEqvDi)
from 5 7 show ?thesis by auto

ged

lemma StateAndEmptyChop:

F o ((init w) A empty ); f = ((init w) A f)

proof —

have I:F ((init w) A empty ); f = ((init w) A empty ; f) by (rule StateAndChop)
have 2: - empty ; f = f by (rule EmptyChop)

from 1 2 show ?thesis by fastforce

ged

lemma StateAndNextChop:

o ((init w) A O f); g = ((init w) A O(f; g))

proof —

have 1:F ((init w) A O f); g = ((init w) A (O f); g) by (rule StateAndChop)
have 2: - (O f); g = O(f; g) by (rule NextChop)

from 1 2 show ?thesis by fastforce

ged

lemma NextAndEqvNextAndNext:
FO(fFAg)=(OFfANOg)
by (auto simp: next-defs sum.case-eq-if )

lemma NextStateAndChop:

Fo O(((init w) A f); g) = (O (init w) A O(f; g))

proof —

have I1:F ((init w) A f); g = ((init w) A f; g) by (rule StateAndChop)

hence 2: = O(((init w) A f); g) = O((init w) A f; g) by (rule NextEqvNext)

have 3:F O((init w) A f; g) = (O (init w) A O(f; g)) by (rule NextAndEqvNextAndNext)
from 2 3 show ?thesis by fastforce

ged

lemma StateYieldsEqv:

F o ((init w) — (f yields g)) = ((init w) A f) yields g

proof —

have I:F ((initw) A f); (= g) = ((initw) A f; (= g)) by (rule StateAndChop)
hence 2: - ((init w) — = (f; (= g))) = (= (((init w) A f); (= g))) by auto
from 2 show 7thesis by (simp add: yields-d-def)

ged

lemma StateAndDi:

Fo ((init w) A di f) = di ((init w) A f)

proof —

have I:+ ((init w) A f); #True= ((init w) A f; # True) by (rule StateAndChop)
from 1 show ?thesis by (metis di-d-def inteq-reflection)
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ged

lemma DilNext:

- di(Of)=0(di )

proof —

have 1:+ (O f); # True = O(f; # True) by (rule NextChop)
from 1 show ?thesis by (simp add: di-d-def)

ged

lemma DiNextState:

F o di( O (init w)) = O (init w)

proof —

have I:+ di( O (init w)) = O( di (init w)) by (rule DiNext)
have 2:F di (init w) = (init w) by (rule DiState)

hence 3: - O( di (init w)) = O (init w) by (rule NextEqvNext)
from 1 3 show ?thesis by fastforce

ged

lemma StatelmpBiGen:

assumes t (init w) — f

shows | (init w) — bi f

proof —

have I:+ (init w) — f using assms by auto

hence 2: - = f — = (init w) by auto

hence 3: + di (= f) — di (= (init w)) by (rule DilmpDi)

hence 4: + di (= f) — di (init (—w)) by (metis Initprop(2) inteq-reflection)
have 5:F di (init (- w)) = (init (= w)) by (rule DiState)

have 6:+ di (= f) — = (init w) using 4 5 using Initprop(2) by fastforce
hence 7: + (init w) — = ( di (= f)) by auto

from 7 show ?thesis by (simp add: bi-d-def)

ged

lemma ChopAndNotChoplmp:

F f,g N (f;g1)— f, (g N— gl)

proof —

have I:+g — (gN — gl)V gl by auto

hence 2: - f; g — f; ((gN = gl) vV gl) by (rule RightChoplmpChop)

have 3:+f; ((gA— gl)Vv gl) — (f; (gN - gl)) Vv (f; gl) by (rule ChopOrimp)
have 4:+f;, g — f; (gA— gl)V f; gl using 2 3 MP by fastforce

from 4 show ?thesis by auto

ged

lemma ChopAndYieldsimp:

F f, g A fyields gl — f; (g A gl)

proof —

have 1:+ g — (gAgl)V - gl by auto

hence 2: +f; g — f; ((gN gl)V - gl) by (rule RightChoplmpChop)

have 3: - f; ((gN gl)Vv —gl) — (f; (gN gl)) Vv (f; (- gl)) by (rule ChopOrimp)
have 4:+f, g — f; (gN gl)V f; (- gl) using 2 3 MP by fastforce

hence 5: - f; g A= (f; (- gl)) — f; (g/\gl) by auto
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from 5 show 7thesis by (simp add: yields-d-def)
ged

lemma ChopAndYieldsMP:

F f; g A fyields (g— gl1) — f; gl

proof —

have 1:+f; g A fyields (g— g1) — f; (g N (g — gl)) by (rule ChopAndYieldslmp)
have 2:+ g A (g — gl) — gl by auto

hence 3: - f; (g A (g — gl)) — f; g1 by (rule RightChoplmpChop)

from 1 3 show 7thesis by fastforce

ged

lemma OrYieldsimp:

F (f Vv f1) yields g = ((fyields g) A (f1 yields g))
proof —

have 1:F ((fv fI); (- g))=((f;(— g))V (fI;, (- g))) by (rule OrChopEqv)
hence 2: + (= ((fv f1); (= g))) = (= (f; (= g)) A =(f1; (-~ g))) by auto
from 2 show ?thesis by (simp add: yields-d-def)
ged

lemma LeftYieldsimpYields:

assumes - f — f1

shows + (f1 yields g) — (f yields g)

proof —

have 1:+F f — f1 using assms by auto

hence 2: + f; (- g) — f1; (= g) by (rule LeftChoplmpChop)
hence 3: - - (f1; (- g)) — — (f; (= g)) by auto

from 3 show ?thesis by (simp add: yields-d-def)

ged

lemma LeftYieldsEqvYields:

assumes - f = fI

shows - (fyields g) = (f1 yields g)

proof —

have I1:+ f = fl1 using assms by auto

hence 2: + f; (- g) = f1; (= g) by (rule LeftChopEqvChop)
hence 3: + (= (f; (= g))) = (= (fI; (= g))) by auto

from 3 show 7thesis by (simp add: yields-d-def)

ged

9.7 Properties of Fin

lemma FinEqvTrueChopAndEmpty:
F fin f = # True;(f N\ empty)

proof —

have I: I fin f = O(empty — f)
by (simp add: fin-d-def)

have 2: - O(empty — ) = (=(C(—(empty — ) ) ))
by (simp add: always-d-def)

have 3: F (=(empty — f)) = (= f A empty)
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by auto
hence 4: - O(—(empty — 1)) = O(— £ A empty)
using DiamondEqvDiamond by blast
hence 5: - —(O(=(empty — £))) = (=(O(= £ A empty)))
by auto
have 6: - (=(O(— f A empty))) = # True;(f A empty)
using interval-suffix-intlast by ( auto simp add: Valid-def sometimes-defs empty-defs
chop-defs sum.case-eq-if)
from 1 2 5 6 show ?thesis by fastforce
ged

lemma DiamondFin:

F O(fin w) = fin w

by (metis (no-types, lifting) ChopAssoc ChopOrEqv FinEqvTrueChopAndEmpty FiniteChopFiniteEqvFinite
FiniteChopInfEqvinf FiniteOrlnfinite int-eq-true inteq-reflection sometimes-d-def)

lemma FiniteChopFinExportA:

F (f A finite);(g A fin w) — fin w

using DiamondFin

by (metis ChopAndB FiniteChoplmpDiamond inteq-reflection lift-imp-trans)

lemma FinlmpBox:
+ fin w — O(fin w)
by (metis BoxImpBoxBox fin-d-def )

lemma FinAndChoplmport:

F (fin w) A (f;8) — f;((fin w) A g)

proof —

have 1: F fin w — O(fin w) by (rule FinlmpBox)

hence 2: - fin w A f;g — O(fin w) A (f;g) by auto

have 3: - O(fin w) A (f;g) — f;((fin w) A g) using BoxAndChoplmport by blast
from 2 3 show ?thesis using MP by fastforce

ged

lemma FinAndChop:

= ((f A finite);(g A fin w)) = (finw A (f A finite);g)

using FinAndChoplmport FiniteChopFinExportA ChopAndA ChopAndCommute
by fastforce

lemma ChopAndEmptyEqvEmptyChopEmpty:

F ((f;g) A empty) = (f A empty);(g N\ empty)
by (auto simp: empty-defs chop-defs sum.case-eq-if)

lemma FinAndEmpty:
F ((fin w) A empty) = (w A empty)
proof —
have I1:+ ((fin w) A empty) = (# True;(w A empty) A empty)
using FinEqvTrueChopAndEmpty by fastforce
have 2: = (# True;(w A empty) A empty) = ((# True A empty);(w A empty))
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using ChopAndEmptyEqvEmptyChopEmpty
by (smt int-eq int-iffD2 lift-and-com Propl0 Propl2)
have 3: - (#True A empty);(w N empty) = (empty;(w A empty))
using LeftChopEqvChop by fastforce
have 4: - (empty;(w A empty)) = (w A empty)
using EmptyChop by blast
from 1 2 3 4 show ?thesis by fastforce
ged

lemma AndFinEqvChopAndEmpty:

F o ((f A finite) A fin g) = (f A finite); (g A empty )

proof —

have 1:F ((f A finite) A fin g) = ((f A finite) ;empty A fin g)
using ChopEmpty by (metis inteq-reflection)

have 2: - (fin g A (f A finite);empty) = ((f A finite);(empty A fin g))
using FinAndChop by fastforce

have 3: - (empty A fin g) = (fin g N\ empty)
by auto

have 4: - (fin g N empty) = (g N empty)
using FinAndEmpty by metis

have 5: - (empty A fin g) = (g N empty)
using 3 4 by auto

hence 6: - (f A finite);(empty A fin g) = (f A finite);(g N empty)
using RightChopEqvChop by blast

from 1 2 5 show 7thesis by (metis inteq-reflection lift-and-com)

ged

lemma AndFinEqvChopStateAndEmpty:
o ((f A finite) A fin (init w)) = (f A finite); ((init w) A empty )
using AndFinEqvChopAndEmpty by blast

lemma FinStateEqvStateAndEmptyOrNextFinState:
F fin (init w) = (((init w) A empty ) vV O( fin (init w)))
proof —
have 1: | fin (init w) = O( empty — init w)
by (simp add: fin-d-def)
have 2 : - O(empty — init w) =
((empty — init w) A wnext (O (empty — init w)))
by (rule BoxEqvAndWhnextBox)
have 3: & fin (init w) = ((empty — init w) A wnext (fin (init w)))
using I 2 by (simp add: fin-d-def)
have 4: - wnext (fin (init w)) = (empty V O (fin (init w)))
by (rule WnextEqvEmptyOrNext)
have 5: - fin (init w) = ((empty — init w) A (empty V O (fin (init w))))
using 3 4 by fastforce
have 6: - ((empty — init w) A (empty vV O (fin (init w)))) =
(((empty — init w) A empty) V ((empty — init w) A O (fin (init w))))
by auto
have 7: - ((empty — init w) A empty) = ((init w) A empty)
by auto
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have 8: - ((empty — init w) A O (fin (init w))) = O (fin (init w))
by (metis 1 BoxElim DiamondFin NextDiamondlmpDiamond int-eq lift-and-com
lift-imp-trans Prop10)
have 9: - (((empty — init w) A empty) V ((empty — init w) A O (fin (init w)))) =
((init w) A empty )V O( fin (init w))
using 7 8 by auto
from 5 6 8 9 show ?thesis by fastforce
ged

lemma FinChopEqvOr:
F o (fin (init w)); f = (((init w) A f) NV O(( fin (init w)); f))
proof —
have I:+ fin (init w) = (((init w) A empty )V O( fin (init w)))
by (rule FinStateEqvStateAndEmptyOrNextFinState)
hence 2: = ( fin (init w)); f = (((init w) A empty )V O( fin (init w))); f
by (rule LeftChopEqvChop)
have 3:+ (((init w) A empty )V O (fin (init w))); f
= (((init w) A empty ); f vV (O (fin (init w))); )
by (rule OrChopEqv)
have 4:t ((init w) A empty ); f = ((init w) A f)
by (rule StateAndEmptyChop)
have 5:+ (O (fin (init w))); f = O(( fin (init w)); f)
by (rule NextChop)
from 2 3 4 5 show ?thesis by fastforce
ged

lemma FinChopEqvDiamond:
F o (fin (init w) A finite); f = < ((init w) A f)
proof —
have 1:t ( fin (init w) A finite) = (finite;((init w) A empty))
by (metis (no-types, lifting) ChopAndB DiamondEmptyEqvFinite DiamondFin FinAndChoplmport
FinAndEmpty Propl1 Propl2 integ-reflection lift-and-com sometimes-d-def)
hence 2: & (fin (init w) A finite);f = (finite;((init w) N empty));f
by (rule LeftChopEqvChop)
have 3:  finite;(( (init w) A empty);f) = (finite;((init w) A empty));f
by (rule ChopAssoc)
have 4: + finite;(( (init w) A empty);f)= < ( ( (init w) A empty);f)
by (simp add: sometimes-d-def)
have 5:F ( (init w) A empty);f = ((init w) A f)
using StateAndEmptyChop by blast
hence 6: - <& (( (init w) A empty);f) = < ( (init w) A f)
by (rule DiamondEqvDiamond)
from 2 3 4 6 show ?thesis by fastforce
ged

lemma NotDiamondAndNot:

H —|( o ( f A= f))

proof —

have 1: = (=( <O (f A= f))) =0O(—~(f A —=f)) using NotDiamondNotEqvBox by fastforce
have 2: = —(f A —f) by simp
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have 3: - 0O(—(f A —f)) using 2 by (simp add: BoxGen)
from 1 3 show ?thesis by fastforce
ged

lemma FinYields:

= ( fin (init w) A finite) yields (init w)

proof —

have 1: & (fin (init w) A finite); (=(init w)) = O((init w) A —(init w))

by (rule FinChopEqvDiamond)

have 2: = —( O((init w) A = (init w))) by (rule NotDiamondAndNot)
have 3: = = (( fin (init w) A finite); (= (init w))) using 1 2 by fastforce
from 3 show 7thesis by (simp add: yields-d-def)

ged

lemma ImpAndFinStateOrFinNotState:
= f — (f A fin (init w)) V (f A fin (= (init w)))
by (simp add: fin-defs Valid-def sum.case-eq-if)

lemma AndFinChopEqvStateAndChop:
o ((f A finite) A fin (init w)); g = (f A finite); ((init w) A g)
proof —
have 1:+ ( fin (init w) A finite) yields (init w)
by (rule FinYields)
have 2: (f A finite) A fin (init w) — fin (init w)
by auto
hence 3: I ( fin (init w) A finite) yields (init w) —
((f A finite) A fin (init w)) yields (init w)
using LeftYieldsimpYields
by (metis AndFinEquvChopAndEmpty Propll Propl2 integ-reflection)
have 4:F ((f A finite) A fin (init w)) yields (init w)
using 1 3 MP by fastforce
have 5:+ ((f A finite) A fin (init w)); g A ((f A finite) A fin (init w)) yields (init w)
— ((f A finite) A fin (init w)); (g A (init w))
by (rule ChopAndYieldsimp)
have 6: 1 ((f A finite) A fin (init w)); g —
((f A finite) A fin (init w)); (g A (init w))
using 4 5 by fastforce
have 7:+ ((f A finite) A fin (init w)); (g A (init w)) — (f A finite); (g A (init w))
by (rule AndChopA)
have 8:F g A (init w) — (init w) A g
by auto
hence 9: I (f A finite); (g A (init w)) — (f A finite); ((init w) A g)
by (rule RightChoplmpChop)
have 10:+ ((f A finite) A fin (init w)); g — (f A finite); ((init w) A g)
using 6 7 9 by fastforce
have 11:F (f A finite) — ((f A finite) A fin (init w)) V ((f A finite) A fin (= (init w)))
using ImpAndFinStateOrFinNotState by blast
hence 12:  (f A finite); ((init w) A g) —
(((f A finite) A fin (init w)) V
((finite A f) A fin (= (init w)))); ((init w) A g)
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using LeftChoplmpChop
by (metis inteq-reflection lift-and-com)
have 13:F (((f A finite) A fin (init w)) V ((f A finite) A fin (= (init w)))); ((init w) A g)

(((f A finite) A fin (init w));
((init w) A g) vV ((f A finite) A fin (= (init w))); ((init w) A g))
by (rule OrChopEqv)
have 14:F ( (f A finite) A fin  (init (= w))); ((init w) A g) —
O( (init (= w)) A ((init w) A g))
using FinChopEqvDiamond
by (metis ChoplmpChop Prop12 int-iffD1 inteq-reflection lift-and-com)
have 141: + —( (. (init (= w)) A ((init w) A g))) —
= (((f A finite) A fin (init (= w))); ((init w) A g))
using 14 by fastforce
have 15:F —=( O( (init (= w)) A ((init w) A g)))
using NotDiamondAndNot Initprop(2) by (auto simp: sometimes-defs init-defs sum.case-eq-if)
have 151: = = ( ( (f A finite) A fin  (init (= w))); ((init w) A g))
using 15 141 by fastforce
have 1511: + ( (f A finite) A fin (= (init w))); ((init w) A g) — #False
using 151 by (metis Initprop(2) int-simps(14) inteq-reflection)
have 152:  ((f A finite) A fin (init w));
((init w) A g) vV ((f A finite) A fin (= (init w))); ((init w) A g) —
((f A finite)\ fin (init w)); ((init w) A g)
using 1511 by fastforce
have 16:F (f A finite); ((init w) A g) — ((f A finite)\ fin (init w)); ((init w) A g)
using 12 13 152
by (metis (no-types, lifting) inteq-reflection lift-and-com lift-imp-trans)
have 17:F ((f A finite)A fin (init w)); ((init w) A g) — ((f A finite) A fin (init w)); g
by (rule ChopAndB)
have 18:+ (f A finite); ((init w) A g) — ((f A finite) A fin (init w)); g
using 16 17 by fastforce
from 10 18 show ?thesis by fastforce
ged

lemma DiAndFinEqvChopState:

F o di ((f A finite) A fin (init w)) = (f A finite); (init w)

proof —

have 1:F ((f A finite) A fin(init w)); # True = (f A finite);((init w) A # True)
by (rule AndFinChopEqvStateAndChop)

have 2:F ((init w) A # True) = (init w) by auto

hence 3: - ((f A finite); ((init w) A # True)) = ((f A finite); (init w))
by (rule RightChopEqvChop)

have 4: & ((f A finite) A fin (init w)); # True = (f A finite); (init w)
using 1 3 by auto

from 4 show ?thesis by (simp add: di-d-def)

ged

lemma FinNotStateEqvINotFinState:
F o (=( fin  (init w)) A finite ) = (fin  (init (= w)) A finite )
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using FinEqvTrueChopAndEmpty Finprop(4) Initprop(2) FinitelmpAnd
by (metis inteq-reflection)

lemma BilmpFinEqvYieldsState:

= bi (f A finite — fin (init w)) = (f A finite)yields (init w)

proof —

have 1:F di ((f A finite) A fin (init (- w))) = (f A finite); (init (= w))
by (rule DiAndFinEqvChopState)

have 2:F ((f A finite) A fin(init (= w))) = ((f A finite) A =(fin(init w)))
using FinNotStateEqvINotFinState by fastforce

have 3:F ((f A finite) A = (fin(init w))) = (= (f A finite — fin (init w)))
by auto

have 4:F ((f A finite) A fin(init (= w))) = (= (f A finite— fin(init w)))
using 2 3 by fastforce

hence 5: = di ((f A finite) A fin (init (— w))) = di (= (f A finite— fin(init w)))
by (rule DiEqvDi)

have 6:F di (= (f A finite — fin (init w))) = (=( bi (f A finite— fin(init w))))
by (rule DiNotEqvNotBi)

have 7:F = (bi (f A finite — fin (init w))) = (f A finite);(init (- w))
using 1 5 6 Initprop by fastforce

hence 8: + bi (f A finite — fin (init w)) = (= ((f A finite); (= (init w))))
by (metis Initprop(2) int-eq int-simps(7))

from 8 show ?thesis by (simp add: yields-d-def)

ged

lemma StatelmpYields:

assumes  (init w) A f A finite — fin (init wl)

shows  (init w) — ((f A finite) yields (init wl))

proof —

have I:F (init w) A f A finite — fin (init wl) using assms by auto
hence 2: + (init w) — (f A finite — fin (init wl)) by auto

hence 3: + (init w) — bi (f A finite — fin (init wl)) by (rule StatelmpBiGen)
have 4:F bi (f A finite — fin (init wl)) = (f A finite)yields (init wl)
by (rule BilmpFinEqvYieldsState)

from 3 4 show ?thesis by fastforce

ged

lemma StateAndYieldsimpYields:

assumes - (init w) A f — f1

shows  (init w) A (fI yields g) — (f yields g)

proof —

have I1:F (initw) A f — fI using assms by auto

hence 2: + (init w) A (f; (= g)) — f1; (= g) by (rule StateAndChoplmpChopRule)
hence 3: F (init w) A = (f1; (= g)) — = (f; (= g)) by auto

from 3 show ?thesis by (simp add: yields-d-def)

ged

lemma AndYieldsA:
F fyields g — (f A f1) yields g
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proof —

have 1: +f A fl — f by auto

from 1 show 7thesis by (rule LeftYieldsimpYields)
ged

lemma AndYieldsB:
o f1 yields g — (f A f1) yields g
proof —
have 1: + f A f1 — f1 by auto
from 1 show ?thesis by (rule LeftYieldsimpYields)
ged

lemma RightYieldsimpYields:

assumes - g— gl

shows | (fyields g) — (fyields gl)

proof —

have 1:+ g — gl using assms by auto

hence 2: - - gl — - g by auto

hence 3: - f; (= glI) — f; (= g) by (rule RightChoplmpChop)
hence 4: + - (f; (- g)) — — (f; (-~ gl)) by auto

from 4 show 7thesis by (simp add: yields-d-def)

ged

lemma RightYieldsEqvYields:

assumes - g = gl

shows | (fyields g) = (f yields gI)

proof —

have I1:\ g = gl using assms by auto

hence 2: + (= g) = (- gl) by auto

hence 3: - f; (= g) =f; (- gl) by (rule RightChopEqvChop)
hence 4: - (= (f; (- g))) = (= (f; (= gl1))) by auto

from 4 show 7thesis by (simp add: yields-d-def)

ged

lemma BoxImpYields:

F Og — (f A finite) yields g

proof —

have I1:F (f A finite); (- g) — <(— g) by (rule FiniteChoplmpDiamond)
hence 2: - = (O(= g)) — = ((f A finite); (= g)) by auto

from 2 show ?thesis by (simp add: yields-d-def always-d-def)

ged

lemma BoxEqvFiniteYields:

F O f = finite yields f

proof —

have I:F finite; (- f) =< (= f) by (rule FiniteChopEqvDiamond)
hence 2: + (= (finite; (- f))) = (=( < (= f))) by auto

have 3:F0Of = (= (< (= f))) by (simp add: always-d-def)

have 4:+ O f = (= (finite; (= f))) using 2 3 by fastforce

from 4 show ?thesis by (simp add: yields-d-def)
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ged

lemma YieldsGen:
assumes - g
shows | (f A finite) yields g
proof —
have I1:F g using assms by auto
hence 2: - O g by (rule BoxGen)
have 3:+ 0O g — (f A finite) yields g by (rule BoxlmpYields)
from 2 3 show ?thesis using MP by fastforce
ged

lemma YieldsAndYieldsEqvYieldsAnd:
F o ((fyields g) N (f yields gl)) = fyields (g N gI)

proof —

have I: - f; (- gV - gl)=((f; (

- g))V (f; (= gl))) by (rule ChopOrEqv)
hence 2: - ((f; (= g)) VvV (f; (= g1))=f; (- gV - gl) by auto
have 3: (- gV = gl) = (- ( A gl)) by auto
hence 4:+f; (- gV - gl) = f;(— (g A gl)) by (rule RightChopEqvChop)

have 5: - (f; (= g) VvV (f; (- gl ) fi (- (g N gl)) using 2 4 by fastforce
hence 6: (= (f; (= g)) A~ (fi (= g1))) = (= (f: (= (g A g1))))

by (auto simp: chop-defs sum.case-eq-if )

from 6 show 7thesis by (simp add: yields-d-def)

ged

lemma YieldsAndYieldsimpAndYieldsAnd:
F (fyields g) A (f1 yields g1) — (fA f1) yields (gN g1)
proof —
have 1:+ fyields g — (f A f1) yields g
by (rule AndYieldsA)
have 2: - f1 yields gl — (f A f1) yields gl
by (rule AndYieldsB)
have 3: = ((f A f1) yields g N (f A f1) yields gl) = (f A f1) yields (g N gI)
by (rule YieldsAndYieldsEqvYieldsAnd)
from 1 2 3 show ?thesis by fastforce
ged

lemma YieldsYieldsEqvChopYields:

k- fyields (g yields h) = (f; g) yields h

proof —

have 1:+f; (g, (= h)) =(f; g); (= h) by (rule ChopAssoc)

hence 2: + f; (g; (= h)) = (f; g); (- h) by auto

have 3:+ g; (= h) = (= - (g; (= h))) by auto

hence 4: + f; (g; (= h)) =1; (= - (g; (= h))) by (rule RightChopEqvChop)
have 5.+ f; (== (g; (= h))) =(f; g); (= h) using 2 4 by auto

hence 6: + f; (- (g yields h)) = (f; g); (— h) by (simp add: yields-d-def)
hence 7: + (= (f; (— (g yields h)))) = (= ((f; g); (= h))) by auto

from 7 show ?thesis by (simp add: yields-d-def)

ged
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lemma EmptyYields:

F empty vyields f=f

proof —

have 1:+ empty; (= f)= (- f) by (rule EmptyChop)
hence 2: + (= (empty ; (- f))) = f by auto

from 2 show ?thesis by (simp add: yields-d-def)

ged

lemma NextYields:

F (O f) yields g = wnext (f yields g)

proof —

have I:+ (O f); (- g) = O(f; (= g)) by (rule NextChop)

hence 2: - (= (O f); (= £))) = (= (O(f: (= g)))) by auto

hence 3: F (O f) yields g = (= (O(f; (= g)))) by (simp add: yields-d-def)

have 4:F (=( O(f; (- g)))) = wnext (= (f; (= g))) by (auto simp: wnext-d-def)
have 5:F (O f) yields g = wnext (= (f; (- g))) using 3 4 by fastforce

from 5 show ?thesis by (simp add: yields-d-def)

ged

lemma SkipChopEqvNext:
F skip, f=0f
by (simp add: next-d-def)

lemma SkipYieldsEquWeakNext:

F  skip yields f = wnext f

proof —

have 1:F skip; (= f)=0O(= f) by (rule SkipChopEqvNext)
hence 2: + (= ('skip; (= f))) = (=( O(= f))) by auto

have 3:+ (= (O(— f))) = wnext f by (auto simp: wnext-d-def)
have 4:F (= ( skip; (= f))) = wnext f using 2 3 by fastforce
from 4 show ?thesis by (simp add: yields-d-def)

ged

lemma NextImpSkipYields:

F Of — skip yields f

proof —

have 1: - O f — wnext f using WnextEqvEmptyOrNext by fastforce
have 2: - skip yields f = wnext f by (rule SkipYieldsEqvWeakNext)
from 1 2 show ?thesis by fastforce

ged

lemma MoreEqvSkipChopTrue:

F more = skip ; # True

proof —

have I:t skip; #True = O# True by (rule SkipChopEqvNext)
hence 2: - O# True = skip ; # True by auto

from 2 show 7thesis by (simp add: more-d-def)

ged
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lemma MoreChoplmpMore:

F more: f — more

proof —

have 1:+ (O#True); f = O(# True; f) by (rule NextChop)

have 2: - O(#True; f) — more by (auto simp: more-defs next-defs sum.case-eq-if)
have 3: - (O# True; f) — more using 1 2 by fastforce

from 3 show ’thesis by (metis more-d-def)

ged

lemma FmoreChoplmpFmore:
t fmore ; (f A finite) — fmore
proof —
have 1:+ fmore; (f A finite)= O(finite; (f A finite))
using FmoreEqvSkipChopFinite by (metis NextChop inteq-reflection next-d-def)
have 2: - O(finite; (f A finite)) — fmore
by (auto simp: fmore-defs chop-defs finite-defs more-defs next-defs sum.case-eq-if)
have 3: - (Ofinite; (f A finite)) — fmore using I 2
by (metis FmoreEqvSkipChopFinite inteq-reflection next-d-def)
from 1 2 3 show ?thesis by fastforce
ged

lemma ChopMorelmpMore:
F f; more — more
proof —
have I: (f A finite) ; more — <& more by (rule FiniteChoplmpDiamond)
have 11: + (f A inf); more — more
by (simp add: more-defs infinite-defs chop-defs Valid-def sum.case-eq-if )
have 2: - & more — more by (auto simp: more-defs sometimes-defs sum.case-eq-if)
have 3: F (f A finite) ; more — more using 1 2 by fastforce
have 4: - f = ( (f A finite) Vv (f A inf))
by (simp add: Valid-def finite-defs infinite-defs sum.case-eq-if )
hence 5: + f;more = ( (f A finite);more V (f A inf);more) by (simp add: OrChopEqvRule)
from 11 3 5 show ?thesis by fastforce
ged

lemma MoreChopEqvNextDiamond:

F o fmore ; f = O(C f)

proof —

have 1: = fmore ; f = (O finite); f

by (simp add: Valid-def chop-defs fmore-defs next-defs finite-defs sum.case-eq-if)
have 2: - (O finite); f = O(finite; f) by (rule NextChop)

have 3: + fmore ; f = O(finite; f) using 1 2 by fastforce

from 3 show ?7thesis by (simp add: sometimes-d-def)

ged

lemma WeakNextBoxImpMoreYields:

- fmore yields f = wnext( O f)

proof —

have 1:+ fmore ; (- f) = O(C (—f)) by (rule MoreChopEqvNextDiamond)
have 2: - O(< (=f)) = O(—(Of)) by (auto simp: always-d-def)
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have 3: - O(—(Of)) = (= ( wnext( O f) )) by (auto simp: wnext-d-def)
have 4: - fmore ; (- f) = (—(fmore yields f)) by (simp add: yields-d-def)
from 1 2 3 4 show ?thesis by fastforce

ged

lemma NotEqvYieldsMore:

F (= f) = fyields more

proof —

have 1:+ f; empty = f by (rule ChopEmpty)

hence 2: + (- (f; empty )) = (= f) by auto

have 3:+ empty = (- more) by (auto simp: empty-d-def)
hence 4: + f; empty = f; (= more) by (rule RightChopEqvChop)
hence 5: - (= (f; empty )) = (= (f; (= more ))) by auto
have 6:F (= f) = (= (f; (- more) )) using 2 5 by fastforce
from 6 show ?thesis by (metis yields-d-def)

ged

lemma LeftChoplmpMoreRule:

assumes - f — more

shows +F f; g — more

proof —

have 1:+ f — more using assms by auto

hence 2: + f; g — more ; g by (rule LeftChoplmpChop)
have 3: = more ; g — more by (rule MoreChoplmpMore)
from 2 3 show ?thesis using lift-imp-trans by blast

ged

lemma LeftChoplmpFMoreRule:

assumes - f — fmore

shows  f; (g A finite) — fmore

proof —

have 1:+ f — fmore using assms by auto

hence 2: + f; (g A finite) — fmore ; (g A finite) by (rule LeftChoplmpChop)
have 3: + fmore ; (g A finite) — fmore using FmoreChoplmpFmore by fastforce
from 2 3 show ?thesis using lift-imp-trans by blast

ged

lemma RightChoplmpMoreRule:

assumes - g — more

shows F f; g — more

proof —

have 1:+ g — more using assms by auto

hence 2: + f; g — f; more by (rule RightChoplmpChop)
have 3:+ f; more — more by (rule ChopMorelmpMore)
from 2 3 show ?7thesis using lift-imp-trans by blast

ged

lemma NotDiEqvBiNot:

F (= (di f))=bi(~ f)
proof —
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have I:+ f = (- - f) by auto

hence 2: + di f = di (-~ f) by (rule DiEqvDi)
hence 3: - (—| ( di f)) = (—| ( di (—\ - f))) by auto
from 3 show ?thesis by (simp add: bi-d-def)

ged

lemma Chop/mpDi:

F f,g— di f

proof —

have 1:+ g — #True by auto

hence 2: + f; g — f; # True by (rule RightChoplmpChop)
from 2 show 7thesis by (simp add: di-d-def)

ged

lemma TrueEqvTrueChopTrue:

F #True = # True; # True

proof —

have 1:F #True; # True — # True by auto

have 2:t #True — di #True by (rule Dilntro)

hence 3: b # True — #True; # True by (simp add: di-d-def)
from 1 3 show ?thesis by auto

ged

lemma DiEqvDiDi:

Foodi f=di( dif)

proof —

have I1:t #True = # True; # True by (rule TrueEqvTrueChopTrue)
hence 2: & f; #True = f; (# True; # True) by (rule RightChopEqvChop)
have 3:F f; (# True; # True)= (f; # True); # True by (rule ChopAssoc)
have 4: & f; #True = (f; # True); # True using 2 3 by fastforce

from 4 show ?thesis by (metis di-d-def)

ged

lemma BiEqvBiBi:
F bi f=bi( bi f)
proof —

have I:+ di (= f) = di( di (= f)) by (rule DiEqvDiDi)
have 2:+ di (= f)= (= ( bi f)) by (rule DiNotEqvNotBi)
hence 3:+ di (di (- f)) = di (= ( bi f)) by (rule DiEqvDi)
have 4:+ di (= f)= di (=( bi f)) using I 3 by fastforce
hence 5: - (= (di (= f))) = (= (di (= (bi f)))) by fastforce
from 5 show ?thesis by (metis bi-d-def)

ged

lemma DiOrEqv:

- odi(fVv g)= (di fV dig)

proof —

have 1:+ (fV g); #True = (f; # True V g; # True) by (rule OrChopEqv)
from 1 show 7thesis by (simp add: di-d-def)

ged
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lemma DiAndA:

Fodi(fAg)— di f

proof —

have I: - (f A g); #True — f; #True by (rule AndChopA)
from 1 show ?thesis by (simp add: di-d-def)

ged

lemma DiAndB:

FHodi(fhg)— di g

proof —

have 1:+ (f A g); #True — g; # True by (rule AndChopB)
from 1 show ?thesis by (simp add: di-d-def)

ged

lemma DiAndImpAnd:

Fodi(fAg)— di fA dig

proof —

have I:+ di (f A g) — di f by (rule DiAndA)
have 2: + di (f A g) — di g by (rule DiAndB)
from 1 2 show ?thesis by fastforce

ged

lemma DiSkipEqvMore:

F  di skip = more

proof —

have 1:+ skip ; # True = O# True by (rule SkipChopEqvNext)
have 2: = O# True = more by (auto simp: more-d-def)

have 3: - skip ; # True = more using 1 2 by fastforce

from 3 show ?thesis by (simp add: di-d-def)

ged

lemma DiMoreEqvMore:

F  di more = more

proof —

have I:+ di (O #True ) = O( di #True) by (rule DiNext)

have 2:+ O( di #True) — more by (auto simp: next-defs di-defs more-defs sum.case-eq-if)
have 3:F di( O #True) — more using 1 2 by fastforce

hence 4: = di more — more by (simp add: more-d-def)

have 5:+ more — di more by (rule ImpDi)

from 4 5 show ?thesis by fastforce

ged

lemma DilfEqvRule:

assumes - f = if; (init w) then g else h
shows t di f = if; (initw) then (di g) else (di h)
proof —

have 1:+ f = if; (init w) then g else h using assms by auto
hence 2: & f; #True = if; (init w) then (g; # True) else (h; # True) by (rule IfChopEqvRule)
from 2 show ?thesis by (simp add: di-d-def)
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ged

lemma DiEmpty:

F  di empty

proof —

have I1:+ #True by auto

have 2: - empty ; # True = # True by (rule EmptyChop)
have 3: - empty ; #True using 1 2 by auto

from 3 show ’thesis by (simp add: di-d-def)

ged

lemma DaNotEqvNotBa:

F da(—| f):(—\(ba f))

proof —

have 1: + ba f = (- (da(~ f))) by (simp add: ba-d-def)
from 1 show ?thesis by fastforce

ged

lemma DaEqvDa:

assumes - f =g

showstda f = da g

using assms using int-eq by force

lemma DaEqvNotBaNot:

F da f:(—|(ba(—| f)))

proof —

have 1:+ ba (= f)= (- (da(—— f))) by (simp add: ba-d-def)
hence 2: + da (=~ f) = (=( ba(~ f))) by fastforce

have 3:+f = (=~ f) by simp

hence 4:+ da f = da (- — f) by (rule DaEqvDa)

from 2 4 show ?thesis by simp

ged

lemma BaElim:

Foba f— f

proof —

have 1:+ ba f =0(bi f) by (rule BaEqvBtBi)

have 2:+ bi f — f by (rule BiElim)

hence 3: - O(bi f — f) by (rule BoxGen)

have 4:+0O(bi f — f) — O(bi f) — O f by (rule BoxImpDist)
have 5:+ O(bi f) — O f using 3 4 MP by fastforce

have 6:+ O f — f by (rule BoxElim)

from 1 5 6 show ?thesis using BalmpBt lift-imp-trans by metis
ged

lemma Dalntro:

F f— da f

proof —

have 1:+ ba (= f) — (= f) by (rule BaElim)
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hence 2: -~ - f — = ( ba (= f)) by fastforce

have 3:+f = (-~ f) by simp

have 4:+ da f = (- (ba (= f))) by (rule DaEqvNotBaNot)
from 2 3 4 show ?thesis by fastforce

ged

lemma BaGen:

assumes - f

shows + ba f

proof —

have 1:+ f using assms by auto

hence 2: - O f by (rule BoxGen)

hence 3: + bi( O f) by (rule BiGen)

have 4:+ ba f = bi (O f) by (rule BaEqvBiBt)
from 3 4 show ?thesis by fastforce

ged

lemma BalmpDist:
F ba(f — g) — ba f — ba g
proof —
have 1.+ bi (f — g) — (bi f — bi g) by (rule BilmpDist)
hence 2: - O(bi (f — g) — (bi f — bi g)) by (rule BoxGen)
have 3:+O(bi (f — g) — (bi f — bi g))
—
(00 (bi (F — g)) — (O(bi £) — O(bi g))
by (meson 2 BoxImpDist MP lift-imp-trans Prop01 Prop05 Prop09)
have 4:+ O(bi (f — g)) — (O(bi f) — O(bi g)) using 2 3 MP by fastforce
have 5:+ ba (f— g) = 0O(bi (f — g)) by (rule BaEqvBtBi)
have 6:+ ba f = 0O(bi f) by (rule BaEqvBtBi)
have 7:+ ba g = 0O(bi g) by (rule BaEqvBtBi)
from 4 5 6 7 show ?thesis by fastforce
ged

lemma BaAndEqv:
F ba(fNg)= (ba f A ba g)
proof —
have I:+ ba(f Ag)= 0O(bi (f A g))
by (rule BaEqvBtBi)
have 2:+ bi (f N g) = (bif A big)
by (auto simp: bi-defs sum.case-eq-if)
hence 3: - O(bi (f A g)) = O(bi f A bi g)
using BoxEqvBox by blast
have 4:+ O(bi f A bi g)= (O(bi f) A O(bi g))
by (metis 2 BoxAndBoxEqvBoxRule inteqg-reflection)
have 5:Fba f=0(bi f)
by (rule BaEqvBtBi)
have 6:+ ba g =0(bi g)
by (rule BaEqvBtBi)
from 1 34 5 6 show ?thesis by fastforce
ged
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lemma BalmpBaEqvBa:

F ba(f =g) — (ba f= ba g)

proof —

have I:+ ba(f — g) — ba f — ba g by (rule BalmpDist)

have 2:+ ba(g — f) — ba g — ba f by (rule BalmpDist)

have 3:+ ba (f = g) = ba ((f — g) A (g — f)) by (auto simp: ba-defs sum.case-eq-if)
have 4.+ ba ((f — g) N (g — f)) = (ba((f — g)) A ba((g — f))) by (rule BaAndEqv)
have 5:+ ((ba f — ba g) A (ba g — ba f)) = (ba f = ba g) by auto

from 1 2 3 4 5 show 7thesis by fastforce

ged

lemma BalmpBa:

assumes - f — g

shows Fba f — ba g

using BaGen BalmpDist MP assms by metis

lemma BaEqvBa:

assumes - f =g

shows +ba f= ba g

using BaGen BalmpBaEqvBa MP assms by metis

lemma DalmpDa:

assumes - f — g

shows Fda f— da g

using assms by (metis DaEqvDtDi DiAndB DiamondImpDiamond integ-reflection Propl0)

lemma DiamondEqvDiamondDiamond:
FOfF=30(Of)
proof —
have 1:+ & (O f) = finite;(finite;f)
by (simp add: sometimes-d-def)
have 2: | finite;(finite;f) = (finite;finite);f
by (rule ChopAssoc)
have 3: |- (finite;finite);f = finite;f
by (simp add: LeftChopEqvChop FiniteChopFiniteEqvFinite)
have 4: & finite;f = OFf
by (simp add: sometimes-d-def)
from 1 2 3 4 show ?thesis by fastforce
ged

lemma DaEqvDaDa:
 da f= da( da f)

proof —

have I:+ da f=<3(di f)
by (rule DaEqvDtDi)

have 2:+ di f= (di (di f))
by (rule DiEqvDiDi)

hence 3: =< (di ) =< (di (di 1))
by (rule DiamondEqvDiamond)
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have 4:+ < (di £) = O(CO (di (di 1))
using DiamondEqvDiamondDiamond DiEqvDiDi using 3 by fastforce
have 5: < (di (di f))= di (& (di 1))
by (rule DtDiEqvDiDt)
hence 6: - O(O (di (di 1)) =< (di (& (di 1)))
by (rule DiamondEqvDiamond)
have 7:F da f =< (di( ¢ (di f)))
using 1 3 4 6 by fastforce
have 8:F da (O (di 1)) =<(di (O (di 1))
by (rule DaEqvDtDi)
have 9:F da(da )= da (¢ (di 1))
using 1 by (rule DaEqvDa)
from 7 8 9 show ?thesis by fastforce
ged

lemma BaEqvBaBa:

F ba f = ba (ba f)

proof —

have I:+ da (- f) = da (da(— f)) by (rule DaEqvDaDa)

have 2: - da (da (= f)) = (= (ba (=~ (da (= f))))) by (rule DaEqvNotBaNot)
have 3:+ (= (da (da (—~ f)))) = ba(— (da(— f))) by (auto simp: ba-d-def)
have 4: - (= (da (- f))) = ba (= (da (-~ f))) using 1 2 3 by fastforce

from 4 show ?thesis by (metis ba-d-def)

ged

lemma BalLeftChoplmpChop:

F ba(f— fl) — f,g — fl; g

proof —

have 1: + ba (f — f1) — bi (f — f1) by (rule BalmpBi)

have 2: + bi (f — f1) — f; g — f1; g by (rule BiChoplmpChop)
from 1 2 show ?thesis by fastforce

ged

lemma BaRightChoplmpChop:

F ba(g— gl) — f, g — f; gl

proof —

have I:+ ba (g — gl) — 0O(g — gl) by (rule BalmpBt)

have 2: - 0O(g — gl) — f;, g — f; g1 by (rule BoxChoplmpChop)
from 1 2 show ’thesis by fastforce

ged

lemma ChopAndBalmport:

E o (f; fI)N ba g — (f A g); (f1 A g)
proof —

have I: + ba g A (f; f1) — (g A f); (g A 1) by (rule BaAndChoplmport)
have 2: - (g A f); (g N 1) = (f A g); (f1 A g) by (rule AndChopAndCommute)
from 1 2 show ?thesis by fastforce
ged
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lemma BaAndChoplmportA:
Fbaf A ggl— (fAg)gl
by (meson BaAndChoplmport ChopAndB lift-imp-trans)

lemma BaAndChoplmportB:
Fbaf Aggl — (fAg)(bafAgl)
proof —
have 1:+ ba f = ba (ba f)
by (simp add: BaEqvBaBa)
have 2: - ba (ba f) A g;g1 — g;(ba f A gl)
by (metis AndChopB BaAndChoplmport lift-imp-trans)
have 3: - ba f A g;(baf N gl) — (f A g);(baf A gl)
by (simp add: BaAndChoplmportA)
from 1 2 3 show ?thesis by fastforce
ged

lemma BalmpBalmpBaAnd:

- bah— ba(g — bah A g)

proof —

have I:+ bah— (g — ba h A g ) by fastforce

hence 2: - ba(ba h) — ba(g — ba h A g ) by (rule BalmpBa)
have 3:F ba h = ba(ba h) by (rule BaEqvBaBa)

from 2 3 show ?thesis by fastforce

ged

lemma BaChoplmpChopBa:

o ba f— g, 81 — g, ((ba )N gl)

proof —

have 1: + ba f — ba (gl — (ba f) A gl ) by (rule BalmpBalmpBaAnd)

have 2: + ba (gl — ba fANgl)— g; g1 — g;( ba f A gl) by (rule BaRightChoplmpChop)
from 1 2 show ?thesis by fastforce

ged

lemma DiNotBalmpNotBa:

proof —

have 1:+ ba f = ba( ba f) by (rule BaEqvBaBa)

have 2:+ ba( ba f) — bi ( ba f) by (rule BalmpBi)

have 3:+ ba f — bi ( ba f) using 1 2 by fastforce

hence 4: + ba f — = (di (= ( ba f))) by (simp add: bi-d-def)
from 4 show ?7thesis by fastforce

ged

lemma NotBaChoplmpNotBa:

F (= (ba f));, g — —(ba f)

proof —

have 1: + (= ( ba f)); g — di (= ( ba f)) by (rule ChoplmpDi)
have 2: + di (- ( ba f)) — = ( ba f) by (rule DiNotBalmpNotBa)
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from 1 2 show ?thesis using lift-imp-trans by blast
ged

lemma DiamondFinlmpFin:
F <& (finf) — fin f

proof —

have I1:t finf = #True;(f N\ empty)
by (rule FinEqvTrueChopAndEmpty)

hence 2: - < (fin f) = finite;(# True;(f N empty))
by (metis FiniteChopFiniteEqvFinite LeftChopEqvChop inteq-reflection sometimes-d-def)

have 3:t finite;(# True;(f N empty)) = (finite;# True);(f N empty)
by (rule ChopAssoc)

have 4: & (finite;# True);(f N empty) — # True;(f N\ empty)

using 1 2 3 DiamondFin by fastforce
from 1 2 3 4 show ?thesis by fastforce
ged

lemma ChopFinlmpFin:
F (f A finite); fin (init w) — fin (init w)
proof —
have I: (f A finite); fin (init w) — < ( fin (init w)) by (rule FiniteChoplmpDiamond)
have 2: = & (fin (init w)) — fin (init w) by (rule DiamondFinlmpFin)
from 12 show ?’thesis using lift-imp-trans by blast
ged

lemma FinlmpYieldsFin:
= fin (init w) A finite — (f A finite) yields (fin (init w) A finite)
proof —
have I:+ (f A finite); (fin (init (= w)) A finite) — (fin (init (= w)) A finite)
by (metis (no-types, lifting) ChopAndB FiniteChopEqvDiamond FiniteChopFinExportA
FiniteChopFiniteEqvFinite FiniteChoplmpDiamond Propl2 inteq-reflection
lift-and-com lift-imp-trans)
have 2:t (= ( fin (init w)) A finite) = (fin (init (= w)) A finite)
using FinNotStateEqvINotFinState by fastforce
hence 3: = (f A finite); (— ( fin (init w)) A finite) =
(f A finite); ( fin  (init (= w)) A finite)
using RightChopEqvChop by blast
have 4:+ (f A finite); (- ( fin (init w)) A finite) — (= ( fin (init w)) A finite)
using 1 2 3 by fastforce
hence 5: - fin (init w) A finite — = ((f A finite); (= ( fin (init w)) A finite))
by fastforce
from 5 show 7thesis
by (smt AndYieldsB BoxElim BoxEqvFiniteYields FinlmpBox
FiniteChoplInfEqvinf NotChopEqvYieldsNot
YieldsAndYieldsEqvYieldsAnd finite-d-def int-iffl inteq-reflection)
ged

lemma ChopAndFin:
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F ((f; g) A (fin (init w) A finite)) = (f A finite); (g A (fin (init w) A finite))
proof —
have 1:F fin (init w) A finite — (f A finite) yields ( fin (init w) A finite)
by (rule FinlmpYieldsFin)
have 10: - ((f; g) A (fin (init w) A finite)) =
(((f A finite); (g A finite)) A fin (init w) A finite)
using ChopAndFiniteDist
by (smt Propll Propl2 integ-reflection lift-and-com)
have 2: - (f; g) A (fin (init w) A finite) —
((f A finite); (g A finite)) A (f A finite) yields ( fin (init w) A finite)
using 1 10 by fastforce
have 3:F ((f A finite); (g A finite)) A (f A finite) yields ( fin (init w) A finite) —
(f A finite); ((g A finite) A (fin (init w) A finite))
using ChopAndYieldsimp by blast
have 30: F ((g A finite) A (fin (init w) A finite)) = (g A fin (init w) A finite)
by auto
have 4:+ (f; g) A (fin (init w) A finite)— (f A finite); (g A fin (init w) A finite)
using 2 3 30
by (metis (mono-tags, lifting) inteq-reflection lift-imp-trans)
have 11:F (f A finite); (g A fin (init w) A finite) — (f A finite); (g A finite)
using ChopAndA by (metis 30 inteq-reflection)
have 12: - (f A finite); (g A fin (init w) A finite) —
(f A finite); (fin (init w) A finite)
by (rule ChopAndB)
have 13: - (f A finite); (fin (init w) A finite)— < ( fin (init w) A finite)
using FiniteChoplmpDiamond by blast
have 14: = &( fin (init w) A finite) — fin (init w)
by (metis ChopAndA DiamondFin inteq-reflection sometimes-d-def)
have 15: & (f A finite); (g A fin (init w) A finite) —
((f A finite); (g A finite)) A fin (init w)
using 11 12 13 14 by fastforce
from 4 15 show ?thesis by (metis ChopAndFiniteDist Prop12 int-iffl inteq-reflection)
ged

lemma ChopAndNotFin:
F o (f; g A= (fin (init w)) A finite) = (f A finite); (g A = ( fin (init w)) A finite)
proof —
have 1:+ (f; g A fin (init (= w)) A finite) =
(f A finite); (g A fin  (init (= w)) A finite)
by (rule ChopAndFin)
have 2:+ (fin (init (= w)) A finite)= ( (= ( fin (init w))) A finite)
using FinNotStateEqvNotFinState by fastforce
hence 3: + (g A fin (init (= w)) A finite) = (g A =( fin (init w)) A finite)
by auto
hence 4: = (f A finite); (g A fin  (init (= w)) A finite) =
(f A finite); (g A = ( fin (init w)) A finite)
by (rule RightChopEqvChop)
from 1 2 4 show ?thesis by fastforce
ged

225



lemma FinChopChain:
F o (((init w) A finite — fin (init wl)));
(((init wl) A finite — fin (init w2)))
A finite
— (((init w ) A finite — fin (init w2)))
proof —
have I:F (init w) A finite A
((init w) A finite — fin (init wl)); ((init wl) A finite — fin (init w2))
BN
((init w) A finite A ((init w) A finite — fin (init wl)));
(((init wI) A finite— fin (init w2)) A finite)
by (metis (no-types, lifting) ChopAndFiniteDist StateAndChop int-iffD2
inteq-reflection lift-and-com)
have 2: + (init w) A finite A ((init w) A finite — fin(init wl)) — fin (init wl) A finite
by auto
have 3: + ((init w) A finite A ((init w) A finite — fin (init wl)));
(((init wl) A finite — fin (init w2)) A finite)
BN
( fin (init wl) A finite); (((init wl) A finite — fin (init w2)) A finite)
using 2 LeftChoplmpChop by blast
have 4:+ ( fin (init wl) A finite); (((init wl) A finite — fin (init w2)) A finite) =
O((init wl) A ((init wl) A finite — fin (init w2)) A finite)
using FinChopEqvDiamond by blast
have 41: - ((init wl) A finite A ((init wl) A finite — fin (init w2))) — fin (init w2)
by auto
have 42: = &((init wl) A finite A ((init wl) A finite — fin (init w2))) — <(fin (init w2))
using 41 DiamondImpDiamond by blast
have 5:F O( fin( init w2)) — fin (init w2)
using DiamondFinlmpFin by blast
have 6: F (init w) A finite A ((init w) A finite — fin (init wl));
((init wl) A finite — fin (init w2))
— fin (init w2)
using 1 34 542 by (smt Propl0 Prop12 integ-reflection lift-and-com)
from 6 show ?thesis by fastforce
ged

lemma ChopRule:
assumes — (init w) A f A finite — fin (init wl)
F (init wI)A f1 A finite — fin (init w2)
shows + (init w) A (f; fI) A finite — fin (init w2)
proof —
have 1:F (init w) A (f; f1) A finite — ((init w) A f A finite); (f1 A finite)
using StateAndChoplmport
by (metis ChopAndFiniteDist inteq-reflection)
have 2: + (init w) A f A finite — fin (init wl) A finite using assms by auto
hence 3: - ((init w) A f A finite); (f1 A finite) — ( fin (init wl) A finite); (fI A finite)
by (rule LeftChoplmpChop)
have 4:t ( fin (init wl) A finite); (f1 A finite) = <((init wl) A f1 A finite)
by (rule FinChopEqvDiamond)
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have 5:F (init wl) A f1 A finite — fin (init w2) using assms by auto

hence 6: - O((init wl) A f1 A finite) — < (fin (init w2)) by (rule DiamondImpDiamond)
have 7:+ O( fin (init w2)) —  fin (init w2) using DiamondFinlmpFin by blast

from 1 3 4 6 7 show ?thesis by fastforce

ged

lemma ChopRep:
assumes  (init w) A f A finite — f1 A fin (init wl)
o (init wl) A g A finite — g1
shows + (init w) A (f; g) A finite — ((f1 A finite); g1)
proof —
have I:F (init w) A f A finite — ((f1 A finite) A fin (init wl)) using assms by auto
hence 2: F (init w) A ((f A finite); (g A finite)) —
((fI A finite)A\ fin (init wl)); (g A finite)
using StateAndChoplmpChopRule by blast
have 3:t ((f1 A finite) A fin (init wl)); (g A finite) =
(f1 A finite); ((init wl) A (g A finite))
using AndFinChopEqvStateAndChop by blast
have 4:F (init wi)A g A finite — gl using assms by auto
hence 5: - (f1 A finite); ((init wl) A g A finite) — (f1 A finite); g1
using RightChoplmpChop by blast
from 2 3 5 show ?thesis using ChopAndFiniteDist by fastforce
ged

lemma ChopRepAndFin:

assumes (init w) A f A finite — f1 A fin (init wl)

F o (init wl) A g A finite — g1 A fin (init w2)

shows + (init w) A (f; g) A finite — ((f1 A finite); g1) A fin (init w2)
proof —

have I:F (init w) A f A finite — f1 A fin (init wl) using assms by auto
have 2:F (init wl) A g A finite — g1 A fin (init w2) using assms by auto
have 3:F (init w) A (f; g) A finite — (f1 A finite); (g1 A fin (init w2))

using 1 2 by (rule ChopRep)

have 4:+ (f1 A finite); (g1 A fin (init w2)) — (f1 A finite); g1 by (rule ChopAndA)
have 5:F (f1 A finite); (g1 N fin (init w2)) — (f1 A finite); fin (init w2)

by (rule ChopAndB)

have 6:F (f1 A finite); fin (init w2) — fin (init w2) by (rule ChopFinlmpFin)
from 1 2 3 45 6 show ?thesis using ChopRep ChopRule by fastforce
ged

lemma TrueChopMoreEqvMore:
F # True ; more = more

by (metis ChopMorelmpMore EmptylmpFinite FiniteAndEmptyEqvEmpty FiniteChopMoreEqvMore
LeftChoplmpChop Prop09 int-eq-true int-iffl inteq-reflection)

lemma FiniteChopFmoreEqvFmore:
F finite;fmore = fmore

by (metis TrueChopAndFiniteEqvAndFiniteChopFinite TrueChopMoreEqvMore fmore-d-def inteq-reflection)
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lemma MoreChopLoop:
assumes - f — fmore ; f
shows F finite — = f
proof —
have I1:+-f — fmore; f
using assms by auto
hence 11: - & (f) — <& (fmore;f)
using DiamondImpDiamond by blast
have 12:+ < (fmore;f) = finite;(fmore;f)
by (simp add: sometimes-d-def)
have 13:F finite;(fmore;f) = (finite;fmore);f
by (rule ChopAssoc)
have 14:+ < (fmore;f) = fmore;f
using FiniteChopFmoreEqvFmore 12 13 by (metis int-eq)
have 2:F fmore ; f = O(<C f)
using MoreChopEqvNextDiamond by blast
have 3:+ < (f) — O(C f)
using 11 14 2 by fastforce
hence 4:t finite — — (& f)
using NextLoop by blast
have 5: - (Cf) — o f
using Now/mpDiamond by fastforce
from 4 5 show ?thesis using lift-imp-trans by blast
ged

lemma MoreChopContra:

assumest f A - g — (fmore; (f A = g))

shows F f A finite — g

proof —

have I:-f A - g — ( fmore; (f A = g)) using assms by auto
hence 2: + finite — — (f A = g) by (rule MoreChopLoop)

from 2 show ?thesis

by (simp add: Valid-def finite-defs infinite-defs sum.case-eq-if )

ged

lemma MoreChopLoopFinite:

assumes - f A finite — fmore ; f

shows F finite — = f

proof —

have I:F f A finite — fmore ; f
using assms by auto

hence 11: + <& (f A finite) — < (fmore;f)
using DiamondImpDiamond by blast

have 12:+ < (fmore;f) = finite;(fmore;f)
by (simp add: sometimes-d-def)

have 13:F finite;(fmore;f) = (finite;fmore);f
by (rule ChopAssoc)

have 14:+ < (fmore;f) = fmore;f
using FiniteChopFmoreEqvFmore 12 13 by (metis int-eq)
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have 2:+ fmore ; f = O(< f)
using MoreChopEqvNextDiamond by blast
have 3:+ < (f A finite) — O(<C f)
using 11 14 2 by fastforce
have 31: - < (f A finite) = ((& f) A finite)
by (smt 3 ChopAndB ChopAndNotChoplmp FiniteChopFiniteEqvFinite FiniteChoplnfEqvinf
NextDiamondImpDiamond Propll Propl2 finite-d-def infinite-d-def inteq-reflection
lift-imp-trans sometimes-d-def)
have 32: (O f) A finite — O(< f)
using 3 31 by fastforce
hence 4:t finite — — (& f)
by (metis (no-types, lifting) Diamondintro FiniteChopInfEqvinf InfEqvNotFinite Prop09
finite-d-def int-simps(15) int-simps(32) inteq-reflection sometimes-d-def)
have 5:|——w(<>f)—>—|f
by (simp add: NowlmpDiamond)
from 4 5 show ?thesis using lift-imp-trans by fastforce
ged

lemma MoreChopEqvFmoreQOrinf:
t more ; f = ( (fmore;f) V inf)
by (simp add: Valid-def more-defs fmore-defs chop-defs infinite-defs sum.case-eq-if )

lemma MoreChopLoopFiniteB:
assumes - f — more ; f
shows I finite — = f
proof —
have 1:Ff — more; f
using assms by auto
have 10:+ f — (fmore;f) \V inf
using MoreChopEqvFmoreOrinf assms by fastforce
hence 100: - f A finite — (fmore;f)
by (simp add: Prop13 finite-d-def )
hence 11: - & (f A finite) — < (fmore;f)
using DiamondImpDiamond by blast
have 12:+ < (fmore;f) = finite;(fmore;f)
by (simp add: sometimes-d-def)
have 13:t finite;(fmore;f) = (finite;fmore);f
by (rule ChopAssoc)
have 14:+ < (fmore;f) = fmore;f
using FiniteChopFmoreEqvFmore 12 13 by (metis int-eq)
have 2:+ fmore; f = O(C f)
using MoreChopEqvNextDiamond by blast
have 3:+ < (f A finite) — O(<C f)
using 11 14 2 by fastforce
have 31: - & (f A finite) = ((O f) A finite)
by (smt 3 ChopAndB ChopAndNotChoplmp FiniteChopFiniteEqvFinite FiniteChoplnfEqvinf
NextDiamondImpDiamond Propll Propl?2 finite-d-def infinite-d-def inteq-reflection
lift-imp-trans sometimes-d-def)
have 32: F (& f) A finite — O(< f)
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using 3 31 by fastforce

hence 4: I finite — — (< f)

by (metis (no-types, lifting) Diamondintro FiniteChopInfEqvinf InfEqvNotFinite Prop09

finite-d-def int-simps(15) int-simps(32) inteq-reflection sometimes-d-def)

have 5Z|——w(<>f)—)—|f

by (simp add: NowlmpDiamond)
from 4 5 show ?thesis using lift-imp-trans by fastforce
ged

lemma MoreChopContraFinite:

assumes - (f A = g) A finite — ( fmore ; (f A = g))

shows F f A finite — g

proof —

have I:+ (f A - g) A finite — ( fmore ; (f A = g)) using assms by auto

hence 2:  finite — — (f A = g) using MoreChopLoopFinite by (simp add: MoreChopLoopFinite)
from 2 show ?thesis by (simp add: Valid-def)

ged

lemma MoreChopContraFiniteB:

assumes - (f A— g) — (more; (f A= g))

shows F f A finite — g

proof —

have 1:+ (f A= g) — (more; (f A = g)) using assms by auto

hence 2: + finite — — (f A = g) using MoreChopLoopFinite by (simp add: MoreChopLoopFiniteB)
from 2 show ?thesis by (simp add: Valid-def )

ged

lemma ChopLoop:
assumes -  — g;f

Fg — fmore
shows F finite — = f
proof —
have 1:+F f — g; f using assms by auto
have 2:+ g — fmore using assms by auto
hence 3: + g; f — fmore ; f by (rule LeftChoplmpChop)
have 4.+ f — fmore ; f using 1 3 by fastforce
from 4 show ?thesis using MoreChopLoop by auto
ged

lemma ChopLoopB:
assumes - f — g;f
Fg — more
shows I finite — = f
proof —
have 1:+ f — g; f using assms by auto
have 2:+ g — more using assms by auto
hence 3: + g; f — more ; f by (rule LeftChoplmpChop)
have 4:+ f — more ; f using 1 3 by fastforce
from 4 show ?thesis using MoreChoplLoopFiniteB by auto
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ged

lemma ChopContra:

assumes - fA- g— h f A= (hg)
Fh — fmore

shows + f A finite — g

proof —

have 1:+f A= g — h; f A = (h; g) using assms by auto

have 2:+ h — fmore using assms by auto

have 3:+ h; f A = (h; g) — h; (f A = g) by (rule ChopAndNotChoplmp)

have 4.+ h; (f N = g) — fmore ; (f A = g) using 2 by (rule LeftChoplmpChop)
have 5:+f A~ g — fmore; (f A = g) using 1 3 4 by fastforce

from 5 show ?thesis using MoreChopContra by auto
ged

lemma ChopContraB:

assumes - f A g— h f A= (h g)
Fh— more

shows |+ f A finite — g

proof —

have I:+f A -~ g— h; f A = (h; g) using assms by auto

have 2: - h — more using assms by auto

have 3: I h; f A= (h; g) — h; (f N\= g) by (rule ChopAndNotChoplmp)

have 4:+ h; (f N = g) — more ; (f A = g) using 2 by (rule LeftChoplmpChop)
have 5:+-f A~ g — more; (f N = g) using 1 34 by fastforce

from 5 show ?thesis using MoreChopContraFiniteB by auto
ged

9.8 Properties of Chopstar and Chopplus

lemma FPowerstardef:
- fpowerstar f = (3 n. power f n)
by (simp add: fpowerstar-d-def)

lemma Powerstardef
- powerstar f = (fpowerstar f);(empty V (f A inf))
by (simp add: fpowerstar-d-def powerstar-d-def)

lemma Chopstardef:
- chopstar f = powerstar (f N\ more)
by (simp add: chopstar-d-def)

lemma AndEmptyChopAndEmptyEqvAndEmpty:
F (f A empty);(f A empty) = (f A empty)
by (simp add: Valid-def empty-defs chop-defs sum.case-eq-if,
smt interval-prefix-intlen interval-prefix-length interval-suffix-zero
le-numeral-extra(3) sum.collapse(1))

lemma PowerCommute:

231



F (f A finite) ;power f n = power f n;(f A finite)
proof

(induct n)

case 0

then show ?case

by (metis ChopEmpty EmptyChop integ-reflection power-d.pow-0)
next

case (Suc n)

then show 7case

by (metis ChopAssoc inteq-reflection power-d.pow-Suc)
ged

lemma ChoplnductL:

assumes - g VvV f;h — h

shows | (power fn),g — h

proof

(induct n)

case 0

then show ?case using EmptyChop assms

by (metis MP Prop12 int-eq int-iffD1 int-simps(33) pow-0)

next

case (Suc n)

then show ?case using assms

by (smt AndChopA ChopAndA ChopAssoc Prop03 Propl0 integ-reflection lift-and-com lift-imp-trans
pow-Suc)

ged

lemma ChoplnductFiniteL:

assumes - g V (f A finite);h — h

shows | (power fn),g — h

proof

(induct n)

case 0

then show ?case using EmptyChop assms

by (metis MP Propl2 int-eq int-iffD1 int-simps(33) pow-0)

next

case (Suc n)

then show ?case using assms

by (smt AndChopA ChopAndA ChopAssoc Prop03 Propl0 integ-reflection lift-and-com lift-imp-trans
pow-Suc)

ged

lemma ChoplnductFiniteMoreL.:

assumes - g V ((f A more) A finite);h — h

shows + (power fn),g — h

proof

(induct n)

case 0

then show 7case using assms by (metis ChoplnductFiniteL pow-0)
next
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case (Suc n)
then show Zcase
proof —
have 1: - power f (Suc n);g = ((f A finite);power f n);g
by simp
have 2: = ((f A finite);power f n);g = (f A finite);((power f n);g)
by (meson ChopAssoc Propll)
have 3: - (f A finite);((power f n);g) — (f A finite);h
by (simp add: RightChoplmpChop Suc.hyps)
have 4: - (f A finite);h = (( (f A more) A finite); h vV ((f A empty) A finite);h)
using neq0-conv
by (simp add: Valid-def finite-defs chop-defs more-defs empty-defs sum.case-eq-if, blast)
have 5: - ( (f A more) A finite); h — h using assms by auto
have 6: - ( (f A empty) A finite); h — h
by (smt AndChopA AndChopB EmptyChop Propl0 Propl2 inteq-reflection)
from 5 6 4 3 2 1 show ?thesis by fastforce
ged
ged

lemma ChoplinductinfL:

assumes - g VvV f;h — h

shows | ((power f n);(f A inf));g — h

proof

(induct n)

case 0

then show ?case using assms

by (metis (no-types, lifting) AndInfChopEqvAndinf ChopAssoc ChoplnductFinitelL PowerstarEqvSemhelp3
Prop03 Propl0 Propl2 inteq-reflection)

next

case (Suc n)

then show ?case using assms

by (metis AndChopA ChopAndB ChopAssoc Prop03 Propl0 int-eq lift-imp-trans pow-Suc)

ged

lemma ChoplinductinfMorel.:

assumes - g VvV f;h — h

shows  ((power f n);((f A more) A inf));g — h
using ChoplnductInfL

by (metis AndMoreAndInfEqvAndinf assms inteq-reflection)

lemma ChoplinductR:

assumes - g VvV h;f — h

shows + g;(power fn) — h

proof

(induct n)

case 0

then show ?case using ChopEmpty assms

by (metis MP Propl2 int-iffD2 int-simps(33) integ-reflection pow-0)
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next
case (Suc n)
then show ?case using assms
by (smt AndChopA ChopAndA ChopAssoc PowerCommute Prop03 Propl0 inteq-reflection lift-and-com
lift-imp-trans pow-Suc)
ged

lemma ChoplnductInfR:

assumes - g VvV h;f — h

shows  g;((power f n);(f A inf)) — h

using assms

by (metis (no-types, hide-lams) AndChopA ChopAndB ChopAssoc ChoplnductR Prop05 Prop10
inteq-reflection lift-and-com lift-imp-trans)

lemma ChopExistPower:
F (g;(3 n. power fn)) = (3 n. g;power f n)
using ChopExist by fastforce

lemma ExistChopPower:
F (3 n. (power f n);g) = (3 n. power f n);g
using ExistChop by fastforce

lemma PowerStarCommute:
F (f A finite);(3 n. power fn) = (3 n. power f n);(f A finite)
proof —
have I: (f A finite) ;(3 n. power f n) =
(3 n. (f A finite) ;power f n)
using ChopExistPower by blast
have 2: - (3 n. (f A finite) ;power f n) =
(3 n. (power f n);(f A finite) )
using PowerCommute by fastforce
have 3: + (3 n. (power f n);(f A finite)) =
(3 n. (power f n));(f A finite)
using ExistChopPower by blast
from 1 2 3 show 7thesis by fastforce
ged

lemma PowerSucAndEmptyEqvAndEmpty:

F (power (f A empty) (Suc n)) = (f A empty)

proof

(induct n)

case 0

then show ?case using ChopEmpty

by (metis FiniteAndEmptyEqvEmpty Propll Propl2 integ-reflection lift-and-com pow-0 pow-Suc)
next

case (Suc n)

then show Zcase

by (smt AndEmptyChopAndEmptyEqvAndEmpty ChopAndA ChoplmpChop FiniteAndEmptyEqvEmpty
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PowerCommute Propll Propl2 inteqg-reflection pow-Suc)
ged

lemma FiniteOr:
F((f Vv g) A finite) = ((f A finite) V (g A finite))
by auto

lemma PowerOr:

F (power (f Vv g) (Suc n)) = ( ((f A finite);power (f V g) n) V
((g A finite);power (f V g) n))

by (simp add: FiniteOr OrChopEqvRule)

lemma PowerEmptyOrMore:
F (power ( (f A empty) V (f A more)) (Suc n)) =
((f N empty);(power ( (f A empty) V (f A more)) n) V
(f A fmore );(power ( (f A empty) V (f A more)) n))
using PowerOr
by (smt FiniteAndEmptyEqvEmpty AndMoreAndFiniteEqvAndFmore Propl0 Propl2 int-iffD1
inteq-reflection lift-and-com)

lemma PSEqvEmptyOrChopPS:
+ powerstar f = (empty V f;powerstar f)
using PowerstarEqvSem Valid-def by blast

lemma EmptylmpCS:

Fempty — *

proof —

have 1: F * = (empty V (f A more);f*) by (rule ChopstarEqv)
have 2: - empty — empty V (f A more);f* by auto

from 1 2 show ?thesis by fastforce

ged

lemma CSEqvOrChopCS:

F = (empty VvV (f; f*))

proof —

have I1:+ * = (empty V (f A more);f*) by (rule ChopstarEqv)

have 2: - (f A more);f* — f;f* by (rule AndChopA)

have 3: - f* — empty V f; * using 1 2 by (metis int-iffD1 Prop08)
have 4: - empty — f* by (rule EmptylmpCS)

have 5: = f — empty V (f A more) by (auto simp: empty-d-def)

have 6: F f; f* — f* Vv (f A more ); f* using 5 by (rule EmptyOrChoplmpRule)
have 7: + f* — empty V (f A more);f* using 1 by fastforce

have 8: + f; f* — empty V' (f A more ); f* using 6 7 by fastforce
hence 9: + f; f* — * using 1 by fastforce

have 10: - empty V f; f* — f* using 9 4 by fastforce

from 3 10 show ?7thesis by fastforce

ged
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lemma PowerChopCommute:
F ((f A more) A finite);power (f A more) n = power (f A more) n;((f A more) A finite)
using PowerCommute by auto

lemma ChopExist:
F (g;(3 n. power (f A more) n)) = (3 n. g;power (f A more) n)
using ChopExistPower by auto

lemma ExistChop:
F (3 n. (power (f A more) n);g) = (3 n. power (f A more) n);g
using ExistChopPower by auto

lemma FPowerstarinductL:
assumes - g V (f A finite);h — h
shows + (fpowerstar f);,g — h
proof —
have 1: - (fpowerstar f);g = (3 n. power f n);g
by (simp add: fpowerstar-d-def LeftChopEqvChop)
have 2: - (3 n. power f n);g =
(3 n. (power f n);g)

using ExistChopPower by fastforce
have 3: A n. F (power fn);g — h
using ChoplnductFinitel assms by blast
have 4: (3 n. ((power f n));g) — h
using 3 by (simp add: Valid-def,

smt ChopAssoc ChopOrEqv EmptyOrChopEqv inteq-reflection unl-lift2)
from 1 2 4 show ?thesis by (metis integ-reflection)
ged

lemma FPowerstarinductMorel:
assumes t g V ((f A more) A finite);h — h
shows + (fpowerstar f);g — h
proof —
have 1: | (fpowerstar f);g = (3 n. power f n);g
by (simp add: fpowerstar-d-def LeftChopEqvChop)
have 2: - (3 n. power fn);g =
(3 n. (power fn);g)

using ExistChopPower by fastforce
have 3: A n. + (power fn),g — h
using ChoplinductFiniteMorel assms by blast
have 4: - (3 n. ((power f n));g) — h
using 3 by (simp add: Valid-def,

smt ChopAssoc ChopOrEqv EmptyOrChopEqv inteq-reflection unl-lift2)
from 1 2 4 show ?thesis by (metis inteq-reflection)
ged

lemma PowerstarlnductL:

assumes - g VvV f;h — h
shows I (powerstar f);g — h
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proof —
have 1:+ (powerstar f);g = ((3 n. power f n);(empty V (f A inf)));g
by (simp add: powerstar-d-def LeftChopEqvChop)
have 11: + ((3 n. power f n);(empty V (f A inf)));g =
(3 n. power f n);((empty V (f A inf));g)
by (meson ChopAssoc Propll)
have 2: - (3 n. power f n);((empty Vv (f A inf));g) =
(3 n. ((power f n);((empty V (f A inf));g)))
using ExistChopPower by fastforce
have 3: A n. F (power fn);g — h
using ChoplnductL assms by blast
have 31:A\ n. = ((power f n);(f A inf));g — h
using ChoplnductinfL assms by blast
have 4: - (3 n. ((power f n);(empty V (f A inf)));g) — h
using 3 31 by (simp add: Valid-def,
smt ChopAssoc ChopOrEqv EmptyOrChopEqyv inteq-reflection unl-lift2)
from 1 11 2 4 show ?thesis
by (metis InfiniteSemantics. ExistChop integ-reflection)
ged

lemma ChopstarinductL:
assumes - g VvV f;h — h
shows + (chopstar f);g — h
proof —
have I: - (chopstar f);g = ((3 n. power (f A more) n);(empty V ((f A more) A inf)));g
by (simp add: chopstar-d-def powerstar-d-def LeftChopEqvChop)
have 11:+ ((3 n. power (f A more) n);(empty vV ((f A more) A inf)));g =
(3 n. power (f A more) n);((empty VV ((f A more) A inf));g)
by (meson ChopAssoc Propll)
have 2: - (3 n. power (f A more) n);((empty vV ((f A more) A inf));g) =
(3 n. (power (f A more) n);(((empty V ((f A more) A inf));g)))
using ExistChopPower by fastforce
have 3: A n. b (power (f A more) n);g — h
using ChoplInductL assms
by (smt AndChopA MP Prop02 Propl2 int-iffD2 int-simps(33) inteq-reflection lift-imp-trans)
have 31: A n. = ((power (f A more) n);((f A more) A inf));g — h
using assms
by (metis (no-types, lifting) AndChopA ChoplInductiInfL Prop03 Propl0 int-eq-true int-simps(33)
inteq-reflection lift-imp-trans)
have 4: + (3 n. ((power (f A more) n);(empty V ((f A more) A inf)));g) — h
using 3 31 by (simp add: Valid-def,
smt ChopAssoc ChopOrEqv EmptyOrChopEqv inteqg-reflection unl-lift2)
from 1 11 2 4 show ’thesis
by (metis InfiniteSemantics. ExistChop integ-reflection)
ged

lemma ChopstarinductMorel.:
assumes - g Vv (f A more);h — h
shows |+ (chopstar f);g — h
proof —
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have I: - (chopstar f);g = ((3 n. power (f A more) n);(empty V ((f A more) A inf)));g
by (simp add: chopstar-d-def powerstar-d-def LeftChopEqvChop)
have 11:+ ((3 n. power (f A more) n);(empty V ((f A more) A inf)));g =
(3 n. power (f A more) n);((empty V ((f A more) A inf));g)
by (meson ChopAssoc Propll)
have 2: - (3 n. power (f A more) n);((empty V ((f A more) A inf));g) =
(3 n. (power (f A more) n);((empty V ((f A more) A inf));g))
using ExistChopPower by fastforce
have 3: A\ n. F (power (f A more) n);g — h
using ChoplnductL assms by (metis)
have 31: + (3 n. (power (f A more) n);g) — h
using 3 by fastforce
have 32: A n. F ((power (f A more) n);((f A more) A inf));g — h
using assms
by (metis (no-types, lifting) AndChopA ChoplnductInfL int-eq-true inteq-reflection)
have 33: - (3 n. ((power (f A more) n);((f A more) A inf));g) — h
using 32 by fastforce
have 34: + (3 n. (power (f A more) n),g) V
(3 n. ((power (f A more) n);((f A more) A inf));g) — h
using 31 33 by fastforce
have 35: - (3 n. (power (f A more) n);g V ((power (f A more) n);((f A more) A inf));g)
— h
using 34 by fastforce
have 36: A\ n .+ ((power (f A more) n);g vV ((power (f A more) n);((f A more) A inf));g) =
((power (f A more) n);(empty vV ((f A more) A inf)));g
by (metis (no-types, lifting) ChopAssoc ChopOrEqv EmptyOrChopEqv inteq-reflection)
have 4: = (3 n. ((power (f A more) n);(empty V ((f A more) A inf)));g) — h
using 36 35 by fastforce
from 1 11 2 4 show ’thesis
by (metis InfiniteSemantics.ExistChop integ-reflection)
ged

lemma FPowerstarinductR:
assumes - g VvV h;f — h
shows  g;(fpowerstar f) — h
proof —
have 1: g;(fpowerstar f) = g;(3 n. power f n)
by (simp add: fpowerstar-d-def)
have 2: F (g;(3 n. power f n)) = (3 n. g;(power f n))
using ChopExistPower by blast
have 3: A n. F g;(power f n) — h
using ChoplInductR assms by blast
have 4: - (3 n. g;(power fn)) — h
using 3 by (simp add: Valid-def,
smt ChopEmpty ChopOrEqv inteqg-reflection unl-lift2)
from 1 2 4 show ?thesis by (metis inteq-reflection)
ged

lemma PowerstarlnductR:
assumes - g V h;f — h

238



shows + g;(powerstar f) — h
proof —
have I: I g;(powerstar f) = g;((3 n. power f n);(empty \V (f A inf)))
by (simp add: chopstar-d-def powerstar-d-def )
have 11:+ g;((3 n. power f n);(empty vV (f A inf))) =
(g:(3 n. power f n));(empty V (f A inf))
using ChopAssoc by blast
have 2: F (g;(3 n. power f n)) = (3 n. g;(power f n))
using ChopExistPower by blast
hence 21: - (g;(3 n. power f n));(empty V (f A inf)) =
(3 n. g;(power f n));(empty V (f A inf))
using LeftChopEqvChop by blast
have 3: A n. F g;(power f n) — h
using ChoplInductR assms by blast
have 31: A n. F g;((power f n);(f A inf)) — h
using ChoplInductinfR assms by blast
have 4: - (3 n. g;((power f n);(empty V (f A inf)))) — h
using 3 31 by (simp add: Valid-def,
smt ChopEmpty ChopOrEqv inteq-reflection unl-lift2)
from 1 11 221 4 show ?thesis
by (metis InfiniteSemantics. ChopExist InfiniteSemantics.ExistChop inteq-reflection)
ged

lemma ChopstarinductR:
assumes - g VvV h;f — h
shows + g;(chopstar f) — h
proof —
have 1: - g;(chopstar f) =
g:((3 n. power (f A more) n);(empty V ((f A more) A inf)))
by (simp add: chopstar-d-def powerstar-d-def )
have 11:+ g;((3 n. power (f A more) n);(empty V ((f A more) A inf))) =
(g:(3 n. power (f A more) n));(empty \VV ((f A more) A inf))
using ChopAssoc by blast
have 2: F (g;(3 n. power (f A more) n));(empty V ((f A more) A inf)) =
((3 n. g;power (f A more) n));(empty VV ((f A more) A inf))
using ChopExistPower LeftChopEqvChop by fastforce
have 3: A n. - g;(power (f A more) n) — h
using ChoplnductR assms
by (smt ChopAndA MP Prop02 Propl2 int-iffD2 int-simps(33) inteq-reflection lift-imp-trans)
have 31: A\ n. F g;((power (f A more) n);(f A inf)) — h
using assms
by (smt 3 AndChopB ChopAndA ChopAssoc Prop03 Propl0 integ-reflection lift-imp-trans)
have 4: - (3 n. g;((power (f A more) n);(empty V (f A inf)))) — h
using 3 31 by (simp add: Valid-def,
smt ChopEmpty ChopOrEqv inteq-reflection unl-lift2)
from 1 11 2 4 show ?thesis
by (metis InfiniteSemantics. ChopExist InfiniteSemantics. ExistChop AndMoreAndInfEqvAndInf
inteq-reflection)
ged
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lemma ChopstarlnductMoreR:
assumes - g V h;(f A more) — h
shows | g;(chopstar f) — h
proof —
have 1:F g;(chopstar f) = g;((3 n. power (f A more) n);(empty V ((f A more) A inf)))
by (simp add: chopstar-d-def powerstar-d-def )
have 11:F g;((3 n. power (f A more) n);(empty V ((f A more) A inf))) =
(g:(3 n. power (f A more) n));(empty V ((f A more) A inf))
using ChopAssoc by blast
have 2: - (g;(3 n. power (f A more) n));(empty vV ((f A more) A inf)) =
((3 n. g;power (f A more) n));(empty V ((f A more) A inf))
using ChopExistPower LeftChopEqvChop by fastforce
have 3: A n. - g;(power (f A more) n) — h
using ChoplnductR assms by (metis)
have 31: A n. F g;((power (f A more) n);(f A inf)) — h
using assms
by (metis ChopInductinfR AndMoreAndInfEqvAndInf inteq-reflection)
have 4: F (3 n. g;((power (f A more) n);(empty V (f A inf))) ) — h
using 3 31 by (simp add: Valid-def,
smt ChopEmpty ChopOrEqv inteq-reflection unl-lift2)
from 1 11 2 4 show ?thesis
by (metis InfiniteSemantics. ChopExist InfiniteSemantics.ExistChop AndMoreAndInfEqvAndInf
inteq-reflection)
ged

lemma FPSEqvEmptyOrFiniteChopFPS:
- fpowerstar f = (empty V (f A finite);fpowerstar f)
using FPowerstarEqvSem Valid-def by blast

lemma FPSAndMorelmpFPS:
+ fpowerstar (f A more) — fpowerstar f
proof —
have 2: - empty V ((f A more) A finite);fpowerstar f — fpowerstar f
by (smt FPSEqvEmptyOrFiniteChopFPS LeftChoplmpChop Prop02 Prop05 intl int-eq intensional-rews(3))
have 3: - fpowerstar (f A more),empty — fpowerstar f
using 2 FPowerstarinductL by blast
from 2 3 show 7thesis by (metis ChopEmpty int-eq)
ged

lemma FPSImpAndMoreFPS:
+ fpowerstar f — fpowerstar (f A more)
by (meson ChopEmpty FPSEqvEmptyOrFiniteChopFPS FPowerstarinductMorel int-iffD2 lift-imp-trans)

lemma FPSAndMoreEqvFPS:
- fpowerstar (f A more) = fpowerstar

using FPSAndMorelmpFPS FPSImpAndMoreFPS by fastforce

lemma ChopstarlmpPowerstar:
F f* — powerstar f
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by (metis ChopEmpty ChopstarinductlL PSEqvEmptyOrChopPS int-eq int-iffD2)

lemma PowerstarlmpChopstar:
F powerstar f — f*
by (metis CSEqvOrChopCS ChopEmpty PowerstarInductL int-iffD2 inteq-reflection)

lemma ChopstarEqvPowerstar:
F f* = powerstar f
using ChopstarlmpPowerstar PowerstarlmpChopstar by fastforce

lemma CSAndMoreEqvAndMoreChop:
F (fF* A more) = (f A more ); f*

proof —

have 1.+ (empty vV (f A more); f*) A more — (f A more ); f*
by (auto simp: empty-d-def)

have 2:F f* = (empty V (f A more);f*)
by (rule ChopstarEqv)

have 3:+ f* A more — (f A more ); f*
using 1 2 by fastforce

have 4:+ (f A more ); f* — *
using 2 by fastforce

have 5:+ (f A more ) — more
by auto

hence 6: - (f A more ); f* — more
by (rule LeftChoplmpMoreRule)

have 7:F (f A more ); f* — f* A more
using 4 6 by fastforce

from 3 7 show ?thesis by fastforce

ged

lemma AndMoreCSEqvAndFmoreOrinf:
F (f A more);f* = ((f A fmore);f* Vv (f A inf))
proof —
have 1: F (f A more) = ( (f A fmore) V (f A inf))
by (simp add: Valid-def more-defs chop-defs fmore-defs infinite-defs sum.case-eq-if )
hence 2: - (f A more);f* = ( (f A fmore) V (f A inf));f*
by (simp add: LeftChopEqvChop)
have 3: F ( (f A fmore) V (f A inf));f* = ((f A fmore);f* \V (f A inf);f*)
by (simp add: OrChopEqv)
have 4: - (f A inf);f* = (f A inf)
using AndInfChopEqvAndInf by blast
have 5: =((f A fmore);f* v (f A inf);f* ) = ((f A fmore);f* \V (f A inf) )
using 3 4 by auto
from 2 3 5 show ?thesis by fastforce
ged

lemma PowerAndMoreAndFinite:
F ((power (f A more) n) A finite) = (power ((f A finite) A more) n)
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proof

(induct n)

case 0

then show ?case using FiniteAndEmptyEqvEmpty by auto

next

case (Suc n)

then show 7case

by (smt chop-defs finite-d-def finite-defs-1 infinite-d-def infinite-defs-1 intl
intensional-rews(1) intensional-rews(3) inteq-reflection power-d.pow-Suc
sum.case-eq-if unl-lift)

ged

lemma CSAndFiniteDist:
= ((3 n. power (f A more) n);(empty vV ((f A more) A inf)) A finite) =
((3 n. power (f A more) n) A finite)
proof —
have 1: H((3 n. power (f A more) n);(empty V ((f A more) A inf)) A finite) =
(((3 n. power (f A more) n) A finite);
((empty V ((f A more) A inf)) A finite))
using ChopAndFiniteDist by blast
have 2: - ((empty Vv ((f A more) A inf)) A finite) = empty
by (simp add: Valid-def empty-defs more-defs infinite-defs finite-defs sum.case-eq-if)
from 1 2 show ’thesis
by (metis ChopEmpty inteq-reflection)
ged

lemma CSAndFinite:
F (f* A finite) = (f A finite)*
proof —
have 1:F (f* A finite) = ((3 n. power (f A more) n);(empty V ((f A more) A inf)) A finite)
by (simp add: chopstar-d-def powerstar-d-def intl)
have 11:+ ((3 n. power (f A more) n);(empty vV ((f A more) A inf)) A finite) =
((3 n. power (f N more) n) A finite)
using CSAndFiniteDist by blast
have 2: - ((3 n. power (f A more) n) A finite) =
(3 n. power (f A more) n A finite)
by (simp add: Valid-def)
have 3: - (3 n. power (f A more) n A finite) =
(3 n. (power ((f A finite) A more) n))
using PowerAndMoreAndFinite by fastforce
have 31: F (empty V ((f A finite) A inf)) = empty
by (simp add: Valid-def empty-defs infinite-defs finite-defs sum.case-eq-if)
have 4: - (3 n. (power ((f A finite) A more) n)) = (f A finite)*
using 31
by (metis ChopEmpty AndMoreAndInfEqvAndInf chopstar-d-def inteq-reflection powerstar-d-def)
from 1 11 2 34 show ?thesis by fastforce
ged
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lemma PowerchopAndFmore:

F ((power (f A more) (Suc n) ) A fmore) = (power ((f A finite) A more) (Suc n))

proof

(induct n)

case 0

then show 7case

by (smt LeftChoplmpFMoreRule AndMoreAndFiniteEqvAndFmore PowerAndMoreAndFinite Prop11 Propl2
integ-reflection pow-Suc)

next

case (Suc n)

then show Zcase

by (smt LeftChoplmpFMoreRule AndMoreAndFiniteEqvAndFmore PowerAndMoreAndFinite Propl1 Propl2
integ-reflection pow-Suc)

ged

lemma ExistPowerAndMoreExpand.:
F (3 n. power (f A more) n) = ( empty V (3 n. (power (f A more) (Suc n))))
using powerseml[of LIFT (f A more)] by auto

lemma CSAndFmoreDist:
F ((3 n. power (f A more) n);(empty \V ((f A more) A inf)) A fmore) =
((3 n. power (f N more) n) A fmore)

proof —

have I:-((3 n. power (f A more) n);(empty V ((f A more) A inf)) A fmore) =
((3 n. power (f A more) n);(empty V ((f A more) A inf)) A finite A\ more)

by (metis fmore-d-def integ-reflection lift-and-com)

have 2: - ((3 n. power (f A more) n);(empty V ((f A more) A inf)) A finite) =
((3 n. power (f A more) n) A finite)

using CSAndFiniteDist by blast

have 3: F ((3 n. power (f A more) n);(empty V ((f A more) A inf)) A finite A more) =
((3 n. power (f A more) n) A finite A\ more)

using 2 by fastforce

have 4: - ((3 n. power (f A more) n) A finite A more) =
((3 n. power (f A more) n) A fmore)

by (metis fmore-d-def inteq-reflection lift-and-com)

from 1 3 4 show ?thesis by fastforce

ged

lemma CSAndMoreEqvAndFMoreChop:
F (f* A fmore) = (f A fmore ); (f A finite)*
proof —
have 1:+ (f* A fmore) = ((3 n. power (f A more) n);(empty V ((f A more) A inf)) A fmore)
by (simp add: chopstar-d-def powerstar-d-def intl)
have 11:+ ((3 n. power (f A more) n);(empty vV ((f A more) A inf)) A fmore) =
((3 n. power (f A more) n) A fmore)
using CSAndFmoreDist by fastforce
have 2: - ((3 n. power (f A more) n) A fmore) =
(3 n. power (f A more) n A fmore)
by (simp add: Valid-def)
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have 3: - (3 n. power (f A more) n A\ fmore) =
((power (f A more) 0 V (3 n. (power (f A more) (Suc n)))) A fmore)
using ExistPowerAndMoreExpand by fastforce
have 4: = ((power (f A more) 0 V (3 n. (power (f A more) (Suc n)))) A fmore) =
(((power (f A more) 0 A fmore) V ((3 n. (power (f A more) (Suc n))) A fmore)))
by auto
have 5: - (((power (f A more) 0 A fmore) vV ((3 n. (power (f A more) (Suc n))) A fmore))) =
((3 n. (power (f A more) (Suc n))) A fmore)
using NotFmoreAndEmpty by fastforce
have 6: - ((3 n. (power (f A more) (Suc n))) A fmore) =
(3 n. (power ((f A finite) A more) (Suc n)))
using PowerchopAndFmore by fastforce
have 7: F (3 n. (power ((f A finite) A more) (Suc n))) =
(3 n. ((((f A finite) N more) A finite);(power ((f A finite) A more) n)))
by (simp)
have 8: (3 n. ((((f A finite) A more) A finite);(power ((f A finite) A more) n))) =
(((f A finite) A more) A finite);(3 n. (power ((f A finite) A more) n))
by (simp add: Valid-def,
smt chop-d-def intensional-rews(6) sum.case-eq-if)
have 9: = (((f A finite) A more) A finite) = ( f A fmore)
by (simp add: fmore-d-def, auto)
have 10: + (((f A finite) A more) A finite);(3 n. (power ((f A finite) A more) n)) =
(f A fmore);(3 n. (power ((f A finite) N\ more) n))
using 8 9 by (simp add: LeftChopEqvChop)
have 101: + (empty V ((f A finite) A inf)) = empty
by (simp add: Valid-def empty-defs infinite-defs finite-defs sum.case-eq-if)
have 11:+ (3 n. (power ((f A finite) A more) n)) =
(f A finite)*
using 101
by (metis ChopEmpty AndMoreAndInfEqvAndInf chopstar-d-def inteq-reflection powerstar-d-def)
hence 12: = (f A fmore);(3 n. (power ((f A finite) A more) n)) =
(f A fmore);(f A finite)*
by (simp add: RightChopEqvChop)
from 11123456 781012 show 7thesis
by (metis CSAndFmoreDist inteq-reflection)
ged

lemma CSAndMorelmpChopCS:

F A more — f; f*

proof —

have 1: F (f* A more) = (f A more ); f* by (rule CSAndMoreEqvAndMoreChop)
have 2: = (f A more ); f* — f; f* by (rule AndChopA)

from 1 2 show ?thesis by fastforce

ged

lemma NotAndMoreEqvEmptyOr:

= (f A more) = (empty V —f)
by (auto simp: empty-d-def)
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lemma MoreAndEmptyOrEqvMoreAnd:
F (more A (empty V —f)) = (more A — f)
by (auto simp: empty-d-def)

lemma CSMoreNotImpChopCSAndMore:

F f*A more A= f — (f A more); (F*A more )

proof —

have I:+ (f* A more) = (f A more ); f*
by (rule CSAndMoreEqvAndMoreChop)

have 2:+ empty V more
by (auto simp: empty-d-def)

hence 3: - f* — empty vV (f* A more )
by auto

hence 4: - (f A more ); f* — (f A more ) vV ((f A more ); (f* A more ))
by (rule ChopEmptyOrimpRule)

hence 5: = (f A more ); f* A =(f A more) — ((f A more ); (f* A more))
by fastforce

have 6:+ (f A more ); f* = ((f A\ more ); f* A more) using I
by auto

have 7:F ((f A more ); f* A =(f A more)) = ((f A more ); f* A\ more A —(f A more))
using 6 by auto

have 8:+ (f A more ); f* A more N~ f— (f A more ); (f* A more)
using 5 7 by auto

have 9:F (f* A more A= )= ((f* A more) A (more A — f))
by auto

have 10:+ ((f* A more) A (more AN = f)) = ((f A more); f* A (more A = f))
using 1 by fastforce

from 1 8 9 10 show 7thesis by fastforce

ged

lemma ChopplusCommutelmpA:

Fff— Fif

by (metis CSEqvOrChopCS ChopAndB ChopEmpty ChopstarlnductlL EmptylmpCS Prop02 Prop03 Propl0
inteq-reflection)

lemma ChopplusCommutelmpB:

i — 5 f

by (smt CSEqvOrChopCS ChopplusCommutelmpA ChopstarinductR EmptyChop
EmptylmpCS LeftChoplmpChop Prop02 Prop03 inteq-reflection lift-imp-trans)

lemma ChopplusCommute:
Efifr = f
using ChopplusCommutelmpA ChopplusCommutelmpB by fastforce

lemma CSEqvOrChopCSB:
F = (empty Vv (f%f))
by (meson CSEqvOrChopCS ChopplusCommute Prop06)
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lemma CSAndMorelmpCSChop:
F A more — f*; f
using CSAndMoreEqvAndMoreChop ChopplusCommute CSAndMorelmpChopCS by fastforce

lemma PowerChopPower:

F (power (f A more) n); (power (f A more) k) = (power (f A more) (n+k))
proof

(induct n arbitrary: k)

case 0

then show ?case using EmptyChopSem by auto

next

case (Suc n)

then show Zcase

by (metis (no-types, lifting) ChopAssoc add-Suc inteq-reflection pow-Suc)
ged

lemma CSChopCS:
B, = f*
by (smt CSEqvOrChopCS ChopEmpty ChopstarinductL EmptylmpCS Prop02 Prop05 Prop11 RightChoplmpChop

inteq-reflection)

lemma NotEmptyEqvMore:
F (- empty) = more
by (simp add: empty-d-def)

lemma NotCSImpMore:

Foo= (F) — more

proof —

have 1:t empty — (f*) using EmptylmpCS by blast
hence 2: - — empty V (f*) by fastforce

from 2 show ?thesis using 1 NotEmptyEqvMore by fastforce
ged

lemma PowerAndInfB:
F ( ((f A more);(power (f A more) n)) A inf) =
((f N inf) Vv (f A fmore);((power (f A more) n) A inf))

proof —

have 1:+ ( ((f A more);(power (f A more) n)) A inf) =
( ((f A more) A inf) VvV ((f A more) A finite);((power (f A more) n) A inf))

using ChopAndInfB by blast

have 2: = ( ((f A more) A inf) vV ((f A more) A finite);((power (f A more) n) A inf)) =
( (f Ainf) vV (f A fmore);((power (f A more) n) A inf))

using AndMoreAndInfEqvAndinf AndMoreAndFiniteEqvAndFmore

by (metis 1 inteq-reflection)

from 1 2 show ’thesis by fastforce

ged
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lemma CSAndinf:

F (f* A inf) = *(f A inf)

by (meson AndChopA AndInfChopEqvAndInf CSEqvOrChopCSB ChopAndA ChopAndInf Prop03 Propll
Prop12 lift-imp-trans)

lemma CSChopCSImpCS:
E(f~ %) — f*
by (simp add: CSChopCS int-iffD1)

lemma ImpChopPlus:

o f— Ff*

proof —

have 1:F f* = (empty V f; f*) by (rule CSEqvOrChopCS)

hence 2: + f;f* = (f,empty VV f; (f;f*)) using ChopOrEqvRule by blast
have 3:+ f;empty = f using ChopEmpty by blast

from 2 3 show ?thesis by fastforce

ged

lemma ImpCS:

Ff—

proof —

have 1:+ f — f;f* by (rule ImpChopPlus)

hence 2: - f — empty V f;f* by auto

from 2 show ?thesis using CSEqvOrChopCS by fastforce
ged

lemma CSChoplmpCS:

F o f— f

proof —

have 1:+ f — f* by (rule ImpCS)

hence 2: + f*; f — *; f* by (rule RightChoplmpChop)
hence 3:F f*; f — f*; f* by auto

have 4:+ f*; f* — f* by (rule CSChopCSImpCS)
from 2 3 4 show ?thesis using lift-imp-trans by blast

ged

lemma ChopPlusImpCS:
HoOffr —
proof —
have 1:+ f;f* — empty V f;f* by auto
from 1 show ?thesis using CSEqvOrChopCS by fastforce
ged

lemma CSChopEqvOrChopPlusChop:

e =(gV (fif");g)

proof —

have I:+ f* = (empty VvV f;f*) by (rule CSEqvOrChopCS)
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from 1 show ?thesis using EmptyOrChopEqvRule by blast
ged

lemma CSElim:
assumes - empty — g

F(f A more), g — g
shows FHf* — g
proof —
have I1:+ empty V (f A more);g — g
using assms using Prop02 by blast
have 2: - (chopstar f),empty — g
using ChopstarinductMorel 1 by blast
from 2 show ?thesis
by (metis ChopEmpty inteqg-reflection)
ged

lemma Chopstarlmp:

assumes  f;(chopstar g) V empty — (chopstar g)
shows | (chopstar f) — (chopstar g)

using assms ChopstarinductlL ChopEmpty

by (metis int-eq int-simps(33) lift-and-com)

lemma CSCSImpCS:

Fo(F) —

proof —

have I: |- ((chopstar f);(chopstar f)) V empty — (chopstar f)
by (meson CSChopCSImpCS EmptylmpCS Prop02)

from 1 show 7thesis using Chopstarlmp by blast

ged

lemma CSImpCSCS:
F o — (F)*
using /ImpCS by auto

lemma CSCSEqvCS:
'7 (f*)* — f'*
by (simp add: CSCSImpCS CSImpCSCS int-iffl)

lemma RightEmptyOrChopEqyv:

= gi(empty v f)=(gV (g f))

proof —

have 1:+ g;( empty VvV f) = (g;empty V g;f) by (rule ChopOrEqv)
have 2: - g;empty = g by (rule ChopEmpty)

from 1 2 show ?thesis by fastforce

ged

lemma RightEmptyOrChopEqvRule:

assumes - f = (empty V 1)
shows F g;f = (g V (g:f1))
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proof —

have 1:+ f = (empty V f1) using assms by auto

hence 2: + g;f = g;(empty V f1) by (rule RightChopEqvChop)

have 3:t g;(empty V f1) = (g V (g:f1)) by (rule RightEmptyOrChopEqv)
from 2 3 show ?thesis by fastforce

ged

lemma ChopPlusEqvOrChopChopPlus:

Eo(F %) =(F Vv f; (fif)

proof —

have I: - f* = (empty V f;f*) by (rule CSEqvOrChopCS)
from 1 show 7thesis by (rule RightEmptyOrChopEqvRule)
ged

lemma CSAndEmptyEqvEmpty:
= ((f*) A empty) = empty
using EmptylmpCS by fastforce

lemma NotAndMoreChopAndEmpty:

F = (((f A more);g) N\ empty)

by (metis AndChopA ChopEmpty LeftChoplmpMoreRule Prop01 empty-d-def int-simps(14)
int-simps(25) int-simps(4) inteq-reflection lift-and-com)

lemma NotChopAndMoreAndEmpty:

= =((f;(g A more)) A empty)

by (metis NotEmptyEqvMore Prop01 Prop05 Prop07 RightChoplmpMoreRule empty-d-def int-iffD2
int-simps(15) inteq-reflection lift-imp-neg)

lemma ChopCSAndEmptyEqvAndEmpty:
F((f;f*) A empty) = (f A empty)

proof —

have 1:+ ((f;f*) A empty) = (f\ empty);(f* A empty)
using ChopAndEmptyEqvEmptyChopEmpty by blast

have 2: - (fA empty);(f* A empty) = (fA empty);empty
using CSAndEmptyEqvEmpty using RightChopEqvChop by blast

have 3: - (fA empty),empty = (f\ empty)
by (rule ChopEmpty)

from 1 2 3 show ?thesis by fastforce

ged

lemma AndMoreChopAndMoreEqvAndMoreChop:
F ((f A more);g A more) = (f N\ more);g
using ChoplmpDi DiAndB DiMoreEqvMore by fastforce

lemma ChopPlusEqv:

E(fif*) =(fV (fA more); (%))

proof —

have 1:+ f*= (empty V (f A more); f*)
by (rule ChopstarEqv)

have 2:+ f* = (empty V f;f*)
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by (rule CSEqvOrChopCS)
hence 3: = (empty V f;f*) = (empty V (f A more );f*)
using 1 2 by fastforce
have 4:+ (f A more );(f*) = (f A more );(empty V f;f*)
using 2 using RightChopEqvChop by blast
hence 5: = empty V f;f* =empty V (f A more );(empty V f;f*)
using 3 4 by fastforce
have 6:F (f A more ); (empty V f;f*) =
((f A more ); empty V (f A more); (f;f*))
using ChopOrEqv by blast
have 7:+ (f A more); empty = (f A more)
using ChopEmpty by blast
have 8:+ (empty V f;f*) =
(empty vV (f A more )V (f A more); (f;f*))
using 5 6 7 by (metis 2 3 integ-reflection)
have 9:+ ((empty VvV f;f*) A more) = (f;f* A more)
by (auto simp: empty-d-def)
have 10: + ((empty VvV (f A more ) vV (f A more); (f;f*)) A more) =
(((f A more )V (f A more ); (f;f*)) A more)
by (auto simp: empty-d-def)
have 11: - (((f A more ) v (f A more ); (f;f*)) A\ more) =
((f A more )V (f A more); (f;f*))
using 10 6 7 int-eq
using AndMoreChopAndMoreEqvAndMoreChop by fastforce
have 12: - (f;f* A more) = ((f A more )V (f A more ); (f;f*))
using 8 9 10 11 by fastforce
have 13: - (f;f* A empty) = (f A empty)
by (rule ChopCSAndEmptyEqvAndEmpty)
have 14: + ((f A more ) vV (f A more ), (f;f*) V (f A empty)) =
(f v (f A more );(f;f*))
by (auto simp: empty-d-def)
have 15:  f;f* = (( f;f* A empty) V ( f;f* A\ more))
by (auto simp: empty-d-def)
from 12 13 14 15 show ?thesis by fastforce
ged

lemma ChopPlusimpChopPlus:

assumes - f — g

shows - f;f* — g;g*

using assms

by (smt CSChopCS ChopAssoc ChoplmpChop ChopstarinductR ImpCS ImpChopPlus Prop02 int-iffD1
inteq-reflection lift-imp-trans)

lemma ChopChopPlusimpChopPlus:

Eoof () — £

proof —

have 1:+ empty V more by (auto simp: empty-d-def)

hence 2: + f — empty V (f A more ) by auto

hence 3: + f; (f;f*) — (f;f*) VvV (f A more );(f;f*) by (rule EmptyOrChoplmpRule)
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have 4.+ f;f* = (f Vv (fA more); (f;f*)) by (rule ChopPlusEqv)
hence 5: - (fA more); (f;f*) — f;f* by auto

from 3 5 show 7thesis using ChopPlusimpCS RightChoplmpChop by blast
ged

lemma CSImpCS:

assumes - f — g

shows +F f* — g*

proof —

have 1:+ f — g using assms by auto

hence 2: + f;f* — g;g* by (rule ChopPluslmpChopPlus)

hence 3: + empty Vv f;f* — empty V g;g* by auto

from 2 3 show ?thesis using CSEqvOrChopCS by (metis inteqg-reflection)
ged

lemma ChopPluslintro:
assumes - f — gV (g A more ); f
shows F f A finite — g;g*
proof —
have I: - f A -~ g — (g A more ); f using assms by auto
have 2: - g;g* = (g VvV (g N more ); (g:g*)) by (rule ChopPlusEqv)
have 3: - f A = (gig* ) —
(g N more); f A= ((g AN more); (g;:g*) ) using 1 2 by fastforce
have 4: - g A more — more by auto
from 3 4 show ?thesis using ChopContraB by blast
ged

lemma ChopPlusElim:

assumes - f — g

F(fA more ), g — g

shows F f;f* — g
proof —

have I: - f V (f A more);g — g
using assms Prop02 by blast

have 2: + f*;f — g

using ChopstarlnductMorel 1 by blast
from 2 show ?thesis

using ChopplusCommute by fastforce
ged

lemma ChopPlusElimWithoutMore:
assumes - f — g
Ffg—g
shows F f;f* — g
proof —
have 1:+ f — g using assms by blast
have 2: \- (f; g) — g using assms by blast
have 3: = (f A more ); g — f; g by (rule AndChopA)
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have 4: - (f A more ); g — g using 2 3 lift-imp-trans by blast
from 1 4 show ?thesis using ChopPlusElim by blast
ged

lemma ChopPlusEqvChopPlus:

assumes - f =g

shows F f;f* = g;g*

proof —

have 1:+ f = g using assms by auto

hence 2: - f — g by auto

hence 3: + f;f* — g;g* by (rule ChopPlusimpChopPlus)
have 4:+ g — f using 1 by auto

hence 5: + g;g* — f;f* by (rule ChopPlusimpChopPlus)
from 3 5 show ?thesis by fastforce

ged

lemma CSEqvCS:

assumes - f =g

shows F f* = g*

proof —

have 1:F f = g using assms by auto

hence 2: + f;f* = g;g* by (rule ChopPlusEqvChopPlus)
hence 3: + (empty V f;f*) = (empty V g;g*) by auto
from 3 show ?thesis using CSEqvOrChopCS by (metis int-eq)
ged

lemma AndCSA:

Fo(FAg —

proof —

have I: - f AN g — f by auto

from 1 show ?thesis using CSImpCS by blast
ged

lemma AndCSB:

- (Frg)r — g

proof —

have 1: - f AN g — g by auto

from 1 show ?thesis using CSImpCS by blast
ged

lemma CSintro:

assumes - f A more— (g A more ); f

shows F f A finite — g~

proof —

have I1:+f A more — (g A more ); f
using assms by auto

have 2:+ more = (= empty)
by (auto simp: empty-d-def)

have 3:+f A - empty — (g A more ); f
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using 1 2 by fastforce
have 4:+ g*= (empty V (g A more); g*)
by (rule ChopstarEqv)
hence 41: + (—(empty V (g A more ); g*)) = (mempty A —((g A more ); g*))
by fastforce
have 411:F (—empty A =((g A more ); g*)) = (more A\ —~((g A more ); g*))
using NotEmptyEqvMore by fastforce
have 42:+ —( g*) = (more A =((g A more ); g*))
using 4 41 411 by fastforce
have 43:Hf A =( g*) — f A more A = ((g A more ); g*)
using 42 by fastforce
have 44:+f A more A = ((g A more ); g*) — (g A more ); f A = ((g A more ); g*)
using 3 43 1 by auto
have 5:FfA-(g") —
(g A more); f A= ((g A\ more ); g*)
using 43 44 lift-imp-trans by fastforce
have 6:F g A more — more
by auto
from 5 6 show ?thesis using ChopContraB by blast
ged

lemma CSElimWithoutMore:
assumes - empty — g
Ffig—g
shows FHf* — g
proof —
have 1: - empty — g using assms by blast
have 2: - f; g — g using assms by blast
have 3: F (f A more ); g — f; g by (rule AndChopA)
have 4: = (f A more ); g — g using 2 3 lift-imp-trans by blast
from 1 4 show 7thesis using CSElim by blast
ged

lemma ChopAssocB:
= (fig):h = fi(g:h)
using ChopAssoc by fastforce

lemma CSChopEqvChopOrRule:

assumes - = (g*; h)

shows +f =((g;f)V h)

proof —

have I1:+ f = (g*; h) using assms by auto

have 2:+ g* = (empty V (g; g*)) by (rule CSEqvOrChopCS)
hence 3:+g*; h=(hV ((g; g*); h)) by (rule EmptyOrChopEqvRule)
have 4:F+ (g, g*); h= g; (g*; h) by (rule ChopAssocB)

hence 41: - g*; h = (h V g; (g*; h)) using 3 by fastforce

have 5:F g, f = g; (g*; h) using 1 by (rule RightChopEqvChop)
hence 6:+ (g*; h) = (hV g; f) using 41 by fastforce

hence 61: - (g*; h) = ((g; f) vV h) by auto

from 1 61 show 7thesis by fastforce
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ged

lemma CSChoplntroRule:
assumes - f A= h— g, f
Fg — more
shows + f A finite — g*; h
proof —
have I: - f A= h— g, f
using assms by blast
have 2:+ g — more
using assms by blast
hence 3: g — g A more
by auto
hence 4: + g; f — (g A more ); f
by (rule LeftChoplmpChop)
have 5:-f — (g A more ); fV h
using 1 4 by fastforce
have 6:+ g* = (empty V (g A more ); g*)
by (rule ChopstarEqv)
hence 7: - (g*); h=(hV ((g A more ); g*); h)
by (rule EmptyOrChopEqvRule)
have 8:+ ((g A more ); g*); h= (g A more ); (g*; h)
by (rule ChopAssocB)
have 9:+ (g*); h=(hV (g A more); (g*; h))
using 7 8 by fastforce
have 10: - f A = (g*; h) — (g A more); f A = ((g A more); (g*; h))
using 5 9 by fastforce
have 11: - g A more — more
by fastforce
from 10 11 show ?thesis using ChopContraB by blast
ged

lemma DiamondAndEmptyEqvAndEmpty:
F (O f A empty) = (f A empty)
by (auto simp: sometimes-defs empty-defs sum.case-eq-if)

lemma /nitAndEmptyEqvAndEmpty:
F ((init w) A empty) = (w A empty)
proof —
have 1:F ((init w) A empty) = ((w A empty);# True N\ empty)
by (metis init-d-def int-eq lift-and-com)
have 2: - ((w A empty);# True A empty) = (w A empty);(# True N\ empty)
by (meson AndChopA ChopAndA ChopAndEmptyEqvEmptyChopEmpty lift-imp-trans Propl1 Propl2)
have 3: - (w A empty);(# True N\ empty) = (w A empty);empty
using RightChopEqvChop by fastforce
have 4: - (w A empty);empty = (w A empty)
using ChopEmpty by blast
from 1 2 3 4 show ?thesis by fastforce
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ged

lemma /nitAndNotBoxInitimpNotEmpty:
Finit w A =( O (init w)) — = empty
proof —
have 1:F ((init w) A empty) = (w A empty)
by (rule InitAndEmptyEqvAndEmpty)
have 2: = (=( O (init w)) A empty) = (& (= (init w)) A empty)
by (auto simp: always-d-def)
have 3: = (¢ (= (init w)) A empty) = (= (init w) A empty)
by (simp add: DiamondAndEmptyEqvAndEmpty)
have 4: - (= (init w)) = (init (= w)) using Initprop(2) by blast
have 5: F (= (init w) A empty) = (- w A empty)
using 4 InitAndEmptyEqvAndEmpty by (metis inteq-reflection)
have 6: - (=( O (init w)) A empty) = (= w A empty)
using 2 3 5 by fastforce
have 7: = =(init w A =( O (init w)) A empty)
using 1 6 by fastforce
from 7 show ?7thesis by auto
ged

lemma BoxImpTrueChopAndEmpty:
F O f — #True,(f A\ empty)
using BoxAndChoplmport Finprop(3) by fastforce

lemma BoxInitAndMorelmpBoxInitAndMoreAndFininit:

F o( init w) A more — (O (init w) A more ) A fin ( init w)

proof —

have 1:+ fin (init w) = #True ; (init w A empty) using FinEqvTrueChopAndEmpty by blast
have 2: - O( init w) — # True;(init w A empty) by (rule BoxImp TrueChopAndEmpty)
from 1 2 show ?thesis by fastforce

ged

lemma CSImpBox:
assumes - f — empty V ((O (init w) A more) A finite ); f
shows | (init w A f) A finite — O (init w)
proof —
have 1:+f — empty VvV ((O( init w) A more) A finite ); f
using assms by auto
have 2:+ init w A =( O (init w)) — — empty
by (rule InitAndNotBoxInitimpNotEmpty)
have 3:F initw A f A (O (init w)) — ((O (init w) A more) A finite ); f
using 1 2 by fastforce
have 4:+ O (init w) A more — (O (init w) A more ) A fin ( init w)
by (rule BoxInitAndMorelmpBoxInitAndMoreAndFinlnit)
have 41: + (O (init w) A more) A finite —
((O (init w) A more ) A finite) A fin ( init w)
using 4 by auto
hence 5: - ((O( init w) A more) A finite ); f —
(((O (init w) A more ) A finite) A fin (init w) ); f
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by (rule LeftChoplmpChop)
have 6: F (((O (init w) A more ) A finite) A fin ((init w) ); f =
((o( init w) A more) A finite ); (init w A f)
using AndFinChopEqvStateAndChop by blast
have 7:F =( O( init w)) — (O (init w)) yields (—( O (init w)))
by (rule NotBoxStatelmpBoxYieldsNotBox)
have 8:F (O( init w)) yields (- (O (init w))) —
((O (init w) A more) A finite ) yields (—( O( init w)))
using AndYieldsA
by (metis AndMoreAndFiniteEqvAndFmore inteq-reflection)
have 9: - ((O( init w) A more) A finite ); (init w A f) A
((o( init w) A more) A finite ) yields (=( O (init w)))
BN
((O (init w) A more) A finite ); ((init w A f) A = (O (init w)))
by (rule ChopAndYieldsimp)
have 10: - (init w A f) A =( O (init w)) —
((o( init w) A more) A finite ); ((init w A f) A =( O (init w)))
using 35 6 7 8 9 by fastforce
have 11:+ ((Q( init w) A more) A finite ); ((init w A f) A =( O (init w))) —
more ; ((init w A f) A =( O (init w)) )
by (metis 41 LeftChoplmpChop Prop12)
have 12: F (init w A f) A =( O (init w)) —
more ; ((init w A f) A =( O (init w)) )
using 10 11 by fastforce
from 12 show ?thesis using MoreChopContraFiniteB by blast
ged

lemma BoxCSEqvBox:
o (init w A (O( init w))*) = O (init w)
proof —
have 1: F O( init w);0( init w) — O( init w)
by (simp add: BoxStateChopBoxEqvBox int-iffD1)
have 2: F (init w A empty) — O( init w)
by (simp add: StateAndEmptylmpBoxState)
have 3: = (init w A empty) vV O( init w);0( init w) — O( init w)
using 1 2 by fastforce
have 4: = (init w A empty);(TC( init w))* — O (init w)
using ChopstarlnductR 3 by blast
have 5: - init w A (O( init w))* — O (init w)
using 4 StateAndEmptyChop by fastforce
have 11: + O (init w) — (init w)
using BoxElim by blast
have 12: + O( init w) — (O (init w))*
by (rule ImpCS)
have 13: + O (init w) — init w A (O (init w))*
using 11 12 by fastforce
from 5 13 show 7thesis by fastforce
ged
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lemma BoxStateAndCSEqvCS:
o (o( init w) A f* A finite) = (init w A (T( init w) A f)* A finite)
proof —
have I:+ O (init w) — initw
using BoxElim by blast
have 2:+ (f* A more) = (f A more ); f*
by (rule CSAndMoreEqvAndMoreChop)
have 3:+ (O( init w) A ((f A more ); f*)) =
((a (init w) A f A more ); (O (init w) A *))
by (rule BoxStateAndChopEqvChop)
have 4:+ O (init w) A f A more — (O (init w) A f) A more
by auto
hence 5: - (O (init w) A f A more ); (
((O (init w) A f) A more ); (O
by (rule LeftChoplmpChop)
have 6: F (O( init w) A f*) A more —
((O (init w) A f) A more ); (O (init w) A *)
using 2 3 5 by fastforce
hence 7: - (O (init w) A f*) A finite — (O (init w) A f)*
using CSintro by blast
have 71: - init w A O (init w) A f* A finite — init w A (O (init w) A f)* A finite
using 7 by fastforce
have 8:F O( init w) A f* A finite — init w A (O (init w) A f)* A finite
using 1 71 by fastforce
have 11:+ (O (init w) A f)* — (O (init w))*
by (rule AndCSA)
have 12: + (init w A (T (init w))*) = O (init w)
by (rule BoxCSEqvBox)
have 13: F (O (init w) A f)* — f*
by (rule AndCSB)
have 14: & init w A (O (init w) A f)* — init w A (3O (init w))* A *
using 11 13 by fastforce
have 15: & init w A (O (init w))* A * — O (init w) A f*
using 12 by auto
have 16: & init w A (O (init w) A f)* — O (init w) A *
using 14 15 lift-imp-trans by blast
from 8 16 show ?thesis by fastforce
ged

O (init w) A f*) —
(init w) A f*)

lemma BaCSImpCS:

F ba(f — g) A finite — f* — g*

proof —

have I:+ f*= (empty vV (f A more); f*)
by (rule ChopstarEqv)

have 2:F g* = (empty V (g A more ); g*)
by (rule ChopstarEqv)

257



have 21:F —(g*) = (—empty A —=( (g A more ); g*))
using 2 by fastforce
hence 22: - —(g*) = (more AN =( (g A more ); g*))
using NotEmptyEqvMore by fastforce
have 3:+f* A - (g*) —
(empty V (f A more ); f*) A more A = ((g A more ); g*)
using 1 22 by fastforce
have 31:F ((empty V (f A more); f*) A more) = ((f A more ); f* A more)
by (auto simp: empty-d-def)
have 32:F f* A = (g*) — (f A more ); f* A = ((g A more ); g*)
using 3 31 by fastforce
have 4:+ (f — g) — (f A more — g A more )
by auto
hence 5:+ ba (f — g) — ba (f A more — g A more)
by (rule BalmpBa)
have 6:+ ba(f A more — g A more ) —
(f N more ), f* — (g N more ); f*
by (rule BaLeftChoplmpChop)
have 7:+ ba(f — g) A (f A more ); f* — (g A more ); f*
using 5 6 by fastforce
have 8:+ (g A more ); f* A= ((g A more ); g*)
— (g A more ); (f* A = (g7))
by (rule ChopAndNotChoplmp)
have 9:+ (g A more ); (f* A = (g*)) — more ; (F* A = (g%))
by (rule AndChopB)
have 10:+ ba (f — g) — more ; (f* A = (g*)) —
more ; ( ba (f — g) A f* A = (g"))
by (rule BaChoplmpChopBa)
have 1I1:+ ba(f — g) A f* A= (g") —
more ; ( ba (f — g) A f* A = (g*))
using 32 7 8 9 10 by fastforce
hence 12: F finite — — ( (ba (f — g)) A (f*) A (= (g%)))
using MoreChopLoopFiniteB by blast
from 12 show ?thesis by (simp add: Valid-def)
ged

lemma BaCSEqvCS:
- ba (f =g) A finite — (f* = g*)

proof —

have I:+ ba (f = g) = (ba (f — g) A ba (g — f)) by (auto simp: ba-defs sum.case-eq-if)
have 2: F ba (f — g) A finite — (f* — g*) by (rule BaCSImpCS)

have 3: - ba (g — f) A finite — (g* — *) by (rule BaCSImpCS)

have 4: - ba (f = g) A finite — (f* — g*) A (g* — *) using 1 2 3 by fastforce

have 5: - ((f* — g*) A (g* — *)) = (f* = g*) by auto
from 4 5 show ?thesis by auto
ged

lemma BaAndCSImport:
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F ba f Ag* A finite — (f A g)*

proof —

have I:+f — (g — f A g) by auto

hence 2: - ba f — ba (g — f A g) by (rule BalmpBa)

have 3:F ba (g — f A g) A finite — g* — (f A g)* by (rule BaCSImpCS)
from 2 3 show ?thesis by fastforce

ged

lemma CSSkiplmpFinite:
F skip* — finite
using CSElimWithoutMore EmptylmpFinite SkipChopFinitelmpFinite by blast

lemma FinitelmpCSSkip:

F finite — skip*

using CSintro

by (metis (no-types, lifting) CSSkiplmpFinite ChopAndB FiniteChopSkipEqvFiniteAndMore
FmoreEqvSkipChopFinite ImpChopPlus Prop10 Prop12 fmore-d-def int-iffD1 inteq-reflection)

lemma CSSkipEqvFinite:
b skip* = finite
using CSSkiplmpFinite FinitelmpCSSkip by fastforce

9.9 Properties of Omega

lemma NotOmegaEmpty:

= = ((empty)*)

proof —

have 1:+ (empty)“ = (empty A fmore);(empty)¥
by (simp add: OmegaUnroll)

have 2: - (empty A fmore) = #False

using NotFmoreAndEmpty by auto

have 3: - #False;(empty)“ = #False

by (metis AndIinfChopEqvAndInf int-eq int-simps(22))
from 1 2 3 show ?7thesis

by (metis TrueW int-simps(3) inteq-reflection)
ged

lemma NotOmegaFalse:

F —((#False)?)

by (metis ChoplmpDi Dilntro NotDiFalse OmegaUnroll int-iffl int-simps(14)
int-simps(19) integ-reflection)

lemma NotOmegalnf:

H —|((/nf)“)

proof —

have I:+ (inf)¥ = (inf A fmore);(inf)*

by (simp add: OmegaUnroll)

have 2: F (inf A fmore) = #False

using FiniteChopSkipEqvFiniteAndMore FiniteChopSkipEqvSkipChopFinite
FmoreEqvSkipChopFinite InfEqvNotFinite by fastforce
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have 3: - #False;(inf)“ = #False

by (metis AndInfChopEqvAndinf int-eq int-simps(22))
from 1 2 3 show 7thesis

by (metis TrueW int-simps(3) inteq-reflection)

ged

lemma OmegalenPlusOnelmplinf:
F (len(Suc n))¥ — inf
by (simp add: Valid-def infinite-defs omega-d-def len-defs sum.case-eq-if)

lemma InflmpOmegalenPlusOne:

+ inf — (len(Suc n))¥

proof —

have I: I inf A # True N\ O(# True —(len(Suc n) A fmore);# True) — (len(Suc n))“

using Omegalnduct by blast

have 2: - O(# True —(len(Suc n) A fmore);# True) = inf

by (simp add: Valid-def len-defs fmore-defs chop-defs iprefix-length infinite-defs always-defs
sum.case-eq-if ,auto)

from 1 2 show ?thesis by fastforce

ged

lemma OmegalenPlusOneEqvinf:
F (len(Suc n))¥ = inf
using OmegalenPlusOnelmpinf InflmpOmegal enPlusOne by fastforce

lemma OmegaSkipEqvinf:
F (skip)* = inf
proof —
have 1:+ skip = (len 1)
by (simp add: Valid-def skip-defs len-defs sum.case-eq-if)
have 2: - (skip)* = (len 1)¥
using 1 by (metis OmegaUnroll inteq-reflection)
from 2 show ?thesis using OmegalenPlusOneEqvinf by fastforce
ged

lemma OmegaTruelmplinf:
F (# True)¥ — inf
by (simp add: Valid-def infinite-defs omega-d-def skip-defs sum.case-eq-if )

lemma InflmpOmegaTrue:

Finf — (# True)*

proof —

have 1:t inf A\ #True AN O(# True —(# True A fmore);# True) — # True¥

using Omegalnduct by blast

have 2: - O(# True —(# True A fmore);# True) = inf

by (simp add: Valid-def skip-defs fmore-defs chop-defs iprefix-length infinite-defs always-defs
sum.case-eq-if ,auto)

from 1 2 show ?thesis by fastforce

ged
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lemma OmegaTrueEqvinf:
F (# True)” = inf
using Omega Truelmplinf InflmpOmega True by fastforce

lemma OmegaMorelmplinf:
F (more)* — inf
by (simp add: Valid-def infinite-defs omega-d-def more-defs sum.case-eq-if)

lemma InflmpOmegaMore:

F inf — (more)¥

proof —

have I: I inf A # True N\ O(# True —(more A fmore);# True) — more¥

using Omegalnduct by blast

have 2: - O(# True —(more A fmore);# True) = inf

by (simp add: Valid-def skip-defs more-defs fmore-defs chop-defs iprefix-length infinite-defs
always-defs sum.case-eq-if ,auto)

from 1 2 show ?thesis by fastforce

ged

lemma OmegaMoreEqvinf:
F (more)¥ = inf
using OmegaMorelmplnf InflmpOmegaMore by fastforce

lemma OmegaFinitelmpinf:
- (finite)” — inf
by (simp add: Valid-def infinite-defs omega-d-def more-defs sum.case-eq-if)

lemma InflmpOmegaFinite:

- inf — (finite)*

proof —

have I: I inf A # True N O(# True —(finite A\ fmore);# True) — finite¥

using Omegalnduct by blast

have 2: - O(# True —(finite A\ fmore);# True) = inf

by (simp add: Valid-def skip-defs more-defs finite-defs fmore-defs chop-defs iprefix-length
infinite-defs always-defs sum.case-eq-if ,auto)

from 1 2 show ?thesis by fastforce

ged

lemma OmegaFiniteEqvinf:
- (finite)¥ = inf
using OmegaFinitelmplinf InflnpOmegaFinite by fastforce

lemma BoxStateAndInflmpOmegaBoxState:
Finf A O(init w) — (Q(init w))¥
proof —
have I:+ inf A (inf A O(init w)) A
a((inf A O(init w)) — (Q(init w) A fmore);(inf A O(init w))) — (O(init w))¥
using Omegalnduct by blast
have 2: = (inf A O(init w)) = (inf A (T(init w) A fmore);0(init w))
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by (metis (no-types, lifting) BoxStateAndChopEqvChop ChopAndinf FmoreEqvSkipChopFinite
OmegaFiniteEqvinf OmegaUnroll Prop10 SkipChopFinitelmpFinite inteq-reflection lift-and-com)
have 3: = (inf A (T(init w) A fmore);0(init w)) = (T(init w) A fmore);(inf A O(init w))
by (metis ChopAndinf inteq-reflection lift-and-com)
have 4: - inf A O(init w) — O((inf A O(init w))— (T(init w) A fmore);(inf A O(init w)))
using 2 3 by (metis (mono-tags, lifting) BoxGen intD intl inteq-reflection unl-ift2)
from 1 4 show ?thesis by fastforce
ged

lemma OmegaBoxStatelmpBoxState:
F (O(init w))“ A inf — O(init w)
proof —
have I:+ (O(init w))¥ — init w
by (smt AndChopA BoxElim OmegaUnroll Prop10 Prop12 StateAndChop integ-reflection lift-and-com)
have 2: - (O(init w))* — (Q(init w) A fmore);((T(init w))*)
by (simp add: OmegaUnroll int-iffD1)
have 21: + (O(init w) A fmore) — O(O(init w))
by (metis AndChopB BoxStateAndChopEqvChop FmoreEqvSkipChopFinite NextAndEqvNextAndNext
Prop12 inteq-reflection next-d-def)
have 22: | finite = (empty V fmore)
by (simp add: Valid-def finite-defs empty-defs fmore-defs sum.case-eq-if, auto)
have 23: - (O (init w) A finite) = ((O (init w) A empty) vV (O (init w) A fmore))
using 22 by fastforce
have 24: - (O (init w) A empty) = (init w A\ empty)
using BoxEqvAndBox StateAndEmptylmpBoxState by fastforce
have 25: = O(O(init w)) A fmore — O(( (init w) A empty) V (O (init w) A fmore))
using 23 24 by (metis FmoreEqvSkipChopFinite NextAndEqvNextAndNext SkipChopEqvNext int-iffD2
inteq-reflection)
have 26: A\ g. = (O(( (init w) A empty) vV (O (init w) A fmore)));g =
(O(init w A g) vV O(((init w) A fmore);g))
by (metis (mono-tags, lifting) ChopOrEqvRule NextChop OrChopEqv StateAndEmptyChop
integ-reflection next-d-def)
have 3: - (O(init w) A fmore);((D(init w))*) —
(O(init w A (O(init w))¥) VvV O((O(init w) A fmore);((T(init w))¥)))
using 23 24 26
by (metis AndChopB BoxStateAndChopEqvChop FmoreEqvSkipChopFinite LeftChoplmpChop
inteq-reflection next-d-def)
have 4: - (O(init w A (O(init w))¥) vV O((T(init w) A fmore);((O(init w))¥))) —
O( (a(init w))¥)
by (metis ChopAndB NextlmpNext OmegaUnroll Prop02 Propll next-d-def)
have 5: - (O(init w))* — O( (O(init w))¥)
using 2 3 4 by fastforce
from 1 5 show ?thesis using BoxIntro by (metis Prop01 Prop05 integ-reflection lift-and-com)
ged

lemma Omegalntro:

assumes - h — (f A fmore);h
shows F h A inf — ¥
proof —
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have I: - h — (f A fmore);h using assms by auto

have 2: - 0 (h — (f A fmore);h) by (simp add: BoxGen assms)
from 1 2 show 7thesis using Omegalnduct by fastforce

ged

lemma OmegalmpRule:
assumes - f — g
shows F ¥ A inf — g%
proof —
have 1:+ (f A fmore) — (g A fmore)
using assms by auto
have 2: - (f A fmore);f¥ — (g A fmore);f¥
using 1 by (simp add: LeftChoplmpChop)
have 3: - O(f“Y— (f A fmore);f¥) — O(f* — (g A fmore);f¥)
using 2 by (smt BoxImpBoxRule Prop10 intl int-eq unl-lift2)
have 4: F (inf A f¥ A O(fY— (f A fmore);f¥)) —
inf A fY A O(fY — (g A fmore);f*)
using 3 by fastforce
have 5: F inf A f¥ A O(FfY — (g A fmore);f¥) — g%
using Omegalnduct by blast
have 6: - f“— (f A fmore);f*
by (simp add: OmegaUnroll int-iffD1)
have 7: FO( f¥— (f A fmore);f¥)
using 6 by (simp add: BoxGen)
from 3 5 7 show ?thesis by fastforce
ged

lemma OmegaEqvRule:

assumes - f = g

shows F ¥ = g¥

using assms using int-eq by force

lemma AndOmegaA:
E(f Ag) Ainf — f¥
by (meson OmegalmpRule Propl2 int-iffD2 lift-and-com)

lemma AndOmegaB:
F(f Ag) Ainf— g¥
by (meson OmegalmpRule Prop12 int-iffD2 lift-and-com)

lemma BaOmegalmpOmega:

Fba (f — g) A inf — ¥ — g¥

proof —

have I1:+ ba (f — g) A (f A fmore);f¥ —((f — g) A (f A fmore) );((f — g) A ¥)
using BaAndChoplmport by fastforce

have 2: - (f — g) A (f A fmore) — ( g A fmore)
by auto

have 3: F (f — g) A f¥ — ¥
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by auto
have 4: - ba (f — g) A (f A fmore);f¥ — (g A fmore); ¥
using 1 2 3
by (metis (no-types, lifting) AndChopB ChopAndB Propl0 int-eq lift-imp-trans)
have 5: - ba (f — g) A (f A fmore);f¥ — ((f — g) A (f A fmore));(ba(f — g) N )
using BaAndChoplmportB by blast
have 6: - ((f — g) A (f A fmore));(ba(f — g) A f¥) —
((g A fmore));(ba(f — g) A f¥)
using 2 LeftChoplmpChop by blast
have 7: + (ba (f — g) A f¥) —(g A fmore);(ba (f — g) A )
using OmegaUnroll 5 6 by fastforce
have 8: - (ba (f — g) A f¥) A inf — g¥
using 7 Omegalntro by blast
from 8 show ?thesis by fastforce
ged

lemma BaOmegaEqvOmega:
Fba (f = g) A inf — (f¥ = g¥)

proof —

have I:+ ba (f = g) = (ba (f — g) A ba (g — f)) by (auto simp: ba-defs sum.case-eq-if)
have 2: - ba (f — g) A inf — (f* — g¥) using BaOmegalmpOmega by blast

have 3:+ ba (g — f) A inf — (g¥ — f¥) using BaOmegalmpOmega by blast

have 4: - ba (f = g) A inf — (f¥ — g¥) A (g¥ — ¥) using 1 2 3 by fastforce

have 5: - ((f¥Y — g¥) A (g¥ — ¥)) = (f¥ = g“) by auto
from 4 5 show ?thesis by auto
ged

lemma BaAndOmegalmport:

Fbaf AgAinf— (fFAg)

proof —

have I: - f — (g — (f A g)) by auto

hence 2: + baf — ba (g — f A g) by (rule BalmpBa)

have 3:+ ba (g — f A g) A inf — g“ — (f A g)¥ by (rule BaOmegalmpOmega)
from 2 3 show ?thesis by fastforce

ged

9.10 Properties of While

lemma WhileEqvlf:
F ((while (init w) do f) A finite) =
(if; (init w) then (f; ( while (init w) do f)) else empty A finite)
proof —
have I:+ (while (init w) do f A finite) =
((((init w) A ) N fin (= (init w))) A finite)
by (simp add: while-d-def)
have 2:F (initw A f)* = (empty vV ((init w A f); (init w A £)*))
by (rule CSEqvOrChopCS)
have 21: F (((init w) A £)* A fin (= (init w)) A finite) =
((empty Vv ((init w A f); (init w A £)*)) A fin (= (init w)) A finite)
using 2 by fastforce
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have 22: - ((empty Vv ((init w A f); (init w A £)*)) A fin (= (init w)) A finite) =
(( empty A fin (=(init w)) A finite) V
( ((init w A f); (init w A £)*) A fin (= (init w)) A finite))
by auto
have 23: - ((((init w) A f)* A fin (= (init w))) A finite) =
(( empty A fin (=(init w)) A finite) V
( ((init w A ); (init w A £)*) A fin (= (init w)) A finite))
using 21 22 by auto
have 3:+ (empty A fin (= (init w))) = (= (init w) A empty)
by (metis FinAndEmpty Prop04 lift-and-com)
hence 31: = (empty A fin (= (init w)) A finite) = (= ( init w) A empty A finite)
by auto
have 32:+ (= (init w) A empty A finite) = (= ( init w) A empty)
using FiniteAndEmptyEqvEmpty by auto
have 33:+ ( empty A fin (—(init w)) A finite) = (= ( init w) A empty)
using 31 32 by fastforce
have 34:F (( empty A fin (=(init w)) A finite) V
( ((init w A ); (init w A £)*) A fin (= (init w)) A finite)) =
((= (init w) A empty) V
( ((init w A ); (init w A £)*) A fin (= (init w)) A finite))
using 23 33 by fastforce
have 4:F (init w A f); (init w A f)* = (init w A (f; (init w A )¥))
by (rule StateAndChop)
have 41: + (((init w A f); (init w A £)*) A fin (= (init w)) A finite) =
(init w A (f; (init w A £)*) A fin (= (init w)) A finite)
using 4 by auto
have 42: = (init w A ((f; (init w A £)*) A fin (= (init w)) A finite)) =
(init w A ((f; (init w A F)*) A fin (init (= w)) A finite))
using Initprop(2) by (metis StateAndEmptyChop int-eq)
have 5:F ((f; ((init w A £)*)) A (fin ( init (= w))) A finite)
= ((f A finite); ((init w A £)* A (fin (init (= w))) A finite))
using ChopAndFin by fastforce
hence 49: - (init w A (f; (init w A f)*) A fin (= (init w)) A finite ) =
(init - w A (f A finite); ((init w A £)* A (fin (init (= w))) A finite))
using 42 by fastforce
have 50: = (((init w A f); (init w A £)*) A fin (= (init w)) A finite) =
(init w A (f A finite); ((init w A £)* A (fin ( init (= w))) A finite))
using 49 41 by fastforce
have 51:  (init w A (f A finite); ((init w A £)* A (fin (init (= w))) A finite )) =
(init w A (f A finite); ((init w A £)* A (fin (= ((init w))) A finite))
using Initprop(2) by (smt RightChopEqvChop int-eq lift-and-com)
have 52: F (((init w A f); (init w A £)*) A fin (= (init w)) A finite) =
(init w A ((f A finite); ((init w A £)* A fin (= (init w)) A finite)) )
using 50 51 by fastforce
have 53: = ((= ( init w) A empty) V
( ((init w A f); (init w A £)*) A fin (= (init w)) A finite)) =
((= (init w) A empty) V
(init w A ((F A finite); ((init w A £)* A fin (= ((init w)) A finite)) ))
using 52 34 by auto
have 6:  ((f A finite); (((init w A £)* A fin (= (init w))) A finite)) =
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(f A finite); (while (init w) do f A finite)
by (simp add: while-d-def)
have 61: | (init w A ((f A finite); (((init w A £)* A fin (= (init w))) A finite))) =
(init w A ((f A finite); (while (init w) do f A finite)))
using 6
by auto
have 62:  ((— (init w) A empty) V
(init w A ((F A finite); (((init w A £)* A fin (= (init w))) A finite)) ))
=((— (init w) A empty ) V
(init w A ((f A finite);(while (init w) do f A finite)) ) )
using 61 by fastforce
have 7:F (while (init w) do f A finite)
= (((= (init w) A empty ) V
(init w A (f ; while (init w) do f) A finite)))
using 1 23 34 53 62
by (smt 21 22 ChopAndFiniteDist Prop10 Propl2 int-eq int-iffD2)
have 71: & ((if; (init w) then (f; ( while (init w) do f)) else empty) A finite)=
(((= (init w) A empty )V (init w A (f; while (init w) do f)) A finite))
using FiniteAndEmptyEqvEmpty by (auto simp: ifthenelse-d-def)
from 7 71 show ?thesis by fastforce
ged

lemma IfAndFiniteDist:
= (if; (init w) then (f;g) else empty A finite) =
(if; (init w) then ((f A finite);(g A finite)) else empty)

proof —

have I: I (if; (init w) then (f;g) else empty A finite) =
(( (init w A (f;g)) V (=(init w) A empty)) A finite)

by (auto simp: ifthenelse-d-def)

have 2: F (( (init w A (f;g)) V (=(init w) A empty)) A finite) =
(( (init w A (f;g) A finite) V (—(init w) A empty A finite)))

by auto

have 3:  (init w A (f;g) A finite) = (init w A (f A finite);(g A finite))

using ChopAndFiniteDist by fastforce
have 4: - (—(init w) A empty A finite) = (=(init w) A empty)
using FiniteAndEmptyEqvEmpty by auto

have 5: - (( (init w A (f;g) A finite) V (=(init w) A empty A finite))) =
((init w A (f A finite);(g A finite)) V (=(init w) A empty))

using 3 4 by fastforce

have 6: F ((init w A (f A finite);(g A finite)) V (—(init w) A empty)) =
(ifi (init w) then ((f A finite);(g A finite)) else empty)

by (auto simp: ifthenelse-d-def)
from 1 2 5 6 show ?thesis by (metis inteqg-reflection)
ged

lemma WhileChopEqvif:
= ( (while (init w) do f) A finite); g =
ifi (init w) then ((f A finite); ( ((while ( init w) do f) A finite) ; g)) else g
proof —
have I:+ (while (init w) do f A finite)=
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(ifi (init w) then (f; ( while (init w) do f)) else empty A finite)
by (rule WhileEqvif)
have 11:+ (if; (init w) then (f; ( while (init w) do f)) else empty A finite) =
(ifi (init w) then ((f A finite); ( while (init w) do f A finite)) else empty)
using IfAndFiniteDist by fastforce
have 12:  (while (init w) do f A finite) =
(ifi (init w) then ((f A finite); ( while (init w) do f A finite)) else empty)
using 1 11 by fastforce
hence 2: - ( (while (init w) do f) A finite); g =
(ifi (init w)
then (((f A finite); ( while (init w) do f A finite));g)
else  (empty;g))
by (rule IfChopEqvRule)
have 3: - empty ;g =g
by (rule EmptyChop)
have 4:+ (if; (init w)
then (((f A finite); ( while (init w) do f A finite));g)
else (empty;g)) =
(ifi (init w)
then (((f A finite); ( while (init w) do f A finite));g)
else g)
using 3 using inteqg-reflection by fastforce
have 5:F (((f A finite); ( while (init w) do f A finite));g) =
((f A finite);( ( while (init w) do f A finite);g))
by (rule ChopAssocB)
have 6:+ (if; (init w)
then (((f A finite); ( while (init w) do f A finite));g)
else g) =
(if; (init w)
then ((f A finite);( ( while (init w) do f A finite);g))
else g)

using 5 using inteqg-reflection by fastforce
from 1 2 4 6 show ?thesis by fastforce
ged

lemma WhileChopEqvlfRule:

assumes - f = ( while (init w) do g A finite); h

shows  f = if; (init w) then ((g A finite); f) else h

proof —

have I1:+ f = ( while (init w) do g A finite); h
using assms by auto

have 2: - ( while (init w) do g A finite); h =

ifi (init w) then ((g A finite); (( while (init w) do g A finite); h)) else h

by (rule WhileChopEqvif)

have 3: F ((g A finite); f) = ((g A finite); (( while (init w) do g A finite); h))
using 1 by (rule RightChopEqvChop)

have 4: F ((g A finite); (( while (init w) do g A finite); h)) = ((g A finite); f)
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using 3 by auto
have 5: F if; (init w) then ((g A finite); (( while (init w) do g A finite); h)) else h =
ifi (init w) then ((g A finite); f) else h
using 4 using inteqg-reflection by fastforce
from 1 2 5 show ?thesis by fastforce
ged

lemma WhilelmpFin:

F while (init w) do f — fin (= ( init w))

proof —

have I1:+ (initw A f)* A fin (= (init w)) — fin (= (init w)) by auto
from 1 show ?thesis by (simp add: while-d-def)

ged

lemma WhileEqvEmptyOrChopWhile:
= (while (init w) do f A finite)=
((= (init w) A empty) V (init w A ((f A more) A finite);(while (init w) do f A finite)))
proof —
have I:F (initw A f)* = (empty VvV ((init w A f) A more ); (init w A f)*)
by (rule ChopstarEqv)
have 2:+ ((initw A f) A more) = (init w A (f A more))
by auto
hence 3: = ((init w A f) A more); (init w A £)* = (init w A f N\ more); (init w A f)*
by (rule LeftChopEqvChop)
have 4:t (initw A f)* = (empty V (initw A f A more); (init w A f)*)
using 1 3 by fastforce
have 5:F ((initw A f)* A fin (= (init w)) A finite) =
(( empty A fin (= (init w)) A finite) V
((init w A £ N more ); (init w A £)* A fin (= (init w)) A finite))
using 1 4 by fastforce
have 51:F ((empty A fin (= (init w))) A finite) = ((= ( init w) A empty) A finite)
by (metis FinAndEmpty integ-reflection lift-and-com)
have 52:+ ((= ( init w) A empty) A finite) = (= ( init w) A empty)
using EmptylmpFinite by auto
have 6:F ((empty A fin (= (init w))) A finite) = (= (init w) A empty)
using 51 52 by fastforce
have 61: ((init w A f)* A fin (= (init w)) A finite) =
((= (init w) A empty) V
((init w A £ AN more); (init w A £)* A fin (= (init w)) A finite))
using 5 6 by fastforce
have 70:+ (initw A f A more); (init w A f)* = (init w A (f A more ); (init w A f)*)
by (rule StateAndChop)
have 7:F ((initw A f A more); (init w A £)* A fin (init (= w)) A finite) =
(init w A (F A more ); (init w A £)* A fin (init (= w)) A finite)
using 70 by auto
have 71: - ((= ( init w) A empty) V
((init w A £ A more ); (init w A £)* A fin (= (init w)) A finite)) =
((= (init w) A empty) V
(init w A (f A more ); (init w A £)* A fin (init (= w)) A finite) )
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using 7 by (smt 61 Initprop(2) inteq-reflection)
have 8:+ (( (f A more ); (init w A £)*) A fin (init (= w)) A finite) =
(((f A more) A finite); ((init w A £)* A fin ( init (- w)) A finite))
using ChopAndFin by fastforce
have 81: - fin ( init (= w)) = fin (= ( init w))
using FinEqvFin Initprop(2) by fastforce
have 82: + ((f A more ); (init w A £)* A fin (= (init w)) A finite) =
(((f A more) A finite); ((init w A £)* A fin (= ( init w)) A finite) )
using 8 81
by (metis inteq-reflection)
have 83: + (init w A (f A more ); (init w A £)* A fin (— (init w)) A finite) =
(init w A ((F A more) A finite); ((init w A £)* A fin (= (init w)) A finite) )
using 82 by fastforce
have 84: - ((— ( init w) A empty) V
(init w A (f A more ); (init w A £)* A fin (init (= w)) A finite) ) =
((= (init w) A empty) V
(init w A ((f A more) A finite); ((init w A £)* A fin (= (init w)) A finite) ) )
using 83 by (metis 71 81 inteq-reflection)
have 9:F ((init w A f)* A fin (= (init w)) A finite) =
((= (init w) A empty ) V
(init w A ((f A more) A finite);
((init w A £)* A fin (= ( init w)) A finite) ) )
using 84 61 by (metis 71 integ-reflection)
have 10: + ((init w A £)* A fin (= ( init w)) A finite) =
(((init w A F)* A fin (= ( init w))) A finite)
by auto
hence 11: F ((— ( init w) A empty ) V
(init w A ((f A more) A finite);
((init w A £)* A fin (= (init w)) A finite) ) ) =
((= (init w) A empty ) V
(init w A ((f A more) A finite);
(((init w A F)* A fin (= ( init w))) A finite) ) )
by (metis 84 inteq-reflection)
have 12: - ((init w A £)* A fin (= (init w)) A finite) =
((= (init w) A empty ) V
(init w A ((f A more) A finite);
(((init w A £)* A fin (= (init w))) A finite) ) )
using 11 9 by fastforce
from 12 show ?thesis by (metis 10 inteqg-reflection while-d-def)
ged

lemma Whilelntro:
assumes - = (init w) A f — empty
Finitw A f — ((g A more) A finite ); f
shows  f A finite — while ( init w) do g
proof —
have 1:+ = (initw) A f — empty
using assms by blast
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have 2:F initw A f — ((g A more) A finite ); f
using assms by blast
have 3:F (while ( init w) do g A finite)=
((= (init w) A empty ) V
(init w A ((g A more) A finite ); (while (init w) do g A finite)))
by (rule WhileEqvEmptyOrChopWhile)
hence 31: + — ( while (init w) do g A finite) =
(=( (= (init w) A empty ) V
(init w A ((g A more) A finite ); (while (init w) do g A finite))))
by fastforce
hence 32: - (f A = ( while (init w) do g A finite)) =
(f A =( (=(init w) A empty) V
(init w A ((g A more) A finite ); (while (init w) do g A finite))))
by fastforce
have 33:F (f A =( (=(init w) A empty) V
(init w A ((g N more) A finite); (while (init w) do g A finite)))) =
(f A =(=(init w) A empty ) A
=(init w A ((g A more) A finite ); (while (init w) do g A finite)))
by auto
have 34:F (f A =(=(init w) A empty) A
=((init w) A (((g A more) A finite ); (while (init w) do g A finite)))) =
(f A ( (init w) V more ) A
(=(init w) V =(((g A more) A finite); (while (init w) do g A finite))))
by (auto simp: empty-d-def)
have 35:F (f A ((init w) vV more) A
(=(init w) V =(((g A more) A finite);(while (init w) do g A finite)))) =
((f A (init w) A = (((g A more) A finite ); (while ( init w) do g A finite))) V
(f A (init w) A =(init w)) V
(f A more A = (((g A more) A finite ); (while ( init w) do g A finite))) V
(f A more A\ —(init w)))
by auto
have 36:F (f A = ( while (init w) do g A finite)) =
((f A (init w) A = (((g A more) A finite ); (while ( init w) do g A finite))) V
(f A (init w) A =(init w)) V
(f A-more A = (((g A more) A finite ); (while ( init w) do g A finite))) V
(f A more A —(init w))) using 32 33 34 35 by fastforce
have 37:F =(f A more A =(init w))
using 1 by (auto simp: empty-d-def)
have 38:F (f A more A = (((g A more) A finite ); (while ( init w) do g A finite))) —
(((g A more) A finite ); f A
- (((g N more) A finite ); (while (init w) do g A finite)))
using 1 2 by (auto simp: empty-d-def Valid-def)
have 39:F (f A (init w) A = (((g A more)A finite ); (while ( init w) do g A finite))) —
(((g A more) A finite ); f A
- (((g A more) A finite ); (while (init w) do g A finite)))
using 2 by auto
have 40:F ((f A (init w) A = (((g A more) A finite ); (while ( init w) do g A finite))) V
(f A (init w) A =(init w)) V
(f A more A = (((g A more) A finite ); (while ( init w) do g A finite))) V
(f A more A —=(init w))) —
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((g A more) A finite ); f A
- (((g N more) A finite ); (while ( init w) do g A finite))
using 39 38 37 38 by fastforce
have 4: f A = ( while (init w) do g A finite) —
((g A more) A finite ); f A
- (((g N more) A finite ); (while (init w) do g A finite))
using 36 40 by fastforce
have 50:+ g A more — more
by auto
have 5:+ (g A more) A finite — more
by (simp add: 50 Prop05 Prop07 finite-d-def)
have 6:+ f A finite — ( while (init w) do g A finite)
using 4 5 ChopContraB by blast
from 6 show 7thesis by (simp add: Prop12)
ged

lemma WhileElim:
assumes - - (init w) A empty — g
Finit w A ((F A more) A finite ); g — g
shows + while (init w) do f A finite — g
proof —
have 1:+ (while (init w) do f A finite)=
((= (init w) A empty ) V
(init w A ((f A more) A finite ); (while ( init w) do f A finite)))
by (rule WhileEqvEmptyOrChopWhile)
hence 11:+ ((while ( init w) do f A finite) A = g) =
(((=(init w) A empty) V
(init w A ((f A more) A finite);(while (init w) do f A finite))) A = g)
by auto
have 2:+ = (init w) A empty — g
using assms by blast
hence 21: - -~ g — —(— (init w) A empty)
by auto
have 22:+ ((= (init w) A empty) V
(init w A ((f A more) A finite);(while (init w) do f A finite))) A = g —
(init w A ((f A more) A finite ); (while ( init w) do f A finite))
using 21 by auto
have 23: + (while ( init w) do f A finite) N = g —
(init w A ((f A more) A finite ); (while ( init w) do f A finite)) A = g
using 11 21 by fastforce
have 3:t+ (init w) A (((f A more) A finite ); g) — g
using assms by blast
hence 31: - -~ g — —((init w) A (((f A more) A finite ); g))
by fastforce
have 32:F (init w A ((f A more) A finite ); (while ( init w) do f A finite)) N - g —
((((f A more) A finite ); (while (init w) do f A finite)) A
= (((f A more) A finite ); g)) N\ —g
using 31 by auto
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have 4:+ (while (init w) do f A finite) N = g —
(((f A more) A finite ); (while (init w) do f A finite)) A
= (((F A more) A finite ); g)

using 23 32 by fastforce
have 5:+ (f A more) A finite — more

by auto
from 4 5 show ?thesis using ChopContraB
by (smt Prop10 Propl2 int-iffD2 inteq-reflection lift-and-com)
ged

lemma BaWhilelmpWhile:
F ba (f — g) A finite — ( while (init w) do f) — ( while (init w) do g)
proof —
have 1.+ (f — g) — ((init w A f) — (init w A g))
by auto
hence 2: - ba (f — g) — ba ((init w A f) — (init wA g))
using BalmpBa by blast
have 3:  ba ((init w A f) — (init wA g)) A finite — ((init wA f)* — (init wA g)*)
by (rule BaCSImpCS)
have 4:+ ba (f — g) A finite — ((init wA £)*A fin (= ( init w))
— (init wA g)*A fin (= (init w)))
using 2 3 by fastforce
from 4 show ?7thesis by (simp add: while-d-def)
ged

lemma WhilelmpWhile:

assumes - f— g

shows - (while (init w) do f) A finite — ( while (init w) do g)

proof —

have 1:-f — g
using assms by auto

hence 2: + ba (f — g)
by (rule BaGen)

have 3:+ ba (f — g) A finite — ( while (init w) do f) — ( while (init w) do g)
by (rule BaWhilelmpWhile)

have 4:F+ ba (f — g) — ( while (init w) do f A finite) — ( while (init w) do g)

using 3 by (auto simp: Valid-def)
from 2 4 show ?thesis using MP by blast
ged

9.11 Properties of Halt

lemma WhnextAndMoreEqvNext:
F (wnext f A more) = O f
by (auto simp: wnext-defs more-defs next-defs sum.case-eq-if)
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lemma BoxStateAndEmptyEqvStateAndEmpty:
F (O(empty = (init w)) A empty) = ((init w) A empty)
by (auto simp: always-defs init-defs empty-defs sum.case-eq-if )

lemma BoxEmptyEqvIStateqvEmptyAndStateOrNotStateNext:
F O(empty = (init w)) = ((empty A init w) V (=(init w) A O(O(empty = (init w)))))
proof —
have I:+ O(empty = (init w)) =
((O(empty = (init w)) A empty) V (T(empty = (init w)) A more))
by (auto simp: empty-d-def)
have 2: - (O(empty = (init w)) A empty) = ((init w) A\ empty)
using BoxStateAndEmptyEqvStateAndEmpty by blast
have 3:F O(empty = (init w)) = ((empty = (init w)) A wnext(O(empty = (init w))))
using BoxEqvAndWhextBox by blast
hence 4: - (O(empty = (init w)) A more) =
(((empty = (init w)) A more) A (wnext(O(empty = (init w))) A more))
by auto
have 5: F ((empty = (init w)) A more) = (—(init w) A more)
by (auto simp: empty-d-def)
have 6: F (wnext(O(empty = (init w))) A more) = O(O(empty = (init w)))
using WhextAndMoreEqvNext by metis
have 7:+ (O(empty = (init w)) A more) =
((= (init w) A more) N (wnext(O(empty = (init w))) A more) )
using 4 5 by fastforce
have 8:F ((— (init w) A more) N\ (wnext(O(empty = (init w))) A more) ) =
((= (init w)) A (wnext(O(empty = (init w))) A more) ) by auto
have 9:F ((— (init w)) A (wnext(DO(empty = (init w))) A more) ) =
((= (init w)) A O(O(empty = (init w)))) using 8 6 by auto
have 10: F O(empty = (init w)) = (((init w) A empty) V (O(empty = (init w)) A more) )
using 1 2 by fastforce
from 7 9 10 show ?thesis by fastforce
ged

lemma HaltStateEqvifState ThenEmptyElseNext:
Fhalt( init w) = if; (init w) then empty else ( O( halt ( init w)))
proof —
have I:+ halt( init w) = O(empty = (init w))
by (simp add: halt-d-def)
have 2: - O(empty = (init w)) =
((empty A init w) V (=(init w) A O(O(empty = (init w)))))
by (rule BoxEmptyEqvIStateqvEmptyAndStateOrNotStateNext)
have 21: + ((empty A init w) V (=(init w) A O(T(empty = (init w))))) =
((init w A empty) V (=(init w) A O(O(empty = (init w)))))
by auto
have 22: = O(halt ( init w)) = O(O(empty = (init w)))
using NextEqvNext using 1 by blast
have 3: - if; (init w) then empty else ( O( halt ( init w))) =
((init w A empty ) V (=(init w) A O( halt ( init w))))
by (simp add: ifthenelse-d-def)
from 1 221 22 3 show ?thesis by fastforce
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ged

lemma HaltChopEqv:
F ((halt ((init w)) ; f) = (if; (init w) then ( f ) else (O( (halt ( init w)); f)))
proof —
have 1:F halt(init w) =
(if; (init w) then empty else ( O( halt ( init w))))
by (rule HaltStateEqvlfState ThenEmptyElseNext)
hence 2: = ((halt(init w));f) =
(ifi (init w) then (empty;f) else ( O( halt ( init w));f))
by (rule IfChopEqvRule)
have 3:+ empty ; f =f
by (rule EmptyChop)
have 4:+ (O (halt (init w))); f = O( halt ( init w); f)
by (rule NextChop)
from 2 3 4 show 7thesis by (metis inteq-reflection)
ged

lemma AndHaltChoplmp:

Foinit w A ( halt ((init w); f) — f

proof —

have 1:+ halt (init w); f = if; (init w) then f else ( O( halt ( init w); f))
by (rule HaltChopEqv)

have 2: - init w A if; (init w) then f else ( O( halt ( init w); f)) — f
by (auto simp: ifthenelse-d-def)

from 1 2 show ?thesis by fastforce

ged

lemma NotAndHaltChoplmpNext:

F = (init w) A ( halt (init w); f) — O( halt ( init w); f)

proof —

have I1:+ halt (init w); f = if; (init w) then f else ( O( halt ( init w); f))
by (rule HaltChopEqv)

have 2: = = (init w) A if; (init w) then f else ( O( halt ( init w); f)) —

O( halt ( init w); f)

by (auto simp: ifthenelse-d-def)

from 1 2 show ?thesis by fastforce

ged

lemma NotAndHaltChoplmpSkipYields:

F = (init w) A ( halt ( init w); f) — skip yields ( halt (init w); f)

proof —

have I:+ = (init w) A ( halt (init w); f) — O( halt ( init w); f)
by (rule NotAndHaltChoplmpNext)

have 2: - O( halt ( init w); f) — skip yields ( halt ( init w); f)
by (rule NextImpSkipYields)

from 1 2 show ?thesis by fastforce

ged

lemma FiniteChopAndEmptyEqvChopAndEmpty:
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F ((finite;(f A empty)) A g) = ((g A finite);(f\ empty))
using AndFinEqvChopAndEmpty FinEqvTrueChopAndEmpty
by (smt ChopAndB ChopEmpty Propl0 Propll Propl2 inteq-reflection lift-and-com)

lemma WprevEqvEmptyOrPrev:
F wprev f = (empty V prev f)
by (auto simp: wprev-defs empty-defs prev-defs sum.case-eq-if)

lemma NotChopSkipEqvMoreAndNotChopSkip:

F (= f);skip = (more N —(f;skip))

proof —

have 1:+ wprev f = (empty V prev f) using WprevEqvEmptyOrPrev by auto
hence 2: F (=(wprev f)) = (—(empty V prev f)) by auto

have 3: = —(wprev f) = ((— f);skip) by (simp add: wprev-d-def prev-d-def)

have 31: I (empty V prev f) = (empty V (f;skip)) by (simp add: prev-d-def)

have 32: F (empty V (f;skip)) = (—more V ——(f;skip)) by (simp add: empty-d-def)
have 33: F (—more Vv ——(f;skip)) = (—(more A —(f;skip))) by fastforce

have 34: - (empty V prev f) = (—=(more N\ —(f;skip))) using 31 32 33 by (metis int-eq)
have 4: - —=(empty V prev f) = (more N —(f;skip)) using 34 by fastforce

from 2 3 4 show ?thesis by fastforce

ged

lemma HaltChoplmpNotHaltChopNot:
o halt (init w); £ A finite — = ( halt ( init w); (= f))
proof —
have 1:F halt (init w);, f = if; (init w) then f else ( O( halt ( init w); f))
by (rule HaltChopEqv)
have 2:+ if; (init w) then f else ( O( halt ( init w); f)) —
( ((init w) — ) A ( =(init w) — ( O( halt (init w); 1))))
by (rule IfThenElselmp)
have 3:+ halt (init w); (=f) =
ifi (init w) then (—f) else ( O( halt ( init w); (=f)))
by (rule HaltChopEqv)
have 4: I if; (init w) then (—f) else ( O( halt (init w); (—=f))) —
( ((init w) — =f) A ( =(init w) — ( O( halt (init w); (=f)))))
by (rule IfThenElselmp)
have 5:t+ halt (init w); f A halt (init w); (—f)
( ((init w) — £) A ( =(init w) — ( O( halt (_init w); f))))
( ((init w) — =) A ( =(init w) — ((O( halt ( init w); (—=f)))))
using 1 2 3 4 by fastforce
have 6:+ ( ((init w) — f) A ( =(init w) — ( O( halt ( init w); f)))) A
( ((init w) — =f) A ( =(init w) — ( O( halt (init w); (=f))))) —
( O( halt ((init w); 1)) A ( O( halt (init w); (=f)))
by auto
have 7:F halt (init w); f A halt (init w); (=f) —
( O( halt ( init w); f)) A ( O( halt (init w); (—=f)))
using 5 6 lift-imp-trans by blast
have 8:+ (( O( halt (init w); f)) A ( O( halt ( init w); (—=f)))) =
O (halt ( init w); £ A halt ( init w); (=f))

—~ >
}QJ
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using NextAndEqvNextAndNext by fastforce
have 9: I halt (init w); f A halt (init w); (=f) —
O (halt ( init w); f A halt ( init w); (=f))
using 7 8 by fastforce
hence 10: & finite — —(halt (init w); f A halt (init w); (=f))
using NextLoop by blast
from 10 show 7thesis by auto
ged

lemma HaltChoplmpHaltYields:

o halt (init w); f A finite — ( halt ( init w)) yields f

proof —

have 1: F halt (init w); f A finite — — ( halt ( init w); (= f))
by (rule HaltChoplmpNotHaltChopNot)

from 1 show ?thesis by (simp add: yields-d-def)

ged

lemma HaltChopAnd.:
F ( halt (init w)); f A ( halt (init w)); g A finite— ( halt ( init w)); (f A g)
proof —
have 1:F ( halt (init w)); g A finite — ( halt (init w)) yields g
by (rule HaltChoplmpHaltYields)

hence 2: = ( halt (init w)); f A ( halt (init w)); g A finite —

( halt (init w)); f A ( halt (init w)) yields g by auto
have 3:F ( halt (init w)); f A ( halt (init w)) yields g—

( halt (init w)); (f A g) by (rule ChopAndYieldsimp)
from 2 3 show ?thesis by fastforce
ged

lemma HaltAndChopAndHaltChoplmpHaltAndChopAnd-:
F (halt (init w) A f);f1 A (halt (init w); g) A finite — ( halt ((init w) A f); (f1 A g)
proof —
have 1:+-fl — - gV (f1 Ag)
by auto
hence 2: I ( halt (init w) A f); f1 —
( halt (init w) A f); (= g) Vv (( halt (init w) A f); (f1 A g))
by (rule ChopOrimpRule)
have 3:+ (‘halt (init w) A f); (= g) — halt (init w); (- g)
by (rule AndChopA)
have 31:F ( halt (init w) A f); f1 —
halt (init w); (= g) Vv (( halt (init w) A f); (f1 A g))
using 23 by fastforce
have 4:+ halt (init w); g A finite — = ( halt (init w); (= g))
by (rule HaltChoplmpNotHaltChopNot)
hence 41: - ( halt (init w); (= g)) A finite — —(halt (init w); g)
by auto
have 42:F ( halt (init w) A f); f1 A finite —
—( halt (init w); g) vV (( halt (init w) A f); (f1 A g))
using 31 41 by fastforce
from 42 show 7thesis by auto
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ged

lemma HaltimpBoxYields:
o ( halt (init w)); f A finite — (T(— (init w))) yields (( halt (init w)); f)
proof —
have 1:F (O (= (init w))); (= ( halt (init w); f)) — di (O (= (init w)))
by (rule ChoplmpDi)
have 2:+ O (= (init w)) — = (init w)
by (rule BoxElim)
hence 3:+ di (O (= (init w))) — di (= (init w))
by (rule DilmpDi)
have 4:+ di (init (- w)) = (init (-w))
by (rule DiState)
have 41:+ (init (- w)) = (= (init w))
using Initprop(2) by fastforce
have 42:+ di (= (init w)) = (=(init w))
using 4 41 by (metis inteq-reflection)
have 5:F ((O(= (init w))); (= ( halt (init w); f))) — = ( init w)
using 1 2 42 using 3 by fastforce
hence 51: - ( halt (init w); ) A ((O(— (init w))); (= ( halt (init w); f))) —
( halt (init w); ) A = ( init w)
by fastforce
have 6:+ halt (init w); f = if; (init w) then f else (O( halt (init w); f))
by (rule HaltChopEqv)
hence 61: - (halt (init w); f A = (init w)) =
((if; (init w) then f else (O( halt (init w); f))) A = ( init w))
using 6 by auto
have 62: - (if; (init w) then f else (O( halt (init w); f))) A
= (Cinit w) — (O( halt (init w); f))
by (auto simp: ifthenelse-d-def)
have 63:F halt (init w); f A = (init w) — (O( halt (init w); f))
using 61 62 by fastforce
have 7:F (‘halt (init w); f) A (O(= (init w))); (= ( halt (init w); f)) —
O(( halt (init w)); f)
using 51 63 using lift-imp-trans by blast
have 8:+ O (= (init w)) — empty vV O(T(=( init w)))
using BoxBoxImpBox BoxEqvAndEmptyOrNextBox by fastforce
hence 9:+ ((T (= (init w))); (= ( halt (init w); f))) —
= (halt (init w); )V O((O(= (init w))); (= ( halt (init w); f)))
by (rule EmptyOrNextChoplmpRule)
hence 10: - (( halt (init w)); f) A (O (= (init w))); (= ( halt (init w); f)) —
o((a(= (init w))); (= ( halt (init w); f)))
by fastforce
have 1I:F ( halt (init w)); f A (0O (= (init w))); (= ( halt (init w); f)) —
O(( halt (init w)); £) A O((T(= (init w))); (= ( halt (init w); f)))
using 7 10 by fastforce
have 12:+ O(( halt (init w)); f) A O((T(= (init w))); (= ( halt (init w); £)))
— O((( halt (init w)); f) A ((O(= (init w))); (= ( halt (init w); £))))
using NextAndEqvNextAndNext by fastforce
have 13:+ ( halt (init w)); f A (T (= (init w))); (= ( halt (init w); f)) —
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O((( halt (init w)); £) A ((C(= (init w))); (= ( halt (init w); f))))

using 11 12 by fastforce

hence 14: + finite — — (( halt (init w)); f A (O (= (init w))); (= ( halt (init w); f)))
using NextLoop by blast

hence 15: - ( halt (init w)); f A finite — = ((O (= (init w))); (= ( halt (init w); f)))
by auto

from 15 show ?thesis by (simp add: yields-d-def)

ged

9.12 Properties of Groups of chops

lemma NestedChoplmpChop:
assumes - init w A f — g; (init wl A fI)
Finit wl A f1 — g1; (init w2 A f2)
shows  initw A f — g; (g1; (init w2 A 12))
proof —
have I:F initw Af — g; (init wl A f1) using assms(1) by auto
have 2:t init wl A f1 — gI; (init w2 A f2) using assms(2) by auto
hence 3: + g; (init wl A f1) — g; (g1; (init w2 A 2)) by (rule RightChoplmpChop)
from 1 3 show ?7thesis by fastforce
ged

end

10 Infinite ITL theorems using strong chop

theory InfiniteSChop Theorems
imports
Infinite Theorems
begin

We give the proofs of a list of Infinite ITL theorems but now using the strong chop.

10.1 Strong Chop axioms

lemma SChopAssoc:
- f~(g~h) = (f~g)~h
proof —
have 1: F f~(g~h) = (f A finite);((g A finite);h)

by (simp add: schop-d-def)
have 2: = (f A finite);((g A finite);h) = ((f A finite);(g A finite));h
using ChopAssoc by blast
have 3: = ((f A finite);(g A finite));h = (f~ (g A finite));h

by (simp add: schop-d-def)

have 4: - f~ (g A finite) = (f~g A finite)

by (smt ChopAndFiniteDist Propl0 Propl2 int-iffD2 inteq-reflection

lift-and-com schop-d-def)

have 5: - (f~ (g A finite));h = (f~ g A finite);h
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using 4 by (simp add: LeftChopEqvChop)
have 6: F (f~ g A finite);h = (f~g)~h
by (simp add: schop-d-def)
from 1 2 3 5 6 show ?thesis by fastforce
ged

lemma OrSChoplmp :
F(fVvg)~h — f~hV g~h
by (simp add: schop-defs Valid-def sum.case-eq-if, auto)

lemma SChopOrimp :
F f~(gV h)— f~gV f~h
by (simp add: schop-defs Valid-def sum.case-eq-if, auto)

lemma EmptySChop :
F empty ~f=1f
by (metis EmptyChopSem FiniteAndEmptyEqvEmpty intl integ-reflection lift-and-com schop-d-def)

lemma SChopEmpty :
F finite — f—~empty = f
by (simp add: schop-defs finite-defs empty-defs Valid-def sum.case-eq-if, auto)

lemma StatelmpBf :
b init f —  bf (init f)

by (simp add: Valid-def bf-defs init-defs sum.case-eq-if
metis conc-def conc-iprefix-isuffix interval-intlen-gr-zero interval-nth-zero-intfirst
iprefix-0)

lemma BfBoxSChoplmpSChop
Fobf (f— fI)NDO(g — gl) — f~g — f1~gl
by (simp add: Valid-def schop-defs bf-defs always-defs sum.case-eq-if, auto)

lemma SChopstarEqv :
- (schopstar f) = (empty V (f A more)~ (schopstar f))
using SChopstarEqvSem Valid-def by blast

lemma AndMoreSChopEqvAndFmoreChop:
F (f A more)~g = (f A fmore);g
by (simp add: LeftChopEqvChop AndMoreAndFiniteEqvAndFmore schop-d-def)

lemma SOmegaUnroll:
Y = (f A more)~f¥
using OmegaUnroll AndMoreSChopEqvAndFmoreChop by fastforce

lemma SOmegalnduct:

F (inf AN g AN O(g — (f N\ more)~g)) — omega f
using OmegalnductSem AndMoreSChopEqvAndFmoreChop Valid-def
by (metis integ-reflection)

279



lemma FiniteBfGen:

assumes - finite — f

shows F bff

using assms

by (simp add: Valid-def bf-defs finite-defs sum.case-eq-if )

lemma BfGen:

assumes - f

shows F bf f

using assms

by (smt bf-defs intD intl sum.case-eq-if)

10.2 ITL operators in terms of SChop

lemma NextSChopdef:

F O f = skip~f

by (metis FiniteChopSkipEqvSkipChopFinite NowlmpDiamond Prop10 SkipChopFinitelmpFinite
inteq-reflection lift-imp-trans next-d-def schop-d-def sometimes-d-def)

lemma DiamondSChopdef:
FOf =#True~f
by (simp add: schop-d-def sometimes-d-def)

lemma FiniteSChopdef:
F finite = & empty
by (simp add: DiamondEmptyEqvFinite int-iffD1 int-iffD2 int-iffl)

lemma ChopSChopdef:
- fig = ((F~g) V (£ A inf))
by (metis AndIinfChopEqvAndInf OrChopEqv OrFinitelnf inteq-reflection schop-d-def)

lemma PowerSpowerdef:
F power f n = spower f n
proof

(induct n)

case 0

then show ?case by auto
next

case (Suc n)

then show 7case

by (metis PowerCommute integ-reflection pow-Suc schop-d-def spow-Suc)
ged

lemma SChopstarFPowerstardef

F schopstar f = fpowerstar f

proof —

have 1:F schopstar f = (3 k. spower (f A more) k)
by (simp add: schopstar-d-def spowerstar-d-def)
have 2: - fpowerstar f = fpowerstar (f A\ more)
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using FPSAndMoreEqvFPS by fastforce

have 3: - fpowerstar (f A more) = (3 k. power (f N more) k)
by (simp add: fpowerstar-d-def)

have 4: A\ n. F spower (f A more) n = power (f A more) n
using PowerSpowerdef by fastforce

from 1 2 3 4 show ?thesis by fastforce

ged

lemma SFinprop :

F ((# True~(f N empty)) A (# True~(g N empty))) = (# True~((f A g) N\ empty))

F ((# True~(f A empty)) V (# True~(g N empty))) = (# True~((f V g) A empty))

F finite — (= (# True~(f N empty))) = (# True~(=f N empty))

F (= (# True~(f A empty))) = ((# True~(—~f A empty)) V inf)

using le-neq-implies-less

by (auto simp add: Valid-def finite-defs infinite-defs schop-defs empty-defs sum.case-eq-if
fastforce, fastforce)

10.3 Basic Theorems

lemma BfSChoplmpSChop :
Fbf (f — fl) — f~g — fl~g
proof —
have 1:+ g — g by auto
hence 2: - 0O ( g — g) by (rule BoxGen)
have 3: - bf (f — fI) NO(g — g) — f—~g — fl~g by (rule BfBoxSChoplmpSChop)
from 2 3 show ?thesis by fastforce
ged

lemma BilmpBf:
F bi f — bf f
by (simp add: bi-defs bf-defs Valid-def sum.case-eq-if)

lemma BiSChoplmpSChop :
Fbi(f— fl) — f~g — fl~g
proof —
have 1:F g — g by auto
hence 2: - 0O ( g — g) by (rule BoxGen)
have 3:-bi (f — fI)NDO(g — g) — f~g — fl~g
using BilmpBf BfBoxSChoplmpSChop using BfSChoplmpSChop by fastforce
from 2 3 show ?thesis by fastforce
ged

lemma AndSChopA:
F(fANfl)y~g — f~g
proof —
have I1:+ f A fl — f by auto
hence 2: - bf (f A f1 — f) by (rule BfGen)
have 3:+ bf (f AN fl — f) — (f N f1)~g — f~g by (rule BfSChoplmpSChop)
from 2 3 show 7thesis using MP by blast
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ged

lemma AndSChopB:
F(fAfl)~g — fl~g
proof —
have 1:+ f A fl1 — f1 by auto
hence 2: - bf (f A f1 — f1) by (rule BfGen)
have 3:+ bf (f AN fl — f1) — (f A f1)~g — fl~g by (rule BfSChoplmpSChop)
from 2 3 show 7thesis using MP by blast
ged

lemma NextSChop:

F(O f)~g = O(f~g)
proof —

have 1: | skip~(f~g) = (skip~f)~g by (rule SChopAssoc)
from 1 show ?thesis using NextSChopdef by (metis inteqg-reflection)
ged

lemma BoxSChoplmpSChop :
Fo(g—gl)— f~g— f~gl
proof —
have 1:+ g — g by auto
hence 2: + bf ( g — g) by (rule BfGen)
have 3:+ bf (f — f) ANDO(g — gl) — f~g — f~gl by (rule BfBoxSChoplmpSChop)
from 2 3 show ?thesis by fastforce
ged

lemma LeftSChoplmpSChop:

assumes - f— f1

shows F f~g — fl~g

proof —

have 1:+ f— f1 using assms by auto

hence 2: - bf (f — f1) by (rule BfGen)

have 3:t bf (f — f1) — f~g — fl~g by (rule BfSChoplmpSChop)
from 2 3 show ?thesis using MP by blast

ged

lemma RightSChoplmpSChop:

assumes - g — gl

shows F f~g — f~gl

proof —

have 1:+F g — gl using assms by auto

hence 2: - 0O (g — gl) by (rule BoxGen)

have 3:+0O (g — gl) — f~g — f~gl by (rule BoxSChoplmpSChop)
from 2 3 show ?thesis using MP by blast
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ged

lemma RightSChopEqvSChop:

assumes - g = gl

shows + (f~g) = (f~gl)

proof —

have 1: + g = gl using assms by auto

have 2: (- g — gl) = (- f~g — f~gl) by (rule RightSChoplmpSChop)
have 3: (- gI — g) = (+ f~gl — f~g) by (rule RightSChoplmpSChop)
from 1 2 3 show ?thesis by fastforce

ged

lemma BoxRightSChopEqvSChop:
-0 (g = gl) —(f~g) = (f~gl)
proof —
have I: FDO(g=gl)=(0O(g — gl)NDO (gl — g))
by (simp add: Valid-def always-defs sum.case-eq-if, auto)
have 2: -0 (g — gl) — (f~g) — (f—~gl) by (simp add: BoxSChoplmpSChop)
have 3: -0 (gl — g) — (f~gl) — (f~g) by (simp add: BoxSChoplmpSChop)
from 1 2 3 show ?thesis by fastforce
ged

lemma FiniteRightSChopEqvSChop:

assumes - finite — g = gl

shows + finite — (f~g) = (f~gl)

using assms

by (simp add: Valid-def finite-defs schop-defs sum.case-eq-if)

lemma SChopOrEqv:

Ff~(gVgl)=(f~gV f~gl)
proof —

have 1:+ g — gV gl by auto

hence 2: + f~g — f~(g V gl) by (rule RightSChoplmpSChop)
have 3:+ gl — g V gl by auto

hence 4: + f~gl — f~(g V gl) by (rule RightSChoplmpSChop)
from 2 4 show ?thesis by (meson SChopOrlmp Prop02 Propl1l)
ged

lemma OrSChopEqv:
F(fV fl)~g=(f~gV fl~g)
proof —
have I1:+ f — f V fI by auto
hence 2: + f~g — (fV f1)~g by (rule LeftSChoplmpSChop)
have 3:+ fI — f V f1I by auto
hence 4: + f1~g — (fV f1)~g by (rule LeftSChoplmpSChop)
from 2 4 show ?thesis
by (meson OrSChoplmp int-iffl Prop02)
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ged

lemma OrSChoplmpRule:

assumes - f — f1 V 2

shows + f~g — (fl~g)V (2~g)

proof —

have I1:+ f — fl1 V f2 using assms by auto

hence 2: + f~g — (f1 V f2)~g by (rule LeftSChoplmpSChop)
have 3:+ (f1V 2)~ g = (fl~g Vv f2~g) by (rule OrSChopEqv)
from 2 3 show ?thesis by fastforce

ged

lemma LeftSChopEqvSChop:

assumes - f = f1

shows + f~g = (fl~g)

proof —

have 1:F f = fI using assms by auto

hence 2: - f — f1 by auto

hence 3: + f~g — fl~g by (rule LeftSChoplmpSChop)
have + fI — f using 1 by auto

hence 4: + f1~g — f~g by (rule LeftSChoplmpSChop)
from 3 4 show ?thesis by (simp add: int-iffl)

ged

lemma OrSChopEqvRule:

assumes - f = (f1 Vv 2)

shows + f~g = ((fl~g) Vv (2~g))

proof —

have 1:F f = (fl1 V f2) using assms by auto

hence 2: + f~g = ((f1 v f2)~g) by (rule LeftSChopEqvSChop)
have 3:+ (f1 V 2)~g = (fl~g Vv f2~g) by (rule OrSChopEqv)
from 2 3 show ?thesis by fastforce

ged

lemma SChopOrimpRule:

assumes g — gl VvV g2

shows + f~g — (f—~gl)V (f~g2)

proof —

have 1:+ g — gl V g2 using assms by auto

hence 2: + f~g — f~(gl Vv g2) by (rule RightSChoplmpSChop)
have 3:+ f~(gl VvV g2) = (f—~gl vV f~g2) by (rule SChopOrEqv)
from 2 3 show ?thesis by fastforce

ged

lemma SChoplmpDiamond:
Ff~g — g

proof —

have I1:+ f — #True by auto
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hence 2: + f~g — # True~g by (rule LeftSChoplmpSChop)
from 2 show ?thesis using DiamondSChopdef by fastforce
ged

lemma BflmpDflmpDf:
Ebf (f—g)— df f — df g
proof —
have I:+ bf (f— g) — (f—~ #True) — (g~ # True) by (rule BfSChoplmpSChop)
from 1 show 7thesis by (simp add: df-d-def)
ged

lemma DflmpDf:

assumes - f — g

shows F df f — df g

proof —

have 1:+ f— g using assms by auto

hence 2: + f~ #True — g~ #True by (rule LeftSChoplmpSChop)
from 2 show ?thesis by (simp add: df-d-def)

ged

lemma BflmpBfRule:

assumes - f — g

shows F bff — bfg

proof —

have I1:+ f— g using assms by auto

hence 2: - - g — = f by auto

hence 3: + df (- g) — df (= f) by (rule DflmpDf)
hence 4: -~ (df (= f)) — -~ (df (- g)) by auto
from 4 show ?thesis by (simp add: bf-d-def)

ged

lemma DfEqvDf:

assumes - f = g

shows F dff = dfg

proof —

have 1:+ f = g using assms by auto

hence 2: - f~ #True = g~ # True by (rule LeftSChopEqvSChop)
from 2 show ?thesis by (simp add: df-d-def)

ged

lemma BfEqvBf:
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assumes - f = g

shows F bff = bf g

proof —

have I1:+ f = g using assms by auto

hence 2: + (- f) = (- g) by auto

hence 3:+ df (- )= df (-~ g) by (rule DfEqvDf)
hence 4: + (= (df (= f))) = (- (df (= g))) by auto
from 4 show ?thesis by (simp add: bf-d-def)

ged

lemma LeftSChopSChoplmpSChopRule:

assumes - (f~ g) — g

shows + (f~g)~h— (g~ h)

proof —

have 1:F (f—~ g) — g using assms by blast

hence 2: + (f~ g)~ h — g~ h by (rule LeftSChoplmpSChop)
have 3:+ f~ (g~ h) = (f~ g)~ h by (rule SChopAssoc)
from 2 3 show ?thesis by auto

ged

lemma AndSChopCommute :
F(fFAfl)~g=(fINf)~g

proof —

have 1: F (f A f1) = (f1 A f) by auto

from 1 show 7thesis by (rule LeftSChopEqvSChop)
ged

lemma BfAndSChoplmport:

F bff AN(fl~g) — (f ANfl)~g

proof —

have 1:+f — (f1 — fA f1) by auto

hence 2: - bf f — bf (f1 — fA f1) by (rule BflmpBfRule)

have 3:F bf (f1 — (f ANfl)) — fl~g — (f A fI)~ g by (rule BfSChopImpSChop)
from 2 3 show ?thesis using MP by fastforce

ged

lemma BiAndSChoplmport:

F bif AN(fl~g)— (fNFfl)~g

proof —

have I:+f — (fI — f A fI) by auto

hence 2: - bi f — bi (f1 — fA f1) by (rule BilmpBiRule)

have 3:+ bi (f1 — (f AN f1)) — fl~g — (f A f1)~ g by (rule BiSChoplmpSChop)
from 2 3 show ?thesis using MP by fastforce

ged

lemma StateAndSChoplmport:
F (init w) A (F~g) — ((init w) A f)—~g
proof —
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have 1I1:F (init w)— bf (init w) by (rule StatelmpBf)

hence 2: & (init w) A (f~ g) — bf (init w) A (f~ g) by auto

have 3:F bf (init w) A (f~ g) — ((init w) A f)~ g by (rule BfAndSChoplmport)
from 2 3 show ?thesis using MP by fastforce

ged

10.4 Further Properties Df and Bf

lemma AndFinitelmpDf:

F f A finite — df f

proof —

have 1:F finite — f~ empty = f by (rule SChopEmpty)

have 2:+ empty — # True by auto

hence 3: + f~ empty — f~ #True by (rule RightSChoplmpSChop)
have 4 : - f A finite — f~ # True using 1 3 by fastforce

from 4 show 7thesis by (simp add: df-d-def)

ged

lemma DfState:

F df (init w) = (init w)

proof —

have 0:+ (init (—w)) — bf (init (—w)) using StatelmpBf by fastforce

hence I: + —(init w) — bf (= (init w)) using Initprop(2) by (metis inteq-reflection)

hence 2: + (= (init w)) — = (df (= = (init w))) by (simp add: bf-d-def)

have 3:F (= (init w) —— (df (==(init w)))) — ( df (—=(init w)) — (init w)) by auto

have 4:+ df (= = (init w)) — (init w) using 2 3 MP by blast

have 5:F (init w) — — = (init w) by auto

hence 6: - df (init w) — df (= = (init w)) by (rule DflmpDf)

have 7:F df (init w) — (init w) using 6 4 using lift-imp-trans by metis

have 8:F (init w) A finite — df (init w) by (rule AndFinitelmpDf)

from 7 8 show ’thesis

by (metis NowlmpDiamond Propl0 StateAndChop df-d-def int-simps(17) inteq-reflection
lift-and-com schop-d-def sometimes-d-def)

ged

lemma StateSChop:
F (init w)~ f — (init w)
by (simp add: StateChopExportA schop-d-def)

lemma StateSChopExportA:
F ((init w) A f)~ g — (init w)
by (meson AndSChopA StateSChop lift-imp-trans)

lemma StateAndSChop:
E ((init w) A )~ g = ((init w) A (f~ g))
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by (simp add: AndSChopB StateAndSChoplmport StateSChopExportA Propll Propl2)

lemma StateAndSChoplmpSChopRule:

assumes t (init w) A f — f1

shows | (init w) A (f~ g) — (f1~ g)

proof —

have I:F (init w) A f — f1 using assms by auto

hence 2: + ((init w) A f)~ g — f1~ g by (rule LeftSChoplmpSChop)

have 3:F ((init w) A f)~ g = ((init w) A (f—~ g)) by (rule StateAndSChop)
from 2 3 show ?thesis by fastforce

ged

lemma StatelmpSChopEqvSChop :

assumes + (init w) — (f = f1)

shows  (init w) — ((f~ g) = (f1~ g))

proof —

have I:F (init w) — (f= f1) using assms by auto

hence 2: - (init w) A f — f1 by auto

hence 3: F (init w) A (f~ g) — (f1~ g) by (rule StateAndSChoplmpSChopRule)
have 4:F (init w) A f1 — f using 1 by auto

hence 5: + (init w) A (f1~ g) — (f~ g) by (rule StateAndSChoplmpSChopRule)
from 3 5 show ?thesis by fastforce

ged

lemma ChopEqvStateAndSChop:
assumes - f = (init w) A f1
shows F (f~ g) = ((init w) A (fl~ g))
proof —
have I:F f = ((init w) A f1) using assms by auto
hence 2: + f~ g = (((init w) A f1)~ g) by (rule LeftSChopEqvSChop)
have 3:F ((init w) A f1)~ g = ((init w) A (f1~ g)) by (rule StateAndSChop)
from 2 3 show ?thesis by fastforce
ged

lemma Dfintro:
= f A finite — df f
proof —
have I:t\ finite — f~empty = f by (rule SChopEmpty)
have 2:+ empty — #True by auto
hence 3: - O( empty — # True) by (rule BoxGen)
have 4:+ O( empty — #True) — (f; empty — f; # True) by (rule BoxChoplmpChop)
have 5:+ f~empty — f~#True using 3 4 MP by (simp add: RightSChoplmpSChop)
hence 6: - f~empty — df f by (simp add: df-d-def)
from 1 6 show ?thesis using AndFinitelmpDf by blast
ged

lemma BfElim:
k= bff A finite — f
proof —
have I:+ —f A finite — df (=f) by (rule Dfintro)
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have 2:+ (—|f A finite — df (—|f)) — (—\(df (—\f)) — —\(—\ f A finite) )
by simp
have 21: + —(= f A finite) = (f V inf) by (simp add: Valid-def finite-d-def)
have 3:+ = (df (=f)) — f V inf using 1 2 21 by fastforce
from 3 show ?7thesis by (simp add: Propl3 bf-d-def finite-d-def)

ged

lemma BfContraPosImpDist:
t bf (ng — —f) — (bf f) — (bf g)
proof —
have 1:t bf (g — —f) — (df (—g)) — (df (=f)) by (rule BflmpDflmpDf)
hence 2: + bf (g — —f) — (=( df (=f))) — (=(df (—g))) by auto
from 2 show 7thesis by (metis bf-d-def)
ged

lemma BflmpDist:
F bf (f— g) — (bf f) — (bf g)
proof —
have 1.+ (f — g) — (- g — = f) by auto
hence 2.+~ (- g — = f) — = (f — g) by auto
hence 3: - bf (- (- g — = f) — = (f — g)) by (rule BfGen)
have 4Z|—bf(—|(ﬁ g — 7 f)%—\(f—>g))
—
bf (f — g) — bf (- g — = ) by (rule BfContraPosImpDist)
have 5.+ bf (f — g) — bf (- g — = f) using 34 MP by blast
have 6:+ bf (- g — = ) — (bf f) — (bf g) by (rule BfContraPosImpDist)
from 5 6 show ?thesis using lift-imp-trans by blast
ged

lemma FinitelmpBfimpBfRule:

assumes + finite — (f — g)

shows F bff — bfg

proof —

have I1:+ finite — f— g using assms by auto

have 2:+ bf(f — g) using 1 by (simp add: FiniteBfGen)

have 3.+ bf(f — g) — bf f — bf g using BflmpDist by blast
from 2 3 show ?thesis by fastforce

ged

lemma FinitelmpBfEqvRule:

assumes + finite — (f = g)

shows F bff = bfg

proof —

have I: I finite — (f = g) using assms by blast

have 2: - finite — (f — g) using 1 by auto

have 3: - bf f — bf g by (simp add: 2 FinitelmpBflmpBfRule)
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have 4: \- finite — (g — f) using 1 by auto

have 5: - bf g — bf f by (simp add: 4 FinitelmpBflmpBfRule)
from 3 5 show ?thesis by fastforce

ged

lemma /fSChopEgvRule:
assumes - f = jf; (init w) then f1 else 2
shows + f~ g = if; (init w) then (f1~ g) else (2~ g)
proof —
have 1.+ f = if; (init w) then f1 else f2
using assms by auto
hence 2: - f = (((init w) A f1) Vv ( (init (= w)) A 2))
by (simp add: ifthenelse-d-def init-defs Valid-def sum.case-eq-if)
hence 3: - f~ g = (((init w) A f1)~ gV ( (init (= w)) A 2)~ g)
by (rule OrSChopEqvRule)
have 4:F ((init w) A f1)~ g = ((init w) A (f1~ g))
by (rule StateAndSChop)
have 5:F ( (init (= w)) A 2)~ g = ((init (= w)) A (2~ g))
by (rule StateAndSChop)
have 6:F f~ g = (((int w) A fl~g) Vv ( (init (= w)) A 2~ g))
using 3 4 5 by fastforce
from 6 show ?thesis by (simp add: ifthenelse-d-def init-defs Valid-def sum.case-eq-if)
ged

lemma SChopOrEqvRule:

assumes - g = (gI vV g2)

shows + f~g = ((f~gl)Vv (f~g2))

proof —

have 1:+ g = (gl V g2) using assms by auto

hence 2: + f~ g = (f~ (g1 v g2)) by (rule RightSChopEqvSChop)
have 3:+-f~ (gl Vv g2)=(f~glVv f~ g2) by (rule SChopOrEqv)
from 2 3 show ?thesis by fastforce

ged

lemma EmptyOrSChopEqyv:

= (empty Vv f)~g=(gV (f~g))

proof —

have I: - (empty vV f)~ g = ((empty ~ g)V (f~ g)) by (rule OrSChopEqv)
have 2: = empty ~ g = g by (rule EmptySChop)

from 1 2 show ?thesis by fastforce

ged

lemma EmptyOrNextSChopEqv:
F(empty VvV Of)~g=(gV O(f~g))
proof —
have I: F (empty V O f)~g=1(gV ((Of)~ g)) by (rule EmptyOrSChopEqv)
have 2: - (O f)~ g = O(f~ g) by (rule NextSChop)
from 1 2 show ?thesis by fastforce
ged
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lemma EmptyOrSChoplmpRule:

assumes - f — empty V f1

shows Ff~g— gV (fl~ g)

proof —

have I1:+f — empty V fl using assms by auto

hence 2: + f~ g — (empty V fl)~ g by (rule LeftSChoplmpSChop)

have 3:+ (empty V fI)~ g=(gV (fI~ g)) by (rule EmptyOrSChopEqv)
from 2 3 show 7thesis by fastforce

ged

lemma EmptyOrSChopEqgvRule:

assumes - f = (empty V fI)

shows Ff~g=(gV (fI~g))

proof —

have 1:+ f = (empty V fl1) using assms by auto

hence 2: + f~ g = ((empty V fl1)~ g) by (rule LeftSChopEqvSChop)
have 3:F (empty V fl)~ g = (g V (fI~ g)) by (rule EmptyOrSChopEqv)
from 2 3 show ?thesis by fastforce

ged

lemma EmptyOrNextSChoplmpRule:

assumes - f — empty V O fI

shows Ff~g— gV O(fl~ g)

proof —

have 1I:+-f — empty V O fl using assms by auto

hence 2: + f~ g — (empty V O f1)~ g by (rule LeftSChoplmpSChop)

have 3:+ (empty Vv Ofl)~g=(gV O(fI~ g)) by (rule EmptyOrNextSChopEqv)
from 2 3 show ?thesis by fastforce

ged

lemma EmptyOrNextSChopEqvRule:

assumes - f = (empty V O fI)

shows Ff~g=(gV O(fl~ g))

proof —

have 1:+ f = (empty V O fl) using assms by auto

hence 2: + f~ g = ((empty V O f1)~ g) by (rule LeftSChopEqvSChop)

have 3:+ (empty V O fl)~g=(gV O(fl~ g)) by (rule EmptyOrNextSChopEqv)
from 2 3 show ?thesis by fastforce

ged

lemma SChopEmptyOrimpRule:

assumes - g — empty V gl

shows - f~ g A finite — f vV (f~ gl)

proof —

have 1:+ g — empty V gl using assms by auto

hence 2: + f~ g — (f~ empty )V (f~ gl) by (rule SChopOrimpRule)
have 3: G finite — f~ empty = f by (rule SChopEmpty)

from 2 3 show ?thesis by fastforce

ged
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lemma BoxStateSChopBoxAndInflmpBox:
F 0 (init w)~ O (init w) A inf — O (init w)
by (simp add: Valid-def always-defs schop-defs init-defs sum.case-eq-if infinite-defs
iprefix-length iprefix-0,
metis add.right-neutral interval-nth-suffix interval-nth-zero-intfirst
iprefix-length iprefix-nth isuffix-def le0 le-cases le-iff-add)

lemma BoxStateSChopBoxEqvBox:
O (init w)~ O (init w) = O (init w)
proof —
have 1:+ (O (init w)) = ((init w) A (empty VvV O(O (init w))))
by (rule BoxEqvAndEmptyOrNextBox)
hence 2:+ (O (init w)~ O (init w)) =
((init w) A (( empty Vv O(O (init w)))~ O (init w)))
by (metis StateAndSChop inteq-reflection)
have 3:+ ((empty Vv O(O (init w)))~ O (init w)) =
(O (init w) VvV O(O (init w)~ O (init w)))
by (rule EmptyOrNextSChopEqv)
have 4:F (O (init w)~ O (init w)) =
((init w) A (T (init w) v O(O (init w)~ O (init w))))
using 2 3 by fastforce
have 5:+ - (O (init w)) — = (init w) vV =( O(O (init w)))
by (rule NotBoxImpNotOrNotNextBox)
have 6:+ (O (init w)~ O (init w)) A =( O (init w)) —
o(O (init w)~ O (init w)) A =( O(T (init w)))
using 4 5 by fastforce
hence 7:+ O (init w)~ O (init w) A finite — O (init w)
by (rule NextContra)
have 8:+ O (init w)~ O (init w) A inf — O (init w)
by (rule BoxStateSChopBoxAndInflmpBox)
have 9:F O (init w)~ O (init w) A (finite V inf) — O (init w)
using 7 8 by fastforce
hence 10:+ 0O (init w)~ O (init w) — O (init w)
using FiniteOrlinfinite by fastforce
have 1I:+ O (init w) = ((init w) A O (init w))
by (rule BoxEqvAndBox)
have 12:+ empty ~ O (init w) = O (init w)
by (rule EmptySChop)
have 13:F ((init w) A empty )~ O (init w) = ((init w) A ( empty ~ O (init w)))
by (rule StateAndSChop)
have 14:+ O (init w) = ((init w) A empty )~ O (init w)
using 11 12 13 by fastforce
have 15:F (init w) A empty — O (init w)
by (rule StateAndEmptylmpBoxState)
hence 16: - ((init w) A empty )~ O (init w) — O (init w)~ O (init w)
by (rule LeftSChoplmpSChop)
have 17:F O (init w) — O (init w)~ O (init w)
using 14 16 by fastforce
from 10 17 show ?thesis by fastforce
ged
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lemma NotBoxStatelmpBoxSYieldsNotBox:

F =( O (init w)) — (O (init w)) syields (=( O (init w)))

proof —

have I1:F O (init w)~ O (init w) = O (init w) by (rule BoxStateSChopBoxEqvBox)

have 2:+ O (init w) = (= =( O (init w))) by auto

hence 3: - O (init w)~0O(init w) = O(init w)~ (=—(0(init w))) by (rule RightSChopEqvSChop)
have 4:+ =( O (init w)) — = (O (init w)~ (= = (O (init w)))) using I 3 by auto

from 4 show ?thesis by (simp add: syields-d-def)

ged

lemma StateEqvBf:
o (init w) = bf (init w)
proof —
have I: I (init w) — bf (init w) by (rule StatelmpBf)
have 2: - bf (init w) A finite — (init w) by (rule BfElim)
from 1 2 show “thesis
by (metis DfState Initprop(2) Propll bf-d-def int-simps(4) inteq-reflection)
ged

lemma TrueSChopEqvDiamond:
F #True~f=3CfF
using DiamondSChopdef by fastforce

lemma BfAndEqvBfAndBf:

Fbf(f A g)=(bff A bfg)

proof —

have 1: - f A g — f by auto

have 2: - bf(f A g) — bf f by (simp add: 1 BflmpBfRule)

have 3: -+ f A g — g by auto

have 4: - bf(f A g) — bf g by (simp add: 3 BflmpBfRule)

have 5: - f — (g — f A g) by auto

have 6: - bf f — bf (g — f A g) by (simp add: 5 BflmpBfRule)
have 7: - bf (g — f N g) — (bf g — bf(f A g)) by (simp add: BflmpDist)
have 8: - bf f A bf g — bf (f A g) using 6 7 by fastforce

from 2 4 8 show ?thesis by fastforce

ged

lemma BfEqvBflmpAndBfimp:

- bf(f = g) = (bf (f — g) N bf(g — f))

proof —

have I: - (f = g) = ((f — &) A (g — f)) by auto

have 2: - bf(f = g) = bf((f — g) A (g — f)) by (simp add: 1 BfEqvBf)

have 3: - bf((f — g) A (g — f)) = (bf(f — g) A bf(g — f)) by (simp add: BfAndEqvBfAndBf)
from 2 3 show ?thesis by fastforce
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ged

lemma BfEqvimpSChopEqvSChop:

Fbf(f =f1) — f~g=1fl ~g

proof —

have 1:F bf(f = f1) = (bf (f — f1) A bf(f1 — f)) by (simp add: BfEqvBflmpAndBflmp)
have 2: - bf (f — f1) — f ~ g — f1 ~ g by (simp add: BfSChoplmpSChop)

have 3: + bf(fl — f) — f1 ~ g — f ~ g by (simp add: BfSChoplmpSChop)

from 1 2 3 show ?’thesis by fastforce

ged

lemma BfEqvDfEqvDf:

Fbf(f =g) — (dff = df g)

proof —

have 1: F bf(f = g) — (f ~ #True) = (g ~ #True)
using BfEqvimpSChopEqvSChop by fastforce

from 1 show ?thesis by (simp add: df-d-def)

ged

lemma FinitelmpEqvDflmpRule:

assumes - finite — f = g

shows F dff = dfg

proof —

have 1: I finite — f = g using assms by auto

have 2: - bf(f = g) using 1 by (simp add: FiniteBfGen)

have 3: - bf(f = g) — (df f = df g) by (simp add: BfEqvDfEqvDf)
from 2 3 show ?thesis by fastforce

ged

lemma DfEmpty:

F  df empty

proof —

have 1:+ #True by auto

have 2: = empty ~ #True = # True by (rule EmptySChop)
have 3: - empty ~ # True using 1 2 by auto

from 3 show ?thesis by (simp add: df-d-def)

ged

lemma BflmpDf:

Fbf f — df f

proof —

have I:+ f — (empty — f) by auto

have 2: - bf f — bf(empty — f) by (simp add: 1 BflmpBfRule)

have 3: - bf(empty — ) — df empty — df f by (simp add: BflmpDfimpDf)
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have 4: - bf f — df empty — df f using 2 3 lift-imp-trans by blast
have 5: - df empty by (simp add: DfEmpty)

from 4 5 show ?thesis by fastforce

ged

10.5 Properties of SDa and SBa

lemma SDaEqvDtDf:

F sda f =< (df f)

proof —

have I:t #True~ (f~ #True) = # True~ (f~ #True) by auto

hence 2: - # True~ (f~ #True) = # True~ df f by (simp add: df-d-def)
have 3:t #True~ (df f) = <( df f) by (simp add: TrueSChopEqvDiamond)
have 4:F #True~ (f~ #True) = O( df f) using 2 3 by fastforce

from 4 show ?thesis by (simp add:sda-d-def)

ged

lemma SDaEqvDfDt:

o sda f= df (OF)

proof —

have 1:t #True~f = < f by (rule TrueSChopEqvDiamond)

hence 2: F (# True~ )~ #True = (< )~ # True by (rule LeftSChopEqvSChop)
hence 3: F (# True~ )~ #True = df( < f) by (simp add: df-d-def)

have 4:t #True~ (f~ #True) = (# True~ )~ #True by (rule SChopAssoc)
have 5:t #True~ (f~ #True) = df (& f) using 3 4 by fastforce

from 5 show ’thesis by (simp add: sda-d-def)

ged

lemma DtDfEqvDfDt:
F O (df f)= df (OF)
by (meson Prop04 SDaEqvDfDt SDaEqvDtDf)

lemma SBaEqvBfBt:

F sbaf =bf(Of)

proof —

have 1:+ sda (- f)= df( ¢ (= f)) by (rule SDaEqvDfDt)
have 2:+ < (= ) = (—( 0O f)) by (rule DiamondNotEqvNotBox)
hence 3: - df (O(— f)) = df (= (O f)) by (rule DfEqvDf)
have 4:+ sda (- f)= df (-( O f)) using 1 3 by fastforce
hence 5: + (= (sda (= f))) = (= (df (=( O f)))) by auto
hence 6: - (= (sda (= f))) = bf( O f) by (simp add: bf-d-def)
from 6 show ?thesis by (simp add: sba-d-def)

ged

lemma DfNotEqvNotBf:

Foodf (= ) = (=(bf f))

proof —

have 1: - bf f = (= (df (= f))) by (simp add: bf-d-def)
from 1 show 7thesis by auto
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ged

lemma DfDfNotEqvNotBfBf:

F df (df (= f)) = (= (bf (bff)))

proof —

have I1:+ df (= f) = (= bf f) by (simp add: DfNotEqvNotBf)

have 2: - df ( df (= f)) = df (= bf f) by (simp add: 1 DfEqvDf)
have 3: - df (= bf f) = (- bf (bf f)) by (simp add: DfNotEqvNotBf)
from 2 3 show ?thesis by fastforce

ged

lemma DfDtEqvDtDf:
- dF(O ) = O(df f)
proof —
have I: (# True~f)~# True = # True~(f ~# True)
using SChopAssoc by fastforce
have 2: F (O f)~#True = O(f ~#True)
using 1 by (metis TrueSChopEqvDiamond int-eq)
from 1 2 show ?thesis by (simp add: df-d-def)
ged

lemma DfDtNotEqvNotBfBt:
F df(O(= f)) = (—(bf(TO £)))
proof —

have 1: - ¢ (=f) = (= (T f)) by (simp add: DiamondNotEqvNotBox)
have 2: - df (¢ (=f)) = df (-~ (O f)) by (simp add: 1 DfEqvDf)

have 3: - df(—=(0 f)) = (=(bf (O f))) by (simp add: DfNotEqvNotBf)
from 2 3 show 7thesis by fastforce

ged

lemma DtDfNotEqvNotBtBf -

F O(df (= F)) = (= (a(bf £)))

proof —

have 1:+ df(— f) = (= (bf f)) using DfNotEqvNotBf by blast

have 2: - O(df (= f)) = O(— (bf f)) by (simp add: 1 DiamondEqvDiamond)
have 3: = O(— (bf f)) = (= O(bf f)) by (simp add: DiamondNotEqvNotBox)
from 2 3 show 7thesis by fastforce

ged

lemma SBaEqvBtBf:

- sba f =0 (bf f)

proof —

have I:+ sda (- f)= < (df (= f)) by (rule SDaEqvDtDf)

have 2:+ df (= f) = (= (bf f)) by (rule DfNotEqvNotBf)

hence 3: - <& (df (= f)) = (= (bf f)) by (rule DiamondEqvDiamond)
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have 4:+ (= (O(= (bf f)))) = O(bf f) by (rule NotDiamondNotEqvBox)
have 5:+ (= (sda (= f))) = O(bf f) using 12 34 by fastforce

from 5 show ?thesis by (simp add: sba-d-def)

ged

lemma BalmpSBa:
F baf — sbhaf
using BaEqvBiBt BilmpBf SBaEqvBfBt by fastforce

lemma SDalmpDa:
Fsdaf — daf
proof —
have 1:+ ba (- f) — sba (—f)
using BalmpSBa by blast
have 2: - = sba (—f) — — ba (= f)
using 1 by fastforce
from 2 show ?thesis by (simp add: sba-d-def ba-d-def)
ged

lemma BtBfEqvBfBt:

Foo(bf f)=0bf(Of)

proof —

have I1: + sba f =0 (bf f) by (rule SBaEqvBtBf)
have 2: - sba f = bf( O f) by (rule SBaEqvBfBt)
from 1 2 show ?thesis by fastforce

ged

lemma BoxStateEqvSBaBoxState:
F O (init w) = sba (O (init w))
proof —
have 1:F (init w) = bf (init w) by (rule StateEqvBf)
hence 2: F O (init w) =0 ( (/n/t w)) by (rule BoxEqvBox)
bf( O
nit

3

have 3:+ O (bf (init w)) = (init w)) by (rule BtBfEqvBfBt)
have 4:+ O (init w) = O(O (init w)) by (rule BoxEqvBoxBox)

hence 5: - bf( O (init w)) = bf (O(O (init w))) by (rule BfEqvBf)

have 6:  sba( O (init w)) = bf( O(O (init w))) by (rule SBaEqvBfBt)
from 2 3 5 6 show ?thesis by fastforce

ged

lemma SBalmpBf:

F sba f — bf f

proof —

have 1: + sba f = O(bf f) by (rule SBaEqvBtBf)
have 2: - O(bf f) — bf f by (rule BoxElim)

from 1 2 show ?thesis using lift-imp-trans by fastforce
ged

lemma BalmpBf:
F ba f— bf f
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proof —

have I:+ ba f = 0O(bi f) by (rule BaEqvBtBi)

have 2: - O(bi f) — bi f by (rule BoxElim)

have 3: - bi f — bf f by (simp add: BilmpBf)

from 1 2 3 show ?thesis using lift-imp-trans by fastforce
ged

lemma SBalmpBt:

F  sba f A finite — O f

proof —

have 1: + sba f = bf( O f) by (rule SBaEqvBfBt)
have 2: - bf( O f) A finite — 0O f by (rule BfElim)
from 1 2 show ?thesis by fastforce

ged

lemma DiamondImpSDa:
F & f A finite — sda f
using AndFinitelmpDf SDaEqvDfDt by force

lemma DflmpSDa:
F df f — sda f
using Now/mpDiamond SDaEqvDtDf by fastforce

lemma BoxAndSChoplmport:

F OhANf~g— f~(hAg)

proof —

have I:+h— g — (h A g) by auto

hence 2: - 0 h — 0O(g — (h A g)) by (rule ImpBoxRule)

have 3:+-0O(g — (hAg)) — f~g — f~ (hA g) by (rule BoxSChoplmpSChop)
from 2 3 show ?thesis by fastforce

ged

lemma SBaAndSChoplmport:
F sba f A finite A (g~ gl) — (f N g)~ (f A gl)
proof —
have 1.+ sba f — bf f by (rule SBalmpBf)
have 2:+ bf f A (g~ gl) — (f A g)~ gl by (rule BfAndSChoplmport)
have 3:F sba f A finite — O f by (rule SBalmpBt)
have 4¢:FO0f A(fAg)~gl — (f ANg)~ (f A gl) by (rule BoxAndSChoplmport)
from 1 2 3 4 show ?thesis by fastforce
ged

lemma BaAndSChoplmport:
o bafA(g~gl) — (FAg)~(f Agl)
proof —
have 1:+ ba f — bi f by (rule BalmpBi)
have 2:+ bi f A (g~ gl) — (f N g)~ gl by (rule BiAndSChoplmport)
have 3:F ba f — O f by (rule BalmpBt)
have 4:FO0f A(fANg)~gl — (f Ng)~ (f N gl) by (rule BoxAndSChoplmport)
from 1 2 3 4 show ?thesis by fastforce
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ged

lemma SChopAndCommute:

F f~(gngl)=1F~ (gl Ng)

proof —

have I: - (g A g1) = (gl A g) by auto

from 1 show ?thesis by (rule RightSChopEqvSChop)
ged

lemma SChopAndA:

H f~(gNgl)—f~g

proof —

have I: - (g A g1) — g by auto

from 1 show 7thesis by (rule RightSChoplmpSChop)
ged

lemma SChopAndB:

H f~(gANgl)— f~ gl

proof —

have I: + (g A g1) — gl by auto

from 1 show ?thesis by (rule RightSChoplmpSChop)
ged

lemma BoxStateAndSChopEqvSChop:
F (O (init w) A finite A (f~ g)) = ((T (init w) A f)~ (O (init w) A g) A finite)
proof —
have I1:F O (init w) = sba( O (init w))
by (rule BoxStateEqvSBaBoxState)
have 2: + sba( O (init w)) A finite A (f~ g) — (O (init w) A f)~ (O (init w) A g)
by (rule SBaAndSChoplmport)
have 3:F O (init w) A finite A (f~ g) — (O (init w) A f)~ (O (init w) A g)
using 1 2 by fastforce
have 11: F (O (init w) A f)~ (O (init w) A g) — (O (init w))~ (O (init w) A g)
by (rule AndSChopA)
have 12: + (O (init w))~ (O (init w) A g) — (O (init w))~ (O (init w))
by (rule SChopAndA)
have 13: - (O (init w))~ (O (init w)) = O (init w)
by (rule BoxStateSChopBoxEqvBox)
have 14: + (O (init w) A f)~ (O (init w) A g) — £~ (O (init w) A g)
by (rule AndSChopB)
have 15: - f~ (O (init w) N g) — f~ g
by (rule SChopAndB)
have 16: - (O (init w) A f)~ (O (init w) A g) — O (init w) A (F~ g)
using 11 12 13 14 15 by fastforce
from 3 16 show ?thesis by fastforce
ged

lemma DfEqvNotBfNot:
Foodf f=(=(bf (= 1))
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proof —

have 1:F bf (= f)= (= (df (-~ f))) by (simp add: bf-d-def)
hence 2: - df (—| - f) = (—\( bf (—| f))) by auto

have 3.+ f = (= - f) by auto

hence 4: + df f = df (-~ f) by (rule DfEqvDf)

from 2 4 show ?thesis by auto

ged

lemma SChopAndBoxImport:

H f~gANOh— f~ (g Ah)

proof —

have I: - 0O h A f~g— f~ (hA g) by (rule BoxAndSChoplmport)
have 2: - f~ (h A g) = f~ (g A h) by (rule SChopAndCommute)
from 1 2 show ?thesis by fastforce

ged

lemma AndSChopAndCommute:

F o (FAg)~(f1 Ngl)=(g N )~ (gl A fl)

proof —

have 1: - (f A g)~ (f1 AN gl) = (g A f)~ (f1 A g1) by (rule AndSChopCommute)
have 2: - (g A f)~ (f1 AN gl) = (g AN f)~ (g1 N f1) by (rule SChopAndCommute)
from 1 2 show ?thesis by fastforce

ged

lemma SChoplmpSChop:
assumes - f — f1
Fg— gl
shows + f~g — fl~gl
proof —
have 1:+ f — fl1 using assms by auto
hence 2: + f~ g — f1~ g by (rule LeftSChoplmpSChop)
have 3:+ g — gl using assms by auto
hence 4: + f1~ g — f1~ gl by (rule RightSChoplmpSChop)
from 2 4 show ?thesis by fastforce
ged

lemma SChopEqvSChop:
assumes - f = {1
Fg=gl
shows F f~g = fl~gl
proof —
have 1:+ f = fl1 using assms by auto
hence 2: + f~ g = f1~ g by (rule LeftSChopEqvSChop)
have 3:+ g = gl using assms by auto
hence 4: + f1~ g = f1~ gl by (rule RightSChopEqvSChop)
from 2 4 show ?thesis by fastforce
ged
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lemma BoxSChoplmpSChopBox:

FH Oh—f~g—f~(OhAg)

proof —

have I: O h — O(g — O h A g ) by (rule BoxImpBoxImpBox)

have 2: - 0O(g — O hANg) — f~g— f~ (O hA g) by (rule BoxSChoplmpSChop)
from 1 2 show ?thesis by fastforce

ged

lemma NotChopEqvSYieldsNot:

(= (f~ g)) = fsyields (- g)

proof —

have I:+ g = (- - g) by auto

hence 2: + f~ g=f~ (=~ g) by (rule RightSChopEqvSChop)
hence 3: F (- (f~g)) = (= (f~ (== g))) by auto

from 3 show ?thesis by (simp add: syields-d-def)

ged

lemma NotDfFalse:

F = ( df #False)

proof —

have 1:F (init #True) — bf (init # True) by (rule StatelmpBf)
hence 2: - # True — bf # True by (auto simp: bf-defs sum.case-eq-if)
have 3: 1 # True by auto

have 4:+ bf # True using 2 3 MP by auto

hence 5: = — ( df (= #True)) by (simp add: bf-d-def)

have 6:F (- #True) = #False by auto

hence 7: & df (= #True) = df #False by (rule DfEqvDf)
from 5 7 show ?thesis by auto
ged

lemma StateAndEmptySChop:

Fo ((init w) A empty )~ f = ((init w) A )

proof —

have 1:F ((init w) A empty )~ f = ((init w) A empty ~ f) by (rule StateAndSChop)
have 2: - empty ~ f = f by (rule EmptySChop)

from 1 2 show ?thesis by fastforce

ged

lemma StateAndNextSChop:

F o ((init w) A O f)~ g = ((init w) A O(f~ g))

proof —

have 1:F ((init w) A O f)~ g = ((init w) A (O f)~ g) by (rule StateAndSChop)
have 2: - (O f)~ g = O(f~ g) by (rule NextSChop)

from 1 2 show ?thesis by fastforce

ged

lemma NextStateAndSChop:
o O(((init w) A )~ g) = (O (init w) A O(f~ g))
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proof —

have I:F ((init w) A f)~ g = ((init w) A f~ g) by (rule StateAndSChop)

hence 2: = O(((init w) A f)~ g) = O((init w) A f~ g) by (rule NextEqvNext)

have 3:+ O((init w) A f~ g) = (O (init w) A O(f~ g)) by (rule NextAndEqvINextAndNext)
from 2 3 show ?7thesis by fastforce

ged

lemma StateSYieldsEqv:

F o ((init w) — (f syields g)) = ((init w) A f) syields g

proof —

have I1:F ((initw) A f)~ (= g) = ((initw) A f~ (= g)) by (rule StateAndSChop)
hence 2: - ((init w) — = (f~ (= g))) = (= (((init w) A f)~ (= g))) by auto
from 2 show ?thesis by (simp add: syields-d-def)

ged

lemma StateAndDf:

Fo ((init w) A df ) = df ((init w) A f)

proof —

have 1:F ((init w) A f)~ #True= ((init w) N\ f~ #True) by (rule StateAndSChop)
from 1 show ?thesis by (metis df-d-def inteqg-reflection)

ged

lemma DfNext:

o df(Of)=0 (df f)

proof —

have 1: F (O f)~ #True = O(f~ #True) by (rule NextSChop)
from 1 show 7thesis by (simp add: df-d-def)

ged

lemma DfNextState:

F o df( O (init w)) = O (init w)

proof —

have I:+ df( O (init w)) = O( df (init w)) by (rule DfNext)
have 2:+ df (/n/t w) = (init W) by (rule DfState)

hence 3: - O( df (init w)) = O (init w) by (rule NextEqvNext)
from 1 3 show ?thesis by fastforce

ged

lemma DfStateAndNextStateEqvStateAndNextState:

F df (init w A O(init wl)) = (init w A O(init wl))

proof —

have I:+ (init w A O(init wl))~# True = ( init w A O((init wl)~ # True))
using StateAndNextSChop by blast

have 2: - df (init w A O(init wl)) = ( init w A O((init wl)~ # True))
using 1 by (simp add: df-d-def)

have 3: - df (init wl) = init wl

by (simp add: DfState)

have 4: - skip~df (init wl) = skip~(init wl)

by (simp add: 3 RightSChopEqvSChop)
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have 5: = O(df(init wl)) = O(init wl)

by (simp add: 3 NextEqvNext)

from 2 5 show 7thesis by (metis df-d-def int-eq)
ged

lemma StatelmpBfGen:

assumes t (init w) — f

shows + (init w) — bf f

proof —

have I1:F (init w) — f using assms by auto

hence 2: - -~ f — = (init w) by auto

hence 3: = df (= f) — df (= (init w)) by (rule DflmpDf)

hence 4: - df (= f) — df (init (-w)) by (metis Initprop(2) inteq-reflection)
have 5:F df (init (= w)) = (init (- w)) by (rule DfState)

have 6:+ df (= f) — — (init w) using 4 5 using Initprop(2) by fastforce
hence 7: F (init w) — — (df (= f)) by auto

from 7 show ?thesis by (simp add: bf-d-def)

ged

lemma SChopAndNotSChoplmp:

F f~gAa(f~gl)— f~(gN~- gl)

proof —

have I:+g — (g A= gl)V gl by auto

hence 2: - f~g — f~ ((gA\ = gl) VvV gl) by (rule RightSChoplmpSChop)

have 3:Ff~ ((gh— gl)Vv gl) — (f~ (gN— gl))V (f~ gl) by (rule SChopOrimp)
have 4.+ f~g — f~ (gAN - gl)V f~ gl using 2 3 MP by fastforce

from 4 show ?thesis by auto

ged

lemma SChopAndSYieldsimp:

F f~g A fsyields g1 — f~ (g A gl)

proof —

have 1I:+g — (g A gl)V = gl by auto

hence 2:+ f~g — f~ ((gN gl)V - gl) by (rule RightSChoplmpSChop)

have 3:-f~((g N gl)V —gl) — (f~(gN gl))V (f~ (- gl)) by (rule SChopOrimp)
have 4:+f~g — f~(gN\ gl)V f~ (- gl) using 23 MP by fastforce

hence 5: - f~ g A= (f~ (= gl)) — f~ (g A gl) by auto

from 5 show ?thesis by (simp add: syields-d-def)

ged

lemma SChopAndSYieldsMP:

F f~ g A fsyields (g— gl1) — f~ gl

proof —

have 1:+ f~ g A fsyields (g— gl) — f~ (g A (g — gl)) by (rule SChopAndSYieldsimp)
have 2:+ g A (g — gl) — gl by auto

hence 3: + f~ (g A (g — g1)) — f~ gl by (rule RightSChoplmpSChop)

from 1 3 show ?thesis by fastforce

ged

lemma OrSYieldsimp:
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F (f Vv f1) syields g = ((fsyields g) A (f1 syields g))
proof —
have 1.+ ((fv fI)~ (= g))=({(f~ (- g))V (fIi~ (= g))) by (rule OrSChopEqv)
hence 2: - (= ((fv 1)~ (= g))) = (= (f~ (= g)) A ~(fl~ (= g))) by auto
from 2 show ?thesis by (simp add: syields-d-def)
ged

lemma LeftSYieldsimpSYields:

assumes - f — f1

shows + (f1 syields g) — (f syields g)

proof —

have 1:+F f — f1 using assms by auto

hence 2: + f~ (= g) — fI~ (= g) by (rule LeftSChoplmpSChop)
hence 3: - - (fI~ (= g)) — ~ (f~ (- g)) by auto

from 3 show ?thesis by (simp add: syields-d-def)

ged

lemma LeftSYieldsEqvSYields:

assumes - f = fI

shows - (f syields g) = (f1 syields g)

proof —

have 1:+ f = fl1 using assms by auto

hence 2: - f~ (= g) = fl~ (= g) by (rule LeftSChopEqvSChop)
hence 3: + (= (f~ (= g))) = (= (fI~ (—~ g))) by auto

from 3 show ?7thesis by (simp add: syields-d-def)

ged

10.6 Properties of SFin

lemma SFinEqvTrueSChopAndEmpty:
b sfin f = # True~(f N empty)
proof —
have 01: - sfin f = (= fin (= f))
by (simp add: sfin-d-def)
have 02:+ (= fin (= f)) = (= ( O (empty — = f)))
by (simp add: fin-d-def)
have 03:F (= (O (empty — — f))) = O(—~(empty — = f))
by (simp add: always-d-def)
have 04: - —(empty — — f) = (empty A f)
by auto
have 05:F &(—(empty — = f)) = < (empty A f)
using 04
using integ-reflection by fastforce
from 01 02 03 05 show Zthesis
by (metis SChopAndCommute TrueSChopEqvDiamond inteq-reflection)
ged

lemma DiamondSFin:
F O(sfin w) = sfin w

304



by (metis (no-types, lifting) ChopAssoc FiniteChopFiniteEqvFinite FiniteOr FiniteOrlnfinite
InfEqvNotFinite OrFinitelnf SFinEqvTrueSChopAndEmpty finite-d-def int-eq-true
int-simps(21) inteq-reflection schop-d-def sometimes-d-def )

lemma SChopSFinExportA:

F f~(g A sfin w) — sfin w

using DiamondSFin

by (metis SChopAndB SChoplmpDiamond inteq-reflection lift-imp-trans)

lemma SFinlmpBox:

- sfin w — O(sfin w)

by

(metis (mono-tags, lifting) DiamondFin always-d-def intl int-eq int-simps(4) sfin-d-def unl-ift2)

lemma SFinAndSChoplmport:

F (sfin w) A (f~g) — f~((sfin w) A g)

proof —

have I: I sfin w — O(sfin w) by (rule SFinlmpBox)

hence 2: - sfin w A (f~g) — O(sfin w) A (f~g) by auto

have 3: - O(sfin w) A (f~g) — f~((sfin w) A g) using BoxAndSChoplmport by blast
from 2 3 show ?thesis using MP by fastforce

ged

lemma SFinAndSChop:

F (f~(g A sfin w)) = (sfin w A f~g)

using SFinAndSChoplmport SChopSFinExportA SChopAndA SChopAndCommute
by fastforce

lemma SChopAndEmptyEqvEmptySChopEmpty:

= ((f~g) A empty) = (f A empty)~(g A empty)
by (auto simp: empty-defs schop-defs sum.case-eq-if )

lemma SFinAndEmpty:

F ((sfin w) A empty) = (w A empty)

proof —

have 1:F ((sfin w) A empty) = (# True~(w A empty) A empty)
using SFinEqvTrueSChopAndEmpty by fastforce

have 2: - (# True~(w A empty) A empty) = ((# True A\ empty)~(w A empty))
using SChopAndEmptyEqvEmptySChopEmpty
by (smt int-eq int-iffD2 lift-and-com Propl0 Propl2)

have 3: F (#True A empty)~(w A empty) = (empty~(w A empty))
using LeftSChopEqvSChop by fastforce

have 4: - (empty~(w A empty)) = (w A empty)
using EmptySChop by blast

from 1 2 3 4 show ?thesis by fastforce

ged

lemma AndSFinEqvSChopAndEmpty:
F ((f A finite) A sfing) = f~ (g A empty )
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proof —
have 1:+ ((f A finite) A sfin g) = (f~empty A sfin g)
using SChopEmpty
by (metis (no-types, lifting) DiamondEmptyEqvFinite FinitelmpAnd Prop10 SChoplmpDiamond
inteq-reflection lift-and-com)
have 2: - (sfin g A f~empty) = (f ~(empty A sfin g))
using SFinAndSChop by fastforce
have 3: - (empty A sfin g) = (sfin g N\ empty)
by auto
have 4: - (sfin g A\ empty) = (g N empty)
using SFinAndEmpty by metis
have 5: - (empty A sfin g) = (g N empty)
using 3 4 by auto
hence 6: - f~(empty A sfin g) = f~(g N empty)
using RightSChopEqvSChop by blast
from 1 2 5 show 7thesis by (metis inteq-reflection lift-and-com)
ged

lemma AndSFinEqvSChopStateAndEmpty:
o ((f A finite) A sfin (init w)) = f ~ ((init w) A empty )
using AndSFinEqvSChopAndEmpty by blast

lemma DiamondEqvEmptyOrNextDiamond:
FOf=(f vVO(of))

proof —

have I: F O (= f) = ((= f) A wnext(O (= )))
by (simp add: BoxEqvAndWhnextBox)

have 2: F (= < f) = ((=f) A wnext(O (= )))
using 1 by (simp add: always-d-def)

have 3: - & f = (f V =(wnext(O (- £))))
using 2 by auto

have 4: - (=(wnext(O (= )))) = O(-0O(=r))
by (simp add: wnext-d-def)

have 5: - —O(—~f) =< f

by (simp add: always-d-def)

have 6: - O(-0O(—f)) = O(< f)

using 5 using inteqg-reflection by force

from 3 4 6 show ?thesis by fastforce

ged

lemma SFinStateEqvStateAndEmptyOrNextSFinState:

F sfin (init w) = (((init w) A empty) vV O( sfin (init w)))

proof —

have 01: \ sfin (init w) = # True~((init w) A empty)

by (simp add: SFinEqvTrueSChopAndEmpty)

have 02: - # True~((init w) A empty) = < ((init w) A empty)

by (simp add: TrueSChopEqvDiamond)

have 03: = < ((init w) A empty) = (((init w) A empty) Vv O( sfin (init w)))
using DiamondEqvEmptyOrNextDiamond 02 01 by (metis integ-reflection)

from 01 02 03 show ?thesis by fastforce
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ged

lemma SFinSChopEqvOr:
F o (sfin (init w))~ f = (((init w) A )V O(( sfin (init w))~ f))
proof —
have I:F sfin (init w) = (((init w) A empty )V O( sfin (init w)))
by (rule SFinStateEqvStateAndEmptyOrNextSFinState)
hence 2: - ( sfin (init w))~ f = (((init w) A empty )V O( sfin (init w)))~ f
by (rule LeftSChopEqvSChop)
have 3: + (((init w) A empty )V O (sfin (init w)))~ f
= (((init w) A empty )~ f \V (O (sfin (init w)))~ f)
by (rule OrSChopEqv)
have 4:t ((init w) A empty )~ f = ((init w) A f)
by (rule StateAndEmptySChop)
have 5:F (O (sfin (init w)))~ f = O(( sfin (init w))~ f)
by (rule NextSChop)
from 2 3 4 5 show ?thesis by fastforce
ged

lemma SFinSChopEqvDiamond:
F o (sfin (init w))~ f =< ((init w) A f)
proof —
have I:F+ ( sfin (init w)) = (# True~((init w) A empty))
by (simp add: SFinEqvTrueSChopAndEmpty)
hence 2: & (sfin (init w))~f = (# True~((init w) A empty))~f
by (rule LeftSChopEqvSChop)
have 3:F # True~(( (init w) A empty)~f) = (# True~((init w) A empty))~f
by (rule SChopAssoc)
have 4: & # True~(( (init w) A empty)~f)= < ((( (init w) A empty)~f)
using TrueSChopEqvDiamond by blast
have 5:+ ( (init w) A empty)~f = ((init w) A f)
using StateAndEmptySChop by blast
hence 6: - & ((( (init w) A empty)~Ff) = < ( (init w) A f)
by (rule DiamondEqvDiamond)
from 2 3 4 6 show ?thesis by fastforce
ged

lemma SFinSYields:
F o ( sfin (init w)) syields (init w)
proof —
have 1:+ (sfin (init w))~ (=(init w)) = O((init w) A —(init w))
by (rule SFinSChopEqvDiamond)
have 2: = —( O((init w) A = (init w))) by (rule NotDiamondAndNot)
have 3: = = (( sfin (init w))~ (= (init w))) using I 2 by fastforce
from 3 show ?thesis by (simp add: syields-d-def)
ged

lemma AndFinitelmpAndSFinStateOrSFinNotState:
F f A finite — (f A sfin (init w)) V (f A sfin (= (init w)))
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by (simp add: finite-defs sfin-defs Valid-def sum.case-eq-if)

lemma AndSFinSChopEqvStateAndSChop:
F o (f A sfin (init w))~ g = f~ ((init w) A g)
proof —
have 1:F ( sfin (init w)) syields (init w)
by (rule SFinSYields)
have 2:+ f A sfin (init w) — sfin (init w)
by auto
hence 3:t ( sfin (init w)) syields (init w) —
(f A sfin (init w)) syields (init w)
using LeftSYieldsimpSYields by metis
have 4:F (f A sfin (init w)) syields (init w)
using 1 3 MP by fastforce
have 5:F (f A sfin (init w))~ g A (f A sfin (init w)) syields (init w)
— (f A sfin (init w))~ (g A (init w))
by (rule SChopAndSYieldsImp)
have 6:F (f A sfin (init w))~ g — (f A sfin (init w))~ (g A (init w))
using 4 5 by fastforce
have 7:F (f A sfin (init w))~ (g A (init w)) — f~ (g A (init w))
by (rule AndSChopA)
have 8:+ g A (init w) — (init w) A g
by auto
hence 9:F f~ (g A (init w)) — £ ~((init w) A g)
by (rule RightSChoplmpSChop)
have 10:+ (f A sfin (init w))~ g — f~ ((init w) A g)
using 6 7 9 by fastforce
have 11:F (f A finite) — (f A sfin (init w)) vV (f A sfin (= (init w)))
using AndFinitelmpAndSFinStateOrSFinNotState by blast
hence 12: - f~ ((init w) A g) —
((f A sfin (init w)) vV (f A sfin (= (init w)) ))~ ((init w) A g)
by (metis Finitelmp LeftChoplmpChop inteq-reflection schop-d-def)
have 13:F ((f A sfin (init w))V (f A sfin (= (init w))))~ ((init w) A g)

((f A sfin (init w))~ ((init w) A g) vV (f A sfin (= (init w)))~((init w) A g))
by (rule OrSChopEqv)
have 14:+ ( f A sfin  (init (- w)))~ ((init w) A g) — <( (init (= w)) A ((init w) A g))
using SFinSChopEqvDiamond
by (metis SChoplmpSChop Propl2 int-iffD1 inteq-reflection lift-and-com)
have 141: = =( &( (init (- w)) A ((init w) A g))) —
= ((f Asfin (init (= w)))~ ((init w) A g))
using 14 by fastforce
have 15:F =( O( (init (= w)) A ((init w) A g)))
using NotDiamondAndNot Initprop(2) by (auto simp: sometimes-defs init-defs sum.case-eq-if)
have 151: = = ( ( f A sfin (init (= w)))~ ((init w) A g))
using 15 141 by fastforce
have 1511: + ( f A sfin (= (init w)))~ ((init w) A g) — #False
using 151 by (metis Initprop(2) int-simps(14) inteq-reflection)
have 152: = (f A sfin(init w))~ ((init w) A g) vV (f A sfin (=(init w)))~((init w) A g) —
(f A sfin (init w))~ ((init w) A g)
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using 1511 by fastforce

have 16:F f~ ((init w) A g) — (f A sfin (init w))~ ((init w) A g)
using 12 13 152
by (smt inteq-reflection lift-and-com lift-imp-trans)

have 17:F (fA sfin (init w))~ ((init w) A g) — (fA sfin (init w))~ g
by (rule SChopAndB)

have 18:F f~ ((init w) A g) — (f A sfin (init w))~ g
using 16 17 by fastforce

from 10 18 show ?thesis by fastforce

ged

lemma DfAndSFinEqvSChopState:
F o df (f A sfin (init w)) = f~ (init w)
proof —
have I:F (f A sfin(init w))~ # True = f~((init w) A # True)
by (rule AndSFinSChopEqvStateAndSChop)
have 2: + ((init w) A # True) = (init w) by auto
hence 3: - (f~ ((init w) A #True)) = (f~ (init w)) by (rule RightSChopEqvSChop)
have 4:+ (f A sfin (init w))~ # True = f~ (init w) using I 3 by auto
from 4 show ?thesis by (simp add: df-d-def)
ged

lemma SFinNotStateEqvNotSFinState:

F finite — (—( sfin (init w)) ) = (sfin  (init (= w)) )

using SFinEqvTrueSChopAndEmpty

by (metis InitAndEmptyEqvAndEmpty SFinprop(3) integ-reflection)

lemma BflmpSFinEqvSYieldsState:

F o bf (f — sfin (init w)) = f syields (init w)

proof —

have 1:F df (f A sfin (init (= w))) = f~ (init (- w))
by (rule DfAndSFinEqvSChopState)

have 2:t finite — (f A sfin(init (- w))) = (f A —(sfin(init w)))
using SFinNotStateEqvNotSFinState by fastforce

have 3:+ (f A = (sfin(init w))) = (= (f — sfin (init w)))
by auto

have 4:t finite — (f A sfin(init (= w))) = (= (f — sfin(init w)))
using 2 3 by fastforce

hence 5: - df (f A sfin (init (- w))) = df (= (f — sfin(init w)))
by (metis DfEqvNotBfNot FinitelmpAnd df-d-def inteq-reflection schop-d-def)

have 6:+ df (- (f — sfin (init w))) = (=( bf (f — sfin(init w))))
by (rule DfNotEqvNotBf)

have 7:+ — (bf (f — sfin (init w))) = f~(init (= w))
using 1 5 6 Initprop by fastforce

hence 8: + bf (f — sfin (init w)) = (= (f ~ (= (init w))))
by (metis Initprop(2) int-eq int-simps(7))

from 8 show ?thesis by (simp add: syields-d-def)

ged
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lemma StatelmpSYields:
assumes + (init w) A f — sfin (init wl)
shows | (init w) — (f syields (init wl))
proof —
have I:F+ (initw) A f — sfin (init wl) using assms by auto
hence 2: + (init w) — (f — sfin (init wl)) by auto
hence 3: - (init w) — bf (f — sfin (init wl))
using StatelmpBfGen by auto
have 4:F bf (f — sfin (init wl)) = f syields (init wl)
by (rule BflmpSFinEqvSYieldsState)
from 3 4 show ?thesis by fastforce
ged

lemma StateAndSYieldsImpSYields:

assumes (init w) A f — f1

shows | (init w) A (f1 syields g) — (f syields g)

proof —

have I:F (init w) A f — fl1 using assms by auto

hence 2: + (init w) A (f~ (= g)) — fI~ (— g) by (rule StateAndSChoplmpSChopRule)
hence 3: + (init w) A = (fI~ (= g)) — - (f~ (= g)) by auto

from 3 show ?thesis by (simp add: syields-d-def)

ged

lemma AndSYieldsA:

k- fsyields g — (f A f1) syields g

proof —

have 1:+ f A f1 — f by auto

from 1 show ?thesis by (rule LeftSYieldslmpSYields)
ged

lemma AndSYieldsB:
b f1 syields g — (f A f1) syields g
proof —
have 1:+ f A f1 — f1 by auto
from 1 show ?thesis by (rule LeftSYieldsImpSYields)
ged

lemma RightSYieldsimpSYields:

assumes - g— gl

shows | (fsyields g) — (f syields gl)

proof —

have 1:+ g — gl using assms by auto

hence 2: - - gl — - g by auto

hence 3: + f~ (= gl) — f~ (- g) by (rule RightSChoplmpSChop)
hence 4: + - (f~ (- g)) — - (f~ (— gl)) by auto

from 4 show ?thesis by (simp add: syields-d-def)

ged

lemma RightSYieldsEqvSYields:
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assumes - g = gl

shows | (fsyields g) = (f syields gl)

proof —

have 1:} g = gl using assms by auto

hence 2: + (- g) = (-~ gl) by auto

hence 3: - f~ (= g) = f~ (= gl) by (rule RightSChopEqvSChop)
hence 4: + (= (f~ (= g))) = (= (f~ (= gl))) by auto

from 4 show ?thesis by (simp add: syields-d-def)

ged

lemma BoxImpSYields:

F Og— fsyields g

proof —

have 1.+ f~ (= g) — (= g) by (rule SChoplmpDiamond)
hence 2: + = (O(— g)) — = (f~ (- g)) by auto

from 2 show 7thesis by (simp add: syields-d-def always-d-def)
ged

lemma BoxEqvTrueSYields:

F O f = #True syields f

proof —

have 1:+ #True~ (= f) =< (= f) by (rule TrueSChopEqvDiamond)
hence 2: + (= (#True~ (= £))) = (=( < (= f))) by auto

have 3:F0Of = (= (< (= f))) by (simp add: always-d-def)

have 4.+ 0O f = (= (#True~ (= f))) using 2 3 by fastforce

from 4 show ?thesis by (simp add: syields-d-def)

ged

lemma SYieldsGen:
assumes - g
shows F fsyields g
proof —
have I1:+ g using assms by auto
hence 2: - 0O g by (rule BoxGen)
have 3:+ 0O g — fsyields g by (rule BoxImpSYields)
from 2 3 show ?thesis using MP by fastforce
ged

lemma SYieldsAndSYieldsEqvSYieldsAnd:
o ((fsyields g) A (f syields gl)) = fsyields (g N g1)
proof —
have I: - f~ (= gV = gl)=((f~ (= g)) VvV (f~ (= gl1))) by (rule SChopOrEqv)
hence 2: + ((f~ (= g)) Vv (f~ (= gl)))=Ff~ (- gV - gl) by auto
have 3:F (- gV - gl) = (- (g A gl)) by auto
hence 4: - f~ (- gV = gl) = f~ (= (g N gl)) by (rule RightSChopEqvSChop)
have 5:F (f~ (= g))V (f~ (- gl))=f~ (= (g A gl)) using 2 4 by fastforce
hence 6: - (= (F~ (= &) A = (F~ (= 1)) = (= (F~ (- (g A g1))))
by (auto simp: schop-defs sum.case-eq-if)
from 6 show 7thesis by (simp add: syields-d-def)
ged
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lemma SYieldsAndSYieldsimpAndSYieldsAnd.:
= (fsyields g) A (f1 syields g1) — (fA fI) syields (g N gI)
proof —
have 1: - fsyields g — (f A f1) syields g
by (rule AndSYieldsA)
have 2: - f1 syields gl — (f A f1) syields gl
by (rule AndSYieldsB)
have 3: = ((f A f1) syields g N (f A f1) syields g1) = (f A f1) syields (g N g1)
by (rule SYieldsAndSYieldsEqvSYieldsAnd)
from 1 2 3 show ?thesis by fastforce
ged

lemma SYieldsSYieldsEqvSChopSYields:

k- fsyields (g syields h) = (f~ g) syields h

proof —

have 1:+f~ (g~ (= h))=(f~g)~ (= h) by (rule SChopAssoc)

hence 2: + f~ (g~ (= h)) = (f~ g)~ (= h) by auto

have 3:F g~ (= h) = (- (g~ (= h))) by auto

hence 4: + f~ (g~ (= h))=f~ (= - (g~ (= h))) by (rule RightSChopEqvSChop)
have 5:+ f~ (== (g~ (= h))) = (f~ g)~ (= h) using 2 4 by auto

hence 6: - f~ (= (g syields h)) = (f~ g)~ (= h) by (simp add: syields-d-def)
hence 7: + (= (f~ (= (g syields h)))) = (= ((f~ g)~ (= h))) by auto

from 7 show ?thesis by (simp add: syields-d-def)

ged

lemma EmptyYields:

F  empty syields f =f

proof —

have I:+ empty ~ (= f)= (= f) by (rule EmptySChop)
hence 2: - (= ( empty ~ (= f))) = f by auto

from 2 show ?thesis by (simp add: syields-d-def)

ged

lemma NextSYields:

F (O f) syields g = wnext (f syields g)
proof —

have 1:F (O f)~ (= g) = O(f~ (= g)) by (rule NextSChop)

hence 2: = (= (O f)~ (= g))) = (= (O(f~ (= g)))) by auto

hence 3: - (O f) syields g = (= (O(f~ (= g)))) by (simp add: syields-d-def)

have 4:+ (=( O(f~ (= g)))) = wnext (= (f~ (- g))) by (auto simp: wnext-d-def)
have 5:F (O f) syields g = wnext (- (f~ (= g))) using 3 4 by fastforce

from 5 show ?thesis by (simp add: syields-d-def)

ged

—

—~ A~

lemma SkipSChopEqvNext:
F skip~f=0Of
by (meson NextSChopdef Propl11)

lemma SkipSYieldsEquWeakNext:
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F  skip syields f = wnext f

proof —

have 1:F skip ~ (= f)=O(— f) by (rule SkipSChopEqvNext)
hence 2: - (= ( skip ~ (= f))) = (=( O(= f))) by auto

have 3:F (= (O(= f))) = wnext f by (auto simp: wnext-d-def)
have 4:F (- ( skip ~ (= f))) = wnext f using 2 3 by fastforce
from 4 show ?thesis by (simp add: syields-d-def)

ged

lemma NextImpSkipSYields:

F Of — skip syields f

proof —

have 1: - O f — wnext f using WnextEqvEmptyOrNext by fastforce
have 2: - skip syields f = wnext f by (rule SkipSYieldsEqvWeakNext)
from 1 2 show ?thesis by fastforce

ged

lemma MoreEqvSkipSChop True:

F more = skip ~ #True

proof —

have I1:t skip ~ #True = O# True by (rule SkipSChopEqvNext)
hence 2: - O# True = skip ~ # True by auto

from 2 show 7thesis by (simp add: more-d-def)

ged

lemma MoreSChoplmpMore:

F more ~f — more

proof —

have 1: - (O#True)~ f = O(# True~ f) by (rule NextSChop)

have 2: - O(#True~ f) — more by (auto simp: more-defs next-defs sum.case-eq-if)
have 3: - (O# True~ f) — more using 1 2 by fastforce

from 3 show ?thesis by (metis more-d-def)

ged

lemma MoreSChoplmpFmore:
F more ~ (f A finite) — fmore
proof —
have I1:+ more ~ (f A finite)= O(# True~ (f A finite))
by (simp add: NextSChop more-d-def)
have 2: = O(# True~ (f A finite)) — fmore
by (auto simp: fmore-defs schop-defs finite-defs more-defs next-defs sum.case-eq-if )
from 1 2 show ?thesis by fastforce
ged

lemma SChopMorelmpMore:

F f~ more — more

proof —

have 1: + f ~ more — < more by (rule SChoplmpDiamond)

have 2: - & more — more by (auto simp: more-defs sometimes-defs sum.case-eq-if)
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from 1 2 show 7thesis by fastforce
ged

lemma MoreSChopEqvNextDiamond:
o more ~ f = 0O(<C f)
proof —
have I: - more ~ f = (O #True)~ f
by (simp add: Valid-def schop-defs more-defs next-defs finite-defs sum.case-eq-if)
have 2: + (O #True)~ f = O(# True~ f) by (rule NextSChop)
have 3: - more ~ f = O(# True~ f) using 1 2 by fastforce
from 3 show ?thesis
by (metis TrueSChopEqvDiamond integ-reflection)
ged

lemma WeakNextBoxImpMoreSYields:

= more syields f = wnext( O f)

proof —

have 1: F more ~ (= f) = O(< (—f)) by (rule MoreSChopEqvNextDiamond)
have 2: - O(< (—f)) = O(—(Of)) by (auto simp: always-d-def)

have 3: - O(—(0f)) = (= ( wnext( O f) )) by (auto simp: wnext-d-def)

have 4: - more ~ (= f) = (=(more syields f)) by (simp add: syields-d-def)
from 1 2 3 4 show ?thesis by fastforce

ged

lemma NotEqvSYieldsMore:

- finite — (= f) = f syields more

proof —

have 1I1:t finite — f~ empty = f by (rule SChopEmpty)

hence 2: + finite — (- (f~ empty )) = (= f) by auto

have 3.+ empty = (= more) by (auto simp: empty-d-def)

hence 4: + f~ empty = f~ (= more) by (rule RightSChopEqvSChop)
hence 5: + (= (f~ empty )) = (= (f~ (= more ))) by auto

have 6:t finite — (= f) = (= (f~ (= more) )) using 2 5 by fastforce
from 6 show 7thesis by (metis syields-d-def)

ged

lemma LeftSChoplmpMoreRule:

assumes - f — more

shows + f~ g — more

proof —

have 1:+ f — more using assms by auto

hence 2: + f~ g — more ~ g by (rule LeftSChoplmpSChop)
have 3: - more ~ g — more by (rule MoreSChoplmpMore)
from 2 3 show ?thesis using lift-imp-trans by blast

ged

lemma LeftSChoplmpFMoreRule:
assumes - f — fmore

shows  f~ (g A finite) — fmore
proof —
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have 1:+ f — fmore using assms by auto
hence 2: - f~ (g A finite) — more ~ (g A finite)
by (metis FiniteChopSkipEqvFiniteAndMore FiniteChopSkipEqvSkipChopFinite
FmoreEqvSkipChopFinite LeftSChoplmpSChop Propl12 inteq-reflection)
have 3: = more ~ (g A finite) — fmore using MoreSChoplmpFmore by fastforce
from 2 3 show ?thesis using lift-imp-trans by blast
ged

lemma RightSChoplmpMoreRule:

assumes - g — more

shows + f~ g — more

proof —

have 1:+ g — more using assms by auto

hence 2: + f~ g — f~ more by (rule RightSChoplmpSChop)
have 3:+ f~ more — more by (rule SChopMorelmpMore)
from 2 3 show ?thesis using lift-imp-trans by blast

ged

lemma NotDfEqvBfNot:

(= (df f))=0bf (= f)

proof —

have I:+f = (-~ f) by auto

hence 2: - df f = df (= — f) by (rule DfEqvDf)
hence 3: + (= (df f)) = (= (df (-~ f))) by auto
from 3 show 7thesis by (simp add: bf-d-def)

ged

lemma SChoplmpDf:

F f~g— df f

proof —

have 1:+F g — #True by auto

hence 2: - f~ g — f~ #True by (rule RightSChoplmpSChop)
from 2 show 7thesis by (simp add: df-d-def)

ged

lemma TrueEqvTrueSChopTrue:

F #True = # True~ F# True

proof —

have 1:F #True~ # True — # True by auto

have 2:+ #True — # True~ # True

by (metis DfState Initprop(4) df-d-def int-eq-true int-iffD1 inteq-reflection)
from 1 2 show ?thesis by auto

ged

lemma DfEqvDfDf:

Foodf f= df ( df f)

proof —

have 1:t #True = # True~ # True by (rule TrueEqvTrueSChopTrue)
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hence 2: + f~ #True = f~ (# True~ #True) by (rule RightSChopEqvSChop)
have 3: b f~ (#True~ #True)= (f~ #True)~ #True by (rule SChopAssoc)
have 4:t f~ #True = (f~ # True)~ # True using 2 3 by fastforce

from 4 show ?thesis by (metis df-d-def)

ged

lemma BfEqvBfBf:
F o bf f = bf( bf f)
proof —

have 1:+F df (- f

)= df( df (- )) by (rule DfEqvDfDf)
have 2:+ df (= f)= (= (b

(

) =

(= ( bf f)) by (rule DfNotEqvNotBf)
hence 3: - df (df (= f))= df (= ( bf f)) by (rule DfEqvDf)
have 4.+ df (= f)= df (=( bf f)) using 1 3 by fastforce
hence 5: + (= (df (= f))) = (= (df (= ( bf f)))) by fastforce
from 5 show 7thesis by (metis bf-d-def)
ged

lemma BflmpBfBf:

F bf f — bf(bf f)

proof —

have 1:\ bf(bf f) = bf f using BfEqvBfBf by fastforce
from 1 show ’thesis by (simp add: int-iffD2)

ged

lemma DfOrEqv:

- df (fV g)= (df fV df g)

proof —

have 1:+ (f vV g)~ #True = (f~ #True V g~ #True) by (rule OrSChopEqv)
from 1 show ?thesis by (simp add: df-d-def)

ged

lemma DfAndA:

- df (FAg) — df f

proof —

have I:+ (f A g)~ #True — f~ # True by (rule AndSChopA)
from 1 show ?thesis by (simp add: df-d-def)

ged

lemma DfAndB:

Fodf (FAg)— df g

proof —

have I:+ (f A g)~ # True — g~ # True by (rule AndSChopB)
from 1 show 7thesis by (simp add: df-d-def)

ged

lemma DfAndIimpAnd.:
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Fodf (FANg)— df f AN df g

proof —

have I: - df (f A g) — df f by (rule DfAndA)
have 2: + df (f A g) — df g by (rule DfAndB)
from 1 2 show ’thesis by fastforce

ged

lemma DfSkipEqvMore:

F  df skip = more

proof —

have 1:+ skip ~ #True = O# True by (rule SkipSChopEqvNext)
have 2: - O# True = more by (auto simp: more-d-def)

have 3: + skip —~ # True = more using 1 2 by fastforce

from 3 show ?thesis by (simp add: df-d-def)

ged

lemma DfMoreEqvMore:

F  df more = more

proof —

have I:F df (O #True ) = O( df #True) by (rule DfNext)

have 2:+ O( df #True) — more by (auto simp: next-defs di-defs more-defs sum.case-eq-if )
have 3:+ df( O #True) — more using 1 2 by fastforce

hence 4: + df more — more by (simp add: more-d-def)

have 5:+ more — df more

by (metis 1 4 TrueEqvTrueSChopTrue df-d-def inteq-reflection more-d-def)
from 4 5 show ?thesis by fastforce

ged

lemma DflfEqvRule:

assumes -~ f = if; (init w) then g else h
shows + df f = if; (initw) then ( df g) else (df h)
proof —

have 1:+ f = if; (init w) then g else h using assms by auto
hence 2: + f~ #True = if; (init w) then (g~ # True) else (h~ # True)
by (rule IfSChopEqvRule)

from 2 show 7thesis by (simp add: df-d-def)

ged

lemma SDaNotEqvNotSBa:

F sda (= f)=(=(sba f))

proof —

have 1: - sba f = (- (sda (— f))) by (simp add: sba-d-def)
from 1 show ?thesis by fastforce

ged

lemma SDaEqvSDa:
assumes - f =g
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shows - sda f = sda g
using assms using int-eq by force

lemma SDaEqvNotSBaNot:

F sda f= (= (sbha(~ f)))

proof —

have 1:+ sba (- f)= (- (sda (= f))) by (simp add: sba-d-def)
hence 2: + sda (=~ f) = (=( sha (= f))) by fastforce

have 3:Ff = (= - f) by simp

hence 4:+ sda f = sda (- — f) by (rule SDaEqvSDa)

from 2 4 show ?thesis by simp

ged

lemma SBaElim:

- sbaf A finite — f

proof —

have I:+ sba f = O(bf f) by (rule SBaEqvBtBf)

have 2:+ bf f A finite — f by (rule BfElim)

hence 3: - O(bf f A finite — f) by (rule BoxGen)

have 4:F O(bf f A finite — ) — O(bf f A finite) — O f by (rule BoxImpDist)

have 5:F O(bf f A finite) — O f using 3 4 MP by fastforce

have 6: - O(bf f A finite) = (O(bf f) A finite)

by (metis (no-types, lifting) BoxEqvFiniteYields FiniteChoplnfEqvinf NotChopEqvYieldsNot
YieldsAndYieldsEqvYieldsAnd finite-d-def inteq-reflection)

have 7.+ 0O f — f by (rule BoxElim)

from 1 56 7 show ?thesis using SBalmpBt lift-imp-trans by metis

ged

lemma SDalntro:

F  f A finite — sda f

proof —

have 1:F sba (= f) A finite — (= f) by (rule SBaElim)

hence 2: - -~ f — = ( sha (= f) A finite) by fastforce

have 3:Ff = (== f) by simp

have 4.+ sda f = (- (sba (— f))) by (rule SDaEqvNotSBaNot)
from 2 3 4 show ?thesis by fastforce

ged

lemma SBaGen:

assumes - f

shows F sba f

proof —

have 1:+ f using assms by auto

hence 2: - O f by (rule BoxGen)

hence 3: - bf( O f) by (rule BfGen)

have 4:+ sba f = bf (O f) by (rule SBaEqvBfBt)
from 3 4 show ?thesis by fastforce

ged

lemma SBalmpDist:
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b sha (f — g) — sba f — sha g
proof —
have I:+ bf (f — g) — (bf f — bf g) by (rule BflmpDist)
hence 2: + O(bf (f — g) — (bf f — bf g)) by (rule BoxGen)
have 3.+ O(bf (f — g) — (bf f — bf g))
—
(O (bf (f — g)) — (Q(bf ) — O(bf g)))
by (meson 2 BoxImpDist MP lift-imp-trans Prop01 Prop05 Prop09)
have 4:F O(bf (f — g)) — (O(bf f) — O(bf g)) using 2 3 MP by fastforce
have 5:+ sha (f— g) = O(bf (f — g)) by (rule SBaEqvBtBf)
have 6:+ sba f = O(bf f) by (rule SBaEqvBtBf)
have 7:F sba g = 0O(bf g) by (rule SBaEqvBtBf)
from 4 5 6 7 show ?thesis by fastforce
ged

lemma SBaAndEqv:
F sba(f ANg)= (sba f A sha g)
proof —
have I:+ sba(f Ag)= O(bf (f Ag))
by (rule SBaEqvBtBf)
have 2.1 bf (f A g) = (bff A bfg)
by (auto simp: bf-defs sum.case-eq-if)
hence 3: - O(bf (f A g)) = O(bf f A bf g)
using BoxEqvBox by blast
have 4:F O(bff A bfg)= (O(bf f) A O(bfg))
by (metis 2 BoxAndBoxEqvBoxRule inteq-reflection)
have 5:F sba f = O(bf f)
by (rule SBaEqvBtBf)
have 6:+ sba g = O(bf g)
by (rule SBaEqvBtBf)
from 1 3 4 5 6 show ?thesis by fastforce
ged

lemma SBalmpSBaEqvSBa:

b sha (f =g) — (sba f = sba g)
proof —

have 1:+ sba (f — g) — sba f — sba g by (rule SBalmpDist)
have 2:+ sba(g — f) — sba g — sba f by (rule SBalmpDist)
have 3: - (f=g)= ((f — g) AN (g — 1))

by auto

hence 31: F sba(f = g) = sba ((f — g) A (g — 1))

using integ-reflection by force

have 4:+ sba ((f — g) A (g — f)) = (sba((f — g)) A sba((g — f)))
by (rule SBaAndEqv)

have 5.+ ((sba f — sba g) A (sba g — sba f)) = (sba f = sha g) by auto
from 1 2 31 4 5 show ?thesis by fastforce
ged

lemma SBalmpSBa:
assumes - f — g
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shows +sba f — sha g
using SBaGen SBalmpDist MP assms by metis

lemma SBaEqvSBa:

assumes - f =g

shows F sba f = sba g

using SBaGen SBalmpSBaEqvSBa MP assms by metis

lemma SDalmpSDa:

assumes - f — g

shows Fsda f— sda g

using assms by (metis SDaEqvDtDf DfAndB DiamondImpDiamond inteq-reflection Prop10)

lemma SDaEqvSDaSDa:
b sda f = sda( sda f)

proof —

have 1:+ sda f = <( df f)
by (rule SDaEqvDtDf)

have 2:+ df f = (df (df f))
by (rule DfEqvDfDf)

hence 3: - O (df f) = <O (df (df 1))
by (rule DiamondEqvDiamond)

have 4:+ & (df ) = (O (df (df 1))
using DiamondEqvDiamondDiamond DfEqvDfDf using 3 by fastforce

have 5:+ <& (df (df f)) = df (& (df f))
by (rule DtDfEqvDfDt)

hence 6: - O(O (df (df 1)) = < (df (& (df 1))
by (rule DiamondEqvDiamond)

have 7:F sda f =< (df( <O (df £)))
using 1 3 4 6 by fastforce

have 8:F sda (O (df f))=<(df (O (df 1))
by (rule SDaEqvDtDf)

have 9:+ sda(sda f)= sda (& (df f))
using 1 by (rule SDaEqvSDa)

from 7 8 9 show ?thesis by fastforce

ged

lemma SBaEqvSBaSBa:

- sba f = sha (sba f)

proof —

have 1: + sda (= f) = sda (sda (— f)) by (rule SDaEqvSDaSDa)

have 2: - sda (sda (= f)) = (- (sba (= (sda (- f))))) by (rule SDaEqvNotSBaNot)
have 3: - (= (sda (sda (= f)))) = sba (= (sda (= f))) by (auto simp: sba-d-def)
have 4: - (= (sda (-~ f))) = sba (— (sda (= f))) using 1 2 3 by fastforce

from 4 show 7thesis by (metis sba-d-def)

ged

lemma SBaleftSChoplmpSChop:
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H sba(f— f1) — f~g — fl~g

proof —

have I1:+ sba (f — f1) — bf (f — f1) by (rule SBalmpBf)

have 2: - bf (f — f1) — f~ g — f1~ g by (rule BfSChoplmpSChop)
from 1 2 show 7thesis by fastforce

ged

lemma BaLeftSChoplmpSChop:

o ba(f—fl) — f~g—fl~g

proof —

have 1:+ ba (f — f1) — bf (f — f1) by (rule BalmpBf)

have 2: - bf (f — f1) — f~ g — f1~ g by (rule BfSChoplmpSChop)
from 1 2 show ?thesis by fastforce

ged

lemma SBaRightSChoplmpSChop:

- sba (g— gl) A finite — f~ g — f~ gl

proof —

have I:+ sba (g — gl1) A finite — 0O(g — g1) by (rule SBalmpBt)
have 2: + 0O(g — gl1) — f~ g — f~ gl by (rule BoxSChoplmpSChop)
from 1 2 show ?thesis by fastforce

ged

lemma BaRightSChoplmpSChop:

F ba(g— gl) — f~g — f~ gl

proof —

have I:+ ba (g — gl) — O(g — g1) by (rule BalmpBt)

have 2: - 0O(g — gl1) — f~ g — f~ gl by (rule BoxSChoplmpSChop)
from 1 2 show ’thesis by fastforce

ged

lemma SChopAndSBalmport:
F (f~fl) A sba g A finite — (f N g)~ (f1 A g)
proof —
have 1:+ sba g A finite A (f~ f1) — (g A f)~ (g A f1) by (rule SBaAndSChoplmport)
have 2: - (g AN f)~ (g N f1) = (f A g)~ (f1 A g) by (rule AndSChopAndCommute)
from 1 2 show ?thesis by fastforce
ged

lemma SChopAndBalmport:

F (F~fI)N ba g — (FANg)~(f1 A g)
proof —

have 1:+ ba g A (f~ fl) — (g A f)~ (g A f1) by (rule BaAndSChoplmport)
have 2: - (g A f)~ (g A f1) = (f A g)~ (f1 N g) by (rule AndSChopAndCommute)
from 1 2 show ?thesis by fastforce
ged

lemma BaAndSChoplmportA:

Fbaf Ag~gl — (f \g)—~gl
by (meson BaAndSChoplmport SChopAndB lift-imp-trans)
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lemma BaAndSChoplmportB:
Fbaf Ag—~gl — (fNg)~(bafAgl)
proof —
have 1:+ ba f = ba (ba f)
by (simp add: BaEqvBaBa)
have 2: F ba (ba f) A g~gl — g~(baf A gl)
by (metis AndSChopB BaAndSChoplmport lift-imp-trans)
have 3: F baf A g~(baf A gl) — (f A g)~(baf A gl)
by (simp add: BaAndSChoplmportA)
from 1 2 3 show ?thesis by fastforce
ged

lemma SBalmpSBalmpSBaAnd.:

- sba h — sba(g — sba h A g )

proof —

have 1:+ sbah — (g — sba h A g ) by fastforce

hence 2: - sba(sba h) — sba(g — sba h A g ) by (rule SBalmpSBa)
have 3:t sba h = sba(sba h) by (rule SBaEqvSBaSBa)

from 2 3 show ?thesis by fastforce

ged

lemma SBaSChoplmpSChopSBa:

F sba f A finite — g~ gl — g~ ((sba f) A gl)

proof —

have I:+ sba f — sba (g1 — (sba f) A gl ) by (rule SBalmpSBalmpSBaAnd)
have 2: + sba (gl — sba f A gl ) A finite — g~ gl — g~ (sha f A gl)
by (rule SBaRightSChoplmpSChop)

from 1 2 show ?thesis by fastforce

ged

lemma BaSChoplmpSChopBa:

- ba f — g~gl — g~ ((ba f)Agl)

proof —

have 1: - ba f — ba (gl — (ba f) A gl ) by (rule BalmpBalmpBaAnd)
have 2: - ba (gl — ba fANgl) — g~gl — g~ (ba fAgl)

by (rule BaRightSChoplmpSChop)

from 1 2 show ’thesis by fastforce

ged

lemma DfNotSBalmpNotSBa:
Fdf (- (sha f)) — — (sba f)
proof —
have 1:+ sba f = sba( sba f) by (rule SBaEqvSBaSBa)
have 2:+ sba ( sba f) — bf ( sba f) by (rule SBalmpBf)
have 3:F sba f — bf (sba f) using 1 2 by fastforce
hence 4: + sba f — — (df (- ( sba f))) by (simp add: bf-d-def)
from 4 show ?thesis by fastforce
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ged

lemma DfNotBalmpNotBa:
F df(—\(ba f))—>—|(ba f)
proof —
have 1:+ ba f = ba( ba f) by (rule BaEqvBaBa)
have 2:+ ba( ba f) — bf ( ba f) by (rule BalmpBf)
have 3:+ ba f — bf ( ba f) using 1 2 by fastforce
hence 4: - ba f — = (df (= ( ba f))) by (simp add: bf-d-def)
from 4 show ?7thesis by fastforce
ged

lemma NotSBaSChoplmpNotSBa:

F (= (sba f))~ g — —(sha f)

proof —

have 1:+ (= ( sba f))~ g — df (= (sha f)) by (rule SChoplmpDf)
have 2: + df (= (sba f)) — — (sba f) by (rule DfNotSBalmpNotSBa)
from 1 2 show ’thesis using lift-imp-trans by blast

ged

lemma NotBaSChoplmpNotSBa:

F (—\(ba f))’\g—>—\(ba f)

proof —

have 1: + (= ( ba f))~ g — df (= ( ba f)) by (rule SChoplmpDf)
have 2: + df (= ( ba f)) — — ( ba f) by (rule DfNotBalmpNotBa)
from 1 2 show ?thesis using lift-imp-trans by blast

ged

lemma DiamondSFinImpSFin:
F <& (sfin ) — sfin f
proof —
have I1:t sfin f = #True~(f A empty)
by (rule SFinEqvTrueSChopAndEmpty)
hence 2: = & (sfin f) = # True~(# True~(f N empty))
using DiamondSChopdef inteqg-reflection by force
have 3: & # True~(# True~(f N empty)) = (# True~# True)~(f N empty)
by (rule SChopAssoc)
have 4: & (# True~#True)~(f N empty) — # True~(f N empty)
using 123
by (metis SChoplmpDiamond TrueEqvTrueSChop True integ-reflection)
from 1 2 3 4 show ?thesis by fastforce
ged

lemma SChopSFinlmpSFin:

t  f ~ sfin (init w) — sfin (init w)
proof —

have I1:+ f ~ sfin (init w) — < ( sfin (init w)) by (rule SChoplmpDiamond)
have 2: = & (sfin (init w)) — sfin (init w) by (rule DiamondSFinlmpSFin)
from 12 show ?’thesis using lift-imp-trans by blast
ged
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lemma SFinlmpSYieldsSFin:
t sfin (init w) — fsyields (sfin (init w))
proof —
have I:+ f~ (sfin (init (= w)) ) — (sfin (init (= w)))
by (simp add: SChopSFinlmpSFin)
have 2:t finite — (= ( sfin (init w)) ) = (sfin  (init (= w)))
using SFinNotStateEqvNotSFinState by fastforce
hence 3: - finite — f ~ (= ( sfin (init w))) = f~ ( sfin (init (= w)))
using FiniteRightSChopEqvSChop by blast
have 4:F f~ (= ( sfin (init w))) A finite — (= ( sfin (init w)))
using 1 2 3 by fastforce
hence 5: = sfin (init w) — = (f~ (= ( sfin (init w))))
by (metis SChoplmpDiamond SFinlmpBox always-d-def int-simps(32) inteq-reflection lift-imp-trans)
from 5 show 7thesis
by (simp add: syields-d-def)
qged

lemma SChopAndSFin:
F ((f~ g) A (sfin (init w))) = f~ (g A (sfin (init w)))
proof —
have 1:t sfin (init w) — f syields ( sfin (init w))
by (rule SFinlmpSYieldsSFin)
have 2: F (f~ g) A (sfin (init w)) — (f~ g ) A fsyields ( sfin (init w))
using 1 by fastforce
have 3:F f~ g A fsyields ( sfin (init w)) —
f~ (g N (sfin (init w)))
using SChopAndSYieldsimp by blast
have 4:+ (f~ g) A (sfin (init w))— f~ (g A sfin (init w))
using 2 3 by (metis (mono-tags, lifting) lift-imp-trans)
from 4 show 7thesis
by (simp add: Prop12 SChopAndA SChopSFinExportA int-iffl)
ged

lemma SChopAndNotSFin:
F (f~g A= (sfin (init w)) A finite) = f~ (g A = ( sfin (init w)) A finite)

proof —

have I:+ (f~g A sfin (init (- w)))="f~ (g A sfin (init (- w)))
by (rule SChopAndSFin)

have 2:+ (sfin (init (- w)) A finite )= ( (= ( sfin (init w) )) A finite)
using SFinNotStateEqvINotSFinState by fastforce

hence 3: + (g A sfin  (init (= w))) = (g A =( sfin (init w)) A finite)
using DiamondEmptyEqvFinite SChopAndB SFinEqvTrueSChopAndEmpty TrueSChopEqvDiamond
by fastforce

hence 4: = f~ (g A sfin  (init (- w)))=1F ~ (g A= (sfin (init w)) A finite)
using RightSChopEqvSChop by blast

from 1 2 4 show ?thesis

using DiamondEmptyEqvFinite SChopAndB SFinEqv TrueSChopAndEmpty TrueSChopEqvDiamond by fastforce
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ged

lemma SFinSChopChain:
F o (((init w) A finite — sfin (init wl)))~
(((init w1) A finite — sfin (init w2)))
A finite
— (((init w') A finite — sfin (init w2)))
proof —
have 1:F (init w) A finite A
((init w) A finite — sfin (init wl))~
((init wl) A finite — sfin (init w2))
—
((init w) A finite A ((init w) A finite — sfin (init wl)))~
(((init wl) A finite— sfin (init w2)) A finite)
by (smt ChopAndFiniteDist StateAndSChop int-iffD2 inteq-reflection
lift-and-com schop-d-def)
have 2: + (init w) A finite A ((init w) A finite— sfin (init wl)) —
sfin (init wl)
by auto
have 3: F ((init w) A finite A ((init w) A finite — sfin (init wl)))~
(((init wl) A finite — sfin (init w2)) A finite)
N
( sfin (init wl))~ (((init wl) A finite — sfin (init w2)) A finite)
using 2 LeftSChoplmpSChop by blast
have 4:+ ( sfin (init wl))~ (((init wl) A finite — sfin (init w2))) =
S((init wl) A ((init wl) A finite —  sfin (init w2)))
using SFinSChopEqvDiamond by blast
have 41:  ((init wl) A finite A ((init wl) A finite — sfin (init w2))) — sfin (init w2)
by auto
have 42: = &((init wl) A finite A((init wl) A finite — sfin (init w2))) — <(sfin(init w2))
using 41 DiamondImpDiamond by blast
have 5:F O( sfin( init w2)) —  sfin (init w2)
using DiamondSFinlmpSFin by blast
have 6:F (init w) A finite A ((init w) A finite — sfin (init wl))~
((init wl) A finite — sfin (init w2))
— sfin (init w2)
using 134542
by (smt SFinSChopEqvDiamond inteqg-reflection lift-and-com lift-imp-trans)
from 6 show ?thesis by fastforce
ged

lemma SChopRule:
assumes - (init w) A f A finite — sfin (init wl)
o (init wl)A f1 A finite — sfin (init w2)
shows  (init w) A (f~ f1) A finite — sfin (init w2)
proof —
have 1:F (init w) A (f~ f1) A finite — ((init w) A f)~ (fI A finite)
using StateAndSChoplmport
by (smt ChopAndFiniteDist SChopAndB StateAndEmptySChop StateAndSChoplmpSChopRule
integ-reflection lift-and-com schop-d-def)
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have 2:t (init w) A f A finite — sfin (init wl) using assms by auto
hence 3: - ((init w) A f)~ (f1 A finite) — ( sfin (init wl))~ (f1 A finite)

by (smt DiamondEmptyEqvFinite Prop10 SChopAndB SFinEqvTrueSChopAndEmpty

StateAndChoplmpChopRule StateAndSChop TrueSChopEqvDiamond integ-reflection schop-d-def)

have 4:F ( sfin (init wl))~ (f1 A finite) = <((init wl) A f1 A finite)

by (rule SFinSChopEqvDiamond)
have 5:F (init wl) A f1 A finite — sfin (init w2) using assms by auto
hence 6: - O((init wl) A f1 A finite) — < (sfin (init w2)) by (rule DiamondImpDiamond)
have 7:+ O( sfin (init w2)) — sfin (init w2) using DiamondSFinlmpSFin by blast
from 1 34 6 7 show 7thesis by fastforce
ged

lemma SChopRep:
assumes  (init w) A f A finite — f1 A sfin (init wl)
F o (init wl) A g A finite — g1
shows + (init w) A (f~ g) A finite — (f1~ gl)
proof —
have I:F+ (init w) A f A finite — (f1 A sfin (init wl)) using assms by auto
hence 2: + (init w) A (f~ (g A finite)) — (f1 A sfin (init wl))~ (g A finite)
by (metis DiamondEmptyEqvFinite FiniteAndEmptyEqvEmpty Prop12 SChopSFinExportA
SFinEqvTrueSChopAndEmpty StateAndChoplmpChopRule StateAndEmptySChop
TrueSChopEqvDiamond inteq-reflection schop-d-def)
have 3:F (f1 A sfin (init wl))~ (g A finite) = f1~ ((init wl) A (g A finite))
using AndSFinSChopEqvStateAndSChop by blast
have 4:F (init wl)A g A finite — gl using assms by auto
hence 5: = f1~ ((init wl) A\ g A finite) — f1~ gl
using RightSChoplmpSChop by blast
from 2 3 5 show ?thesis
by (smt DiamondEmptyEqvFinite FiniteAndEmptyEqvEmpty SFinAndSChop SFinEqvTrueSChopAndEmpty
TrueSChopEqvDiamond integ-reflection lift-and-com lift-imp-trans)
ged

lemma SChopRepAndSFin:
assumes — (init w) A f A finite — f1 N sfin (init wl)
F o (init wl) A g A finite — g1 N sfin (init w2)

shows + (init w) A (f~ g) A finite — (f1~ gl) A sfin (init w2)
proof —
have I:F+ (init w) A f A finite — f1 A sfin (init wl) using assms by auto
have 2:+ (init wl) A g A finite — g1 A sfin (init w2) using assms by auto
have 3:F (init w) A (f~ g) A finite — f1~ (g1 A sfin (init w2))
using I 2 by (rule SChopRep)
have 4.+ f1~ (gl A sfin (init w2)) — f1~ gl by (rule SChopAndA)
have 5:+ f1~ (gl A sfin (init w2)) — f1~ sfin (init w2) by (rule SChopAndB)
have 6:F f1~ sfin (init w2) — sfin (init w2)

by (rule SChopSFinlmpSFin)
from 1 2 3 45 6 show ?thesis using SChopRep SChopRule by fastforce
ged

lemma TrueSChopMoreEqvMore:
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F # True ~ more = more
by (metis ChopAssoc TrueChopMoreEqvMore TrueEqvTrueSChopTrue integ-reflection schop-d-def)

lemma SChopFmoreEqvFmore:
F # True~fmore = fmore
by (metis ChopAndFiniteDist TrueChopMoreEqvMore fmore-d-def inteq-reflection schop-d-def)

lemma MoreSChopLoop:
assumes - f — more ~ f
shows F finite — = f
proof —
have I1:Ff — more ~ f
using assms by auto
hence 11: + <& (f) — < (more~f)
using DiamondImpDiamond by blast
have 12: + & (more~f) = # True~(more~f)
by (simp add: DiamondSChopdef)
have 13:+ # True~(more~f) = (# True~more)~f
by (rule SChopAssoc)
have 14:+ <& (more~f) = more~f
using 12 13 by (metis TrueSChopMoreEqvMore inteq-reflection)
have 2:+ more ~ f = O(C f)
using MoreSChopEqvNextDiamond by blast
have 3:F <& (f) — O(C f)
using 11 14 2 by fastforce
hence 4: I finite — — (< f)
using NextLoop by blast
have 5:F (O f) — = f
using Now/mpDiamond by fastforce
from 4 5 show ?thesis using lift-imp-trans by blast
ged

lemma MoreSChopContra:

assumest f A - g — (more ~(f A= g))

shows F f A finite — g

proof —

have 1I: - f A= g — ( more ~ (f A = g)) using assms by auto
hence 2: - finite — — (f A = g) by (rule MoreSChopLoop)

from 2 show 7thesis

by (simp add: Valid-def finite-defs infinite-defs sum.case-eq-if )

ged

lemma MoreSChopLoopFinite:

assumes - f A finite — more ~ f

shows | finite — - f

proof —

have 1:F f A finite — more ~ f
using assms by auto

hence 11: - & (f A finite) — & (more~f)
using DiamondImpDiamond by blast
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have 12: + & (more~f) = # True~(more~f)
by (simp add: DiamondSChopdef)
have 13:F # True~(more~f) = (# True~more)~f
by (rule SChopAssoc)
have 14:+ <& (more~f) = more~f
using 12 13 by (metis TrueSChopMoreEqvMore inteq-reflection)
have 2:+ more ~ f = O(< f)
using MoreSChopEqvNextDiamond by blast
have 3:+ <O (f A finite) — O(<C f)
using 11 14 2 by fastforce
have 31: - & (f A finite) = ((¢ f) A finite)
by (smt 3 ChopAndB ChopAndNotChoplmp FiniteChopFiniteEqvFinite FiniteChoplnfEqvinf
NextDiamondImpDiamond Propll Propl?2 finite-d-def infinite-d-def inteq-reflection
lift-imp-trans sometimes-d-def)
have 32: (& f) A finite — O(< f)
using 3 31 by fastforce
hence 4: I finite — — (< f)
by (metis (no-types, lifting) DiamondIntro FiniteChopInfEqvinf InfEqvNotFinite Prop09
finite-d-def int-simps(15) int-simps(32) inteq-reflection sometimes-d-def)
have 5:F (O f) — ~f
by (simp add: NowlmpDiamond)
from 4 5 show ?thesis using lift-imp-trans by fastforce
ged

lemma MoreSChopContraFinite:

assumes - (f A = g) A finite — ( more ~ (f A = g))

shows F f A finite — g

proof —

have 1:+ (f A = g) A finite — ( more ~ (f A = g)) using assms by auto
hence 2: + finite — — (f A = g) by (simp add: MoreSChopLoopFinite)
from 2 show ?thesis by (simp add: Valid-def)

ged

lemma SChopLoop:
assumes - f — g~f
Fg — fmore
shows F finite — = f
proof —
have 1:+ f — g~ f using assms by auto
have 2:+ g — more using assms by (simp add: Prop12 fmore-d-def)
hence 3: - g~ f — more ~ f by (rule LeftSChoplmpSChop)
have 4:+ f — more ~ f using 1 3 by fastforce
from 4 show ?thesis using MoreSChopLoop by auto
ged

lemma SChopLoopB:
assumes - f — g~f

Fg — more
shows | finite — = f
proof —
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have 1:+F f — g~ f using assms by auto

have 2:+ g — more using assms by auto

hence 3: + g~ f — more ~ f by (rule LeftSChoplmpSChop)
have 4:+ f — more ~ f using 1 3 by fastforce

from 4 show ?thesis using MoreSChopLoop by blast

ged

lemma SChopContra:
assumes - f A g— h~f A~ (h~g)
Fh — fmore
shows G+ f A finite — g
proof —
have 1I:+f A= g — h~f A= (h~ g) using assms by auto
have 2:+ h — more using assms by (simp add: Prop12 fmore-d-def)
have 3:+F h~f A = (h~ g) — h~ (f AN = g) by (rule SChopAndNotSChoplmp)
have 4:+ h~ (f A= g) — more ~ (f A = g) using 2 by (rule LeftSChoplmpSChop)
have 5:Ff A= g — more ~ (f A = g) using 1 3 4 by fastforce
from 5 show 7thesis using MoreSChopContra by auto
ged

lemma SChopContraB:
assumes - f A~ g — h~f A~ (h~ g)
Fh — more
shows G f A finite — g
proof —
have 1I:+f A= g — h~f A= (h~ g) using assms by auto
have 2: - h — more using assms by auto
have 3: - h~f A = (h~ g) — h~ (f A = g) by (rule SChopAndNotSChoplmp)
have 4.+ h~ (f A= g) — more ~ (f A\ = g) using 2 by (rule LeftSChoplmpSChop)
have 5:Ff A= g — more ~ (f A = g) using 1 3 4 by fastforce
from 5 show 7thesis using MoreSChopContra by blast
ged

10.7 Properties of SChopstar and SChopplus

lemma AndEmptySChopAndEmptyEqvAndEmpty:
F (f A empty)~(f A empty) = (f A\ empty)
by (simp add: Valid-def empty-defs schop-defs sum.case-eq-if
smt interval-prefix-intlen interval-prefix-length interval-suffix-zero
le-numeral-extra(3) sum.collapse(1))

lemma SPowerlmpFinite:

F spower f n — finite

proof

(induct n)

case 0

then show ?case

using EmptylmpFinite by auto
next

329



case (Suc n)

then show ?“case

by (metis DiamondEmptyEqvFinite FiniteAndEmptyEqvEmpty Propl10 SChopSFinExportA
SFinEqvTrueSChopAndEmpty TrueSChopEqvDiamond inteq-reflection spow-Suc)

ged

lemma SPowerCommute:

- f ~ spower f n = spower f n~(f A finite)
proof

(induct n)

case 0

then show Zcase

by (metis ChopEmptySem EmptySChop intl integ-reflection schop-d-def spow-0)
next

case (Suc n)

then show 7case

by (metis SChopAssoc integ-reflection spow-Suc)
ged

lemma SChoplnductL:

assumes - g VvV f~h — h

shows + (spower fn)~g — h

using assms

by (metis ChoplnductFinitel PowerSpowerdef Prop10 SPowerlmpFinite inteq-reflection schop-d-def)

lemma SChoplInductMorel:
assumes - g V (f A more)~h — h
shows | (spower fn)~g — h
proof
(induct n)
case 0
then show ?case using assms by (metis SChoplinductL spow-0)
next
case (Suc n)
then show 7case
proof —
have I:+ spower f (Suc n)~g = (f ~spower f n)~g
by simp
have 2: - (f ~spower f n)~g = f~((spower f n)~g)
by (meson SChopAssoc Propll)
have 3: F f~((spower f n)~g) — f~h
by (simp add: RightSChoplmpSChop Suc.hyps)
have 4: - f~h = (( f A more)~ h Vv ((f A empty))—~h)
using neq0-conv by (simp add: Valid-def finite-defs schop-defs more-defs empty-defs
sum.case-eq-if , blast)
have 5: - ( (f A more))~ h — h using assms by auto
have 6: - ( (f A empty))~ h — h
by (smt AndSChopA AndSChopB EmptySChop Propl0 Propl2 inteq-reflection)
from 5 6 4 3 2 1 show ?thesis by fastforce
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ged
ged

lemma SChoplmpFinite:

assumes - f — finite

shows F g~f — finite

using assms

by (metis DiamondIimpDiamond FiniteChopEqvDiamond FiniteChopFiniteEqvFinite SChoplmpDiamond
inteq-reflection lift-imp-trans)

lemma SChoplnductR:
assumes - g V h~f — h
shows + g~(spower fn) — h
proof
(induct n)
case 0
then show ?case using assms SChopEmpty SPowerlmpFinite
by (smt AndSFinEqvSChopAndEmpty FiniteAndEmptyEqvEmpty MP Propl12 int-iffD1 int-simps(33)
integ-reflection lift-imp-trans spow-0)
next
case (Suc n)
then show 7case
proof —
have 1: F g~(spower f (Suc n)) = g~ (f~(spower f n))
by simp
have 2: - g~ (f~(spower f n)) = g~((spower f n)~ (f A finite))
using SPowerCommute by (simp add: SPowerCommute RightSChopEqvSChop)
have 3: = g~((spower f n)~ (f A finite)) =
(g~(spower f n))~ (f A finite)
using SChopAssoc by blast
have 4: - (g~(spower f n))~ (f A finite) — h~(f A finite)
using LeftSChoplmpSChop Suc.hyps by blast
have 5: = h~(f A finite) — h
using assms
by (metis Prop03 Propl0 SChopAndA inteq-reflection lift-imp-trans)
from 1 2 3 4 5 show ?thesis by fastforce
ged
ged

lemma SChopExistSPower:
F (g~(3 n. spower f n)) = (3 n. g~spower f n)
using SChopExist by fastforce

lemma ExistSChopSPower:
F (3 n. (spower f n)~g) = (I n. spower f n)~g
using ExistSChop by fastforce

lemma SPowerStarCommute:

F f~(3 n. spower f n) = (3 n. spower f n)~(f A finite)
proof —
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have 1:+ f ~(3 n. spower f n) =
(3 n. f ~ spower f n)
using SChopExistSPower by blast
have 2: - (3 n. f ~ spower fn) =
(3 n. (spower f n)~(f A finite) )
using SPowerCommute by fastforce
have 3: F (3 n. (spower f n)~(f A finite)) =
(3 n. (spower f n))~(f A finite)
using ExistSChopSPower by blast
from 1 2 3 show ?thesis by fastforce
ged

lemma SPowerSucAndEmptyEqvAndEmpty:
F (spower (f A empty) (Suc n)) = (f A empty)
proof
(induct n)
case 0
then show ?case
by (metis PowerSpowerdef PowerSucAndEmptyEqvAndEmpty inteq-reflection)
next
case (Suc n)
then show ?case
by (metis AndEmptySChopAndEmptyEqvAndEmpty inteq-reflection spow-Suc)
ged

lemma SPowerOr:

F (spower (f V g) (Suc n)) = ( (f~ spower (f V g) n) V
(g~ spower (f V g) n))

by (simp add: FiniteOr OrSChopEqvRule)

lemma PowerEmptyOrMore:
F (spower ( (f A empty) V (f A more)) (Suc n)) =
((f N empty)~(spower ( (f A empty) V (f A more)) n) V
(f A more )~(power ( (f A empty) V (f A more)) n))
using SPowerOr
by (metis PowerSpowerdef inteq-reflection)

lemma SPSEqvEmptyOrSChopSPS:
- spowerstar f = (empty V f~spowerstar f)
by (simp add: spowerstar-d-def spowersem)

lemma EmptylmpSCS:
F empty — schopstar f
proof —
have I: |- schopstar f = (empty V (f A more)~schopstar f)
by (rule SChopstarEqv)
have 2: - empty — empty V (f A more)~schopstar f by auto
from 1 2 show ?thesis by fastforce
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ged

lemma SCSEqvOrSChopSCS:
k- schopstar f = (empty V (f~ schopstar f))
proof —
have I: | schopstar f = (empty V (f A more)~schopstar f)
by (rule SChopstarEqv)
have 2: - (f A more)~schopstar f — f ~schopstar f
by (rule AndSChopA)
have 3: - schopstar f — empty V f~ schopstar f
using 1 2 by (metis int-iffD1 Prop08)
have 4: - empty — schopstar f by (rule EmptylmpSCS)
have 5: = f — empty V (f A more) by (auto simp: empty-d-def)
have 6: - f~ schopstar f — schopstar f V (f A more )~ schopstar f
using 5 by (rule EmptyOrSChoplmpRule)
have 7: \- schopstar f — empty V (f A more)~schopstar f
using 1 by fastforce
have 8: - f~ schopstar f — empty V (f A more )~ schopstar f
using 6 7 by fastforce
hence 9: - f~ schopstar f — schopstar f using 1 by fastforce
have 10: F empty V f~ schopstar f — schopstar f using 9 4 by fastforce
from 3 10 show 7thesis by fastforce
ged

lemma SPowerSChopCommute:
F ((f A more))~spower (f A more) n = spower (f A more) n~((f A more) A finite)
using SPowerCommute by auto

lemma SChopExist:
F (g~(3 n. spower (f A more) n)) = (3 n. g~ spower (f A more) n)
using SChopExistSPower by auto

lemma ExistSChop:
F (3 n. (spower (f A more) n)~g) = (3 n. spower (f A more) n)~g
using ExistSChopSPower by auto

lemma SPowerstarinductL:
assumes - g VvV f~h — h
shows | (spowerstar f)~g — h
proof —
have I: |- (spowerstar f)~g = ((3 n. spower f n))~g
by (simp add: spowerstar-d-def LeftChopEqvChop)
have 2: - (3 n. spower f n)~g =
(3 n. (spower f n)~g)
using ExistSChopSPower by fastforce
have 3: A n. F (spower f n)~g — h
using SChopinductL assms by blast
have 4: - (3 n. (spower f n)~g) — h

333



using 3 by (simp add: Valid-def,

smt ChopAssoc ChopOrEqv EmptyOrChopEqv inteqg-reflection unl-lift2)
from 1 2 4 show 7thesis by (metis inteq-reflection)
ged

lemma SChopstarlnductL:

assumes - g VvV f~h — h

shows | (schopstar f)~ g — h
proof —

have I: |- (schopstar f)~g = (3 n. spower (f A more) n)~g

by (simp add: schopstar-d-def spowerstar-d-def LeftChopEqvChop)

have 2: - (3 n. spower (f A more) n)~g =

(3 n. (spower (f A more) n)~g)

using ExistSChopSPower by fastforce

have 3: A n. F (spower (f A more) n)~g — h

using SChoplnductl assms

by (smt AndSChopA MP Prop02 Prop12 int-iffD2 int-simps(33) inteq-reflection lift-imp-trans)
have 4: (3 n. (spower (f A more) n)~g) — h

using 3 by (simp add: Valid-def,

smt SChopAssoc SChopOrEqv EmptyOrSChopEqyv integ-reflection unl-lift2)
from 1 2 4 show ?thesis by (metis inteq-reflection)
ged

lemma SChopstarlnductMorel.:
assumes - g Vv (f A more)~h — h
shows | (schopstar f)~g — h
proof —
have 1: F (schopstar f)~g = (3 n. spower (f A more) n)~g
by (simp add: schopstar-d-def spowerstar-d-def LeftChopEqvChop)
have 2: - (3 n. spower (f A more) n)~g =
(3 n. (spower (f A more) n)~g)
using ExistSChopSPower by fastforce
have 3: A n. b (spower (f A more) n)~g — h
using SChoplinductL assms by (metis)
have 4: = (3 n. (spower (f A more) n)~g) — h
using 3 by fastforce
from 1 2 4 show ?7thesis
by (metis integ-reflection)
ged

lemma SPowerstarInductR:

assumes - g vV h~f — h

shows + g~(spowerstar f) — h

proof —

have 1: F g~(spowerstar f) = g~((3 n. spower f n))

by (simp add: spowerstar-d-def)

have 2: - (g~(3 n. spower f n)) = (3 n. g~(spower f n))
using SChopExistSPower by blast

have 3: A n. b g—~(spower fn) — h
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using SChoplnductR assms by blast

have 4: + (3 n. g~(spower f n)) — h

using 3 by (simp add: Valid-def,

smt SChopEmpty SChopOrEqyv integ-reflection unl-lift2)
from 1 2 4 show 7thesis by (metis inteq-reflection)
ged

lemma SChopstarinductR:
assumes - g vV h~f — h
shows + g~(schopstar f) — h
proof —
have 1:+ g~(schopstar f) =
g~((3 n. spower (f A more) n))
by (simp add: schopstar-d-def spowerstar-d-def)
have 2: - (g~(3 n. spower (f A more) n)) =
((3 n. g~spower (f N\ more) n))
using SChopExistSPower by fastforce
have 3: A\ n. - g~(spower (f A more) n) — h
using SChoplnductR assms
by (smt SChopAndA MP Prop02 Propl2 int-iffD2 int-simps(33) inteq-reflection lift-imp-trans)
have 4: - (3 n. g~(spower (f A more) n) ) — h
using 3 by (simp add: Valid-def,
smt SChopEmpty SChopOrEqv integ-reflection unl-lift2)
from 1 2 4 show 7thesis by (metis integ-reflection)
ged

lemma SChopstarlnductMoreR:

assumes - g V h~(f A more) — h

shows  g~(schopstar f) — h
proof —

have 1: - g~(schopstar f) = g~((3 n. spower (f A more) n))
by (simp add: schopstar-d-def spowerstar-d-def)

have 2: - (g~(3 n. spower (f A more) n)) =

((3 n. g~spower (f N\ more) n))

using SChopExistSPower by fastforce

have 3: A\ n. b g~(spower (f A more) n) — h

using SChoplinductR assms by (metis)

have 4: - (3 n. g~(spower (f A more) n) ) — h
using 3 by (simp add: Valid-def,

smt SChopEmpty SChopOrEqyv integ-reflection unl-lift2)
from 1 2 4 show 7thesis by (metis integ-reflection)
ged

lemma SChopstarlmpSPowerstar:

F schopstar f — spowerstar f

by (metis (mono-tags, lifting) PowerSpowerdef SChopstarFPowerstardef fpowerstar-d-def intl
intensional-rews(3) intensional-rews(6) inteq-reflection spowerstar-d-def)
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lemma SPowerstarlmpSChopstar:

F spowerstar f — schopstar f

by (metis (mono-tags, lifting) PowerSpowerdef SChopstarfPowerstardef fpowerstar-d-def intl
intensional-rews(3) intensional-rews(6) integ-reflection spowerstar-d-def)

lemma SChopstarEqvSPowerstar:
F schopstar f = spowerstar f
using SChopstarlmpSPowerstar SPowerstarlmpSChopstar by fastforce

lemma SCSAndMoreEqvAndMoreSChop:
F (schopstar f A more) = (f A more )~ schopstar f

proof —

have 1:+ (empty V (f A more )~ schopstar f) A more — (f A more )~ schopstar f
by (auto simp: empty-d-def)

have 2:t schopstar f = (empty V (f A more)~ schopstar f)
by (rule SChopstarEqv)

have 3:t schopstar f A more — (f A more )~ schopstar f
using 1 2 by fastforce

have 4:t (f A more )~ schopstar f — schopstar f
using 2 by fastforce

have 5:F (f A more ) — more
by auto

hence 6: - (f A more )~ schopstar f — more
by (rule LeftSChoplmpMoreRule)

have 7:F (f A more )~ schopstar f — schopstar f A more
using 4 6 by fastforce

from 3 7 show ?thesis by fastforce

ged

lemma SPowerAndMoreAndFinite:
F ((spower (f A more) n) A finite) = (spower (f A more) n)
by (meson Propl0 Propll SPowerlmpFinite)

lemma SCSAndFinite:
- (schopstar f A finite) = schopstar f
proof —
have 1: I (schopstar f A finite) = ((3 n. spower (f A more) n) A finite)

by (simp add: schopstar-d-def spowerstar-d-def intl)
have 2: - ((3 n. spower (f A more) n) A finite) =

(3 n. spower (f A more) n A finite)

by (simp add: Valid-def)

have 3: + (3 n. spower (f A more) n A finite) =
(3 n. (spower (f N\ more) n))

using SPowerAndMoreAndFinite by fastforce
have 4: - (3 n. (spower (f A more) n)) = schopstar f
by (simp add: schopstar-d-def spowerstar-d-def)
from 1 2 3 4 show ?thesis by fastforce
ged
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lemma SPowerchopAndFmore:

F ((spower (f A more) (Suc n) ) A fmore) = (spower (f A more) (Suc n))

proof

(induct n)

case 0

then show ?case

by (metis LeftSChoplmpMoreRule Propll Prop12 SPowerAndMoreAndFinite fmore-d-def lift-and-com
spow-Suc)

next

case (Suc n)

then show ?“case

by (smt LeftSChoplmpFMoreRule Prop10 Propl12 SPowerCommute int-iffD1 inteq-reflection spow-Suc)

ged

lemma ExistSPowerAndMoreExpand:
F (3 n. spower (f A more) n) = ( empty V (3 n. (spower (f A more) (Suc n))))
using spowerseml[of LIFT (f A more)] by auto

lemma SCSAndMoreEqvAndFMoreSChop:
t (schopstar f A fmore) = (f A more )~ schopstar f
proof —
have 1: I+ (schopstar f A fmore) = ((3 n. spower (f A more) n) A fmore)
by (simp add: schopstar-d-def spowerstar-d-def intl)
have 2: - ((3 n. spower (f A more) n) A fmore) =
(3 n. spower (f A more) n A\ fmore)
by (simp add: Valid-def)
have 3: + (3 n. spower (f A more) n A fmore) =
((spower (f A more) 0 V (3 n. (spower (f A more) (Suc n)))) A fmore)
using ExistSPowerAndMoreExpand by fastforce
have 4: - ((spower (f A more) 0 vV (3 n. (spower (f A more) (Suc n)))) A fmore) =
(((spower (f A more) 0 A fmore) V ((3 n. (spower (f A more) (Suc n))) A fmore)))
by auto
have 5: = (((spower (f A more) 0 A fmore) V ((3 n. (spower (f A more) (Suc n))) A fmore))) =
((3 n. (spower (f A more) (Suc n))) A fmore)
using NotFmoreAndEmpty by fastforce
have 6: F ((3 n. (spower (f A more) (Suc n))) A fmore) =
(3 n. (spower (f A more) (Suc n)))
using SPowerchopAndFmore by fastforce
have 7: = (3 n. (spower (f A more) (Suc n))) =
(3 n. ((f A more)~(spower (f A more) n)))
by (simp)
have 8: + (3 n. ((f A more)~(spower (f A more) n))) =
(f AN more )~(3 n. (spower (f A more) n))
using SChopExist by fastforce
have 9: - (3 n. (spower (f A more) n)) =
schopstar
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by (simp add: schopstar-d-def spowerstar-d-def intl)
hence 10: - (f A more)~(3 n. (spower (f A more) n)) =
(f A\ more)~schopstar f
by (simp add: RightSChopEqvSChop)
from1 234567810 show ?thesis by (metis inteq-reflection)
ged

lemma SCSAndMorelmpSChopSCS:

F  schopstar f A more — f~ schopstar f

proof —

have 1: - (schopstar f A more) = (f A more )~ schopstar f by (rule SCSAndMoreEqvAndMoreSChop)
have 2: - (f A more )~ schopstar f — f~ schopstar f by (rule AndSChopA)

from 1 2 show ?thesis by fastforce

ged

lemma SCSMoreNotImpSChopSCSAndMore:
- schopstar f A more A - f — (f A more )~ (schopstar f A more )
proof —
have 1:F (schopstar f A more) = (f A more )~ schopstar f
by (rule SCSAndMoreEqvAndMoreSChop)
have 2: - empty V more
by (auto simp: empty-d-def)
hence 3: \ schopstar f — empty \ (schopstar f A more )
by auto
hence 4: = (f A more )~ schopstar f — (f A more) V ((f A more )~ (schopstar f A more ))
using SChopEmptyOrimpRule
by (metis 1 AndMoreAndFiniteEqvAndFmore SCSAndMoreEqvAndFMoreSChop inteq-reflection)
hence 5: - (f A more )~ schopstar f A =(f N more) — ((f A more )~ (schopstar f A more ))
by fastforce
have 6:F (f A more )~ schopstar f = ((f A more )~ schopstar f A\ more) using I
by auto
have 7:+ ((f A more )~ schopstar f A —(f A more)) =
((f A more )~ schopstar f A\ more A\ —(f A more))
using 6 by auto
have 8:+ (f A more )~ schopstar f A more N = f — (f A more )~ (schopstar f A more )
using 5 7 by auto
have 9:t (schopstar f A more A = f) = ((schopstar f A more) A (more A = f))
by auto
have 10:+ ((schopstar f A more) A (more A — f)) =
((f A more )~ schopstar f A (more A - f))
using 1 by fastforce
from 1 8 9 10 show ?thesis by fastforce
ged

lemma SChopplusCommutelmpA:
t schopstar f ~(f A finite) — f ~schopstar f
by (metis SChopstarEqvSPowerstar SPowerStarCommute int-iffD1 inteq-reflection spowerstar-d-def)

lemma SChopplusCommutelmpB:
t f~schopstar f — schopstar f ~(f A finite)

338



by (metis SChopstarEqvSPowerstar SPowerStarCommute int-iffD2 inteq-reflection spowerstar-d-def)

lemma SChopplusCommute:
- f~schopstar f = schopstar f ~(f A finite)
using SChopplusCommutelmpA SChopplusCommutelmpB by fastforce

lemma SCSEqvOrChopSCSB:
- schopstar f = (empty V (schopstar f~ (f A finite)))
by (meson SCSEqvOrSChopSCS SChopplusCommute Prop06)

lemma SCSAndMorelmpSCSSChop:
- schopstar f A more — schopstar f~ (f A finite)
using SCSAndMoreEqvAndMoreSChop SChopplusCommute SCSAndMorelmpSChopSCS by fastforce

lemma SPowerSChopSPower:

- (spower (f A more) n)~ (spower (f A more) k) = (spower (f A more) (n+k))
proof

(induct n arbitrary: k)

case 0

then show ?case by (metis EmptySChop add.left-neutral spow-0)

next

case (Suc n)

then show ?case

by (metis PowerChopPower PowerSpowerdef SPowerAndMoreAndFinite inteq-reflection schop-d-def)
ged

lemma SCSSChopSCS:

F schopstar f —~ schopstar f = schopstar f

by (smt AndSFinEqvSChopAndEmpty DiamondEmptyEqvFinite EmptylmpSCS FiniteAndEmptyEqvEmpty
Prop02 Prop03 Propll RightSChoplmpSChop SCSAndFinite SCSEqvOrSChopSCS SChopstarlnductL
SFinEqvTrueSChopAndEmpty TrueSChopEqvDiamond inteq-reflection)

lemma NotSCSImpMore:

= (schopstar f) — more

proof —

have 1:+ empty — schopstar f using EmptylmpSCS by blast
hence 2: = — empty V schopstar f by fastforce

from 2 show 7thesis using 1 NotEmptyEqvMore by fastforce
ged

lemma NotSCSAndinf:
= —(schopstar f A inf)
using InfEqvNotFinite SCSAndFinite by fastforce

lemma SCSSChopSCSImpSCS:

t (schopstar f —~ schopstar f) — schopstar f
by (simp add: SCSSChopSCS int-iffD1)
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lemma ImpSChopPlus:

F f A finite — f~schopstar f

proof —

have 1:t schopstar f = (empty V f~ schopstar f) by (rule SCSEqvOrSChopSCS)

hence 2: - f~schopstar f = (f ~empty \/ f~ (f~schopstar f)) using SChopOrEqvRule by blast
have 3: I finite — f~empty = f using SChopEmpty by blast

from 2 3 show ?thesis by fastforce

ged

lemma /ImpSCS:

F f A finite — schopstar f

proof —

have 1:t f A finite — f~ schopstar f by (rule ImpSChopPlus)
hence 2: - f A finite — empty V f~schopstar f by auto
from 2 show ?thesis using SCSEqvOrSChopSCS by fastforce

ged

lemma SCSSChoplmpSCS:

t  schopstar f ~ (f A finite) — schopstar f

proof —

have 1:F f A finite — schopstar f by (rule ImpSCS)

hence 2: \ schopstar f ~ (f A finite) — schopstar f ~ schopstar f by (rule RightSChoplmpSChop)
hence 3: 1+ schopstar f~ (f A finite) — schopstar f ~ schopstar f by auto

have 4:+ schopstar f ~ schopstar f — schopstar f by (rule SCSSChopSCSImpSCS)

from 2 3 4 show ?thesis using lift-imp-trans by blast

ged

lemma SChopPluslmpSCS:

F f~schopstar f — schopstar f
proof —

have 1:+ f~schopstar f — empty V f~schopstar f by auto
from 1 show ?thesis using SCSEqvOrSChopSCS by fastforce
ged

lemma SCSSChopEqvOrSChopPlusSChop:

+  schopstar f~ g = (g VV (f ~schopstar f) ~ g)

proof —

have I: | schopstar f = (empty \V f~schopstarf) by (rule SCSEqvOrSChopSCS)
from 1 show 7thesis using EmptyOrSChopEqvRule by blast

ged

lemma SCSElim:
assumes - empty — g
F(fAN more)~g—g
shows | schopstar f — g
proof —
have 1:+ empty V (f A more)~g — g
using assms using Prop02 by blast
have 2: - (schopstar f)~empty — g
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using SChopstarinductMorel 1 by blast

from 2 show ?7thesis

by (metis AndSFinEqvSChopAndEmpty DiamondEmptyEqvFinite FiniteAndEmptyEqvEmpty SCSAndFinite
SFinEqvTrueSChopAndEmpty TrueSChopEqvDiamond inteq-reflection)

ged

lemma SChopstarlmp:

assumes - f ~(schopstar g) V empty — (schopstar g)

shows + (schopstar f) — (schopstar g)

using assms SChopstarlnductl SChopEmpty

by (smt AndSChopB MP Prop12 SCSElim int-iffD1 int-simps(33) inteq-reflection lift-and-com
lift-imp-trans)

lemma SCSSCSImpSCS:

- schopstar (schopstar f) — schopstar f

proof —

have 1:F ((schopstar f)~(schopstar f)) V empty — (schopstar f)
by (meson SCSSChopSCSImpSCS EmptylmpSCS Prop02)

from 1 show ?thesis using SChopstarlmp by blast

ged

lemma SCSImpSCSSCS:
t schopstar f — schopstar (schopstar f)
using ImpSCS by (metis SCSAndFinite inteq-reflection)

lemma SCSSCSEqvSCS:
t schopstar (schopstar f) = schopstar f
by (simp add: SCSSCSImpSCS SCSImpSCSSCS int-iffl)

lemma RightEmptyOrSChopEqv:

F g~(empty Vv f)=((g A finite) Vv (g~ f))

proof —

have 1: - g~( empty vV f)= (g—~empty V g~f) by (rule SChopOrEqv)
have 2: | finite — g—~empty = g by (rule SChopEmpty)

from 1 2 show ?thesis by (simp add: RightEmptyOrChopEqv schop-d-def)
ged

lemma RightEmptyOrSChopEqvRule:

assumes - f = (empty V 1)

shows F g~f = ((g A finite) V (g~f1))

proof —

have I:+ f = (empty V f1) using assms by auto

hence 2: - g~f = g~(empty V f1) by (rule RightSChopEqvSChop)

have 3:+ g~(empty V f1) = ((g A finite) V (g~f1)) by (rule RightEmptyOrSChopEqv)
from 2 3 show ?thesis by fastforce

ged

lemma SChopPlusEqvOrSChopSChopPlus:
F (f~schopstar f) = ((f A finite) V f~ (f ~schopstar f))
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proof —

have 1:+ schopstar f = (empty \V f~schopstarf) by (rule SCSEqvOrSChopSCS)
from 1 show 7thesis by (rule RightEmptyOrSChopEqvRule)

ged

lemma SCSAndEmptyEqvEmpty:
- (schopstar f N\ empty) = empty
using EmptylmpSCS by fastforce

lemma NotAndMoreSChopAndEmpty:

F =(((F A more)~g) N empty)

by (metis LeftSChoplmpMoreRule Prop05 Prop12 Propl3 empty-d-def int-iffD1 int-simps(15)
inteq-reflection lift-and-com)

lemma NotSChopAndMoreAndEmpty:
F =((f~(g A more)) N\ empty)
by (simp add: NotChopAndMoreAndEmpty schop-d-def)

lemma SChopSCSAndEmptyEqvAndEmpty:
= ((f ~schopstar f) A empty) = (f A\ empty)

proof —

have 1:+ ((f~schopstar f) A empty) = (fA empty)~(schopstar f N\ empty)
using SChopAndEmptyEqvEmptySChopEmpty by blast

have 2: - (fA empty)~(schopstar f N\ empty) = (fA empty)~empty
using SCSAndEmptyEqvEmpty using RightSChopEqvSChop by blast

have 3: - (f A empty)~empty = (f A\ empty)
by (smt AndEmptySChopAndEmptyEqvAndEmpty AndSFinEqvSChopAndEmpty FiniteAndEmptyEqvEmpty

Prop11 Propl2 inteq-reflection)
from 1 2 3 show ?thesis by fastforce
ged

lemma AndMoreSChopAndMoreEqvAndMoreSChop:
F ((f A more)~g A more) = (f N\ more)~g
by (meson AndSChopB MoreSChoplmpMore Propl0 Propll lift-imp-trans)

lemma AndFmoreOrAndEmptyEqvAndFinite:
F ((f A more A finite) V (f N\ empty)) = (f A finite)
by (simp add: Valid-def empty-defs more-defs finite-defs sum.case-eq-if, auto)

lemma SChopPlusEqv:

+ (f ~schopstar f) = ((f A finite) V (f A more )~ (f ~schopstar ))

proof —

have 1:t schopstarf = (empty V (f A more )~ schopstar f)
by (rule SChopstarEqv)

have 2:t schopstar f = (empty V f~schopstar f)
by (rule SCSEqvOrSChopSCS)

hence 3: = (empty V f~schopstar f) = (empty V (f A more )~schopstar f)
using 1 2 by fastforce

have 4:F (f A more )~schopstar f = (f A more )~(empty V f~schopstar f)
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using 2 using RightSChopEqvSChop by blast
hence 5: - empty V f~schopstar f = empty V (f A more )~(empty \V f~schopstar f)
using 3 4 by fastforce
have 6:F (f A more )~ (. empty \V f~schopstarf )=
((f A more )~ empty V (f A more )~ (f ~schopstar f))
using SChopOrEqv by blast
have 7:+ (f A more )~ empty = (f A more A finite)
by (metis AndMoreAndFiniteEqvAndFmore ChopEmpty fmore-d-def integ-reflection schop-d-def)
have 8:+ (empty V f~schopstarf) =
(empty Vv (f A more A finite) V (f A more )~ (f ~schopstar f))
using 5 6 7 by (metis 2 3 integ-reflection)
have 9:+ ((empty V f~schopstar f) A more) = (f~schopstar f N\ more)
by (auto simp: empty-d-def)
have 10: - ((empty vV (f A more A finite) V (f A more )~ (f ~schopstar f)) N\ more) =
(((f A more A finite) V (f A more)~ (f ~schopstar f)) A more)
by (auto simp: empty-d-def)
have 11:+ (((f A more A finite) vV (f A more )~ (f ~schopstar f)) N\ more) =
((f A more A finite) vV (f A more )~ (f ~schopstar f))
using 10 6 7 int-eq
using AndMoreSChopAndMoreEqvAndMoreSChop by fastforce
have 12: - (f ~schopstar f A more) = ((f A more A finite) V (f N more )~ (f ~schopstar f))
using 8 9 10 11 by fastforce
have 13: - (f ~schopstar f N\ empty) = (f N\ empty)
by (rule SChopSCSAndEmptyEqvAndEmpty)
have 14:  ((f A more A finite) Vv (f A more )~ (f ~schopstar f) V (f A empty)) =
((f A finite) v (f A more )~(f ~schopstar f))
using AndFmoreOrAndEmptyEqvAndFinite by (smt intl inteq-reflection unl-lift2)
have 15: - f~schopstar f = (( f ~schopstar f A empty) \V ( f~schopstar f N\ more))
by (auto simp: empty-d-def)
from 12 13 14 15 show ?thesis by fastforce
ged

lemma SChopSChopPlusimpSChopPlus:

b f~ (f~schopstar f) — f~schopstar f

proof —

have 1:+ empty V more by (auto simp: empty-d-def)

hence 2: + f — empty V (f A more ) by auto

hence 3: + f~ (f~schopstar ) — (f~schopstar f) vV (f A more )~(f~schopstar f)
by (rule EmptyOrSChoplmpRule)

have 4:+ f~schopstar f = ((f A finite) Vv (f A more)~ (f ~schopstar f))
by (rule SChopPlusEqv)

hence 5: + (f A more )~ (f ~schopstar f) — f~schopstar f by auto
from 3 5 show ?thesis using SChopPluslmpSCS RightSChoplmpSChop by blast

ged

lemma SCSImpSCS:

assumes - f — g

shows | schopstar f — schopstar g
using assms
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by (smt AndSChopB EmptylmpSCS Prop02 Propl0 SChopPluslmpSCS SChopstarlmp inteq-reflection
lift-imp-trans)

lemma SChopPlusimpSChopPlus:

assumes - f — g

shows  f~schopstar f — g~—~schopstar g

using assms by (simp add: SCSImpSCS SChoplmpSChop)

lemma SChopPlusintro:

assumes - f — (g A finite) V (g A more )~ f

shows F f A finite — g~schopstar g

proof —

have I: - f A = (g A finite) — (g A more )~ f using assms by auto
have 2: - g~schopstar g = ((g A finite) V (g A more )~ (g~schopstar g))
by (rule SChopPlusEqv)

have 3: - f A = (g—~schopstar g ) —

(g A more )~ f A= ((g N more )~ (g—~schopstar g) ) using 12

by fastforce

have 4: - g A more — more by auto

from 3 4 show 7thesis using SChopContraB by blast

ged

lemma SChopPlusElim:
assumes - f — g
F(fA more)~g—g
shows  f~schopstarf — g
proof —
have 1: F f V (f A more)~g — g
using assms Prop02 by blast
have 2: + schopstar f ~f — g
using SChopstarinductMorel 1 by blast
from 2 show ?thesis
using SChopplusCommute by (metis Prop10 Prop12 SChopAndA inteq-reflection)
ged

lemma SChopPlusElimWithoutMore:
assumes - f — g
Ff~g—g
shows F f~schopstar f — g
proof —
have 1: - f — g using assms by blast
have 2: - (f~ g) — g using assms by blast
have 3: - (f A more )~ g — f~ g by (rule AndSChopA)
have 4: + (f A more )~ g — g using 2 3 lift-imp-trans by blast
from 1 4 show 7thesis using SChopPlusElim by blast
ged

lemma SChopPlusEqvSChopPlus:
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assumes - f =g

shows F f~schopstar f = g—~schopstar g

proof —

have I1:+ f = g using assms by auto

hence 2: - f — g by auto

hence 3: - f~schopstar f — g~schopstar g by (rule SChopPlusImpSChopPlus)
have 4:+ g — f using 1 by auto

hence 5: - g~schopstar g — f~schopstar f by (rule SChopPluslmpSChopPlus)
from 3 5 show 7thesis by fastforce

ged

lemma SCSEqvSCS:

assumes - f =g

shows | schopstar f = schopstar g

proof —

have 1:F f = g using assms by auto

hence 2: - f ~schopstar f = g~schopstar g by (rule SChopPlusEqvSChopPlus)
hence 3: - (empty V f~schopstar f) = (empty V g~—schopstar g) by auto
from 3 show ?thesis using SCSEqvOrSChopSCS by (metis int-eq)

ged

lemma AndSCSA:

F  schopstar (f A g) —> schopstar f

proof —

have 1: - f N g — f by auto

from 1 show ?thesis using SCSImpSCS by blast
ged

lemma AndSCSB:

- schopstar (f N\ g) — schopstar g

proof —

have I1: - f A g — g by auto

from 1 show ?thesis using SCSImpSCS by blast
ged

lemma SCSintro:
assumes - f A more— (g A more )~ f
shows F f A finite — schopstar g
proof —
have 1:+f A more — (g A more )~ f
using assms by auto
have 2:+ more = (= empty)
by (auto simp: empty-d-def)
have 3:+-f A - empty — (g A more )~ f
using 1 2 by fastforce
have 4: 1 schopstarg = (empty V (g A more )~ schopstar g)
by (rule SChopstarEqv)
hence 41: + (—(empty V (g A more )~ schopstar g)) = (mempty A =((g A more )~schopstar g))
by fastforce
have 411:+ (—empty A =((g A more )~ schopstar g)) = (more A =((g A more )~ schopstar g))

345



using NotEmptyEqvMore by fastforce
have 42:+ —( schopstar g) = (more A =((g A more )~ schopstar g))
using 4 41 411 by fastforce
have 43:+f A —( schopstar g) — f A more A = ((g A more )~ schopstar g)
using 42 by fastforce
have 44:+ f A more A = ((g A more )~ schopstar g) —
(g N more )~ f A - ((g AN more )~ schopstar g)
using 3 43 1 by auto
have 5:+ f A - ( schopstar g) —
(g A more )~ f A = ((g A more )~ schopstar g)
using 43 44 lift-imp-trans by fastforce
have 6:F g A more — more
by auto
from 5 6 show 7thesis using SChopContraB by blast
ged

lemma SCSElimWithoutMore:
assumes - empty — g
Ff~g—g
shows F schopstarf — g
proof —
have 1: - empty — g using assms by blast
have 2: - f~ g — g using assms by blast
have 3: - (f A more )~ g — f~ g by (rule AndSChopA)
have 4: - (f A more )~ g — g using 2 3 lift-imp-trans by blast
from 1 4 show ?thesis using SCSElim by blast
ged

lemma SChopAssocB:
= (f~g)~h = f~(g~h)
using SChopAssoc by fastforce

lemma SCSChopEqvSChopOrRule:

assumes - = (schopstar g~ h)

shows +f = ((g~f)V h)

proof —

have 1:+ f = (schopstar g~ h) using assms by auto

have 2:+ schopstar g = (empty V (g~ schopstar g)) by (rule SCSEqvOrSChopSCS)
hence 3:t schopstar g~ h = (h VvV ((g~ schopstar g)~ h)) by (rule EmptyOrSChopEqvRule)
have 4:1\ (g~ schopstar g)~ h = g~ (schopstar g~ h) by (rule SChopAssocB)
hence 41: - schopstar g~ h = (h VV g~ (schopstar g~ h)) using 3 by fastforce

have 5:+ g~ f = g~ (schopstar g~ h) using 1 by (rule RightSChopEqvSChop)
hence 6: - (schopstar g~ h) = (hV g~ f) using 41 by fastforce

hence 61: + (schopstar g~ h) = ((g~ f) V h) by auto

from 1 61 show 7thesis by fastforce

ged

lemma SCSChoplintroRule:

assumes - f A h— g~ f
Fg — more
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shows F f A finite — schopstar g~ h

proof —

have I: - f A= h— g~ f
using assms by blast

have 2: - g — more
using assms by blast

hence 3: g — g A more
by auto

hence 4: - g~ f — (g A more )~ f
by (rule LeftSChoplmpSChop)

have 5:+-f — (g A more )~ f V h
using 1 4 by fastforce

have 6:t schopstar g = (empty V (g A more )~ schopstar g)
by (rule SChopstarEqv)

hence 7: + (schopstar g)~ h = (hV ((g A more )~ schopstar g)~ h)
by (rule EmptyOrSChopEqvRule)

have 8:+ ((g A more )~ schopstar g)~ h = (g A more )~ (schopstar g~ h)
by (rule SChopAssocB)

have 9: + (schopstar g)~ h = (hV (g A more )~ (schopstar g~ h))
using 7 8 by fastforce

have 10: - f A — (schopstar g~ h) — (g A more)~ f N = ((g A more)~ (schopstar g~ h))
using 5 9 by fastforce

have 11: - g A more — more
by fastforce

from 10 11 show ?thesis using SChopContraB by blast

ged

lemma BoxImpTrueSChopAndEmpty:
O f A finite— # True~(f A empty)
by (metis BoxAndSChoplmport DiamondEmptyEqvFinite TrueSChopEqvDiamond integ-reflection)

lemma BoxInitAndMorelmpBoxInitAndMoreAndSFinlnit:

F O( init w) A more A finite — (O (init w) A more ) A sfin ( init w)

proof —

have 1:+ sfin ( init w) = # True ~ (init w A\ empty) using SFinEqvTrueSChopAndEmpty by blast
have 2: - 0O( init w) A finite — # True~(init w A empty) by (rule BoxImp TrueSChopAndEmpty)
from 1 2 show ?thesis by fastforce

ged

lemma SCSImpBox:

assumes - f — empty V ((O (init w) A more) )~ f

shows F (init w A f) A finite — O (init w)

proof —

have I:+f — empty V ((O( init w) A more) )~ f
using assms by auto

have 2: + init w A =( O (init w)) — — empty
by (rule InitAndNotBoxInitimpNotEmpty)

have 3:F initw A f A =( O (init w)) — ((O (init w) A more) )~ f
using 1 2 by fastforce

have 4:+ O (init w) A more A finite — (O (init w) A more ) A sfin ( init w)
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by (rule BoxInitAndMorelmpBoxInitAndMoreAndSFininit)
have 41: + (O (init w) A more) A finite — ((O (init w) A more ) A finite) A sfin ( init w)
using 4 by auto
hence 5: - ((O( init w) A more) )~f — (((T (init w) A more ) A finite) A sfin(init w) )~ f
by (metis Finitelmp LeftChoplmpChop inteqg-reflection schop-d-def)
have 6: - (((O (init w) A more ) A finite) A sfin (init w) )~ f =
((a( init w) A more) )~ (init w A f)
using AndSFinSChopEqvStateAndSChop by (smt 5 AndSChopA Propl1 lift-imp-trans)
have 7:F =( O( init w)) — (O (init w)) syields (=( O (init w)))
by (rule NotBoxStatelmpBoxS YieldsNotBox)
have 8:+ (O( init w)) syields (= (O (init w))) —
((O (init w) A more) ) syields (—( O( init w)))
using AndSYieldsA by (metis)
have 9:F ((O( init w) A more) )~(init w A f) A ((O( init w) A more) ) syields (—(O(init w)))
—
((O (init w) A more) )~ ((init w A f) A = (O (init w)))
by (rule SChopAndSYieldsImp)
have 10: F (init w A f) A =( O (init w)) —
((o( init w) A more) )~ ((init w A f) A =( O (init w)))
using 35 6 7 8 9 by fastforce
have 11:+ ((0( init w) A more) )~ ((init w A f) A =( O (init w))) —
more ~ ((init w A f) A =( O (init w)) )
using AndSChopB by blast
have 12:  (init w A f) A =( O (init w)) —
more ~ ((init w A f) A =( O (init w)) )
using 10 11 by fastforce
from 12 show ?thesis using MoreSChopContra by blast
ged

lemma BoxSCSEqvBox:
= (init w A schopstar (O( init w)) ) = (O (init w) A finite)
proof —
have 1:F O( init w)~(0O( init w) A finite)— O( init w) A finite
by (metis BoxStateAndChopEqvChop FiniteChopFiniteEqvFinite int-iffD2 inteq-reflection schop-d-def)
have 2: & (init w A empty) — O( init w) A finite
using EmptylmpFinite StateAndEmptylmpBoxState by fastforce
have 3: = (init w A empty) Vv O( init w)~(T0( init w) A finite) — O( init w) A finite
using 1 2 by fastforce
have 4: - (init w A\ empty)~schopstar (O( init w)) — O (init w) A finite
using SChopstarinductR 3
by (metis (no-types, lifting) BoxBoxImpBox BoxEqvBoxBox BoxStateSChopBoxEqvBox Prop02 Propl2
SCSAndFinite SCSImpSCSSCS SChoplmpFinite StateAndEmptylmpBoxState int-eq)
have 5: |- init w A schopstar (O( init w)) — O (init w) A finite
using 4 StateAndEmptySChop by fastforce
have 11: + O (init w) — (init w)
using BoxElim by blast
have 12: - O( init w) A finite — schopstar (O (init w))
by (rule ImpSCS)
have 13: - 0O (init w) A finite — init w A schopstar (O (init w))
using 11 12 by fastforce
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from 5 13 show ?7thesis by fastforce
ged

lemma BoxStateAndSCSEqvSCS:
= (a( init w) A schopstar f) = (init w A schopstar (O( init w) A f))
proof —
have I:+ O (init w) — initw
using BoxElim by blast
have 2:+ (schopstar f A more) = (f A more )~ schopstar f
by (rule SCSAndMoreEqvAndMoreSChop)
have 3:F (O( init w) A ((f A more )~ schopstar f)) =
(O (init w) A f A more )~ (O (init w) A schopstar f))
using BoxStateAndSChopEqvSChop
by (smt Prop10 Prop12 SCSAndFinite SChoplmpFinite int-iffD1 inteq-reflection lift-and-com)
have 4:F O (init w) A f A more — (O (init w) A f) A more
by auto
hence 5: - (O (init w) A f A more )~ (
(O (init w) A f) A more )~ (O
by (rule LeftSChoplmpSChop)
have 6:+F (O( init w) A schopstar f) A more —
((O (init w) A f) A more )~ (O (init w) A schopstar f)
using 2 3 5 by fastforce
hence 7: =( O (init w) A schopstar f) A finite — schopstar (O (init w) A f)
using SCSintro by blast
have 70: + O (init w) A schopstar f — schopstar (O (init w) A )
using SCSAndFinite 7 using Valid-def by fastforce
have 71: \ init w A O (init w) A schopstar f — init w A schopstar (O (init w) A f)
using 70 SCSAndFinite by fastforce
have 8:F O( init w) A schopstar f — init w A schopstar (O (init w) A )
using 1 71 by fastforce
have 11: + schopstar (O (init w) A f) — schopstar (O (init w))
by (rule AndSCSA)
have 12: & (init w A schopstar (O (init w))) = (O (init w) A finite)
by (rule BoxSCSEqvBox)
have 13: - schopstar (O (init w) A f) — schopstar f
by (rule AndSCSB)
have 14: |- init w A schopstar (O (init w) A f)—init w A schopstar (O (init w)) A schopstar f
using 11 13 by fastforce
have 15: & init w A schopstar (O (init w)) A schopstar f — O (init w) A schopstar f
using 12 by auto
have 16: & init w A schopstar (O (init w) A f) — O (init w) A schopstar f
using 14 15 lift-imp-trans by blast
from 8 16 show 7thesis by fastforce
ged

O (init w) A schopstar f) —
(init w) A schopstar f)

lemma SBaSCSImpSCS:

- sba (f — g) — schopstar f — schopstar g

proof —

have 1I1:t schopstar f = (empty V (f A more )~ schopstar f)
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by (rule SChopstarEqv)
have 2:t schopstar g = (empty V (g A more )~ schopstar g)
by (rule SChopstarEqv)
have 21:t (—(schopstar g)) = (—empty A —( (g A more )~ schopstar g))
using 2 by fastforce
hence 22: - (—(schopstar g)) = (more A —( (g A more )~ schopstar g))
using NotEmptyEqvMore by fastforce
have 3:t schopstar f A = (schopstar g) —
(empty V (f A more )~ schopstar f) A more A — ((g A more )~ schopstar g)
using 1 22 by fastforce
have 31:F ((empty V (f A more )~ schopstar f) A\ more) = ((f A more )~ schopstar f A more)
by (auto simp: empty-d-def)
have 32: schopstar f A — (schopstar g) —
(f A more )~ schopstar f A = ((g A more )~ schopstar g)
using 3 31 by fastforce
have 4:+ (f — g) — (f A more — g A more )
by auto
hence 5:+ sba (f — g) — sba (f A more — g A more )
by (rule SBalmpSBa)
have 6:F sba (f A more — g A more ) —
(f A more )~ schopstar f — (g N more )~ schopstar f
by (rule SBaLeftSChoplmpSChop)
have 7:+ sba (f — g) A (f A more )~ schopstar f — (g A more )~ schopstar f
using 5 6 by fastforce
have 8:+ (g A more )~ schopstar f N\ = ((g A more )~ schopstar g)
— (g N more )~ (schopstar f N\ — (schopstar g))
by (rule SChopAndNotSChoplmp)
have 9:+ (g A more )~ (schopstar f A = (schopstar g)) —
more ~ (schopstar f A\ — (schopstar g))
by (rule AndSChopB)
have 10:+ sba (f — g) A finite — more ~ (schopstar f N\ = (schopstar g)) —
more ~ ( sba (f — g) A schopstar f N\ — (schopstar g))
using SBaSChoplmpSChopSBa by fastforce
have 11:F sba (f — g) A finite A schopstar f N\ — (schopstar g) —
more ~ ( sba (f — g) A schopstar f N\ — (schopstar g))
using 32 7 8 9 10 by fastforce
have 12: - sba (f — g) A schopstar f A\ — (schopstar g) —
more ~ ( sba (f — g) A schopstar f N\ — (schopstar g))
using 11 SCSAndFinite by fastforce
hence 12: & finite — — ( (sba (f — g)) A (schopstar f) A (- (schopstar g)))
using MoreSChopLoop by blast
have 13: + (sba (f — g)) A finite A (schopstar f) — (schopstar g)
using 12 by fastforce
have 14:  (sba (f — g)) A (schopstar f) — (schopstar g)
using SCSAndFinite 13 by fastforce
from 14 show ?thesis by fastforce
ged

lemma SBaSCSEqvSCS:
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- sba (f = g) — (schopstar f = schopstar g)
proof —
have I: - sha (f = g) = (sba (f — g) A sha (g — f))
by (auto simp: sba-defs sum.case-eq-if)
have 2: |- sha (f — g) — (schopstar f — schopstar g) by (rule SBaSCSImpSCS)
have 3: |- sha (g — ) — (schopstar g — schopstar f) by (rule SBaSCSImpSCS)
have 4: - sbha (f = g) — (schopstar f — schopstar g) N\ (schopstar g — schopstar f)
using 1 2 3 by fastforce
have 5: - ((schopstar f — schopstar g) A (schopstar g — schopstar f)) =
(schopstar f = schopstar g) by auto
from 4 5 show ?thesis by auto
ged

lemma SBaAndSCSImport:

- sba f A schopstar g — schopstar (f A g)

proof —

have 1I:+f — (g — f A g) by auto

hence 2: + sba f — sha (g — f A g) by (rule SBalmpSBa)

have 3:+ sba (g — f A g) — schopstar g — schopstar (f A g) by (rule SBaSCSImpSCS)
from 2 3 show ?thesis by fastforce

ged

lemma SCSSkiplmpFinite:
F schopstar skip — finite
by (simp add: EmptylmpFinite SCSElim SChoplmpFinite)

lemma FinitelmpSCSSkip:

F finite — schopstar skip

by (metis (no-types, hide-lams) AndMoreAndFiniteEqvAndFmore ChopAndB ChopEmpty EmptylmpFinite
FiniteChopSkipEqvFiniteAndMore FiniteChopSkipEqvSkipChopFinite FmoreEqvSkipChopFinite
Prop10 SCSintro inteq-reflection lift-and-com schop-d-def)

lemma SCSSkipEqvFinite:
F schopstar skip = finite
using SCSSkiplmpFinite FinitelmpSCSSkip by fastforce

10.8 Properties of Omega

lemma SOmegalntro:

assumes - h — (f A more)~h

shows + h A inf — ¢

proof —

have I: - h — (f A more)~h using assms by auto

have 2: - 0O (h — (f A more)~h) by (simp add: BoxGen assms)
from 1 2 show ?7thesis using SOmegalnduct by fastforce

ged
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10.9 Properties of SWhile

lemma SWhileEqvlf:
- swhile (init w) do f = if; (init w) then (f~ ( swhile (init w) do f)) else empty
proof —
have I:t swhile (init w) do f = (schopstar ((init w) A f) A sfin (= (init w)))
by (simp add: swhile-d-def)
have 2:t schopstar (init w A f) = (empty V ((init w A )~ schopstar (init w A f)))
by (rule SCSEqvOrSChopSCS)
have 21: - (schopstar ((init w) A f) A sfin (= (init w))) =
((empty v ((init w A f)~ schopstar (init w A f))) A sfin (= (init w)))
using 2 by fastforce
have 22: + ((empty Vv ((init w A f)~ schopstar (init w A f))) A sfin (= (init w))) =
(( empty A sfin (=(init w))) V
( ((init w A f)~ schopstar (init w A f)) A sfin (= (init w))))
by auto
have 3:+ (empty A sfin (= ( init w))) = (= ( init w) A empty)
by (metis Prop04 SFinAndEmpty lift-and-com)
have 4:F (init w A f)~ schopstar (init w A f) = (init w A (f ~ schopstar (init w A f)))
by (rule StateAndSChop)
have 41: - (((init w A f)~ schopstar (init w A f)) A sfin (= (init w))) =
(init w A (f ~ schopstar (init w A f)) A sfin (= (init w)))
using 4 by auto
have 42: + (init w A (f ~ schopstar (init w A f)) A sfin (= (init w))) =
(init w A (f ~ schopstar (init w A f)) A sfin  (init (= w)))
using Initprop(2) by (metis StateAndEmptySChop int-eq)
have 5:F ((f~ (schopstar (init w A f))) A (sfin ( init (= w))))
= (f~ (schopstar (init w A f) A (sfin (init (= w)))))
by (rule SChopAndSFin)
have 51: - (f~ (schopstar (init w A f) A (sfin ( init (- w))))) =
(f ~ (schopstar (init w A f) A (sfin (= ( init w)))))
using Initprop(2) by (smt RightSChopEqvSChop int-eq lift-and-com)
have 52: & (init w A (f ~ schopstar (init w A f)) A sfin (= (init w))) =
(init w A (f ~ (schopstar (init w A f) A sfin (= (init w)))))
using 42 5 51 by fastforce
have 6:F (f~ (schopstar (init w A f) A sfin (= ( init w)))) = f~ swhile (init w) do f
by (simp add: swhile-d-def)
have 61: & (init w A (f~ (schopstar (init w A f) A sfin (= ((init w))))) =
(init w A (f~ swhile (init w) do f)) using 6
by auto
have 62: - ( empty A sfin (= (init w))) V
( ((init w A f)~ schopstar (init w A f)) A sfin (= (init w)))
= (= (init w) A empty )V (init w A (f~ swhile (init w) do f))
using 21 22 3 4 52 61 by fastforce
have 7:t swhile (init w) do f
= ((= (init w) A empty )V (init w A (f~ swhile (init w) do f)))
using 1 21 22 62
by (metis 3 41 42 5 51 inteq-reflection)
have 71:+ if; (init w) then (f~ ( swhile (init w) do f)) else empty =
((= (init w) A empty ) V (init w A (f~ swhile (init w) do f)))
by (auto simp: ifthenelse-d-def)
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from 7 71 show ?thesis by fastforce
ged

lemma SWhileSChopEqvif:
= ( swhile (init w) do f)~g = if; (init w) then (f ~((swhile ( init w) do f)~ g)) else g
proof —
have 1:F swhile (init w) do f =
ifi (init w) then (f~ ( swhile (init w) do f)) else empty
by (rule SWhileEqvlf)
hence 2: + ( swhile (init w) do f)~ g =
ifi (init w) then ((f~ swhile (init w) do f)~ g) else (empty ~ g)
by (rule IfSChopEqvRule)
have 3:+ empty ~g=g
by (rule EmptySChop)
have 4:+ if; (init w) then ((f~ swhile (init w) do f)~ g) else (empty ~ g) =
ifi (init w) then ((f~ swhile (init w) do f)~ g) else g
using 3 using inteq-reflection by fastforce
have 5:F ((f~ swhile (init w) do f)~ g) = (f~ (swhile (init w) do f~ g))
by (rule SChopAssocB)
have 6:t if; (init w) then ((f~ swhile (init w) do )~ g) else g =
ifi (init w) then (f~ ((swhile (init w) do )~ g)) else g
using 5 using inteq-reflection by fastforce
from 1 2 4 6 show ?thesis by fastforce
ged

lemma SWhileSChopEqvlifRule:
assumes - f = ( swhile (init w) do g)~ h
shows t f = if; (init w) then (g~ f) else h
proof —
have 1:+ f = ( swhile (init w) do g)—~ h
using assms by auto
have 2: - ( swhile (init w) do g)~ h=
ifi (init w) then (g~ (( swhile (init w) do g)~ h)) else h
by (rule SWhileSChopEqvlf)
have 3: - (g~ f) = (g~ (( swhile (init w) do g)—~ h))
using 1 by (rule RightSChopEqvSChop)
have 4: - (g~ (( swhile (init w) do g)~ h)) = (g~ f)
using 3 by auto
have 5: & if; (init w) then (g~ (( swhile (init w) do g)~ h)) else h=
ifi (init w) then (g~ f) else h
using 4 using inteqg-reflection by fastforce
from 1 2 5 show ?thesis by fastforce
ged

lemma WhilelmpFin:

F while (init w) do f — fin (= ( init w))

proof —

have I:F (initw A f)* A fin (= (init w)) — fin (= ( init w)) by auto
from 1 show ?thesis by (simp add: while-d-def)
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ged

lemma SWhileEqvEmptyOrSChopSWhile:
= swhile (init w) do f = ((— (init w) A empty) V (init w A (f A more )~swhile (init w) do f))
proof —
have 1:t schopstar (initw A f) = (empty V ((init w A f)A more )~ schopstar (init w A f))
by (rule SChopstarEqv)
have 2:+ ((init w A f) A more) = (init w A (f A more))
by auto
hence 3: + ((init w A f)A more )~ schopstar (init w A\ f) =
(init w A f N\ more )~ schopstar (init w A )
by (rule LeftSChopEqvSChop)
have 4:t schopstar (init w A f) = (empty V (initw A f A more )~ schopstar (init w A f))
using 1 3 by fastforce
have 5:+ (schopstar (init w A f) A sfin (= ( init w))) =
(( empty A sfin (= (init w))) V
((init w A f N more )~ schopstar (init w A f)A sfin (= (init w))))
using 1 4 by fastforce
have 6:F (empty A sfin (= (init w))) = (= (init w) A empty)
by (meson Prop04 SFinAndEmpty lift-and-com)
have 7:F (initw A f A more )~ schopstar (init w A f) =
(init w A (f A more )~ schopstar (init w A f))
by (rule StateAndSChop)
have 8:+ (((f A more )~ schopstar (init w A f)) A sfin ( init (= w))) =
((f A more )~ (schopstar (init w A f) A sfin ( init (- w)))
by (rule SChopAndSFin)
have 81: |- sfin ( init (- w)) = sfin (= ( init w))
by (metis Initprop(2) SFinStateEqvStateAndEmptyOrNextSFinState inteq-reflection)
have 82: + ((f A more )~ schopstar (init w A f) A sfin (= (init w))) =
((f A more )~ (schopstar (init w A f) A sfin (= (init w))))
using 8 81
by (metis inteq-reflection)
have 9:t (schopstar (init w A f) A sfin (= (init w))) =
((= (init w) A empty ) V
(init w A (f N more )~ (schopstar (init w A f) A sfin (= (init w)))))
using 5 6 7 82 by fastforce
from 9 show ?thesis by (simp add: swhile-d-def)
ged

lemma SWhilelntro:
assumes - = (init w) A f — empty
Foinitw A f — (g A more )~ f
shows G f A finite — swhile ( init w) do g
proof —
have 1:+ = (initw) A f — empty
using assms by blast
have 2:F initw A f — (g A more )~ f
using assms by blast
have 3:F swhile ( init w) do g =
((= (init w) A empty ) V (init w A (g A more )~ swhile (init w) do g))
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by (rule SWhileEqvEmptyOrSChopSWhile)
hence 31: - — ( swhile (init w) do g) =
(=( (= (init w) A empty ) vV (init w A (g A more )~ swhile (init w) do g)))
by fastforce
hence 32: - (f A = ( swhile (init w) do g)) =
(f A =( (=(init w) A empty) vV (init w A (g A more )~ swhile (init w) do g)))
by fastforce
have 33:+ (f A =( (=(init w) A empty) V (init w A (g A more)~ swhile (init w) do g))) =
(f A =(=(init w) A empty ) A =(init w A (g A more )~ swhile (init w) do g))
by auto
have 34:F (f A =(=(init w) A empty) A =((init w) A ((g A more )~ swhile (init w) do g))) =
(f A ( (init w) vV more ) A (=(init w) V =((g A more)~ swhile (init w) do g)))
by (auto simp: empty-d-def)
have 35:F (f A ((init w) vV more) A (=(init w) vV =((g N more)~swhile (init w) do g))) =
((f A (init w) A = ((g A more )~ swhile (init w) do g)) V
(f A (init w) A =(init w)) V
(f A more A = ((g A more )~ swhile ( init w) do g)) V
(f A more A —(init w)))
by auto
have 36:F (f A = ( swhile (init w) do g)) =
((f A (init w) A = ((g A more )~ swhile ( init w) do g)) V
(f A (init w) A =(init w)) V
(f A more A = ((g A more )~ swhile ( init w) do g)) V
(f A\ more A —(init w))) using 32 33 34 35 by fastforce
have 37:F =(f A more A —(init w))
using 1 by (auto simp: empty-d-def)
have 38:F (f A more A = ((g A more )~ swhile ( init w) do g)) —
((g A more )~ f A= ((g N more)~ swhile ( init w) do g))
using 1 2 by (auto simp: empty-d-def Valid-def)
have 39: + (f A (init w) A = ((g A more )~ swhile ( init w) do g)) —
((g A more )~ f A= ((g N more )~ swhile ( init w) do g))
using 2 by auto
have 40:+ ((f A (init w) A = ((g A more )~ swhile ( init w) do g)) V
(f A (init w) A =(init w)) V
(f A more A = ((g A more )~ swhile (init w) do g)) V
(f A more A\ —=(init w))) —
(g A more )~ f A= ((g A more )~ swhile ( init w) do g)
using 39 38 37 38 by fastforce
have 4:+ f A = ( swhile (init w) do g) —
(g A more )~ f A —((g N more )~ swhile ( init w) do g)
using 36 40 by fastforce
have 5:F g A more — more
by auto
from 4 5 show ?thesis using SChopContraB by blast
ged

lemma SWhileElim:

assumes - - (init w) A empty — g
Finitw A (F A more )~g — g

shows G swhile (initw) do f — g

355



proof —
have 1:F swhile (init w) do f =
((= (init w) A empty )V (init w A (f A more )~ swhile ( init w) do f))
by (rule SWhileEqvEmptyOrSChopSWhile)
hence 11: F ((swhile ( init w) do f) A —g) =
(((=(init w) A empty) vV (init w A (f A more)~swhile (init w) do f)) A = g)
by auto
have 2:+ = (initw) A empty — g
using assms by blast
hence 21: + - g — —(— ( init w) A empty)
by auto
have 22:+ ((= (init w) A empty) V (init w A (f A\ more)~swhile (init w) do f)) AN = g —
(init w A (f A more )~ swhile ( init w) do f)
using 21 by auto
have 23: + (swhile ( init w) do f)N—-g —
(init w A (f A more )~ swhile (init w) do f)AN— g
using 11 21 by fastforce
have 3:F (init w) A ((f A\ more )~ g) — g
using assms by blast
hence 31: + - g — —((init w) A ((f A more )~ g))
by fastforce
have 32:+ (init w A (f A more )~ swhile (init w) do f)AN—-g —
(((f A more )~ (swhile (init w) do f)) A= ((f A more )~ g)) N —g
using 31 by auto
have 4:+ (swhile (initw) do f)AN—- g —
((f A more )~ (swhile (init w) do f)) A= ((f A more )~ g)
using 23 32 by fastforce
have 5:Ff A more — more
by auto
have 6: I (swhile (init w) do f) A finite — g
using ChopContraB 4 5 using SChopContraB by blast
have 7:+ ((swhile (init w) do f) A finite) = (swhile (init w) do f)
using swhile-d-def
by (metis 1 DiamondEmptyEqvFinite Prop10 Propll Propl2 SChopAndB SFinEqvTrueSChopAndEmpty
TrueSChopEqvDiamond lift-imp-trans)
from 6 7 show 7thesis by fastforce
ged

lemma SBaSWhilelmpSWhile:
F sba (f — g) — ( swhile (init w) do f) — ( swhile (init w) do g)
proof —
have I:+ (f — g) — ((initw A f) — (initw A g))

by auto
hence 2: + sba (f — g) — sba ((init w A f) — (init wA g))

by (rule SBalmpSBa)
have 3: + sba ((init w A f) — (init wA g)) —

(schopstar (init wA f) — schopstar (init wA g))

by (rule SBaSCSImpSCS)

have 4:F sba (f — g) — (schopstar (init w A f)A sfin (= ( init w)) —
schopstar (init wA g) A sfin (= (init w)))
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using 2 3 by fastforce
from 4 show ?thesis by (simp add: swhile-d-def)
ged

lemma SWhilelmpSWhile:
assumes - f— g
shows - ( swhile (init w) do f) — ( swhile (init w) do g)
proof —
have 1I:+-f — g
using assms by auto
hence 2: + sba (f — g)
by (rule SBaGen)
have 3:+ sba (f — g) — ( swhile (init w) do f) — ( swhile (init w) do g)
by (rule SBaSWhilelmpSWhile)
from 2 3 show ?thesis using MP by blast
ged

10.10 Properties of Halt

lemma HaltSChopEqv:
F ((halt ((init w)) ~ f) = (if; (init w) then ( ) else (O( (halt ( init w))~ f)))
proof —
have 1:t halt(init w) =
(if; (init w) then empty else ( O( halt ( init w))))
by (rule HaltStateEqvlfState ThenEmptyElseNext)
hence 2: = ((halt(init w))~f) =
(ifi (init w) then (empty~f) else ( O( halt ( init w))~f))
by (rule IfSChopEqvRule)
have 3:+ empty ~f =f
by (rule EmptySChop)
have 4:+ (O (halt (init w)))~ f = O( halt ( init w)~ f)
by (rule NextSChop)
from 2 3 4 show 7thesis by (metis inteq-reflection)
ged

lemma AndHaltSChoplmp:

Finit w A ( halt (init w)~ f) — f

proof —

have I:+ halt ((init w)~ f = if; (init w) then f else ( O( halt ( init w)~ f))
by (rule HaltSChopEqv)

have 2: & init w A if; (init w) then f else ( O( halt ( init w)~ f)) — f
by (auto simp: ifthenelse-d-def)

from 1 2 show ?thesis by fastforce

ged

lemma NotAndHaltSChoplmpNext:

F = (init w) A ( halt (init w)~ f) — O( halt (init w)~ f)

proof —

have I1:+ halt (init w)~ f = if; (init w) then f else ( O( halt ( init w)~ f))
by (rule HaltSChopEqv)
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have 2: = = (init w) A if; (init w) then f else ( O( halt ( init w)~ f)) —
O( halt (init w)~ f)
by (auto simp: ifthenelse-d-def)
from 1 2 show ?thesis by fastforce
ged

lemma NotAndHaltSChoplmpSkipSYields:
F = (init w) A ( halt ( init w)~ f) — skip syields ( halt (init w)~ f)
proof —
have I:+ = (init w) A ( halt ( init w)~ ) — O( halt ( init w)~ f)
by (rule NotAndHaltSChoplmpNext)
have 2: - O( halt ( init w)~ f) — skip syields ( halt ( init w)~ f)
by (rule NextlmpSkipSYields)
from 1 2 show ?thesis by fastforce
ged

lemma SChopAndEmptyEqvSChopAndEmpty:
= ((# True~(f A empty)) A g) = (g~(fA empty))
by (smt AndSFinEqvSChopAndEmpty Propl1 Propl2 SFinEqvTrueSChopAndEmpty integ-reflection
lift-and-com)

lemma NotSChopSkipEqvFmoreAndNotSChopSkip:
F (= f)~skip = (fmore N\ —(f ~skip))
proof —
have I: - (= f)~skip = ((=f A finite);skip)
by (simp add: schop-d-def)
have 2: - (=f A finite);skip = (—=(f V inf));skip
by (metis (no-types, lifting) LeftChopEqvChop finite-d-def int-simps(14) int-simps(33)
inteq-reflection)
have 3: - (=(f V inf));skip = (more N —((f V inf);skip))
using NotChopSkipEqvMoreAndNotChopSkip by blast
have 4: - (f \V inf);skip = (f;skip V inf)
by (metis AndInfChopEqvAndInf MoreAndInfEqvinf OrChopEqyv inteq-reflection)
have 5: = (more A —((f V inf);skip)) = (more N\ —(f;skip V inf))
using 4 by auto
have 6: = (more A —(f;skip V inf)) = (more N =(f;skip) A finite)
using finite-d-def
by (metis 3 4 int-simps(14) int-simps(33) inteq-reflection)
have 7: - (more A —(f;skip) A finite) = (more N\ —(f ~skip \ (f A inf)) A finite)
using ChopSChopdef by fastforce
have 8: = (more N —(f~skip V (f A inf)) A finite) =
(more N —(f ~skip) A —=(f A inf) A finite)
by auto
have 9: - (=(f A inf) A finite) = finite
using finite-d-def
by (metis (no-types, lifting) AndInfChopAndInfEqvAndInf AndinfEqvChopFalse ChopAndB ChoplLoopB
FiniteChopMoreEqvMore NotEmptyEqvMore Propl0 RightChoplmpMoreRule int-simps(21)
inteq-reflection lift-and-com)
have 10: - (more A —(f ~skip) A =(f A inf) A finite) =
(more N —(f ~skip) A finite)
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using 9 by fastforce

have 11: F (more N —(f ~skip) A finite) = (fmore N\ —(f ~skip))
using fmore-d-def

by (metis Prop1l Propl2 lift-and-com)

from 123567810 11 show ?thesis by (metis inteqg-reflection)
ged

lemma HaltSChoplmpNotHaltSChopNot:
F halt ((init w)~ f A finite — — ( halt ( init w)~ (= f))
proof —
have 1:F halt (init w)~ f = if; (init w) then f else ( O( halt ( init w)~ f))
by (rule HaltSChopEqv)
have 2:+ if; (init w) then f else ( O( halt ( init w)~ f)) —
( ((init w) — ) A ( =(init w) — ( O( halt ( init w)~ f))))
by (rule IfThenElselmp)
have 3:+ halt (init w)~ (—=f) =
ifi (init w) then (=f) else ( O( halt ( init w)~ (=f)))
by (rule HaltSChopEqv)
have 4:t+ if; (init w) then (=f) else ( O( halt ( init w)~ (=f))) —
( ((init w) — =) A ((=(init w) — ( O( halt (init w)~ (=f)))))
by (rule IfThenElselmp)
have 5:+ halt (init w)~ f A halt (init w)~ (—f) —
( ((init w) — ) A (= (init w) — ( O( halt ( init w)~ f)))) A
( ((init w) — =f) A ((=(init w) — ( O( halt (init w)~ (=f)))))
using 1 2 3 4 by fastforce
have 6:+ ( ((init w) — f) A ( =(init w) — ( O( halt ( init w)~ £)))) A
( ((init w) — =f) A ((=(init w) — ( O( halt ( init w)~ (=f))))) —
( O( halt ( init w)~ f)) A ( O( halt ( init w)~ (=f)))
by auto
have 7:+ halt (init w)~ f A halt (init w)~ (=f) —
( O( halt (init w)~ f)) A (O( halt (init w)~ (=f)))
using 5 6 lift-imp-trans by blast
have 8:+ (( O( halt ((init w)~ f)) A ( O( halt (init w)~ (=f)))) =
O (halt ( init w)~ f A halt (init w)~ (=f))
using NextAndEqvNextAndNext by fastforce
have 9:+ halt (init w)~ f A halt (init w)~ (=f) —
O (halt ( init w)~ f A halt ( init w)~ (=f))
using 7 8 by fastforce
hence 10: & finite — —(halt (init w)~ f A halt (init w)~ (—=f))
using NextLoop by blast
from 10 show ?thesis by auto
ged

lemma HaltSChoplmpHaltSYields:

F halt (init w)~ f A finite — ( halt ( init w)) syields f

proof —

have I:+ halt (init w)~ f A finite — — ( halt (init w)~ (= f))
by (rule HaltSChoplmpNotHaltSChopNot)

from 1 show ?7thesis by (simp add: syields-d-def)

ged
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lemma HaltSChopAnd:
F ( halt (init w))~ f A (halt (init w))~ g A finite— ( halt ( init w))~ (f A g)
proof —
have 1:F ( halt (init w))~ g A finite — ( halt (init w)) syields g
by (rule HaltSChoplmpHaltSYields)

hence 2: - ( halt (init w))~ f A ( halt (init w))~ g A finite —

( halt (init w))~ f A ( halt (init w)) syields g by auto
have 3:F ( halt (init w))~ f A ( halt (init w)) syields g—

( halt (init w))~ (f N g) by (rule SChopAndSYieldsimp)
from 2 3 show ?thesis by fastforce
ged

lemma HaltAndSChopAndHaltSChoplmpHaltAndSChopAnd:
F ( halt (init w) A f)~ f1 A ( halt (init w)~ g) A finite
— (halt ((init w) A f)~ (f1 N g)
proof —
have I1:+-fl — - gV (f1 Ag)
by auto
hence 2:+ ( halt (init w) A f)~ f1 —
( halt (init w) A )~ (= g) Vv (( halt (init w) A f)~ (f1 A g))
by (rule SChopOrlmpRule)
have 3:+ (‘halt (init w) A f)~ (= g) — halt (init w)~ (= g)
by (rule AndSChopA)
have 31:F ( halt (init w) A f)~ fl —
halt (init w)~ (= g) VvV (( halt (init w) A )~ (f1 A g))
using 23 by fastforce
have 4:+ halt (init w)~ g A finite — = ( halt (init w)~ (= g))
by (rule HaltSChoplmpNotHaltSChopNot)
hence 41: - ( halt (init w)~ (= g)) A finite — —(halt (init w)~ g)
by auto
have 42:F ( halt (init w) A f)~ f1 A finite —
=( halt (init w)~ g) VvV (( halt (init w) A f)~ (f1 A g))
using 31 41 by fastforce
from 42 show 7thesis by auto
ged

lemma HaltImpBoxSYields:
o ( halt (init w))~ f A finite — (O(— ( init w))) syields (( halt (init w))~ f)
proof —
have 1:+ (O (= (init w)))~ (= ( halt (init w)~ f)) — df (O (= (init w)))
by (rule SChoplmpDf)
have 2:+ 0O (= (init w)) — = (init w)
by (rule BoxElim)
hence 3:+ df (O (= (init w))) — df (= (init w))
by (rule DflmpDf)
have 4:+ df (init (- w)) = (init (-w))
by (rule DfState)
have 41:F (init (- w)) = (= (init w))
using Initprop(2) by fastforce
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have 42:+ df (= (init w)) = (=(init w))
using 4 41 by (metis inteq-reflection)
have 5:F ((O(— (init w)))~ (= ( halt (init w)~ f))) — = ( init w)
using 1 2 42 using 3 by fastforce
hence 51: F ( halt (init w)~ f) A ((T(= (init w)))~ (= ( halt (init w)~ f))) —
( halt (init w)~ f) A = ( init w)
by fastforce
have 6:F halt (init w)~ f = if; (init w) then f else (O( halt (init w)~ f))
by (rule HaltSChopEqv)
hence 61: - (halt (init w)~ f A = (init w)) =
((if; (init w) then f else (O( halt (init w)~ f))) A = ( init w))
using 6 by auto
have 62: & (if; (init w) then f else (O( halt (init w)~ f))) A
= (init w) — (O( halt (init w)~ f))
by (auto simp: ifthenelse-d-def)
have 63:F halt (init w)~ f A = (init w) — (O( halt (init w)~ f))
using 61 62 by fastforce
have 7:F (‘halt (init w)~ f) A (O(= (init w)))~ (= ( halt (init w)~ f)) —
O(( halt (init w))~ f)
using 51 63 using lift-imp-trans by blast
have 8:+ O (= (init w)) — empty vV O(Q(=( init w)))
using BoxBoxImpBox BoxEqvAndEmptyOrNextBox by fastforce
hence 9:+ ((O (= ( init w)))~ (= ( halt (init w)~ f))) —
= (halt (init w)~ f) v O((O(= (init w)))~ (= ( halt (init w)~ f)))
by (rule EmptyOrNextSChoplmpRule)
hence 10: - (( halt (init w))~ f) A (O (= (init w)))~ (= ( halt (init w)~ f)) —
o((o(— (init w)))~ (= ( halt (init w)~ f)))
by fastforce
have 1I:F ( halt (init w))~ f A (T (= (init w)))~ (= ( halt (init w)~ f)) —
O(( hatt (init w))~ ) A O((O(—= (init w)))~ (= ( halt (init w)~ f)))
using 7 10 by fastforce
have 12:+ O(( halt (init w))~ f) A O((T(— (init w)))~ (= ( halt (init w)~ f)))
— O((( halt (init w))~ f) A ((TO(= (init w)))~ (= ( halt (init w)~ f))))
using NextAndEqvNextAndNext by fastforce
have 13:+ ( halt (init w))~ f A (T (= (init w)))~ (= ( halt (init w)~ f)) —
O((( halt (init w))~ ) A ((O(= (init w)))~ (= ( halt (init w)~ f))))
using 11 12 by fastforce
hence 14: F finite — — (( halt (init w))~ f A (O (= (init w)))~ (=(halt (init w)~ f)))
using NextLoop by blast
hence 15: - ( halt (init w))~ f A finite — = ((T (= (init w)))~ (= ( halt (init w)~ f)))
by auto
from 15 show ’thesis by (simp add: syields-d-def)
ged

10.11 Properties of Groups of strong chops

lemma NestedSChoplmpSChop:
assumes b init w A f — g ~ (init wl A fI)
Foinit wl A f1 — gl~ (init w2 A f2)
shows F initw Af — g ~ (g1~ (init w2 A 12))
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proof —

have I1:F initw Af — g~ (init wl A f1) using assms(1) by auto

have 2:F init wl A f1 — gl~ (init w2 A f2) using assms(2) by auto

hence 3: + g~ (init wl A f1) — g~ (g1~ (init w2 A f2)) by (rule RightSChoplmpSChop)
from 1 3 show ?thesis by fastforce

ged

end

11 First Order Finite ITL theorems

theory FOTheorems
imports
Theorems
begin

We give the proofs of a list of first order Finite ITL theorems.

lemma EEx/-unl:
wkEfx= wk (33 x. fx)
using EExVal by auto

lemma EExNoDep:
F(33I x g)=g
proof —
have 1: - g — (33 x. g) by (meson EEx])
have 2: A x. - g — g by simp
have 3: - (33 x. g) — g using 2 by (meson EEXE)
from 1 3 show ?thesis using int-iffl by blast
ged

lemma AAxNoDep:

F(VY x.g)=g

using EExNoDep AAxDef EEXE EExI

by (smt Valid-def exist-state-d-def intensional-rews(2) intensional-rews(3))

lemma EExEqvRule:

assumes A x. - fx = gx

shows + (33 x. fx) = (33 x. gx)

by (metis EExE EEx| assms int-iffD1 int-iffD2 int-iffl lift-imp-trans)

lemma AAxImpEEx:

F(VV x. fx) — (33 x. fx)
by (simp add: exist-state-d-def forall-state-d-def intl)
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lemma EExImpRule:

assumes - fx — g x

shows + (33 x. fx — gx)
using assms by (meson MP EExI)

lemma EExImpRuleDist:

assumes - fx — g x

shows + (VV x. fx) — (33 x. gx)

proof —

have 1:+ (fx) — (33 x. g x) using EEx| assms lift-imp-trans by blast
have 2: + —(fx) vV (33 x. g x) using 1 by auto

have 3: - =(fx) — (33 x. =(f x)) by (meson EExI)

have 4: F (33 x. =(fx)) = (=(VV x. fx)) using AAxDef by fastforce
from 2 3 4 show ?thesis by fastforce

ged

lemma EExImpNoDepDist:

assumes - f — g x

shows +f — (33 x. g x)

using assms by (metis EEx| lift-imp-trans)

lemma EExOrDist-1:

F(33 x. hx) — (33 x. (fx) V (hx))

proof —

have I: A x. - hx — fx V h x by (simp add: Valid-def)

have 2: A x. - fxV hx — (33 x. (fx) V (h x)) by (meson EExI)

have 3: A x. - hx — (33 x. (fx) V (h x)) using I 2 by (meson lift-imp-trans)
from 3 show ?thesis using EExE by blast

ged

lemma EExOrDist-2:

F(33 x. fx) — (33 x. (fx) V (h x))

proof —

have I: A x. - fx — fx V h x by (simp add: Valid-def)

have 2: A x. - fxV hx — (33 x. (fx) V (h x)) by (meson EExI)

have 3: A x. - fx — (33 x. (fx) V (h x)) using 1 2 by (meson lift-imp-trans)
from 3 show ?thesis using EExE by blast

ged

lemma EExOrDist-3:
F(33 x. fx) v (33 x. hx) — (33 x. (fx) vV (hx))
using EExOrDist-2 EExOrDist-1 by fastforce

lemma EExOrDist-4:

F(33 x. (fx) V(hx)) — (33 x. fx) v (33 x. hx)
proof —

have I: A x. - (fx) V (hx) — (33 x. fx) v (33 x. hx)
by (simp add: EExl-unl intl)

from 1 show 7thesis by (simp add: EEXE)
ged
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lemma EExOrDist:
F((33 x. fx) v (33 x. hx))=(33 x. (fx) V (hx))
using EExOrDist-3 EExOrDist-4 by fastforce

lemma EExOrIimport-1:
Fg— (33 x. g vV (fx))
by (simp add: EExI-unl Valid-def)

lemma EExOrlmport-2:
F(33 x. fx) — (33 x. g vV (fx))
by (simp add: EExOrDist-1)

lemma EExOrImport-3:
F(gVv (33 x. fx)) — (33 x. g V (fx))
using EExOrimport-1 EExOrlmport-2 by fastforce

lemma EExOrImport-4:

F(33 x.gVix)— (gV (33 x fx))

proof —

have I: A x. - g VvV fx — g VvV (33 x. fx) by (meson EEx| int-iffD2 int-simps(27) Prop04 Prop08)
from 1 show ?thesis by (simp add: EEXE)

ged

lemma EExOrImport:
F(gVv (33 x. fx))=(33 x. gV fx)
by (metis EExOrlmport-3 EExOrlmport-4 int-iffl)

lemma EExAndImport-1:
FgA(33 x. fx)— (33 x. g A fx)
proof —
have I: - (g A (33 x. fx) — (33 x. g A fx))=
(33 x. fx) — (g — (33 x. g A fx))) by fastforce
have 2: A x. - fx — (g — (33 x. g A fx)) by (metis EEx| int-eq lift-and-com Prop09)
hence 3: - (33 x. fx) — (g — (33 x. g A fx)) by (simp add: EEXE)
from 1 3 show ?7thesis by auto
ged

lemma EExAndImport-2:

F(E33I x.gNfx)— gA (3T x. fx)

proof —

have I: Ax.FgAfx — gA (33 x. fx)

by (metis EExI int-iffD2 lift-and-com lift-imp-trans Prop12)
from 1 show ?thesis by (simp add: EEXE)

ged

lemma EExAndImport:

F(g A (33 x. fx))=(33 x. g A fx)
by (simp add: EExAndImport-1 EExAndImport-2 int-iffl)
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lemma EExAndDist:

assumes - fx A g x

shows (33 x. fx) A (33 x. gx)

proof —

have 1: | fx using assms by fastforce

have 2: - g x using assms by fastforce

have 3: - (33 x. fx) using I by (meson EExI MP)
have 4: - (33 x. g x) using 2 by (meson EExI MP)
from 3 4 show ?thesis by fastforce

ged

lemma EExAndNoDepDist:

assumes - f A g x

shows F f A (33 x. gx)

proof —

have 1: I f using assms by fastforce

have 2: - g x using assms by fastforce

have 3: F (33 x. g x) using 2 by (meson EExI MP)
from 1 3 show 7thesis by fastforce

ged

lemma Spec:

F(VY x. fx) — fx

proof —

have 1: + —(fx) — (33 x. =(fx)) by (meson EExl)
have 2: - =(33 x. =(fx)) — f x using I by auto
from 2 show 7thesis using AAxDef by fastforce

ged

lemma AAXE:
assumes  (VYV x. fx)
Fix—g
shows g
using MP Spec assms(1) assms(2) by blast

lemma AAX/:

assumes A x. - fx

shows F (VV x. fx)

unfolding AAxDef

using AAxDef EEXE assms

by (smt Valid-def int-simps(15) unl-lift unl-lift2)

lemma AAxEqvRule:

assumes A x. - fx = gx

shows  (VV x. fx)=(VV x. g x)

by (metis (mono-tags, lifting) AAxDef EExEqvRule assms int-iffD1 int-iffl
inteq-reflection lift-imp-neg)
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lemma AAxAndDist:
F (VY x. (fx) A (gx)) = (VY x. fx) A (VY x. gx))

proof —

have 1: F ((33 x. =(fx)) V (33 x. =(g x))) = (33 x. =(fx) V =(g x)) by (simp add:EExOrDist)
have 2: - ((33 x. =(fx))) = (=(VV x. fx) ) using AAxDef by fastforce

have 3: F ((33 x. =(g x))) = (=(VV x. gx) ) using AAxDef by fastforce

have 4: F ((33 x. =(fx)) V (33 x. (g x))) = (=(VV x. fx) V (VY x. gx))

using 2 3 by fastforce

have 5: A x . - (—(fx) V (g x)) = (— (( ) A (g x))) by auto

have 6: - (33 x. =(fx) V =(g x)) = (33 x. =((fx) A (g x))) using 5 by (simp add: EExEqvRule)
. (fx) A (g x))) using AAxDef by fastforce
(( fx) A

||<E><

fx) A

have 7: F (33 x. =((fx) A (g x))) = (—(V fx) A

have 8: - (=(VV x. fx) V =(VV x. gx) ) = (=( (VV x. (VV x. g x))) by fastforce

have 9: F (—( (VV x. fx) A (VY x. gx))) = (=(YV x. (Fx) A (g x)))
using 1 4 6 7 8 by fastforce

from 9 show ?thesis by fastforce

ged

(

lemma AAxAndImport:
F(g AN (VY x. fx)) =(VV x. g A fx)
proof —

(

have I:F (=

have 2: - ( (33 x. =(fx))) = (=((YV x. fx))) using AAxDef by fastforce

have 3: - (- g v (33 x. =(fx))) = (—(g A (VV x. fx))) using 2 by fastforce

have 4: A\ x ( gV (fx)) = (—(g A fx)) by auto

have 5: - (EIEI x. gV (fx)) = (33 x. 7(g A fx)) using 4 by (simp add: EExEqvRule)
have 6: F (33 x. =(g A fx)) = (=(VV x. g A fx)) using AAxDef by fastforce

have 7: - (=(g A (VV x. fx))) = (=(VV x. g A fx)) using 1 35 6 by fastforce

from 7 show ?thesis by fastforce

ged

gV (33 x. =(fx))) =(33 x. = gV ~(fx)) by (simp add: EExOrlmport)

lemma AAxOrlmport:
F(g Vv (VY x. fx))=(VV x. g V fx)

proof —

have I:F (- (EIEI x. 2(fx))) = (33 x. =~ g A =(fx)) by (simp add: EExAndImport)
have 2: - (33 x. =(fx)) = (=((VV x. ))) using AAxDef by fastforce

have 3: - ( = (EIEI x. 2(fx))) = (—(g vV (VV x. fx))) using 2 by fastforce

have 4: A\ x. F (mg N=(fx)) = (—(g

V fx)) by auto
(g V fx)) using 4 by (simp add: EExEqvRule)

have 5: - (33 x. g A =(fx)) = (33 x
V x. g V fx)) using AAxDef by fastforce

have 6: F (33 x. =(g V fx)) =
have 7: F (—(g Vv (VV x. fx)))
from 7 show ?7thesis by auto
ged

lemma EExImpChopRule:

assumes - fx — g x

shows + (33 x. h;(fx) — h;(g x))

using RightChoplmpChop EExImpRule assms by (smt MP EEx/)

lemma EExChopRight:
F(33 x. (fx);g) — (33 x. fx);g
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proof —

have I: Ax. F (fx);g — (33 x. fx);g by (simp add: EEx| LeftChoplmpChop)
from 1 show 7thesis by (simp add: EEXE)

ged

lemma EExChopRightNoDep:
F(33 x. (fx);g) = (33 x. (fx)):g
by (simp add: exist-state-d-def Valid-def chop-defs, auto)

lemma EExChopLeft :
F(33 x. g(fx)) — g:(33 x. fx)
proof —
have I: A x. - g;(fx) — g;(33 x. fx) by (simp add: EExI RightChoplmpChop)
from 1 show 7thesis by (simp add: EEXE)
ged

lemma EExChopLeftNoDep:
F(33 x.g(fx))=g;(33 x. fx)
by (simp add: exist-state-d-def Valid-def chop-defs, auto)

lemma EEXEExChopEqvEEXEExChop:

FE3v. 33y (Fv)ilgy))) =(3B3 y. 33 v. (fv)i(gy)))
by (simp add: exist-state-d-def Valid-def chop-defs, blast)

lemma EEXEExChopEqvEExChopEEXA:

FEIv. 3Ty (Fv)iley) ) =33 v. (Fv):(33 y. (gy)))
by (simp add: exist-state-d-def Valid-def chop-defs, blast)

lemma EEXEExChopEqvEEXChopEEXB:

F(E3y. (33 v. (fv)ilgy))) = (B3 y. (33 v. (Fv)); (g¥))
by (simp add: exist-state-d-def Valid-def chop-defs, blast)

lemma EExXEExChopEqvEExChopEEXC:

F(EIv. 3Ty (Fv)ilgy) ) =33 v. (fv))i(33 y. (gy))
by (metis EExChopRightNoDep EExEExChopEqvEExChopEEXA EExNoDep Prop04)

lemma ExLen:
3 n. len(n)
by (simp add: Valid-def len-defs)

lemma CSPowerChop:
F (f*) = (3 n. power (f A more) n)
by (simp add: chopstar-d-def powerstar-d-def Valid-def )

lemma ExChopRightNoDep:

F(3 x. (fx):g) = (3 x. (fx)):g
by (simp add: Valid-def chop-defs, auto)
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lemma ExChopLeftNoDep:
F(3 x g(fx))=gi(3 x. fx)
by (simp add: Valid-def chop-defs, auto)

lemma ExExEqvExEx:

FE x. 3y (Fx)ilgy) =3 y. (3 x (fx)i(gy)))
by (simp add: Valid-def chop-defs, auto)

end

12 Time Reversal

theory TimeReversal
imports

Theorems FOTheorems
begin

Time reversal operator is defined in [5].

12.1 Definition

definition reverse-d :: (‘a::world, 'b) formfun = ('a, 'b) formfun
where reverse-d F = X s. intrevs = F

syntax
-reverse-d = lift = lift ((-") [85] 85)

syntax (ASCII)
-reverse-d  : lift = lift ((reverse -) [85] 85)

translations
-reverse-d = CONST reverse-d

12.2 Time reversal Rules

lemma EExRev :
F(33 x. Fx)' = (33 x. (Fx)")
by (simp add: Valid-def exist-state-d-def reverse-d-def)

lemma rev-const :

= (#c)" = #c

by (auto simp: reverse-d-def)
lemma rev-funl :
F(f<x>) = f<x">

by (auto simp: reverse-d-def)

lemma rev-fun2:
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F(f<x,y>) = f<x"y">
by (auto simp: reverse-d-def)

lemma rev-fun3:
F(f<x,y,z>) = f<x"y",z'>
by (auto simp: reverse-d-def)

lemma rev-forall:
F(V x. Px)" = (Y x. (Px)")
by (auto simp: reverse-d-def)

lemma rev-exists:
F(3x Px)"=(3 x. (Px)")
by (auto simp: reverse-d-def)

lemma rev-existsl:
FE!'x. Px)"=3!x. (Px)")
by (auto simp: reverse-d-def)

lemma rev-current:
F($v) = (Iv)

by (auto simp: interval-intrev-nth current-val-d-def fin-val-d-def reverse-d-def)

lemma rev-next:
Fo(v8)" = (v!)

by (auto simp: interval-intrev-nth next-val-d-def penult-val-d-def reverse-d-def)

lemma rev-penult:
F (v = (v9)

by (auto simp: interval-intrev-nth next-val-d-def penult-val-d-def reverse-d-def)

lemma rev-fin:
F(lv)" = ($v)

by (auto simp: interval-intrev-nth fin-val-d-def current-val-d-def reverse-d-def)

lemma EqvReverseReverse:
F(f) =f
by (simp add: Valid-def reverse-d-def)

lemma ReverseEqv:
(Ff)«— (Ff")
by (metis Valid-def interval-rev-swap reverse-d-def)

lemma RevSkip:
F skip” = skip
by (simp add: Valid-def reverse-d-def skip-defs)

lemma RevChop:

- (fig)" = (&"f")
using interval-intrev-prefix interval-intrev-suffix

369



by (smt chop-d-def diff-le-self intl intensional-rews(3) interval-intrev-intlen interval-rev-swap
reverse-d-def zero-order(1))

lemma RMoreEqvMore:

F more” = more

by (simp add: Valid-def more-d-def next-d-def chop-d-def skip-d-def reverse-d-def
interval-prefix-length)

lemma REmptyEqvEmpty:
F empty” = empty
by (metis RMoreEqvMore empty-d-def int-eq rev-funl)

lemma PowerCommute:

F ((f A more);(power (f A more) n)) = (power (f A more) n);(f A more)
proof

(induct n)

case 0

then show ?case by (metis ChopEmpty EmptyChop integ-reflection pow-0)
next

case (Suc n)

then show ?case by (metis ChopAssoc inteq-reflection pow-Suc)

ged

lemma REqvRule:

assumes - f =g

shows + (") = (g")

using assms

using inteqg-reflection by force

lemma RevPowerChop:

F (power (f A more) n)" = (power ((f A more)") n)
proof

(induct n)

case 0

then show ?case using REmptyEqvEmpty by auto
next

case (Suc n)

then show ?case

by (metis PowerCommute RevChop inteq-reflection pow-Suc)
ged

lemma RevChopstar:

F(FX) = (F)*

proof —

have I:+ (f*) = (3 n. power (f A more) n)
by (simp add: chopstar-d-def powerstar-d-def Valid-def)

have 2: - (f*)" = (3 n. power (f A more) n)"
using REqvRule 1 by blast

have 3: - (3 n. power (f A more) n)" = (3 n. (power (f A more) n)")
by (simp add: rev-exists)
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have 4: - (3 n. (power (f A more) n)") = (3 n. (power ((f A more)") n))
by (simp add: RevPowerChop ExEqvRule)
have 5: - (f A more)” = (f" A more)
by (metis RMoreEqvMore inteq-reflection rev-fun2)
hence 6: - (3 n. (power ((f A more)") n)) = (3 n. (power ((f" A more)) n))
by (metis 4 inteq-reflection)
have 7: F (3 n. (power ((f" A more)) n)) = (f")*
by (simp add: chopstar-d-def powerstar-d-def Valid-def)
from 2 3 4 6 7 show ?thesis by fastforce
ged

lemmas all-rev = rev-const rev-funl rev-fun2 rev-fun3 rev-forall rev-exists
rev-existsl rev-current rev-next rev-penult rev-fin RevSkip RevChop RevChopstar

lemmas all-rev-unl = all-rev[THEN intD]
lemmas all-rev-eq = all-rev[THEN inteq-reflection]

12.3 Properties of Time Reversal

lemma RNot:
F (=) = (=~ f")
by (simp add: rev-funl)

lemma RRNot:

- (+(F) = (+6)

by (metis EqvReverseReverse int-eq rev-funl)

lemma RTrue:
F (# True)" = # True
using rev-const by fastforce

lemma ROr:
F(fve) =(fve)
by (simp add: rev-fun2)

lemma RROr:

F(f"veg) =(fVe)

proof —

have I: + (f" Vv g")" = ((f")" V (g")") using ROr by blast

have 2: - ((f")" v (g")") = (f V g) using EqvReverseReverse by (metis inteq-reflection)
from 1 2 show ?thesis by fastforce

ged

lemma RAnd:
F(fAg) =(f"Ng')
by (simp add: rev-fun2)

lemma RRAnNd:

F(F"Agh) = (f A g)
proof —
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have I: - (f" A g")" = ((f")" A (g")") using RAnd by blast

have 2: - ((f")" A (g")") = (f A g) using EqvReverseReverse by (metis inteqg-reflection)
from 1 2 show ?thesis by fastforce

ged

lemma RimpRule:

assumes - f — g

shows F 7 — g’

using assms by (simp add: Valid-def reverse-d-def)

lemma RAndEmptyEqvAndEmpty:

F (f A empty)” = (f A empty)

by (simp add: Valid-def empty-defs reverse-d-def
metis interval-st-intlen intrev.simps(1))

lemma RNextEqvPrev:
(O ) = prev (f")
by (metis RevChop RevSkip inteq-reflection next-d-def prev-d-def)

lemma RRNextEqvPrev:

= (O ()" = prev (f)

proof —

have 1:+ (O (f"))" = prev ((f")") using RNextEqvPrev by blast

have 2: - prev ((f")") = prev f using EqvReverseReverse by (metis inteq-reflection)
from 1 2 show ?thesis by fastforce

ged

lemma RWNextEqvWQPrev:
F (wnext f)" = wprev(f")
by (smt RNextEqvPrev REmptyEqvEmpty WnextEqvEmptyOrNext WprevEqvEmptyOrPrev int-eq rev-fun2)

lemma RRWNextEqvWPrev:

F (wnext (f"))" = wprev(f)

proof —

have 1:+ (wnext (f"))" = wprev ((f")") using RWNextEqvWPrev by blast

have 2: - wprev ((f")") = wprev f using EqvReverseReverse by (metis integ-reflection)
from 1 2 show “thesis by fastforce

ged

lemma RPrevEqvINext:
F (prev f)F = O (f")
by (metis RevChop RevSkip inteq-reflection next-d-def prev-d-def)

lemma RRPrevEqvNext:

- (prev (1)) = O ()

proof —

have 1:+ (prev (f"))" = O ((f")") using RPrevEqvNext by blast

have 2: - O ((f")") = O f using EqvReverseReverse by (metis inteq-reflection)
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from 1 2 show ?thesis by fastforce
ged

lemma RWPrevEqvWNext:
F (wprev f)" = wnext(f")
by (metis EqvReverseReverse RRWNextEqvWPrev int-eq)

lemma RRWPrevEqvWNext:

F (wprev (f"))" = wnext(f)

proof —

have I1:+ (wprev (f"))" = wnext ((f")") using RWPrevEquWNext by blast

have 2: - wnext ((f")") = wnext f using EqvReverseReverse by (metis inteq-reflection)
from 1 2 show ?thesis by fastforce

ged

lemma RDiamondEqvDi:
F(OFf) =di (f")
by (simp add: di-d-def sometimes-d-def, metis RevChop RTrue inteqg-reflection)

lemma RRDiamondEqvDi:

E(O(F)" = di (f)

proof —

have 1:+ (O (f"))" = di ((f")") using RDiamondEqvDi by blast

have 2: F di ((f")") = di f using EqvReverseReverse by (metis inteqg-reflection)
from 1 2 show ?thesis by fastforce

ged

lemma RBoxEqvBi:
H(of) = bi (f")
by (simp add: always-d-def bi-d-def, metis RDiamondEqvDi int-eq rev-funl )

lemma RRBoxEqvBi:

- (0 (F)) = bi (F)

proof —

have I: (O (f"))" = bi ((f")") using RBoxEqvBi by blast

have 2: - bi ((f")") = bi f using EqvReverseReverse by (metis inteqg-reflection)
from 1 2 show ’thesis by fastforce

ged

lemma RDiEqvDiamond:
F(dif)r =< (f)
by (simp add: di-d-def sometimes-d-def, metis RevChop RTrue inteq-reflection)

lemma RRDiEqvDiamond-:

F(di (7)) =< (f)

proof —

have 1:F (di (f"))" = < ((f")") using RDiEqvDiamond by blast

have 2: = & ((f")") = <© f using EqvReverseReverse by (metis inteq-reflection)
from 1 2 show ?thesis by fastforce
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ged

lemma RBiEqvBox:
F(bif)r =0 (f")
by (simp add: always-d-def bi-d-def, metis RDiEqvDiamond rev-funl int-eq)

lemma RRBiEqvBox:

F(bi (f7))" =0 (f)

proof —

have I:+ (bi (f"))" = 0 ((f")") using RBiEqvBox by blast

have 2: - 0O ((f")") = O f using EqvReverseReverse by (metis inteq-reflection)
from 1 2 show ?thesis by fastforce

ged

lemma RDaEqvDa:
F (da )" = da(f")

proof —

have 1:+ (#True;(f;# True))" = (f;# True)"; # True" using RevChop by blast

have 2: - (f;# True)"; # True" = (f;# True)"; # True using RTrue RightChopEqvChop by blast
have 3: - (f;# True)"; # True = (# True";f");# True by (simp add: RevChop LeftChopEqvChop)
have 4: = (#True";f"),;# True = (# True;f");# True by (metis 3 RTrue int-eq)

have 5: - (# True;f");# True = # True;(f";# True) using ChopAssocB by blast

have 6: - (# True;(f;# True))" = # True;(f";# True) using 1 2 3 4 5 by fastforce
from 6 show ?thesis by (simp add: da-d-def)
ged

lemma RRDaEqvDa:

F (da (f"))" = da(f)

proof —

have I:+ (da (f"))" = da ((f")") using RDaEqvDa by blast

have 2: - da ((f")") = da f using EqvReverseReverse by (metis inteqg-reflection)
from 1 2 show ?thesis by fastforce

ged

lemma RBaEqvBa:
F (ba f)" = ba(f")
by (simp add: ba-d-def, metis RDaEqvDa int-eq rev-funl)

lemma RRBaEqvBa:

F (ba (f"))" = ba(f)

proof —

have 1:+ (ba (f"))" = ba ((f")") using RBaEqvBa by blast

have 2: - ba ((f")") = ba f using EqvReverseReverse by (metis inteqg-reflection)
from 1 2 show ?thesis by fastforce

ged

lemma ChopCsImpCSChop:

i — 5 f
by (meson CSChopEqvChopOrRule CSChopEqvOrChopPlusChop ChopAssocB
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ChopPlusElimWithoutMore EmptyYields Prop03 Prop04 Prop06)

lemma CSChoplmpChopCS:
Ffef — Fif*
proof —
have I:F (f");,(f")" — ()% (f")
using ChopCslmpCSChop by blast
hence 2: = ((f");(f" )" — (F")*(f") )"
using ReverseEqv by blast
have 3: t (((f7);(F")* — (F)%(F7) )7) = (((F7):(F7)")" — ((F)%(F7))")
by (smt 1 2 RImpRule Valid-def unl-ift2)
have 4: - ((F7)i(F1)")" = ((F))* )7 (F7)"
by (simp add: RevChop)
have 5: = ((f7)* )" (f")" = ((f")")%(f7)
by (simp add: LeftChopEqvChop RevChopstar)
have 6: - (f")" = f
using EqvReverseReverse by blast
have 7: = ((f") )~ (f")" = f*f
using 6 CSEqvCS ChopEqvChop by blast
have 8: F ((f");(f")*)" = f*f
using 7 5 using 4 by fastforce
have 9: - ((F1)5(F))" = (F7)'5((F7)"
by (simp add: RevChop)
have 10: = (") ((f")*)" = (f")"; ((f")")*
by (simp add: RevChopstar RightChopEqvChop)
have 11:+ (") ((f")")* = f;f*
using 6 ChopPlusEqvChopPlus by blast
have 12: + ((f7),(f")*)" = f,f*
using 9 10 11 by (metis 4 5 ChopCslmpCSChop RImpRule int-eq int-iffl)
from 2 3 8 12 show ?thesis by fastforce
ged

lemma CSChopEqvChop(CS:
Effr = f
using ChopCsImpCSChop CSChoplmpChopCS by fastforce

lemma TrueChopSkipEqvSkipChop True:

F £ True;skip = skip;# True

proof —

have 1: Fskip;skip* = skip*;skip using CSChopEqvChopCS by blast

have 2: | skip* = # True using CSSkip by simp

have 3: - skip;skip* = skip;# True using 2 using RightChopEqvChop by blast
have 4: t skip*;skip = # True;skip using 2 using LeftChopEqvChop by blast
from 1 3 4 show ?thesis by fastforce

ged

lemma RinitEqvFin:

F (init £)" = fin(f)

proof —

have I:+ (init f)" = ((f A empty);# True)"
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by (metis AndChopCommute REqvRule init-d-def)
have 2: - ((f A empty);# True)" = (# True;(f A empty)")

using RTrue by (metis RevChop int-eq)
have 3: = # True;(f A empty)" = # True;(f" A empty)

by (metis RAnd REmptyEqvEmpty RightChopEqvChop int-eq)
have 4: = # True;(f" A empty) = # True;(f N\ empty)

using RAndEmptyEqvAndEmpty

by (metis REmptyEqvEmpty RightChopEqvChop all-rev-eq(3) int-eq)
have 5: & # True;(f A empty) = fin(f)

using FinEqvTrueChopAndEmpty by fastforce
from 1 2 3 4 5 show ?thesis by fastforce
ged

lemma RFinEgqvinit:
= (fin )" = init (f)
proof —
have I: I+ fin f = #True;,(f N\ empty)
using FinEqvTrueChopAndEmpty by auto
have 2: & (fin f)" = (# True;(f N\ empty))"
using 1 REqvRule by blast
have 3: - (#True;(f A empty))" = (f A\ empty)";# True
using RTrue by (metis RevChop int-eq)
have 4: = (f\ empty)";# True = (f" N\ empty);# True
using LeftChopEqvChop RAnd REmptyEqvEmpty by (metis int-eq)
have 5: - (fA empty)",# True = (fA\ empty);# True
by (simp add: RAndEmptyEqvAndEmpty LeftChopEqvChop)
have 6: - (f A empty);# True = init(f)
by (simp add: AndChopCommute init-d-def)
from 1 2 3 4 5 6 show ?thesis by fastforce
ged

lemma RHaltEqvinitonly:

- (halt )" = initonly (f")

proof —

have 1:F (halt f)" = (O ( em ty = f))" by (simp add: halt-d-def)

have 2: F (O ( empty = f ))" = bi ( (empty = f)") by (simp add: RBoxEqvBi)

have 3: - (empty = )" = (empty = ") by (metis REmptyEqvEmpty inteq-reflection rev-fun2)
hence 4: + bi ( (empty = f)") = bi(empty = f") by (simp add: BiEqvBi)

have 5: - bi(empty = f") = initonly(f") by (simp add: initonly-d-def)

from 1 2 4 5 show ?thesis by fastforce

ged

lemma RinitonlyEqvHalt:

- (initonly £)" = halt(f")

proof —

have 1: | (initonly f)" = (bi (empty = f))" by (simp add: initonly-d-def)
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have 2: - (bi (empty = f))" = O((empty = f)") by (simp add: RBiEqvBox)

have 3: - (empty = )" = (empty = ") by (metis REmptyEqvEmpty inteq-reflection rev-fun2)
hence 4: - O ((empty = f)") = O(empty = f") by (simp add: BoxEqvBox)

have 5: - O(empty = f") = halt(f") by (simp add: halt-d-def)

from 1 2 4 5 show ?thesis by fastforce

ged

lemma RRHaltEqvinitonly:

F (halt (f"))" = initonly (f)

proof —

have 1:+ (halt (f"))" = initonly ((f")") using RHaltEqvinitonly by blast

have 2: - initonly ((f")") = initonly(f) using EqvReverseReverse by (metis inteq-reflection)
from 1 2 show ?thesis by fastforce

ged

lemma RRInitonlyEqvHalt -

= (initonly (f"))" = halt(f)

proof —

have 1:F (initonly (f"))" = halt((f")") using RinitonlyEqvHalt by blast

have 2: I halt((f")") = halt(f) using EqvReverseReverse by (metis integ-reflection)
from 1 2 show ?thesis by fastforce

ged

lemma RKeepEqvKeep :

F (keep )" = keep(f")

proof —

have 1: - (keep f)" = (ba(skip — f))" by (simp add: keep-d-def)

have 2: - (ba(skip — f))" = ba((skip — f)") by (simp add:RBaEqvBa)
have 3: F (skip — f)" = (skip — ") by (metis all-rev-eq(12) rev-fun2)
hence 4: - ba((skip — f)") = ba(skip — ") by (simp add: BaEqvBa)
have 5: | ba(skip — f") = keep(f") by (simp add: keep-d-def)

from 1 2 4 5 show ?thesis by fastforce

ged

lemma RRKeepEqvKeep :

F (keep (f"))" = keep(f)

proof —

have 1:+ (keep (f"))" = keep( (f")" ) using RKeepEqvKeep by blast

have 2: | keep( (f")" ) = keep(f) using EqvReverseReverse by (metis inteq-reflection)
from 1 2 show ?thesis by fastforce

ged

lemma NextDiamondEqvDiamondNext:

FO( <O f) = O(0f)
proof —

have 1:t # True;skip = skip;# True by (rule TrueChopSkipEqvSkipChopTrue)
hence 2: & (# True;skip);f =( skip;# True);f using LeftChopEqvChop by blast
have 3: & (# True;skip);f = # True;(skip;f) by (simp add: ChopAssocB)
have 4: ( skip;# True);f = skip;(# True;f) by (simp add: ChopAssocB)
from 2 3 4 show ?thesis by (metis int-eq next-d-def sometimes-d-def)
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ged

lemma WeakNextBoxInduct:

assumes — wnext (O f) — f

shows I f

proof —

have I1:+ wnext (O f) — f using assms by blast

hence 2:+ - f — = (wnext (O f)) by fastforce

hence 3:+-f — O (= (O f)) by (simp add: wnext-d-def)

have 4:F (= (Of)) = (<O (= f)) by (auto simp: always-d-def)

hence 5:+ O(— (O f)) = O - f)) using NextEqvNext by blast

have 6:--f — O (O ) using 3 5 by fastforce

have 7:+0O (¢ (= f))=<(0 (= f)) using NextDiamondEqvDiamondNext by blast

have 8:F-f — (= f)) using 6 7 by fastforce

have 9:F O(= 1) (C( O (= f))) using 8 DiamondimpDiamond by blast
( ) =<( O (= f)) using DiamondDiamondEqvDiamond by blast

O( O (= f)) using 9 10 by fastforce

have 12:+ < O (¢ (= f)) using 7 11 by fastforce

hence 13: - =( O(— f)) using NextLoop by blast

hence 14: - Of by (simp add: always-d-def)

have 15:+ Of — f using BoxElim by blast

from 14 15 show ?thesis using MP by blast

ged
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lemma RassignEqv TAssign:

F($v=c¢e)=(vee)

proof —

have 1: F ($v = e)" = (($v)" = e") by (simp add: rev-fun2)

have 2: F (($v)" = e") = (('v) = e") by (simp add: all-rev-eq(8))

have 3: - ((Iv) = e") = (v < e") by (simp add: intl temporal-assign-d-def)
from 1 2 3 show ?thesis by fastforce

ged

lemma RTAssignEqvAssign:

F(vee) =(%v=2¢e)

proof —

have 1: F (v < e)" = (Ilv = e)" by (simp add: REqvRule intl temporal-assign-d-def’)
have 2: - (v = e)" = ($v = e") by (metis all-rev-eq(11) rev-fun2)

from 1 2 show ?thesis by fastforce

ged

lemma RNextAssignEqvPrevAssign:

F(vi=e) =(v=:¢€)

proof —

have I: I (v :=e)" = (v$ = e)" by (simp add: REqvRule intl next-assign-d-def)
have 2:  (v$ = e)" = (v! = ") by (metis all-rev-eq(9) rev-fun2)

have 3: - (vl = e") = (v =: e") by (simp add: prev-assign-d-def)

from 1 2 3 show ?thesis by fastforce

ged
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lemma RPrevAssignEqvNextAssign:

F(v=:re)=(v:i=¢)

proof —

have 1: F (v =: e)" = (v! = e)" by (simp add: REqvRule intl prev-assign-d-def)
have 2: - (v! = e)" = (v§ = e") by (metis all-rev-eq(10) rev-fun2)

have 3: - (v$ = e") = (v := ") by (simp add: next-assign-d-def)

from 1 2 3 show ?thesis by fastforce

ged

lemma RGetsEqvBaSkiplmp:

F (v gets )" = ba(skip — ($v = e"))

proof —

have 1:F (v gets e)” = (ba(skip — (lv = €)))"
using gets-d-def temporal-assign-d-def keep-d-def REqvRule
by (metis Prop04 ba-d-def int-simps(15))

have 2: - (ba(skip — (v = €)))" = ba ( (skip — (v =¢€))")
by (simp add: RBaEqvBa)

have 3: | (skip — (lv = €))" = (skip — ($v = €"))
by (simp add: all-rev-eq(11) all-rev-eq(12) all-rev-eq(3))

hence 4: - ba ((skip — (v = €))") = ba (skip — ($v = e"))
by (simp add: BaEqvBa)

from 1 2 4 show ?thesis by fastforce

ged

lemma RIfThenElse:
- (if; O then f1 else f2)" = if; (f0") then (f1") else (f2")
by (simp add: all-rev-eq(2) all-rev-eq(3) ifthenelse-d-def)

lemma RWhile:
F (init f A while f0 do f1)" = ( fin(f) A ((f0") A (F1"))* A init (—=(f0)) )
proof —
have 1:+ (init f A while f0 do f1)" = (init f A (fO N f1)* A fin (=f0) )"
by (simp add: while-d-def)
have 2: F (init f A (fO A f1)* A fin (=f0) )" = ((init )" A ((f0 A f1)*)" A (fin (—10))")
by (simp add: all-rev-eq(3))
have 3: = (init f)" = fin(f)
by (simp add: RinitEqvFin)
have 4: F ((f0 A f1)*)" = ((f0") A (f17))*
by (metis RevChopstar all-rev-eq(3))
have 5: & (fin (=f0))" = init (—(10))
by (metis RFinEqvinit)
have 6: F ((init £)" A ((fO A f1)*)" A (fin (=f0))") =
( fin(f) A ((f0") A (f17))* A init (=(f0)) ) using 3 4 5 by fastforce
from 1 2 6 show ?thesis by fastforce
ged

lemma AAxRev:

F(VV x. Fx)! = (VV x. (Fx)")

proof —

have 1: F (VV x. Fx) = (=(33 x. =(F x))) using AAxDef by blast
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have 2: - (VV x. Fx)" = (=(33 x. =(F x)))" using REqvRule 1 by blast

have 3: I- (—\(EI —(Fx)))" = (=((33 x.(= (Fx)))")) by (simp add: rev-funl)
have 4: - ((33 x ( (Fx))") = (33 x.(= (Fx))")) by (simp add: EExRev)
hence 5: - (=((33 x.(= (Fx)))")) = (=(33 x.(= (Fx))")) by auto

have 51: A\ x. = (= (F x))" = (=( (F x)")) by (simp add: rev-funl)

hence 52: - (33 x.(= (F x))") = (33 x.=( (F x)")) using EExEqvRule by fastforce
hence 6: - (=(33 x.(= (Fx))")) = (=(33 x~( (Fx)"))) by fastforce

have 7: F (=(33 x.=( (Fx)"))) = (VV x. (F x)") using AAxDef by fastforce
from 1 2 35 6 7 show ?thesis by fastforce

ged

end

13 First Order Infinite ITL theorems

theory InfiniteFOTheorems
imports
InfiniteSChop Theorems
begin

We give the proofs of a list of first order infinite ITL theorems.

lemma EEx/-unl:

wkEfx= wk (33 x. fx)

using EExVallnfinite EExValFinite

by (cases w, blast, meson exist-state-d-def )

lemma EExNoDep:
F(E3x g)=g
proof —
have 1: - g — (33 x. g) by (meson EExI)
have 2: A\ x. - g — g by simp
have 3: - (33 x. g) — g using 2 by (meson EEXE)
from 1 3 show ?thesis using int-iffl by blast
ged

lemma AAxNoDep:

F(VV x.g)=g

using EExNoDep AAxDef EExXE EExI

by (smt Valid-def exist-state-d-def intensional-rews(2) intensional-rews(3))

lemma EExEqvRule:

assumes A x. F fx =gx

shows (33 x. fx) = (33 x. gx)

by (metis EExE EEx| assms int-iffD1 int-iffD2 int-iffl lift-imp-trans)

lemma AAxImpEEx:

F(VY x. fx) — (33 x. fx)
by (simp add: exist-state-d-def forall-state-d-def intl)
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lemma EExImpRule:

assumes - fx — g x

shows + (33 x. fx — gx)
using assms by (meson MP EExl)

lemma EExImpRuleDist:

assumes - fx — g x

shows F (VV x. fx) — (33 x. gx)

proof —

have I:+ (fx) — (33 x. g x) using EEx/ assms lift-imp-trans by blast
have 2: - —(fx) V (33 x. g x) using 1 by auto

have 3: F =(fx) — (33 x. =(fx)) by (meson EExI)

have 4: - (33 x. =(fx)) = (=(VV x. fx)) using AAxDef by fastforce
from 2 3 4 show ?thesis by fastforce

ged

lemma EExImpNoDepDist:

assumes - f — g x

shows +f — (33 x. g x)

using assms by (metis EExI lift-imp-trans)

lemma EExOrDist-1:

F(33 x. hx) — (33 x. (fx) V (h x))

proof —

have I: A x. - hx — fx V h x by (simp add: Valid-def)

have 2: A x. - fx VvV hx — (33 x. (fx) V (h x)) by (meson EExI)

have 3: A x. - hx — (33 x. (fx) V (h x)) using 1 2 by (meson lift-imp-trans)
from 3 show ?thesis using EExE by blast

ged

lemma EExOrDist-2:

F(33 x. fx) — (33 x. (fx) V (hx))

proof —

have I: A x. - fx — fx V h x by (simp add: Valid-def)

have 2: A x. - fx VvV hx — (33 x. (fx) vV (h x)) by (meson EExI)

have 3: A x. F fx — (33 x. (fx) V (h x)) using 1 2 by (meson lift-imp-trans)
from 3 show ?thesis using EExE by blast

ged

lemma EExOrDist-3:
F(33 x.fx) V(33 x. hx) — (33 x. (fx) V (hx))
using EExOrDist-2 EExOrDist-1 by fastforce

lemma EExOrDist-4:

F(33 x. (fx) vV (hx)) — (33 x. fx) V(33 x. hx)
proof —

have I: A x. F (fx) Vv (hx) — (33 x. fx) vV (33 x. h x)
by (simp add: EExI-unl intl)

from I show 7thesis by (simp add: EEXE)
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ged

lemma EExOrDist:
F((33 x. fx) V(33 x. hx)) = (33 x. (fx) V (hx))
using EExOrDist-3 EExOrDist-4 by fastforce

lemma EExOrImport-1:
Fg— (33 x. g V (fx))
by (simp add: EExI-unl Valid-def)

lemma EExOrimport-2:
F(33 x. fx) — (33 x. g vV (fx))
by (simp add: EExOrDist-1)

lemma EExOrimport-3:
F(gV (33 x. fx)) — (33 x. g V (fx))
using EExOrImport-1 EExOrlmport-2 by fastforce

lemma EExOrIimport-4-:

F(33 x.gVix)— (gV (33T x fx))

proof —

have I: A x. - gV fx — g Vv (33 x. fx) by (meson EEx| int-iffD2 int-simps(27) Prop04 Prop08)
from 1 show 7thesis by (simp add: EEXE)

ged

lemma EExOrlmport:
F(gVv (33 x. fx))=(33 x. g vV Fx)
by (metis EExOrlmport-3 EExOrlmport-4 int-iffl)

lemma EExAndImport-1:
FgA(F3 x. fx)— (33 x. g A fx)
proof —
have I: - (g A (33 x. fx) — (33 x. g A fx))=
(33 x. fx) — (g — (33 x. g A fx))) by fastforce
have 2: A x. - fx — (g — (33 x. g A fx)) by (metis EExI int-eq lift-and-com Prop09)
hence 3: - (33 x. fx) — (g — (33 x. g A fx)) by (simp add: EEXE)
from 1 3 show ?thesis by auto
ged

lemma EExAndImport-2:

F(E3 x.gNfx)— gA (33 x. fx)

proof —

have I: Ax. FgAfx — g A (33T x. fx)

by (metis EExl int-iffD2 lift-and-com lift-imp-trans Prop12)
from 1 show 7thesis by (simp add: EEXE)

ged

lemma EExAndImport:

F(gN (33 x. fx))= (33 x. g ANfx)
by (simp add: EExAndIlmport-1 EExAndlmport-2 int-iffl)
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lemma EExAndDist:

assumes - fx A g x

shows F (33 x. fx) A (33 x. g x)

proof —

have 1: I fx using assms by fastforce

have 2: - g x using assms by fastforce

have 3: (33 x. fx) using 1 by (meson EExI MP)
have 4: - (33 x. g x) using 2 by (meson EExI MP)
from 3 4 show ?thesis by fastforce

ged

lemma EExAndNoDepDist:

assumes - f A g x

shows + f A (33 x. gx)

proof —

have 1: | f using assms by fastforce

have 2: I g x using assms by fastforce

have 3: - (33 x. g x) using 2 by (meson EExI MP)
from 1 3 show ?thesis by fastforce

ged

lemma Spec:

F(VV x. fx) — fx

proof —

have 1: F =(fx) — (33 x. =(fx)) by (meson EExI)
have 2: - =(33 x. =(fx)) — f x using 1 by auto
from 2 show ?thesis using AAxDef by fastforce

ged

lemma AAXE:
assumes  (VV x. fx)
Ffx—g
shows + g
using MP Spec assms(1) assms(2) by blast

lemma AAx/:

assumes A x. - fx

shows F (VV x. fx)

unfolding AAxDef

using AAxDef EExE assms

by (smt Valid-def int-simps(15) unl-lift unl-lift2)

lemma AAxEqvRule:

assumes A\ x. F fx =gx

shows + (VV x. fx) = (VV x. g x)

by (metis (mono-tags, lifting) AAxDef EExEqvRule assms int-iffD1 int-iffl
inteq-reflection lift-imp-neg)
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lemma AAxAndDist:
F (VY x. (Fx) A (gx)) = (VY x. fx) A (VY x. gx))

proof —

have I: - ((33 x. =(fx)) V (3 x. =(gx))) = (33 x. =(fx) V =(g x)) by (simp add:EExOrDist)
have 2: F ((33 x. =(fx))) = (=(VV x. fx) ) using AAxDef by fastforce

have 3: F ((33 x. =(g x))) = (~(VV x. gx) ) using AAxDef by fastforce

have 4: F ((33 x. =(fx)) V (33 x. =(g x))) = (=(VV x. fx) V (VY x. gx))

using 2 3 by fastforce
have 5: A\ x . F (=(fx) V =(g x)) = (=((f
have 6: - (33 x. =(fx) V =(g x)) = (33

X

) A (g x))) by auto

( b
x. 7((fx) A (g x))) using 5 by (simp add: EExEqvRule)
have 7: - (33 x. =((fx) A (g x))) = (=(VYV x. (fx) A (g x))) using AAxDef by fastforce
have 8: F (=(VV x. fx) V =(VV x. gx) ) = (=( (VV x. fx) A (VV x. g x))) by fastforce
have 9: F (—( (YV x. fx) A (YV x. gx))) = (=(YV x. (fx) A (g x)))

using 1 4 6 7 8 by fastforce
from 9 show ?thesis by fastforce
ged

lemma AAxAndImport:
F(g A (VY x. fx)) = (VV x. g A fx)

proof —

have I: - (- g VvV (33 x. =(fx))) = (33 x. 7 gV —(fx)) by (simp add: EExOrlmport)
have 2: - ( (33 x. =(fx))) = (=((VV x. fx))) using AAxDef by fastforce

have 3:F (=g Vv (33 x. =(fx))) = (-(g A (VV x. fx))) using 2 by fastforce

have 4: A x. - (- g vV =(fx)) = (=(g A fx)) by auto

have 5: F (33 x. = g vV =(fx)) = (33 x. =(g A fx)) using 4 by (simp add: EExEqvRule)
have 6: - (33 x. =(g A fx)) = (=(VVY x. g A fx)) using AAxDef by fastforce

have 7: F (=(g A (VV x. fx))) = (=(VV x. g A fx)) using 1 35 6 by fastforce
from 7 show 7thesis by fastforce
ged

lemma AAxOrlmport:
F(gV (YV x. fx))=(VV x. g V fx)

proof —

have I: F (- g A (33 x. =(fx))) = (33 x. = g A =(fx)) by (simp add: EExAndImport)
have 2: - (EIEI =(fx)) = (=((VV x. fx))) using AAxDef by fastforce

have 3: - ( = (EIEI x. 2(fx))) = (—(g vV (VY x. fx))) using 2 by fastforce

have 4: A\ x. I— (mg AN (fx)) = (=(g Vv fx)) by auto

have 5: F (33 x. = g A =(fx)) = (33 x. =(g V fx)) using 4 by (simp add: EExEqvRule)
have 6: F (33 x. =(g V fx)) = (=(VV x. g V fx)) using AAxDef by fastforce

have 7: F (—(g Vv (VV x. fx)))
from 7 show ?7thesis by auto
ged

(=(VV x. g V fx)) using 1 35 6 by fastforce

lemma EExImpChopRule:

assumes - fx — g x

shows + (33 x. h;(fx) — h;(g x))

using RightChoplmpChop EExImpRule assms by (smt MP EExI)

lemma EExChopRight:
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F(33 x. (fx);g) — (33 x. fx):g

proof —

have 1: Ax. F (fx);g — (33 x. fx);g by (simp add: EExI LeftChoplmpChop)
from I show 7thesis by (simp add: EEXE)

ged

lemma EExChopRightNoDep:
F(33 x. (fx);g) = (33 x. (fx)):g
by (simp add: exist-state-d-def Valid-def chop-defs sum.case-eq-if, auto)

lemma EExChopLeft :
F(33 x. g(fx)) — g:(33 x. fx)
proof —
have 1: A\ x. F g;(fx) — g;(33 x. fx) by (simp add: EExI RightChoplmpChop)
from I show 7thesis by (simp add: EEXE)
ged

lemma EExChopLeftNoDep:
F(33 x.g(fx))=g:(33 x. fx)
by (simp add: exist-state-d-def Valid-def chop-defs sum.case-eq-if, auto)

lemma EExEExChopEqvEExEExChop:

FE3v. B3y (fv)ilgy))) = (B3 y. 33 v. (fv)igy)))
by (simp add: exist-state-d-def Valid-def chop-defs, blast)

lemma EEXEExChopEqvEExChopEEXA:

FEIv. 3Ty (Fv)ilgy) ) =(EF3 v. (Fv)i(33 y. (8y)))
by (simp add: exist-state-d-def Valid-def chop-defs sum.case-eq-if, blast)

lemma EEXEExChopEqvEExChopEEXB:

FETy. 33 v (fv)iley) ) =033 y. 33 v. (fv)): (gy))
by (simp add: exist-state-d-def Valid-def chop-defs sum.case-eq-if, blast)

lemma EEXEExChopEqvEExChopEEXC:

F@E3v. 3Ty (Fv)i(gy))) = (33 v. (Fv)):(33 y. (gy))
by (simp add: exist-state-d-def Valid-def chop-defs sum.case-eq-if, blast)

lemma ExLenOrinf:
F (3 n. len(n)) V inf
by (simp add: Valid-def len-defs sum.case-eq-if infinite-defs)

lemma CSPowerChop:

E (f*) = (3 n. power (f A more) n);(empty V (f A more) A inf)

by (simp add: chopstar-d-def powerstar-d-def Valid-def sum.case-eq-if)
lemma ExChopRightNoDep:

F(3 x. (fx);g) = (3 x. (fx));g

by (simp add: Valid-def chop-defs sum.case-eq-if, auto)

lemma ExChopLeftNoDep:
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F(3 x. gi(fx)) =g(3 x. fx)
by (simp add: Valid-def chop-defs sum.case-eq-if, auto)

lemma ExExEqvExEx:

F 3 x 3y (Fx)ilgy)) = B y. 3 x (fx)i(g )
by (simp add: Valid-def chop-defs, auto)

end

14 The First Occurrence Operator in finite ITL

theory First
imports
Theorems TimeReversal
begin

Runtime verification (RV) has gained significant interest in recent years. The behaviour of a program
can be verified in real time by analysing its evolving trace. This approach has two significant benefits
over static verification techniques such as model checking. Firstly, it is only necessary to verify actual
execution paths rather than all possible paths. Secondly, it is possible to react at runtime should the
program diverge from its specified behaviour. RV does not replace traditional verification techniques but
it does provide an extra layer of security.

Linear Temporal Logic (LTL) is a popular formalism for writing specifications from which RV monitors can
be derived automatically. By contrast, Interval Temporal Logic (ITL) has not been as widely represented
in this field despite being more expressive and compositional. The principal issue is efficiency. ITL
uses non-deterministic operators to construct sequential and iterative specifications (chop and chop-star,
respectively) and these introduce combinatorial complexity. Approaches to mitigate this include using a
deterministic subset of ITL or adapting the semantics to include a deterministic chop operator. This work
proposes an alternative approach, wholly within existing ITL, and based upon a new, derived operator
called “first occurrence”.

A theory of first occurrence is developed and used to derive an algebra of RV monitors.

14.1 Definitions
14.1.1 Definitions Strict Initial and Final

definition bs-d :: (‘a::world) formula = 'a formula
where
bs-d f = LIFT (empty V ((bi f) ; skip))

definition bt-d :: (‘a::world) formula = 'a formula
where
bt-d f = LIFT (empty V (skip;(0 f)))

syntax
-bs-d :: lift = lift ((bs -) [88] 87)
-bt-d :: lift = lift ((bt -) [88] 87)
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syntax (ASCII)
-bs-d :: lift = lift ((bs -) [88] 87)
-bt-d :: lift = lift ((bt -) [88] 87)

translations
-bs-d = CONST bs-d
-bt-d = CONST bt-d

definition ds-d :: (‘a::world) formula = 'a formula
where
ds-d f = LIFT (—| (bS (—\ f)))

definition dt-d :: (‘a::world) formula = 'a formula
where
dt-d f = LIFT (—| (bt (—\ f)))

syntax
-ds-d :: lift = lift ((ds -) [88] 87)
-dt-d :: lift = lift ((dt -) [88] 87)

syntax (ASCII)
~ds-d :: lift = lift ((ds -) [88] 87)
-dt-d :: lift = lift ((dt -) [88] 87)

translations
-ds-d = CONST ds-d
-dt-d = CONST dt-d

14.1.2 Definition First and Last Operators

definition first-d :: (‘a::world) formula = 'a formula
where
first-d f = LIFT (f A (bs (= f)))

definition /ast-d :: (‘a::world) formula = 'a formula
where
last-d f = LIFT (f A (bt (~ f)))

syntax
-first-d :: lift = lift ((>> -) [88] 87)
-last-d :: lift = lift ((< -) [88] 87)

syntax (ASCII)

-first-d :: lift = lift ((first -) [88] 87)
-last-d :: lift = lift ((ast -) [88] 87)
translations

-first-d = CONST first-d
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-last-d = CONST last-d

14.2 First and Time Reversal

lemma BsEqvRule:

assumes - f = g

shows F bsf = bsg

proof —

have 1: - f = g using assms by auto

hence 2: - bi(f) = bi(g) by (simp add: BiEqvBi)

hence 3: F bi(f);skip = bi(g);skip by (simp add: LeftChopEqvChop)
hence 4: = (empty V bi(f);skip) = (empty V bi(g);skip) by auto
hence 5: - bs(f) = bs(g) by (simp add: bs-d-def)

from 1 2 3 4 5 show 7thesis by auto

ged

lemma BtEqgvRule:

assumes - f = g

shows F btf =btg

proof —

have 1: + f = g using assms by auto

hence 2: - O(f) = O(g) by (simp add: BoxEqvBox)

hence 3: F skip;0(f) = skip;0(g) using RightChopEqvChop by blast
hence 4: - (empty V skip;0(f)) = (empty V skip;0(g)) by auto
hence 5: - bt(f) = bt(g) by (simp add: bt-d-def)

from 1 2 3 4 5 show ?7thesis by auto

ged

lemma FstEqvRule:

assumes - f = g

shows Fp>f =p>g

proof —

have 1: f = g using assms by auto

hence 2: + (= f) = (= g) by auto

hence 3: - bs(— ) = bs(— g) by (simp add: BsEqvRule)

hence 4: + (f A bs(— f)) = (g A bs(— g)) using I by fastforce
from 4 show ?thesis by (simp add:first-d-def)

ged

lemma LstEqvRule:

assumes - f = g

shows F «f = «g

proof —

have 1: f = g using assms by auto

hence 2: + (= f) = (= g) by auto

hence 3: - bt(— f) = bt(— g) by (simp add: BtEqvRule)

hence 4: + (f A bt(— f)) = (g A bt(— g)) using 1 by fastforce
from 4 show ?thesis by (simp add:/last-d-def)

ged
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lemma RBsEqvBt:

F(bs )" = (bt ("))

proof —

have 1:+ (bs )" = (empty \V ((bi f) ; skip))"
by (simp add: bs-d-def)

have 2: - (empty V ((bi f) ; skip))" = (empty” \/ ((bi f) ; skip)")
using ROr by blast

have 3: - (empty” V ((bi f) ; skip)") = (empty V (skip";(bi f)"))
using REmptyEqvEmpty RevChop by fastforce

have 4: - (empty V (skip";(bi f)")) = (empty V (skip;a (f")))
by (metis 3 RBiEqvBox RevSkip int-eq)

have 5: - (empty V (skip;0 (f"))) = (bt ("))
by (simp add: bt-d-def)

from 1 2 3 4 5 show ?thesis by fastforce

ged

lemma RRBsEqvBt:

= (bs (f7))" = (bt (f))

proof —

have 1:+ (bs (f"))" = bt ((f")") using RBsEqvBt by blast

have 2: - bt ((f")") = bt f using EqvReverseReverse using BtEqvRule by blast
from 1 2 show ?thesis by fastforce

ged

lemma RBtEqvBs:

F (bt )" = (bs ("))

proof —

have 1: F (bt )" = (empty V (skip;O f))"
by (simp add: bt-d-def)

have 2: - (empty V (skip;0 f))" = (empty” V (skip;0 )")
using ROr by blast

have 3: - (empty” V (skip;0 )") = (empty V (O f)";skip")
using REmptyEqvEmpty RevChop by fastforce

have 4: - (empty Vv (O f)";skip") = (empty \V (bi (f"));skip)
by (metis 3 RBoxEqvBi RevSkip int-eq)

have 5: - (empty V (bi (f"));skip) = (bs (f"))
by (simp add: bs-d-def)

from 1 2 3 4 5 show ?thesis by fastforce

ged

lemma RRBtEqvBs:

= (bt (f7))" = (bs ()

proof —

have 1:+ (bt (f"))" = bs ((f")") using RBtEqvBs by blast

have 2: - bs ((f")") = bs f using EqvReverseReverse using BsEqvRule by blast
from 1 2 show ?thesis by fastforce

ged

lemma RFirstEqvLast:
= (> )" = (< (f))
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proof —

have I:+ (> )" = (f A bs(— f))" by (simp add: first-d-def)

have 2: = (f A bs(— f))" = (f" A (bs (= f))") using RAnd by blast

have 3: = (f" A (bs (= f))") = (f" A bt ((— f)")) using RBsEqvBt by fastforce
have 4: = (f" A bt ((— f)")) = (f" A bt (=(f"))) using RNot int-eq by fastforce
have 5: = (f" A bt (=(f"))) = (< (f")) by (simp add: last-d-def)

from 1 2 3 4 5 show ?thesis by fastforce
ged

lemma RRFirstEqvLast:

= (> ()" = (< (F))

proof —

have I:+ (> (f"))" = < ((f")") using RFirstEqvLast by blast

have 2: - < ((f")") = < f using EqvReverseReverse using LstEqvRule by blast
from 1 2 show ?thesis by fastforce

ged

lemma RLastEqvFirst:

- (< F) = (> (7))

proof —

have 1:+ (< )" = (f A bt(— f))" by (simp add: last-d-def)

have 2: - (f A bt(— )" = (f" A (bt (—f))") using RAnd by blast

have 3: = (f" A (bt (—=f))") = (f" A bs ( (—f)")) using RBtEqvBs by fastforce
have 4: - (f" A bs ( (—=f)")) = (f" A bs(—(f"))) using RNot int-eq by fastforce
have 5: F (f" A bs(—(f"))) = (> (f")) by (simp add: first-d-def)

from 1 2 3 4 5 show ?thesis by fastforce

ged

lemma RRLastEqvFirst:

= (< ()" = (> (F))

proof —

have 1:+ (< (f"))" = ((f")") using RLastEqvFirst by blast

have 2: F > ((f")") = > f using EqvReverseReverse using FstEqvRule by blast
from 1 2 show ?thesis by fastforce

ged

14.3 Semantic Theorems
14.3.1 Semantics First and Last Operators

lemma FstAndBisem:
(intlen o >0 A (0 = f) A (o | bi (—f);skip)) =
(intlen o >0 A (0 |= f) A (Via<intlen (o). (prefix ia o = —f)) )
proof —
have (intlen o >0 A (o =) A (o = bi (=f);skip)) =
(0 < intleno N (o =) A
(3i. (i < intlen 0 — (Via<i. - (prefix ia (prefix i ) = f)) A
intlen o — i = Suc 0) A i < intlen o)
)
by (simp add: chop-defs bi-defs skip-defs interval-prefix-length interval-suffix-length)
also have ... =
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(0 < intlen o N (o = ) A
(3i. (i < intlen 0 — (Via<i. = (prefix ia (prefix i o) = f)) A
i = intlen ¢ — Suc 0) A i < intlen o)
)
by auto
also have ... =
(0 < intlen o A (o =) A
(Via<(intlen o — Suc 0). — (prefix ia (prefix (intlen o — Suc 0) o) = f) )
)
using diff-le-self by blast
also have ... =
(intlen o >0 A (o =) A
(Via<intlen ( o). = (prefix ia (prefix (intlen o — Suc 0) o) = f))
) by (metis Suc-pred less-Suc-eq-le)
also have ... =
(intlen o >0 A (o =) A
(Via<intlen ( o). (prefix ia (prefix (intlen 0 — Suc 0) o) = —f))

by auto
also have ... =
(intlen o >0 A (o = f) A (Via<intlen (o). (prefix ia o = —f)))
by (simp add: interval-pref-pref-help)
finally show (intlen o >0 A (o =) A (o = bi (—f);skip)) =
(intlen o >0 A (0 |= f) A (Via<intlen (o). (prefix ia ¢ = —f)) ) .
ged

lemma Fstsem-0:

(7o =
(o E=f ANempty) V (intlen o >0 N (o =) A (o= bi (—=f);skip))
)

using empty-defs by (simp add: first-d-def bs-d-def, auto)

lemma Emptysem:
(o = f A empty) = ((o = f) A intlen o = 0)
using empty-defs by auto

lemma Fstsem:

(7>
((o Ef) Aintleno = 0) Vv
(intlen o>0 A (o = f) A (Via<intlen (o). (prefix ia o = —f)))
)

using Fstsem-0 Emptysem FstAndBisem by metis

lemma Lstsem:
(cE<f)=
(( (o = f) Aintlen o = 0)
(intlen o >0 N (0 = f) A
)

V
(Via < intlen o. (suffix ((intlen o) —ia) o = —f)))
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proof —

have (c =< f)=(c = (> (f")")
using RRFirstEqvLast by fastforce

also have ... = (intrev o = > (f"))
by (metis reverse-d-def)

also have ... =

(

( (intrev o = f") A intlen (intrev o) = 0) V
(intlen (intrev 0)>0 A (intrev o = f") A
(Via<intlen (intrev o). (prefix ia (intrev o) = —(f"))))
)
using Fstsem by blast
also have ... =
(
((o Ef)Aintlen () =0) V
(intlen (6)>0 A (o =) A
(Via<intlen (intrev ¢). (prefix ia (intrev o) = (—(f))")))
)
by (simp add: reverse-d-def)
also have ... =

((o = f) Aintlen (o) =0) Vv
(intlen (6)>0 A (o =) A
) (Via<intlen (intrev ¢). (intrev (prefix ia (intrev o)) = (=(f)))))
by (simp add: reverse-d-def)
also have ... =
(
((o = f)Aintlen (o) = 0) V
(intlen (6)>0 A (o = f) A
: (Via<intlen (o). ( (suffix ((intlen o) — ia) (o)) E (=(f)))))
by (simp add: interval-intrev-prefix)
finally show
(cE<f)=
(( (o =f) Aintlenoc = 0)V
(intlen o >0 N (0 = f) A
(Via < intlen o. (suffix ((intlen o) —ia) o = —f)))
)

ged

14.3.2 Various Semantic Lemmas

lemma Dilensem:
(o0 =di (f A len(i))) =
( (prefix i o = ) A i<intlen o)
using interval-prefix-length-good by (simp add: di-defs len-defs, auto)

lemma PrefixFstsem:
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( (prefix i o = >f) A i<intlen o) =
( i<intlen o N\
(
((prefixiol=f)Ni=0)V
(i>0 N (prefix i o =) A (Via<i. (prefix ia o = —f)))
)
)

proof —
have I: ( ((prefix i o) = >f)) =

( ((prefix i o) = f) A intlen (prefix i o) = 0) V
(intlen (prefix i 0)>0 A ((prefix i o) = f) A
(Via<intlen (prefix i o). (prefix ia (prefix i o) = —f)))
)
using Fstsem by blast
hence 2: ( ((prefix i ¢) = >f) A i<intlen 0) =
( i<intlen o A (
( ((prefix i o) |= f) A intlen (prefix i o) = 0) V
(intlen (prefix i 0)>0 A ((prefix i o) = f) A
(Via<intlen (prefix i o). (prefix ia (prefix i o) = —f)))
)
)

by auto
hence 3: ( ((prefix i o) = >f) A i<intlen o) =
( i<intlen o A (
( ((prefixio) =f)Ni=0)V
()i>0 A ((prefix i o) = f) A (Via<i. (prefix ia (prefix i o) = —f)))
)

by auto
hence 4: ( ((prefix i o) = >f) A i<intlen o) =
( i<intlen o A (
( ((prefixio) Ef) Ni=0)V
(>0 N ((prefix i o) = ) A (Via<i. (prefix ia o = —f)))
)
)
using interval-pref-pref-3 using less-imp-add-positive by fastforce
from 4 show ?thesis by auto
ged

lemma PrefixFstAndsem:
( (prefix i o |=>f A g) A i<intlen o) =
( i<intlen o N
(
((prefixio=f ANg)ANi=0)V
(i>0 A (prefixi o = A g) A (Via<i. (prefix ia o = —f)))
)
)

using PrefixFstsem by (metis unl-lift2)
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lemma Dil enFstsem:
(o0 = di (>f A len(i))) =
( i<intlen o A
(
((prefixio=f)Ni=0)V
(i>0 A (prefix i o = ) A (Via<i. (prefix ia o = —f)))
)
)

by (simp add: DilLensem PrefixFstsem)

lemma DilenFstAndsem:
(o =di ((>f A g) A len(i))) =
( i<intlen o A
(
((prefixio=f Ng)Ni=0)V
(i>0 N (prefixio |=f A g) A (Via<i. (prefix ia 0 = —f)))
)
)

using DilLensem PrefixFstAndsem by metis

lemma FstLenSamesem:
( (i<intlen o A
(
((prefixiol=f)Ni=0)V
(i>0 N (prefix i o =) A (Via<i. (prefix ia o = —f)))
)
) A
(j<intlen o A
(
((prefixjo =f)Nj=10)V
(j>0 A (prefix j o = ) N (Via<j. (prefix ia o = —f)))
)
)

) — (i=))

by (metis not-less-iff-gr-or-eq unl-lift)

14.4 Theorems
14.4.1 Fixed length intervals

lemma LenZeroEqvEmpty:
- len(0) = empty
by (simp add: len-d-def)

lemma LenOneEqvSkip:
F len(1) = skip
by (simp add: len-d-def ChopEmpty)

lemma LenNPlusOneA:
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F len(n+1) = skip;len(n)
by (simp add: len-d-def)

lemma LenEqvlLenChoplen:

F len(i+j) = len(i);len())

proof

(induct i)

case 0

then show Zcase

by (metis EmptyChop LenZeroEqvEmpty add.left-neutral inteq-reflection)
next

case (Suc i)

then show ?“case

by (metis ChopAssoc LenNPlusOneA add.commute add-Suc inteq-reflection plus-1-eq-Suc)
ged

lemma LenNPlusOneB:

+ len(n+1) = len(n);skip

proof —

have I:+ len(n+1) = len(n);len(1) by (rule LenEqvLenChopLen)

have 2:t len(1) = skip by (rule LenOneEqvSkip)

hence 3: + len(n);len(1) = len(n);skip using RightChopEqvChop by blast
from 1 3 show ?thesis by fastforce

ged

lemma LenCommute:
= (skip;(len n)) = (len n);skip
proof
(induct n)
case 0
then show Zcase
by (metis LenEqvLenChopLen LenNPlusOneA LenOneEqvSkip inteq-reflection)
next
case (Suc n)
then show Zcase
by (metis LenEqvLenChopLen LenNPlusOneA LenOneEqvSkip inteq-reflection)
ged

lemma SkipTrueEqv TrueSkip:
b skip;# True = # True;skip
using TrueChopSkipEqvSkipChopTrue by fastforce

lemma PowerCommute:
F (f;(power f n)) = ((power f n);f)
proof
(induct n)
case 0
then show ?case using EmptyChop ChopEmpty pow-0 by (metis int-eq)
next
case (Suc n)
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then show 7case using ChopAssoc pow-Suc by (metis inteq-reflection)
ged

lemma PowerRev:

+ (power skip n)" = (power skip n)

proof

(induct n)

case 0

then show ?case using REmptyEqvEmpty by auto

next

case (Suc n)

then show ?case using PowerCommute RevChop pow-Suc by (metis RevSkip int-eq)
ged

lemma RlLenEqgvlen:
F (len k)" = (len k)
proof
(induct k)
case 0
then show Zcase
using LenZeroEqvEmpty REmptyEqvEmpty inteq-reflection by force
next
case (Suc k)
then show Zcase
by (metis PowerRev len-d-def)
ged

lemma PowerSkipEqvLen:
+ (power skip n) = (len n)
by (simp add: len-d-def)

lemma ExistsLen:
3 k. len(k)
by (simp add: len-defs Valid-def)

lemma AndExistsLen:
Ff=(f A (k. len(k)))
using ExistsLen by fastforce

lemma AndExistsLenChop:
F(f:g) = (3 k. (f A len(k));g)
by (simp add: Valid-def len-defs chop-defs)

lemma AndExistsLenChopR:
F(f;g) = (3 k. f;(g A len(k)))
by (simp add: Valid-def len-defs chop-defs)

lemma LFixedAndDistr:

F ((f0 A len(k));g0 N (f1 A len(k));g1) = ((fO N f1) A len(k));(g0 N g1)
by (simp add: Valid-def len-defs chop-defs interval-prefix-length interval-suffix-length, blast)
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lemma RFixedAndDistr:

F (f0;(g0 A len(k)) A f1;(g1 A len(k))) = (f0 A f1);((g0 A g1) A len(k))

by (simp add: Valid-def len-defs chop-defs interval-prefix-length interval-suffix-length,
metis diff-diff-cancel)

lemma LFixedAndDistrA:

F ((f0 A len(k));g0 A (f1 A len(k));g0) = ((f0 A f1) A len(k));g0

proof —

have 1:+ ((f0 A len(k));g0 N (f1 A len(k));g0) = ((f0 A 1) A len(k));(g0 A g0)
by (rule LFixedAndDistr)

have 2: = ((f0 A f1) A len(k));(g0 N g0) = ((f0 A f1) A len(k));g0
by auto

from 1 2 show ?thesis by fastforce

ged

lemma LFixedAndDistrB:

F ((f0 A len(k));g0 A (fO A len(k));g1) = (f0 A len(k));(g0 A g1)

proof —

have 1:+ ((f0 A len(k));g0 A (fO A len(k));g1) = ((fO A f0) A len(k));(g0 A g1)
by (rule LFixedAndDistr)

have 2: - ((f0 A f0) A len(k));(g0 N g1) = (0 A len(k));(g0 A gl)
by auto

from 1 2 show ?thesis by fastforce

ged

lemma LFixedAndDistrB1:
F (len(k);f A len(k);g) = len(k);(f N g)

proof —

have I: I+ len(k);f = (# True A len(k));f
by auto

have 2: |- len(k);g = (# True A len(k));g
by auto

have 3: - (len(k);f A len(k);g) = ((# True A len(k));f N (# True A len(k));g)
using 1 2 by auto

have 4: = ((#True A len(k));f A (#True A len(k));g) = (#True A len(k));(f A g)
using LFixedAndDistrB by blast

have 5: = (#True A len(k));(f A g) = (len(k));(f A g)
by auto

from 1 2 3 4 5 show ?thesis by auto

ged

lemma RFixedAndDistrA:

F (70;(g0 A len(k)) A f0;(g1 A len(k))) = f0;((g0 A g1) A len(k))

proof —

have 1:F (f0;(g0 A len(k)) A f0;(g1 A len(k))) = (f0 A f0);((g0 A g1) A len(k))
by (rule RFixedAndDistr)

have 2: F (f0 A f0);((g0 A g1) A len(k)) = f0;((g0 N g1) A len(k))
by auto

from 1 2 show ?7thesis by fastforce
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ged

lemma RFixedAndDistrB:

F (70;(g0 A len(k)) A f1;(g0 A len(k))) = (f0 A 1);(g0 A len(k))

proof —

have 1:F (f0;(g0 A len(k)) A f1;(g0 A len(k))) = (fO A f1);((g0 A g0) A len(k))
by (rule RFixedAndDistr)

have 2: - (f0 A f1);((g0 A g0) A len(k)) = (fO A f1);(g0 A len(k))
by auto

from 1 2 show ?thesis by fastforce

ged

lemma ChopSkipAndChopSkip:

F (f0;skip N f1;skip) = (fO A f1);skip

proof —

have I: - (f0;(#True A len(1)) A f1;(# True A len(1))) = (fO N f1);(# True A len(1))
by (rule RFixedAndDistrB)

have 2: F (#True A len(1)) = skip
using LenOneEqvSkip by fastforce

hence 3: - f0;(# True A len(1)) = f0;skip
using RightChopEqvChop by blast

have 4: - f1;(# True A len(1)) = f1;skip
using 2 RightChopEqvChop by blast

have 5: = (f0;(# True A len(1)) A f1;(# True A len(1))) = (f0;skip A f1;skip)
using 3 4 by fastforce

have 6: - (fO A f1);(# True A len(1)) = (f0 A f1);skip
using 2 RightChopEqvChop by blast

from 1 5 6 show ?thesis by fastforce

ged

lemma BiAndChopSkipEqv:

F (bi (f A g));skip = ((bi f);skip A\ (bi g);skip)

proof —

have 1:+ bi (f A g) = ((bi f) A (bi g))
by (simp add: bi-defs Valid-def, auto)

hence 2: = (bi (f A g));skip = (bi f A bi g);skip
by (rule LeftChopEqvChop)

have 3: - (bi f A bi g);skip = ((bi f);skip A (bi g);skip)
using ChopSkipAndChopSkip by fastforce

from 2 3 show ?thesis by fastforce

ged

lemma DiAndChopSkipEqv:
F (di (f A g))iskip — (di f);skip A (di g);skip
proof —
have I: - di (f AN g) — (di f) A (di g)
by (simp add: DiAndImpAnd)
hence 2: - (di (f A g));skip — (di f A di g);skip
by (rule LeftChoplmpChop)
have 3: - (di f A di g);skip = ((di f);skip A (di g);skip)
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using ChopSkipAndChopSkip by fastforce
from 2 3 show ?thesis by fastforce
ged

lemma ChopEmptyAndEmpty:
F (f;g N empty) = (f A g A\ empty)
by (simp add: Valid-def chop-defs empty-defs,
metis interval-prefix-intlen interval-suffix-zero le-zero-eq)

lemma ChopSkiplmpMore:
F f;skip — more
using ChoplmpDiamond MoreEqvSkipChop True Skip TrueEqv TrueSkip TrueChopEqvDiamond by fastforce

lemma MoreEqvMoreChop True:
F more = more;# True
proof —
have 1: - more = skip;# True
using MoreEqvSkipChopTrue by blast
have 2: - # True = # True;# True
by (simp add: Valid-def chop-defs, auto)
hence 3: b skip;# True = skip;(# True;# True)
using RightChopEqvChop by blast
have 4: &= skip;(# True;# True) = (skip;# True);# True
using ChopAssoc by blast
have 5: &= (skip;# True);# True = more;# True
using MoreEqvSkipChopTrue by (simp add: more-d-def next-d-def)
from 1 3 4 5 show ?thesis by fastforce
ged

lemma NotNotChopSkip:

= (=((= f) ;skip)) = (empty V (f;skip))
by (metis WprevEqvEmptyOrPrev prev-d-def wprev-d-def)

lemma NotChopFixed:

= (=(fi(g A len(k)))) = (=(<(g A len(k))) v ((—f)i(g A len(k))))
by (simp add: len-defs Valid-def sometimes-defs chop-defs interval-suffix-length,
smt diff-diff-cancel)

lemma NotFixedChop:

= (=((g A len(k)):f)) = (=(di(g A len(k))) V ((g A len(k));(=f)))
by (simp add: len-defs Valid-def di-defs chop-defs interval-prefix-length, auto)

lemma NotChopNotSkip:

- ((Fiskip)) = (empty v ((~ F);skip))

proof —

have I:F (=((—(—=f));skip)) = (empty V ((— f);skip)) using NotNotChopSkip by blast
have 2: - (=((—(—=f));skip)) = (—(f;skip)) by auto

from 1 2 show ?thesis by auto

ged
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14.4.2 Additional ITL theorems

lemma BiOrBilmpBiOr:

- bifV big — bi(f V g)

proof —

have I: - f — f V g by auto

hence 2: - bi f — bi(f V g) by (rule BilmpBiRule)
have 3:+ g — f V g by auto

hence 4: - bi g — bi(f V g) by (rule BilmpBiRule)
from 2 4 show ?thesis by fastforce

ged

lemma MoreAndBilmpBiChopSkip:

= more A bi f — (bi f);skip

proof —

have 1:+ (bif);skip = ((=(di (- f)));skip) by (simp add: bi-d-def)

have 2: - (=( (=(di (= f)));skip)) = (empty V (di (- f));skip) by (rule NotNotChopSkip)
have 3: - empty — empty V di (= f) by auto

have 4: - (di (= f));skip — di (- f) using ChoplmpDi DiEqvDiDi by fastforce
hence 5: F (di (- f));skip — empty V di (— f) by (rule Prop05)

have 6: = =( (=(di (= f)));skip) — empty \V di (= f) using 2 3 5 by fastforce
hence 7: = —(empty V di (= f)) — —=(=( (=(di (= f)));skip)) by fastforce
have 8: = (=( =( (= (di (= f)));skip))) = ((=(di (= f)));skip) by auto

have 9: - (—(empty V di (= f))) = (more A =( di (- )))

using NotAndMoreEqvEmptyOr by fastforce

have 10: F (more A =( di (= f))) = (more A bi f) by (simp add: bi-d-def)
from 1 6 7 89 10 show ?thesis by (metis int-eq)

ged

lemma DiChoplmpDiB:

- di(f;g) — di f

proof —

have 1:+ f; (g;# True) — di f by (rule ChoplmpDi)

have 2: - f ; (g;# True) = (f;g);# True by (rule ChopAssoc)
from 1 2 show ?thesis by (metis di-d-def int-eq)

ged

lemma BiBiOrIimpBi:
Ebi (bifV big)— bifVbig
using BiElim by auto

lemma BilmpBiBiOr:

Fbif — bi ( bi f V big)

proof —

have 1:+ bif — bi f V bi g by auto

hence 2: - bi (bi f) — bi(bi f vV bi g) using BilmpBiRule by blast
have 3: = bi (bi f) = bi f using BiEqvBiBi by fastforce

from 2 3 show ?thesis by fastforce

ged

lemma BilmpBiBiOrB:
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Fbig — bi (bif V big)

proof —

have 1:+ big — bi f V bi g by auto

hence 2: - bi (bi g) — bi(bi f V bi g) using BilmpBiRule by blast
have 3: - bi (bi g) = bi g using BiEqvBiBi by fastforce

from 2 3 show ?thesis by fastforce

ged

lemma BiBiOrEqvBi:

Fbi (bifVbig)=bifVbig

proof —

have I: - bi ( bif VvV big) — bif V bi g by (rule BiBiOrlmpBi)
have 2: - bif — bi ( bi f V bi g) by (rule BilmpBiBiOr)

have 3: - big — bi ( bi f V bi g) by (rule BilmpBiBiOrB)
have 4: - bif VvV big — bi ( bi f V bi g) using 2 3 by fastforce
from 1 4 show ’thesis by fastforce

ged

lemma DiEqvOrDiChopSkipA:

b di f = (f V di(f;skip))

proof —

have I:+ di f = f ;# True by (simp add: di-d-def)

hence 2: + di f = f; ( empty V more) by (simp add: empty-d-def)
hence 3: -f; ( empty V more) = (f;empty \ f;more) using ChopOrEqv by blast
have 4: - f;empty = f by (rule ChopEmpty)

have 5: - more = skip;# True using MoreEqvSkipChopTrue by blast
hence 6: & f;more = f;(skip;# True) using RightChopEqvChop by blast
have 7: = f;(skip;# True) = (f;skip);# True by (rule ChopAssoc)

from 2 3 4 6 7 show ’thesis by (metis di-d-def int-eq)

ged

lemma DiEqvOrDiChopSkipB:

Fdi f = (f Vv (di f);skip)

proof —

have 1:+ (di f) = (f Vv di(f;skip)) by (rule DiEqvOrDiChopSkipA)
have 2: - di(f;skip) = (f;skip);# True by (simp add: di-d-def)
have 3: = (f;skip);# True = f;(skip;# True) by (rule ChopAssocB)
have 4: \- di(f;skip) = f;(skip;# True) using 2 3 by fastforce
have 5: |- skip;# True = # True;skip by (rule Skip TrueEqv TrueSkip)
hence 6: \ f;(skip;# True) = f,;(# True;skip) using RightChopEqvChop by blast
have 7: - di(f;skip) = f;(# True;skip) using 4 6 by fastforce

have 8: & f;(# True;skip) = (f;# True);skip by (rule ChopAssoc)
have 9: &= (f;# True);skip = (di f);skip by (simp add: di-d-def)
have 10 : + di(f;skip) =(di f);skip using 7 8 9 by fastforce

hence 11:F (f Vv di(f;skip)) = (f V (di f);skip) by auto

from 1 11 show ?thesis by fastforce

ged

lemma BiEqvAndEmptyOrBiChopSkip:
F bi f = (f A (empty V (bi f);skip))
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proof —

have I: F di (- f) = (— f v (d/ (= f);skip)) by (rule DiEqvOrDiChopSkipB)

have 2: - di (- f) = (—( b ) by (rule DiNotEqvNotBi)

have 3: - (—( bi f)) = ( V (di (= f);skip)) using 1 2 by fastforce

hence 4: + bi f = (=(—~ f V ( (— f);skip))) by auto

have 5: - (=(= f Vv (di (= f);skip))) = (f A =(di (= f);skip)) by auto

have 6: & di (- f);skip = ((—(bi f));skip) by (simp add: 2 LeftChopEqvChop)

hence 7: = (=(di (= f);skip)) = (=((—(bi f));skip)) by auto

have 8: F (—((—(bi f));skip)) = (empty V (bi f);skip) using NotNotChopSkip by blast

hence 9:  (f A —(di (= f);skip)) = (f A (empty V (bi f);skip)) using 7 8 by fastforce
from 4 5 9 show ?thesis by fastforce
ged

lemma DiDiAndEqvDi:

Fdi(dif Ndig)=(dif Adig)

proof —

have 1: F bi ( bi (= f) V bi (= g)) = (bi (=f) V bi (- g))
by (meson BiBiOrlmpBi BilmpBiBiOr BilmpBiBiOrB Prop02 int-iffl)

have 2: - bi (=f) = (= (di f))
by (simp add: bi-d-def)

have 3: - bi (-g) = (= (di g))
by (simp add: bi-d-def)

have 4: - (bi (=f) V bi (- g)) = (= (di f) V - (di g))
using 2 3 by fastforce

have 5: - (= (di f) V = (dig)) = (=(di f A di g))
by auto

have 6: - bi ( bi (= f)V bi (= g)) = (=(di f A di g))
using 1 5 4 by fastforce

hence 7: + (=(bi ( bi (= )V bi(—g)))) =(dif Adig)
by auto

have 8 : F (—(bi (bi (= f)V bi (= g)))) =di (~(bi (= )V bi(-g)))
using DiNotEqvNotBi by fastforce

have 9 : F (=(bi (- )V bi (- g))) =(dif A dig)
using 1 7 by fastforce

hence 10: F di ( —(bi (= f) VvV bi(—g)))=di (dif Adig)
using DiEqvDi by blast

from 7 8 10 show ?thesis by fastforce

ged

lemma Bilnduct:

F bi(f — wprev f) AN f — bi f

proof —

have 1:+ O((f") — wnext(f")) A f" — O(f") using BoxInduct by blast

hence 2: - (O((f") — wnext(f")) A f" — O(f"))" using ReverseEqv by blast
(")

have 3: - ((f")" ) = f by (simp add: EqvReverseReverse)

have 4: F (O (f"))" = bi (f) using RRBoxEqvBi by blast

have 5: - ((f") — wnext(f"))" = ( (f")" — (wnext(f"))" ) by (simp add: rev-fun2)
have 6: - (wnext(f"))" = wprev(f) using RRWNextEqvWPrev by blast

have 7: - ( (f")" — (wnext(f"))" ) = ( f — wprev(f) ) using 6 3 by fastforce

have 8: F bi( (f")" — (wnext(f"))" ) = bi( f — wprev(f) ) using 7 3 BiEqvBi by blast
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have 9: - (O((f") — wnext(f")))" = bi ( ((f") — wnext(f"))" ) using RBoxEqvBi by blast
have 10: + (O((f") — wnext(f")))" = bi( f — wprev(f) ) using 8 9 5 int-eq by fastforce
have 11: F (O((f") — wnext(f")) A f" — O(f"))" =

(((O((f") — wnext(f")))" A (f’ " — (O(f"))")) by (metis int-eq rev-fun2)
have 12: F ((T((f") — wnext(f")))" A (f")" — (O(f"))") =

(bi( f — wprev(f) ) N f — bif ) using 8 3 4 10 by fastforce
from 2 11 12 show ?thesis using MP by fastforce
ged

lemma Prevloop:

assumes - f — prev f

shows - f

proof —

have 1:+ f — prev f using assms by auto

hence 2: - f — ( more A wprev f)

by (smt intl int-eq more-defs prev-defs Prop10 unl-lift2 wprev-defs)
hence 3: - f — wprev f by auto

hence 4: - bi(f — wprev f) by (rule BiGen)

have 5:F bi(f — wprev f) A f — bi f by (rule Bilnduct)
hence 6: - bi(f — wprev f) — (f — bi f) by fastforce

have 7:+ (f — bi f) using 4 6 MP by blast

have 8:F bif — f by (rule BiElim)

have 9:+ f = bi f using 7 8 by fastforce

have 10: - f — more using 2 by auto

hence 11: + bi f — bi more using BilmpBiRule by blast

have 12:F —(bi more) using DiEmpty bi-d-def empty-d-def by (simp add: bi-d-def empty-d-def)
from 7 9 11 12 show ?thesis using MP by fastforce

ged

lemma PrevimpNotPrevNot:
t prev f — —(prev (= f))
by (metis (no-types, lifting) NextlmpNotNextNot RPrevEqvNext ReverseEqv inteq-reflection

rev-funl rev-fun2)

lemma BiEqvAndWoprevBi:

F bi f = (f N\ wprev(bi f))

using BoxEqvAndWhnextBox

by (metis (no-types, lifting) RBiEqvBox RRAnd RRBoxEqvBi RWPrevEqvWNext int-eq)

lemma DilntroLoop:

assumes - (f A -~ g) — prev f

shows -1 — dig

using assms DiamondIntro

by (metis (no-types, lifting) RDiEqvDiamond RPrevEqvNext ReverseEqv inteq-reflection
rev-fun2 rev-funl)

lemma DiEqvOrChopMore:
Fdi f = (f V f;more)
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proof —

have 1:+ di f = f;# True by (simp add: di-d-def)

hence 2: + di f = f; (empty VV more) by (simp add: empty-d-def)

have 3:F f; (empty V more) = (f;empty \V f;more) by (simp add: ChopOrEqv)
have 4:+ f;empty = f by (rule ChopEmpty)

from 2 3 4 show ?thesis by fastforce

ged

lemma DiAndDiEqvDiAndDiOrDiAndDi:
F(dif Ndig)=(di(f \dig)Vdi(gAdif))
proof —
have 1: - di f = (f V f;more)
using DiEqvOrChopMore by blast
have 2: - dig = (g VvV g;more)
using DiEqvOrChopMore by blast
have 3: - (di f A dig) = ((f V f;more) A (g V g;more))
using 1 2 by fastforce
have 4: - ((f vV f;more) A (g V g;more)) =
((f Ng)V (f A g;more)V (g A f;more) V (f;more A\ g;more ))
by auto
have 5: - more = # True;skip
using MoreEqvSkipChop True Skip TrueEqv TrueSkip by fastforce
hence 6: - f;more = f;(# True;skip)
using RightChopEqvChop by blast
have 7:+ f;(# True;skip) = (f;# True);skip
by (rule ChopAssoc)
have 8:F f;more = prev (di f)
using 6 7 by (metis di-d-def int-eq prev-d-def)
have 9:t g;more = g;(# True;skip)
using 5 RightChopEqvChop by blast
have 10: - g;(# True;skip) = (g;# True);skip
by (rule ChopAssoc)
have 11:+ g;more = prev (di g)
using 9 10 by (metis di-d-def int-eq prev-d-def)
have 12: - (f;more A\ g;more) = (prev (di f) N prev (di g))
using 8 11 by fastforce
hence 13: - (f;more N g;more) = prev (di f A di g)
by (metis ChopSkipAndChopSkip int-eq prev-d-def)
have 14: + (di f N dig) =
((f ANg)V (fAgmore)V (g A f;more)) V (f;more N\ g;more)
using 3 4 by auto
have 15: - (dif AN dig) =
((fF ANg)V (fAgmore)V (g A f,more)) V prev (di f A di g)
using 13 14 by fastforce
hence 16: + (di f A dig) —
((fF ANg)V (fAgmore)V (g A fimore))V prev (di f A di g)
by fastforce
hence 17: - (dif Adig) AN =((f Ng)V (f A g;more) V (g A f;more)) —
prev (di f A di g)
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by fastforce
hence 18: + (dif AN dig) — di((f AN g) VvV (f A g;more) V (g A f;more))
using DilntroLoop by blast
have 19:F di((f ANg) VvV ( f A g;more) V (g A f;more)) =
(di(f N g) Vv di( f A g;more) V di(g N f;more))
by (meson DiOrEqv Prop06)
have 20:f — dif
using Dilntro by blast
hence 21: Ff ANg—gANdif
by auto
hence 22: - di(f A g) — di(g A di f)
using DilmpDi by blast
hence 23: F di(f A g) — di(g A dif) V di(f A di g)
by auto
have 24:F gimore — di g
by (simp add: ChoplmpDi)
hence 25: - f A gimore — f N dig
by auto
hence 26: - di(f N g;more) — di(f A di g)
using DilmpDi by blast
hence 27: + di(f A gimore) —  di(f N dig) Vv di(g A dif)
by auto
have 28:t f;more — di f
by (simp add: ChoplmpDi)
hence 29: - g A fmore — g N di f
by auto
hence 30: - di(g N f;more) — di(g A di f)
using DilmpDi by blast
hence 31: + di(g A f;more) — di(f N dig)V di(g N dif)
by auto
have 32:+ di(f A g) VvV di( f A g;more) V di(g A f;more) —
di(f Ndig)Vv di(g A dif)
using 23 27 31 by fastforce
have 33:F di((f ANg) Vv (f A g;more) V (g N f;more)) —
di(f Ndig)Vv di(g A dif)
using 19 32 by fastforce
have 34:+ (dif ANdig) — di(f Ndig)V di(g Adif)
using 18 33 by fastforce
have 35:F f — di f
using Dilntro by blast
hence 36: - f ANdig — dif Ndig
by auto
hence 37: - di (f ANdig) — di (di f A di g)
using DilmpDi by blast
have 38: b di (dif Ndig)=(dif Adig)
using DiDiAndEqvDi by blast
have 39:Fdi (fF Ndig) — dif Ndig
using 37 38 by fastforce
have 40:+ g — dig
using Dilntro by blast
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hence 41: - gAdif — dif Ndig
by auto

hence 42: - di (g N dif) — di (di f A di g)
using DilmpDi by blast

have 43:Fdi (dif Ndig)=(dif Adig)
using DiDiAndEqvDi by fastforce

have 44: - di (g Ndif) — dif Ndig
using 42 43 by fastforce

have 45:-di (f Ndig)Vdi(gNndif)— dif Ndig
using 39 44 by fastforce

from 34 45 show ?thesis by fastforce

ged

lemma BoxStateEqvBiFinState:
F O (init w) = bi (fin (init w))
proof —
have 1: F < (= (init w)) = # True ; (=(init w))
by (simp add: sometimes-d-def )
have 2: - < (init(— w)) = #True ; init (- w)
by (simp add: sometimes-d-def)
have 3: &= di (# True A fin (init (- w))) = # True ; init (- w)
using DiAndFinEqvChopState by blast
have 4: = & (init(— w)) = di (# True A fin (init (= w)))
using 1 2 3 by fastforce
have 5: F (= (¢ (init(= w)))) = (= (di (# True A fin (init (= w)))))
using 4 by fastforce
have 6: - 0O (init w) = (= (di (# True A fin (init (= w)))))
using 5 always-d-def Initprop(2) by (metis int-eq)
have 7: F 0O (init w) = bi (= (fin (init (= w))))
using 6 by (simp add: bi-d-def)
have 8: - init (= w) = (= (init w))
using Initprop(2) by fastforce
have 9:  fin (init (= w)) = fin (= (init w))
using 8 FinEqvFin by blast
have 10: & fin (init (= w)) = (= (fin (init w)))
using 8 FinNotStateEqvNotFinState FinEqvFin by blast
have 11: F (= (fin (init (= w)))) = (fin (init w))
using 10 by fastforce
have 12: & bi (= (fin (init (= w)))) = bi (fin (init w))
using 11 by (simp add: BiEqvBi)
have 13: + 0O (init w) = bi (fin (init w))
using 7 12 by fastforce
from 13 show ?thesis by simp
ged

lemma DiamondStateEqvDiFinState:
< (init w) = di (fin (init w))
proof —
have 1:+ 0O (init (= w)) = bi (fin (init (= w)))
using BoxStateEqvBiFinState by blast
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have 2: - (= (O (init (= w)))) = (= (bi (fin (init (= w)))))
using I by auto

have 3: - < (= (init (= w))) = di (= (fin (init (= w))))
using 2 by (simp add: always-d-def bi-d-def)

have 4: = & (init w) = di (= (fin (init (- w))))
by (metis 3 DiEqvNotBiNot DiState Initprop(2) StateEqvBi int-eq)

have 5: - < (init w) = di (fin (init w)) using 4 FinNotStateEqvNotFinState
by (metis DiEqvNotBiNot DiNotEqvNotBi inteq-reflection)

from 1 2 3 4 5 show ?thesis by simp

ged

lemma OrDiEqvDi:
F(fvdif)y=dif
proof —
have 1:+ f — di f using Dilntro by blast
from 1 show ?thesis by auto
ged

lemma AndDiEqv:
F(fAdif)y=f
proof —
have 1:+ f — di f using Dilntro by blast
from 1 show ?thesis by auto
ged

lemma BiEmptyEqvEmpty:

F bi empty = empty

proof —

have 1:+ bi empty = (- (di (— empty))) by (simp add: bi-d-def)

have 2: (= (di (= empty))) = (= ((— empty);# True)) by (simp add: di-d-def)
have 3: - (= ((— empty);# True)) = (- (more;# True)) by (simp add: empty-d-def)
have 4: = more;# True = more using MoreEqvMoreChopTrue by auto

hence 5: - (=(more;# True)) = (- more) by fastforce

from 1 2 3 5 show ?thesis using NotEmptyEqvMore by fastforce

ged

lemma EmptyChopSkipinduct:
assumes - empty — f
F prevf — f
shows  f
proof —
have 1:+ empty — f using assms(1) by auto
have 2: - prev f — f using assms(2) by blast
have 3: - (empty V prev f) — f using 1 2 by fastforce
have 4: - wprev f = (empty V prev f) by (simp add: WprevEqvEmptyOrPrev)
hence 5: - wprev f — f using 3 by fastforce
hence 6: - ~f — — (wprev f) by fastforce
hence 7: = —~f — prev (= f) by (simp add: wprev-d-def)
hence 8: - = = f by (rule PrevLoop)
from 8 show ?thesis by auto
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ged

lemma MorelmplmpChopSkipEqv:
F more — ( (f—g);skip = ((f;skip)—(g;skip)) )
proof —
have 01:  (f—g) = (= f V g) by auto
hence 02: + (f—g);skip = (= f V g);skip by (simp add: LeftChopEqvChop)
hence 1:+ (more A (f—g);skip) = (more A (= f V g);skip) by fastforce
have 2: = (= f V g);skip = ((— f);skip \V g;skip)
using OrChopEqv by auto
hence 3: F (more A (— f V g);skip) = (more N ((— f);skip V g;skip))
by auto
have 4: = (—((— f);skip)) = (empty V (f;skip))
using NotNotChopSkip by blast
hence 5:  ((— f);skip) = (—(empty V (f;skip)))
by fastforce
have 6: - —(empty V (f;skip)) = (more N\ —(f;skip))
using 5 NotChopSkipEqvMoreAndNotChopSkip by fastforce
have 7: = ((— f);skip \V g;skip) = ( (more N\ —(f;skip)) V g;skip)
using 5 6 by fastforce
hence 8: - (more A(— f;skip \V g;skip)) = (more A ( (more N —(f;skip)) \V g;skip))

by auto

have 9: = (more A ( (more A —(f;skip)) V g;skip)) = (more A (—(f;skip) V g;skip))
by auto

have 10: - (more A (—(f;skip) V g;skip)) = (more A ((f;skip)—(g;skip)))
by auto

have 11:+ (more A (f—g);skip) = (more N ((f;skip)—(g;skip)))
using 1 2389 10 7 by fastforce

from 11 show ?’thesis using MP by fastforce

ged

lemma MorelmplmpPrevEqv:
+ more — ( prev(f—g) = (prev f— prev g) )
by (simp add: MorelmplmpChopSkipEqv prev-d-def)

lemma BiBoxNotEqvNot TrueChopChop True:
Fbi(O (= ) = (=((# True;f);# True ))
by (simp add: bi-d-def always-d-def di-d-def sometimes-d-def)

lemma DiAndEmptyEqvAndEmpty:

F (di f A empty) = (f A empty)

proof —

have 1 :+ dif = (f V di f;skip)
using DiEqvOrDiChopSkipB by blast

hence 2: - (di f N empty) = ((f V di f;skip) A empty)
by fastforce

have 3 : + ((f Vv di f;skip) A empty) = ((f A empty) V (di f;skip A empty))
by auto

have 4: = —(di f;skip A empty)
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by (metis AndChopB AndDiEqv ChopAndEmptyEqvEmptyChopEmpty DiEmpty MoreEqvSkipChop True
TrueChopSkipEqvSkipChop True empty-d-def int-eq int-eq-true int-simps(14) int-simps(21)
lift-and-com)
hence 5 : = ((f A empty) V (di f;skip A\ empty)) = (f N empty)
by auto
from 2 3 5 show ?thesis by fastforce
ged

14.4.3 Strict initial intervals

lemma DsMoreDi:
F ds f = (more A (di f);skip)
proof —
have I: + dsf = (=(bs (= 1)))
by (simp add: ds-d-def)
have 2:  (=(bs (= f))) = (=(empty \V (bi (= f));skip))
by (simp add: bs-d-def)
have 3: F (—(empty Vv (bi (— f));skip)) = (mempty A —((bi (—f));skip))
by auto
have 4: - (mempty A —((bi (=f));skip)) = (more A —((bi (—f));skip))
using NotEmptyEqvMore by auto
have 5: F (more N —((bi (—f));skip)) = (more A —(—(di f);skip))
by (metis DiEqvNotBiNot Dilntro DiSkipEqvMore NotChopSkipEqvMoreAndNotChopSkip
Prop10 RightChoplmpMoreRule int-simps(4) integ-reflection lift-and-com)
have 6: - (more N =((—(di f));skip)) = (more A (empty V (di f);skip))
using NotNotChopSkip by fastforce
have 7: + (more A (empty V (di f);skip)) = (more A (di f);skip)
using NotEmptyEqvMore by auto
from 123456 7 show ?thesis by fastforce

ged

lemma DsDi:

Fds f = (di f);skip
proof —

have I:+ dsf = (more A (di f);skip) by (rule DsMoreDi)

have 2: - (di f);skip — more by (metis Dilntro DiSkipEqvMore RightChoplmpMoreRule int-eq)
hence 3: + (more A (di f);skip) = (di f);skip by auto

from 1 2 show ?thesis by fastforce

ged

lemma BsEqvNotDsNot:

Fbs f = (=(ds (= 1)))

proof —

have 1:  ds (= f) = (more A (di (= f));skip)
by (rule DsMoreDi)

hence 2: = (=(ds (= 1))) = (=(more A (di (— f));skip))
by auto

have 3: = (=(more A (di (- f));skip)) = (empty vV =((di (— f));skip))
using NotEmptyEqvMore by auto

have 4: = (empty vV —((di (- f));skip)) = (empty V —((—(bi f));skip))
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using DiNotEqvNotBi by (metis 3 inteq-reflection)
have 5: = (=((—(bi f));skip)) = (empty V (bi f);skip)
by (rule NotNotChopSkip)
hence 6: - (empty vV —((=(bi f));skip)) = (empty \ (bi f);skip)
by auto
from 2 3 4 6 show ?7thesis by (metis bs-d-def inteqg-reflection)
ged

lemma NotBsEqvDsNot:

F (—|(b5 f)) =ds (—| f)

proof —

have 1:+ bs f = (—(ds (- f))) by (rule BsEqvNotDsNot)
hence 2: + (—( bs f)) = (——(ds (= f))) by auto

from 2 show ?7thesis by auto

ged

lemma NotDsEqvBsNot:

F (= (dsf)) =bs(—f)

proof —

have I1:+ (—(ds f)) = (=—(bs (—f))) by (simp add: ds-d-def)
from 1 show ?thesis by auto

ged

lemma NotDsAndEmpty:

F =(ds f A empty)

proof —

have I: dsf = (more A (di f);skip) by (rule DsMoreDi)

have 2: = more A (di f);skip A empty — #False using NotEmptyEqvMore by auto
from 1 2 show ’thesis by fastforce

ged

lemma BsMoreEqvEmpty:

F bs more = empty

proof —

have 1:+ bs more = (empty \V (bi more);skip) by (simp add: bs-d-def)

have 2: - bi more — #False using DiEmpty NotEmptyEqvMore by (simp add: bi-d-def empty-d-def)
hence 3: & (bi more);skip — #False;skip using LeftChoplmpChop by blast
have 31: - #False;skip — #False by (simp add: Valid-def skip-defs chop-defs)
have 32: = (bi more);skip — #False using 3 31 by fastforce

hence 4: - (empty Vv ((bi more);skip)) = empty by fastforce

from 1 4 show 7thesis by fastforce

ged

lemma BsAndEgv:

F(bsf A bsg) = bs(f A g)

proof —

have I:+ bs f = (empty \V (bi f) ;skip)
by (simp add: bs-d-def)

have 2: - bs g = (empty V (bi g) ;skip)
by (simp add: bs-d-def)
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have 3: - (bs f A bs g) = ((empty V (bi f) ;skip) A (empty V (bi g) ;skip))
using 1 2 by fastforce
have 4: - ((empty Vv (bi f) ;skip) A (empty V (bi g) ;skip)) =
(empty \V ((bi f) ;skip A (bi g) ;skip))
by auto
have 5: = (((bi f) ;skip N (bi g) ;skip)) = bi(f A g);skip
using BiAndChopSkipEqv by fastforce
hence 6: - (empty \V/ ((bi f) ;skip A (bi g) ;skip)) = (empty V bi(f A g);skip)
by auto
from 3 4 6 show ?thesis by (metis bs-d-def inteq-reflection)
ged

lemma DsEqvRule:

assumes - f = g

shows - dsf =ds g

using assms using int-eq by force

lemma DsOrEqv:

F(dsfVdsg)=ds(fVg)

proof —

have 1: + ds f = (=(bs (- f))) by (simp add: ds-d-def)

have 2: + ds g = (—(bs (- g))) by (simp add: ds-d-def)

have 3: - (dsf vV dsg) = (=(bs (= f)) V =(bs (— g))) using I 2 by fastforce
have 4: F (—(bs (= f)) V =(bs (- g))) = (—(bs (= f) A bs (- g))) by auto
have 5: - (bs (- f) A bs (- g)) = bs( = f A —g) by (rule BsAndEqv)

hence 6: F (—=(bs (- f) A bs (= g))) = (—(bs( = f A —g))) by auto

have 7: - (=(bs( = f A =g))) = ds (=(— f A —g)) by (rule NotBsEqvDsNot)
have 8: - (=(— f A —g)) = (f V g) by auto

hence 9: - ds(—(— f A —~g)) = ds (f V g) by (rule DsEqvRule)

from 34 6 7 9 show ?thesis by fastforce

ged

lemma BsOrimp:

k- bsf \V bsg — bs(f V g)

proof —

have I: - bif VvV big — bi(f V g)
by (rule BiOrBilmpBiOr)

hence 2: - (bi f V bi g);skip — (bi(f V g));skip
by (rule LeftChoplmpChop)

have 3: F (bi f);skip \VV (bi g);skip — (bi(f V g));skip
using 1 OrChopEqv 2 by fastforce

hence 4: - empty V (bi f);skip \VV (bi g);skip — empty \V (bi(f V g));skip
by auto

hence 5: - (empty V (bi f);skip) V (empty V (bi g);skip) — empty \ (bi(f V g));skip
by auto

from 5 show ?thesis by (simp add: bs-d-def)

ged

lemma DsAndImp:
Fds(fANg)— dsf Adsg

411



proof —

have 1:+ bs (—=f) V bs (ng) — bs(—~f V —g) by (rule BsOrlmp)

have 2: - (=f V =g) = (=(f A g)) by auto

hence 3: - bs(—f V —g) = bs (=(f A g)) by (rule BsEqvRule)

have 4: - bs (=f) V bs (—g) — bs (—(f A g)) using 1 3 by fastforce
have 5: - bs (=f) = (—(ds f)) using NotDsEqvBsNot by fastforce

have 6:  bs (—g) = (—(ds g)) using NotDsEqvBsNot by fastforce

have 7: - bs (=(f A g)) = (—(ds (f A g))) using NotDsEqvBsNot by fastforce
have 8:+ —(dsf) VvV —(dsg) — —(ds (f A g)) using 4 5 6 7 by fastforce
hence 9: F —(dsf A dsg) — —(ds (f A g)) by auto

from 9 show ?thesis by auto

ged

lemma DsAndImpElimL:
Fds(fANg)— dsf
using DsAndImp by fastforce

lemma DsAndImpElimR:
Fds(fANg)— dsg
using DsAndImp by fastforce

lemma BilmpBs:

Fbif — bsf

proof —

have 1: - empty — empty \ (bi f);skip by auto

hence 2: - empty A bi f — empty V (bi f);skip by auto

have 2: - more A bi f — (bi f);skip by (rule MoreAndBilmpBiChopSkip)
hence 3: = more A bi f — empty V (bi f);skip by auto

have 4: - bi f = ((bi f N\ empty) V (bi f A more)) by (simp add: empty-d-def, auto)
have 5: - (empty V (bi f);skip) = bs f by (simp add: bs-d-def)

from 2 3 4 5 show ?thesis by fastforce

ged

lemma BsImpBsBs:

b bsf — bs ( bsf)

proof —

have 1: F bi f — bs f by (rule BilmpBs)

hence 2:  bi (bi f) — bi(bs f) by (rule BilmpBiRule)

hence 3: - (bi f) — bi(bs f) using BiEqvBiBi by fastforce

hence 4: \ (bi f);skip — (bi(bs f));skip by (rule LeftChoplmpChop)
hence 5: - empty V (bi f);skip — empty V (bi(bs f));skip by auto
from 5 show ’thesis by (simp add: bs-d-def)

ged

lemma DsImpDi:

Fdsf—dif

proof —

have 1:+ bi (= f) — bs (= f) by (rule BilmpBs)

hence 2: F —(bs (- f)) — —(bi (= f)) by fastforce

from 2 show ?thesis using NotBsEqvDsNot DiEqviNotBiNot by fastforce
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ged

lemma BsImpBsRule:

assumes - f — g

shows - bs f — bs g

proof —

have 1. f — g using assms by auto

hence 2: - bi f — bi g by (rule BilmpBiRule)

hence 3: I (bi f);skip — (bi g);skip by (rule LeftChoplmpChop)
hence 4: F empty \ (bi f);skip — empty \V (bi g);skip by auto
from 4 show ?thesis by (simp add: bs-d-def)

ged

lemma DsChoplmpDsB:

Fds (f;g) — dsf

proof —

have 1:  di(f;g) — di f by (rule DiChoplmpDiB)

hence 2: + (di(f;g));skip — (di f);skip by (rule LeftChoplmpChop)
from 2 show ?thesis using DsDi by fastforce

ged

lemma NotBsImpBsNotChop:

Fbs (= f) — bs ( —(f;g))

proof —

have 1:+ ds (f;g) — ds f by (rule DsChoplmpDsB)
hence 2: - —(ds f) — —(ds (f;g)) by fastforce

from 2 show 7thesis using NotDsEqvBsNot by fastforce
ged

lemma BsOrBsEqvBsBiOrBi:

H(bsf V bsg) = bs(bifV big)

proof —

have I: - (bsf V bs g) = ((empty V (bi f);skip) VV (empty V (bi g);skip))
by (simp add: bs-d-def)

have 2: - ((empty V (bi f);skip) V (empty \V (bi g);skip)) = (empty V (bi f);skip \V/ (bi g);skip)
by auto

have 3: - ((bi f);skip \V (bi g);skip) = (bi f Vv bi g);skip
using OrChopEqv by fastforce

hence 4: - (empty V (bi f);skip \V (bi g);skip) = (empty \/ (bi f \V/ bi g);skip)
by auto

have 5:  (bif v big) = bi ( bi f \V bi g)
by (meson BiBiOrlmpBi BilmpBiBiOr BilmpBiBiOrB Prop02 int-iffl)

hence 6: - (bi f V bi g);skip = bi ( bi f \VV bi g);skip
by (simp add: LeftChopEqvChop)

hence 7: - (empty V bi ( bi f V bi g);skip) = (empty V (bi f V bi g);skip)
by auto

have 8: - (empty V (bi f V bi g);skip) = bs(bi f V bi g) using bs-d-def
by (metis 4 5 inteq-reflection)

from 1 2 4 8 show ?thesis by (metis inteqg-reflection)

413



ged

lemma DiOrDsEqvDi:

Fdifvdsf=dif

proof —

have 1:+dif — di f V ds f by auto

have 2: - di f — di f by auto

have 3: - ds f — di f by (rule DsImpDi)

have 4:+dif V ds f — di f using 2 3 by auto
from 1 4 show ?thesis by auto

ged

lemma DiAndDsEqvDs:

F(dif Ndsf)=dsf

proof —

have I:+dif A dsf — ds f by auto

have 2: + ds f — ds f by auto

have 3: F ds f — di f by (rule DsmpDi)

have 4:+ dsf — di f A ds f using 2 3 by auto
from 1 4 show ?thesis by auto

ged

lemma OrDsEqvDi:

F(fvdsf)=dif

proof —

have 1: F ds f = (di f);skip by (rule DsDi)

hence 2: - (f v ds f) = (f Vv (di f);skip) by auto

from 2 show ?thesis using DiEqvOrDiChopSkipB by fastforce
ged

lemma AndBsEqvBi:

E(f Absf)=bif

proof —

have I: - (f A bs f) = (f A (empty V (bi f);skip)) by (simp add: bs-d-def)
from 1 show ?thesis using BiEqvAndEmptyOrBiChopSkip by fastforce

ged

lemma BsEqvBsBi:

- bs f = bs (bi f)

proof —

have I1:+ bs f = (empty \V (bi f);skip) by (simp add: bs-d-def)

have 2: + bi f = bi ( bi f) by (rule BiEqvBiBi)

hence 3: b (bi f);skip = bi (bi f);skip using LeftChopEqvChop by blast
hence 4: = (empty V (bi f);skip) = (empty V bi (bi f);skip) by auto
from 1 4 show ?thesis by (simp add: bs-d-def)

ged

lemma StatelmpBs:

F init w — bs (init w)
proof —
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have I: I init w = bi (init w) by (rule StateEqvBi)
have 2: F bi (init w) — bs (init w) by (rule BilmpBs)
from 1 2 show 7thesis using StatelmpBi by fastforce
ged

lemma DsAndDsEqvDsAndDiOrDsAndDi:
F(dsf Adsg)=(ds(fAdig)Vds(gAdif))
proof —
have I:+ (dif Adig) = (di(f A dig)V di(g A dif))
by (rule DiAndDiEqvDiAndDiOrDiAndDi)
hence 2: + (di f A di g);skip = (di(f A dig) Vv di(g A di f));skip
by (rule LeftChopEqvChop)
have 3: - (di f A di g);skip = ((di f);skip A (di g);skip)
using ChopSkipAndChopSkip by fastforce
have 4: = ((di f);skip A (di g);skip) = (di(f A dig) Vv di(g A di f));skip
using 2 3 by fastforce
have 5: - (di(f A dig) V di(g A dif));skip = (di(f A di g);skip V di(g A di f);skip)
using OrChopEqv by blast
have 6: - ds f = (di f);skip
using DsDi by blast
have 7: - ds g = (di g);skip
using DsDi by blast
have 8: = ((di f);skip A (di g);skip) = (ds f A ds g)
using 6 7 by fastforce
have 9: - ds(f A dig) = di(f A di g);skip
using DsDi by blast
have 10: - ds(g A di f) = di(g A di f);skip
using DsDi by blast
have 11:F (di(f A di g);skip V di(g A di f);skip) = (ds(f A di g) V ds(g A dif))
using 9 10 by fastforce
from 4 5 8 11 show ?thesis by fastforce
ged

lemma BsEqvBiMorelmpChop:

F bs f = bi(more — f;skip)

proof —

have I1:+ bsf = (empty \V (bi f;skip))
by (simp add: bs-d-def)

have 2: - (empty V (bi f;skip)) = ((—(—(bi f));skip))
using NotNotChopSkip by fastforce

have 3: = —((=(bi f));skip) = (—(di (= f);skip))
by (simp add: bi-d-def)

have 4: = (=(di (= f);skip)) = (=(((— f) ;# True);skip))
by (simp add:di-d-def)

have 5: = (=(((— f) ;# True);skip)) = (=((— f) ;(# True;skip)))
using ChopAssocB by fastforce

have 6: = (=((— f) ;(#True;skip))) = (=((— f) ;(skip;# True)))
using Skip TrueEqvTrueSkip TrueChopSkipEqvSkipChopTrue RightChopEqvChop by fastforce

have 7: = (=((— f) ;(skip;# True))) = (—(((— f) ;skip);# True))
using ChopAssoc by fastforce
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have 8: = (=(((— f) ;skip);# True)) = (=(di ((— f);skip)))
by (simp add: di-d-def)
have 9: F (—(di ((— f);skip))) = bi (=((— ) ;skip))
using NotDiEqvBiNot by blast
have 10: = bi (—=((— f) ;skip)) = bi( empty \V (f;skip))
using NotNotChopSkip using BiEqvBi by blast
have 11:F bi( empty V (f;skip)) = bi( = more \V/ (f;skip))
by (simp add: empty-d-def)
have 12: + ( - more V (f;skip)) = (more — f;skip) by auto
have 13: - bi( = more V (f;skip)) = bi(more — f;skip) using 12 using BiEqvBi by blast
have 14: + bs f = (= (((— f);skip);# True)) using 1 2 34 56 7 by fastforce
have 15: - (= (((— f);skip);# True)) = bi(more — f;skip) using 8 9 10 11 13 by fastforce
from 14 15 show ?thesis by fastforce
ged

lemma BoxMoreStateEqvBsFinState:
F O(more — = (init w)) = bs(—(fin(init w)))
proof —
have 1: F O(more — = (init w)) = (=(<O(=(more — = (init w)))))
by (simp add: always-d-def)
have 0I: - (=(more — = (init w))) = (init w A more) by auto
hence 2: - —(O(—=(more — = (init w)))) = (—(# True;(init w A more)))
by (metis int-eq int-iffD1 int-simps(14) int-simps(6) sometimes-d-def)
have 3: - more = # True; skip
using MoreEqvSkipChop True Skip TrueEqv TrueSkip by fastforce
have 4: & (init w A more) = (init w A (# True; skip))
using 3 by auto
have 5: & (init w A (# True; skip)) = ((init w A empty);(# True;skip))
using StateAndEmptyChop by fastforce
have 6: - (init w A more) = ((init w A empty);(# True;skip))
using 4 5 by fastforce
have 7: = (#True;(init w A more)) = (# True;((init w A empty);(# True;skip)) )
using 6 RightChopEqvChop by blast
have 8: = (# True;((init w N\ empty);(# True;skip)) ) =
(((# True;(init w N\ empty));(# True;skip)) )
using ChopAssoc by blast
have 9: - (((# True;(init w A empty));(# True;skip)) ) =
((((# True;(init w N\ empty));# True);skip) )
using ChopAssoc by blast
have 10: & (# True;(init w A more)) =
((((# True;(init w N empty));# True);skip) )
using 7 8 9 by fastforce
hence 11:+ (—(# True;(init w A more))) =
(=((((# True;(init w A empty));# True);skip) ))
by auto
have 12: = —((((# True;(init w A empty));# True);skip) ) =
empty V (—((# True;(init w A\ empty));# True);skip)
using NotChopNotSkip by fastforce
have 13: - (=((# True;(init w A empty));# True)) = bi(O (—(init w A empty)))
using BiBoxNotEqvNot TrueChopChopTrue by fastforce
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hence 14: - (—=((# True;(init w N\ empty));# True));skip =
(bi(O (—(init w A empty))));skip
using RightChopEqvChop by (simp add: LeftChopEqvChop)
hence 15: - empty V (—((# True;(init w A empty));# True));skip =
empty V(bi(O (= (init w A empty))));skip
by auto
have 16: & (—((((# True;(init w N empty));# True);skip) )) =
(empty V (bi(O (—(init w A\ empty)));skip))
using 12 15 using 14 NotChopNotSkip int-eq by fastforce
have 171:  (=(init w A empty)) = (—(init w) V —empty)
by auto
hence 172: = O(=(init w A empty)) = O(—(init w) V —empty)
by (simp add: BoxEqvBox)
hence 173: + bi(O(—(init w A empty))) = bi(T(—(init w) V —empty))
by (simp add: BiEqvBi)
hence 174: - bi(O(—(init w A empty)));skip = bi(O(—(init w) V —empty));skip
using LeftChopEqvChop by blast
hence 17: + (empty Vv (bi(O (—(init w A empty)));skip)) =
(empty V (bi(O (—(init w) V —empty));skip))
by auto
have 181: + (=(init w) V —empty) = (—empty V —(init w) )
by auto
hence 18: - O (=(init w) V —empty) = O (—empty V —(init w) )
by (simp add: BoxEqvBox)
have 191: + (—empty V —(init w) ) = (empty — = (init w) )
by auto
hence 19: - O (mempty V =(init w) ) = O(empty — —(init w) )
by (simp add: BoxEqvBox)
have 20: + O(empty — —(init w) ) = fin (—=(init w) )
by (simp add: fin-d-def)
have 21: + fin (=(init w) ) = (=(fin (init w)))
using FinEqvFin FinNotStateEqvNotFinState Initprop(2) by fastforce
have 22: F bi(O (—(init w) V —empty)) = bi (=(fin (init w)))
using 18 19 20 21 BiEqvBi by (metis int-eq)
hence 23: - (bi(O (—(init w) vV —empty)));skip = (bi (—(fin (init w))));skip
using RightChopEqvChop by (simp add: LeftChopEqvChop)
hence 24: - (empty V (bi(O (=(init w) V —empty)));skip) =
(empty \V (bi (—=(fin (init w))));skip)
by auto
hence 25: - (empty V (bi (—(fin (init w))));skip) = bs(—(fin (init w)))
by (simp add: bs-d-def)
from 121116 17 24 25 show ?thesis by fastforce
ged

lemma BsFalseEqvEmpty:

F bs #False = empty

proof —

have 1: bs #False = (empty \ bi #False;skip)
by (simp add: bs-d-def)

have 2: = —(bi #False;skip)
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by (metis BiEqvAndWprevBi MoreEqvSkipChop True NotChopSkipEqvMoreAndNotChopSkip
Skip TrueEqv TrueSkip int-eq int-iffD1 int-simps(14) int-simps(19) int-simps(2)
int-simps(21))
from 1 2 show ?thesis by fastforce
ged

14.4.4 First occurrence

lemma FstWithAndImp:

FofAg—D>(fAg)

proof —

have I: - (>f A g) = ((f A (bs (—f))) A g)
by (simp add: first-d-def)

have 2: - ((f A (bs (—f))) A g) = (f A —(ds f) A g)
using NotDsEqvBsNot by fastforce

have 3: F —(ds f) — —(ds(f A g))
using DsAndImpElimL by fastforce

hence 4: - f A =(dsf) ANg — f A g A ~(ds(f A g))
by auto

have 5:F (f A g A =(ds(f A g))) = ((f Ag) A (bs (—(Ff A g))))
using NotDsEqvBsNot by fastforce

have 6:F ((f A g) A (bs (—(f A g)))) =(f A g)
by (simp add: first-d-def)

from 1 2 4 5 6 show ?thesis by fastforce

ged

lemma FstWithOrEqv:
F>(f Vv g)=((>f Abs(-g)) Vv (>g A bs (—f)))
proof —
have 1: - >(f vV g) = ((f V g) A bs (=(f V g)))
by (simp add: first-d-def)
have 2: - (=(f V g)) = (=f A —g)
by auto
hence 3: F bs (=(f V g)) = bs (=f A —g)
using BsEqvRule by blast
have 4:+ bs (~f A —g) = (bs (= f) A bs (- g))
using BsAndEqv by fastforce
have 5:F ((f vV g) A bs (=(f V g))) = ((f V g) Abs (—f)A bs (- g))
using 3 4 by fastforce
have 6:F ((f Vv g) A bs (= f) A bs (- g)) =
((F A bs (= F) A bs (= 8)) V (g A bs (= £) A bs (= &)
by auto
have 7:F ((f A bs (= f)) A bs (- g)) = (>f A bs (- g))
by (simp add: first-d-def)
have 8:F (g Abs (= f)Abs(—g))=((gANbs(—g))Abs(-f))
by auto
have 9:+ ((g A bs (— g)) A bs (= f))=(>g A bs (- f))
by (simp add: first-d-def)
have 10: + ((f A bs (- f)) A bs (—g)) V(g Abs (= f)Abs(—g))=
(>f A bs(—g))V(>g A bs(—f))
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using 7 8 9 by fastforce
from 1 5 6 10 show ?thesis by (metis 7 8 9 int-eq)
ged

lemma FstFstAndEqvFstAnd:
F>(>f Ag)=(>f Ag)
proof —
have I:+ (>f A g) = ((f A (bs (=f))) A g) by (simp add: first-d-def)
hence 2: - >f A g — (bs (—f)) by auto
hence 3: - >f A g — >f A g A (bs (=f)) by auto
have 4: + - f — = f V =(bs (—f)) V = g by auto
hence 5: - bs (- f) — bs(— f V =(bs (=f)) V = g) using BsiImpBsRule by blast
have 6: (= f V —(bs (=f)) V = g) = (=(f A bs (= ) A g)) by auto
hence 7: F bs(— f vV =(bs (—=f)) V = g) = bs(—(f A bs (= f) A g)) using BsEqvRule by blast
have 8: - ((f A bs (= f)) AN g) = (>f A g) by (simp add: first-d-def)
hence 9: F (=(f A bs (= f) A g)) = (=(>f A g)) by auto
hence 10: - bs (=(f A bs (= f) A g)) = bs (=(>f A g)) using BsEqvRule by blast
have 11: - >f AN g — (>f A g) A bs (=(>f A g)) using 35 7 10 by fastforce
hence 12: - >f A g — >(>f A g) by (simp add: first-d-def)
have 13: F >(>f A g) = ((>f A g) A bs (=(>f A g))) by (simp add: first-d-def)
hence 14: + >(>f A g) — >f A g by auto
from 12 14 show ?thesis by fastforce
ged

lemma FstTrue:
F > # True = empty
proof —
have I1:+ > # True = (#True A bs (= # True))
by (simp add: first-d-def)
have 2: - bs (- # True) = (empty V (bi (- # True));skip)
by (simp add: bs-d-def)
have 3: - —(bi (= # True))
using BiElim by fastforce
have 4: - —((bi (- # True));skip)
by (metis AndChopA BiEqvAndEmptyOrBiChopSkip MoreEqvSkipChop True
NotChopSkipEqvMoreAndNotChopSkip Skip TrueEqv TrueSkip int-eq int-simps(14) int-simps(21))
have 5: - bs (= # True) = empty
using 2 4 by fastforce
from 1 5 show ?thesis by fastforce
ged

lemma FstFalse:
F =(> #False)
proof —
have 1:\ > #False = (#False N\ bs # True) by (simp add: first-d-def)
from 1 show ?thesis by auto
ged

lemma FstChopFalseEqvFalse:
F —(>f ; #False)
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by (simp add:Valid-def chop-defs)

lemma FstEmpty:

F > empty = empty

proof —

have I1:+ > empty = (empty A bs (= empty)) by (simp add: first-d-def)

have 2: - bs (= empty) = (empty V bi (- empty);skip) by (simp add: bs-d-def)
from 1 2 show ?thesis by fastforce

ged

lemma FstAndEmptyEqvAndEmpty:

F (>f A empty) = (f A empty)

proof —

have I:F (>f A empty) = ((f A bs (= f)) A empty) by (simp add: first-d-def)
have 2: - bs (- ) = (empty V bi (—f);skip) by (simp add: bs-d-def)

from 1 2 show “thesis by fastforce

ged

lemma FstEmptyOrEqvEmpty:
F >(empty V f) = empty
proof —
have 1: F >(empty V ) = ((bempty A bs (= f)) V (>f A bs (— empty))) using FstWithOrEqv by blast
have 2: - (- empty) = more by (simp add: empty-d-def)
hence 3:  bs (- empty) = bs more using BsEqvRule by blast
have 4: - bs more = empty using BsMoreEqvEmpty by blast
have 5: - (>f A bs (- empty)) = (>>f A empty) using 3 4 by fastforce
have 6: 1+ >empty = empty using FstEmpty by blast
hence 7: F (>empty A bs (= f)) = (empty A bs (= f)) by auto
have 8: F (empty A bs (= f)) = (empty N(empty \V bi (- f);skip)) by (simp add:bs-d-def)
have 9: - (empty A(empty V bi (= f);skip)) = empty by auto
have 10: + (empty A bs (- f)) = empty using 8 9 by auto
have 11: + ((>empty A bs (= f)) V (>f A bs (= empty))) =
(empty V (>>f A empty)) using 7 10 5 by fastforce
have 12: - (empty V (>>f A empty)) = empty by auto
from 1 11 12 show ?thesis by fastforce
ged

lemma FstChopEmptyEqvFstChopFstEmpty:

F (>f;g A empty) = (>f;>>g A empty)

proof —

have I:+ (>f;g A empty) = (>>f A g A empty) using ChopEmptyAndEmpty by blast
have 2: - (>g A empty) = (g A empty) using FstAndEmptyEqvAndEmpty by blast
hence 3: + (>f A g A empty) = (>f A >g A empty) by auto

have 4: - (>f;>>g A empty) = (>>f A >g A empty) using ChopEmptyAndEmpty by blast
from 1 3 4 show ?thesis by fastforce

ged

lemma FstMoreEqvSkip:

F > more = skip
proof —
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have I:+ > more = (more A bs (- more)) by (simp add: first-d-def)

have 2: - (more A bs (= more)) = (more A (empty V bi (= more);skip)) by (simp add:bs-d-def)
have 3: = (more A (empty V bi (= more);skip)) = (more A bi (- more);skip) using empty-d-def
using MoreAndEmptyOrEqvMoreAnd by fastforce

have 4: = (more A ((bi (- more));skip)) = ((bi (= more));skip) using ChopSkiplmpMore by fastforce
have 5: - ((bi (- more));skip) = bi empty;skip by (simp add: empty-d-def)

have 6: - bi empty = empty using BiEmptyEqvEmpty by auto

hence 7: = bi empty;skip = empty;skip using LeftChopEqvChop by blast

have 8: - empty;skip = skip using EmptyChop by blast

from 1234 57 8 show ?thesis by (metis int-eq)

ged

lemma FstEqvBsNotAndDi:

- >f = (bs (— f) A di f)

proof —

have 1:+ bs (- f) = (—(ds f)) by (simp add: ds-d-def)
hence 2: + (bs (- f) Adif) = (=(dsf) A dif) by auto
have 3:+ dif = (ds f V f) using OrDsEqvDi by fastforce
hence 4 : - (=(ds f) Adif)=(=(dsf) A (dsf V f)) by auto
have 5 : F (=(dsf) A(dsf Vv f))=(-(dsf) A f) by auto
have 6 : + (=(dsf) Af)=(f A bs (- f)) using 1 by auto
from 2 4 5 6 show ?thesis by (metis first-d-def int-eq)

ged

lemma FstOrDiEqvDi:

F(>fvdf)=df

proof —

have I:+ (>f vV di f) = ((f A bs (=f)) V di ) by (simp add: first-d-def)
have 2: + ((f A bs (=f)) vV dif) = ((f V dif) A (bs (= f) V di f)) by auto
have 3: - (f vV dif)=dif

by (metis 2 Dilntro RRDiamondEqvDi int-eq Prop02 Prop03 Propll Propl2)
hence 4: - ((f V dif) A (bs (- f) Vv dif))=(dif A (bs (= f)V dif)) by auto
have 5: + (di f A (bs (- f) V di f)) = di f by auto

from 1 2 4 5 show ?thesis by fastforce

ged

lemma FstAndDiEqvFst:
F(>f ANdif)=1>f
proof —
have 1: F (>f A dif) = ((f A bs (—=f)) A di f) by (simp add: first-d-def)
have 2: - (f A di f) = f by (meson Dilntro Prop10 Prop11)
hence 3: + (f A bs (=f) A di f) = (f A bs (—f)) by auto
from 1 3 show ?thesis by (metis first-d-def int-iffD2 int-iffl Prop12)
ged

lemma DiEqvDiFst:

Fdif=di(>f)

proof —

have 1: - di (> f) = di (f A bs (—f))
by (simp add: first-d-def)
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have 2: - di (f A bs (—=f)) — di f A di (bs (- f))
using DiAndImpAnd by auto
hence 3: - di (f A bs (=f)) — di f
by auto
have 4: - di (> f) — di f using 1 3
by fastforce
have 5: F (di f A empty) = (f A empty)
using DiAndEmptyEqvAndEmpty by blast
have 6: F (> f A empty) = (f N empty)
using FstAndEmptyEqvAndEmpty by auto
have 7: + di f N\ empty — >f
using 5 6 by fastforce
have 8: - >f — di (> 1)
using Dilntro by auto
have 9:+ di f A empty — di (> f)
using 7 8 using lift-imp-trans by blast
hence 10: - empty — (di f — di (> f))
by auto
have 11:F prev ( di f — di (> f))— more
by (simp add: ChopSkiplmpMore prev-d-def)
have 12: + more —( prev ( di f — di (> f)) = (prev(di f) — prev(di (>1))))
using MorelmplmpPrevEqv by auto
have 13: = (more A prev ( di f — di (>> f))) = (more A (prev(di f) — prev(di (>>f))))
using 12 by fastforce
have 14: - prev ( di f — di (> f)) = (more A (prev(di f) — prev(di (>>f))))
using 11 13 by fastforce
have 15: - dif = (f V ds f)
using OrDsEqvDi by fastforce
have 16: F dif = (di f A (bs (= f) V =(bs (= f))))
by auto
have 17:+ (dif A (bs (= f) V =(bs (= 1)))) = ((di f A bs (= F)) V (di f A =(bs (= 1))))
by auto
have 18:+ (dif A bs (= f)) = ((f V ds f) A bs (— f))
using 15 by auto
have 19:+ ((f V. dsf) A bs (= f)) = ((f A bs (= f)) V (ds f A bs (— f)))
by auto
have 20: - —(ds f A bs (= 1))
by (simp add: ds-d-def)
have 21: + ((f A bs (= f)) V (dsf A bs (= f))) = (f A bs (— f))
using 20 by auto
have 22: = (di f A bs (= f)) = (f A bs (= f))
using 18 19 21 by fastforce
have 23:  (f A bs (= f)) = >f
by (simp add: first-d-def)
have 24: - (>f) — di (>f)
using Dilntro by auto
have 25:  (f A bs (= f)) — di (>>f)
using 23 24 by fastforce
have 26: - (di f A bs (= f)) — di (>f)
using 25 22 by fastforce
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hence 27: F (di f A bs (= f) A (prev (di f — di (> f)))) — di (>f)
by auto
have 28: + (di f A =(bs (= f))) = (di f A ds f)
by (simp add: ds-d-def)
hence 29: - (di f A =(bs (= f)) A (prev (di f — di (> f)))) =
(dif Ndsf A (prev (di f — di (> £))))
by auto
have 30: F ds f = prev(di f)
using DsDi by (metis prev-d-def)
hence 31: + (dif Adsf A (prev (di f — di (> 1)))) =
(di £ N prev(di f) A (prev (di f — di (> f))))
by auto
have 32: + prev (di f — di (> f)) — (prev(di f) — prev(di (>>1)))
using 14 by auto
hence 33: F di f A prev(di f) A prev (di f — di (> f)) —
di f A prev(di f) A (prev(di f) — prev(di (>>f)))
by auto
have 34: + di f A prev(di f) A (prev(di f) — prev(di (>f))) — prev(di (>>f))
by auto
have 35: & prev(di (>f))= (di (>f));skip
by (simp add: prev-d-def)
have 36: + (di (>>f));skip — di(di (>f))
using ChoplmpDi by auto
have 37: + di(di (>>f)) = di (>f)
using DiEqvDiDi by fastforce
have 38: - di f A prev(di f) A (prev(di f) — prev(di (>f))) — di (>f)
using 37 36 35 34 by fastforce
have 39:  di f A =(bs (= f)) A (prev (di f — di (> f))) — di (1)
using 29 31 33 38 by fastforce
hence 40: - —(bs (= f)) A (prev (di f — di (> f))) — (di f — di (>1))
by fastforce
have 41: - bs (= f) A (prev (di f — di (> ))) —(di f — di (>f))
using 27 by fastforce
have 42: + (=(bs (= f)) V bs (= f)) A (prev (di f — di (> f))) —(di f — di (>1))
using 40 41 by fastforce
have 43: + (=(bs (= f)) V bs (= f))
by auto
have 44: - (prev (di f — di (> f))) —(di f — di (>f))
using 42 43 by fastforce
have 45: + di f — di (>f)
using 10 44 EmptyChopSkipInduct by blast
from 4 45 show ?thesis by fastforce
ged

lemma FstDiEqvFst:

- >(di f) = >f

proof —

have I:+ >(dif) = (di f A bs (— (di f))) by (simp add: first-d-def)
have 2: = (— (di f)) = bi (- f) by (simp add: NotDiEqvBiNot)
hence 3: + bs (— (di f)) = bs (bi (— f)) using BsEqvRule by blast
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have 4: = bs (bi (= f)) = bs ( = f) using BsEqvBsBi by fastforce

hence 5: + (di f A bs (= (di f))) = (di f A bs ( = f)) using 3 by fastforce

have 6 : + di f = (f VV ds f) using OrDsEqvDi by fastforce

hence 7: + (dif A bs(—f))=((f Vdsf)Abs(—f)) byauto

have 8: - ((f Vdsf)Abs (- f)=((f ANbs(—f))V(dsf A bs(—f))) by auto
have 9: - —(ds f A bs ( = f)) by (simp add: ds-d-def)

have 10: + (f A bs ( = f)) = >f by (simp add: first-d-def)

have 11: - ((f A bs (= f))V (dsf A bs (— f))) = >f using 9 10 by fastforce
from 1 57 8 11 show ’thesis by (metis int-eq)

ged

lemma DiAndFstOrEqvFstOrDiAnd:

F(dif AN(>fVg))=(>fV(difAg))

proof —

have I: - (di f A (>f V g)) = (>f Adif) Vv (di f A g) by auto
have 2: - (>f A di f) = >f using FstAndDiEqvFst by blast
from 1 2 show ?thesis by auto

ged

lemma DiOrFstAndEqvDi:

FdifVv(icfAg)=dif

proof —

have I: - (dif vV (>f A g))=((>f v dif)A(difVg)) byauto
have 2: F (>f Vv di f) = di f using FstOrDiEqvDi by blast

from 1 2 show ?thesis by auto

ged

lemma FstDiAndDiEqyv:
Fo(dif ANdig)=((>f Adig)V (>g A dif))
proof —
have I: - >(dif Ndig) = ((dif Adig) A bs (—(di f A di g))) by (simp add: first-d-def)
have 2: - (=(di f A di g)) = (bi (—=f) Vv bi (—g)) by (simp add: bi-d-def, auto)
hence 3: + bs (—(di f A di g)) = bs(bi (=f) V bi (—g)) using BsEqvRule by blast
hence 4: = ((dif Ndig) A bs (=(dif A dig))) =
(di f A\ dig A bs(bi (—f)V bi (—g))) by auto

have 5: - (bs (—=f) V bs (—g)) = bs(bi (—f) V bi (—g)) using BsOrBsEqvBsBiOrBi by blast
hence 6: - (di f A dig A bs(bi (—f) V bi (—g))) =

(di f A dig N(bs (=f) V bs (—g))) by auto
have 7: - (di f A di g A(bs (—=f) V bs (—g))) =

(( bs (—~f)Ndif Ndig)V (dif A bs(—g)Adig))byauto
have 8: - >f = (bs (=f) A di f) using FstEquBsNotAndDi by blast
hence 9: - (bs (=f) Adif A dig) = (>f A di g) by auto
have 10: - >g = (bs (—g) A di g) using FstEquBsNotAndDi by blast
hence 11:+ (dif A bs (—g) A dig) = (di f A >g) by auto
have 12: - (di f A di g A(bs (=f) V bs (—g))) =

((>f ANdig) Vv (dif A>g)) using 7 9 11 by (metis int-eq)
from 1 4 6 12 show ?7thesis using integ-reflection lift-and-com by fastforce
ged

lemma BiNotFstEqvBiNot:
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proof —

have 1:+ di f = di (>>f) using DiEqvDiFst by blast
hence 2: + (—(di ) = (=( di (>>f))) by auto

from 1 2 show 7thesis using NotDiEqvBiNot by fastforce
ged

lemma BsNotFstEqvBsNot:

F bs (= (>f)) = bs (— )

proof —

have 1: F bs (= (>f)) = (empty V bi (= (>>f));skip) by (simp add: bs-d-def)
have 2: - bi (= (>>f)) = bi (= f) using BiNotFstEqvBiNot by blast

hence 3: + bi (- (>>f));skip = bi (— f);skip using LeftChopEqvChop by blast
hence 4: = (empty V bi (= (>>f));skip) = (empty V bi (= f);skip) by auto
from 1 4 show ?thesis by (simp add: bs-d-def)

ged

lemma FstState:

F > (init w) = (empty A init w)

proof —

have 1:+ > (init w) = (init w A bs (—(init w))) by (simp add: first-d-def)
hence 2: - > (init w) — init w by auto

have 3: & init w — bs (init w) using StatelmpBs by auto

have 4: - > (init w) — bs (init w) using 2 3 by fastforce

have 5: - > (init w) — bs (—(init w)) using 1 by auto

have 6: - > (init w) — bs (init w) A bs (—(init w)) using 4 5 by fastforce
have 7: = (bs (init w) A bs (—(init w))) = (bs((init w) A —(init w))) using BsAndEqv by blast
have 8: F ((init w) A —(init w)) = #False by auto

hence 9: - (bs((init w) A =(init w))) = bs #False using BsEqvRule by blast
have 10: - bs #False = empty using BsFalseEqvEmpty by auto

have 11:+ > (init w) — empty using 10 9 7 6 by fastforce

have 12: - > (init w) — empty A init w using 11 2 by fastforce

have 13: F empty A init w — empty by auto

hence 14: + empty A init w — empty \V bi (=(init w));skip by auto

hence 15: - empty A init w — bs (=(init w)) by (simp add: bs-d-def)
have 16: - empty A init w — init w by auto

have 17: + empty A init w — init w A bs (=(init w)) using 16 15 by auto
hence 18: - empty A init w — >(init w) by (simp add: first-d-def)

from 12 18 show ?thesis by fastforce

ged

lemma FstStateAndBsNotEmpty:
F (> (init w) A bs (= empty)) = > (init w)
proof —
have I:+ (&> (init w) A bs (- empty)) = (> (init w) A bs more)
using BsEqvRule NotEmptyEqvMore by (simp add: empty-d-def)
have 2: - (&> (init w) A bs more) = (> (init w) A empty)
using BsMoreEqvEmpty by fastforce
have 3: - > (init w) = (empty A (init w))
using FstState by blast
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hence 4: - (> (init w) A empty) = (empty A (init w) A empty)
by auto

have 5: - (empty A (init w) A empty) = (empty A (init w))
by auto

have 6: - (empty A (init w)) = >(init w)
using FstState by fastforce

from 1 2 4 5 6 show ?thesis by fastforce

ged

lemma FstStatelmpFstStateOr:
F > (init w) — >(init w V f)
proof —
have 1: F >(init w) = (empty A init w)
using FstState by blast
have 2: = (empty A init w) = (empty A (empty V bi (= f);skip) A init w)
by auto
have 3: - (empty A (empty V bi (= f);skip) A init w) =
(empty A bs (— f) A init w)
by (simp add: bs-d-def)
have 4: + (empty A bs (= f) A init w) = (empty A init w A bs (= f))
by auto
have 5: - (empty A init w) = > (init w)
using FstState by fastforce
hence 6: - (empty A init w A bs (= f)) = (> (init w) A bs (= f))
by auto
have 7: - > (init w) A bs (= f) — (&> (init w) A bs (= f)) V (>f A bs (=(init w)))
by auto
have 8: - >(init w vV ) = ((> (init w) A bs (= f)) V (>f A bs (=(init w))))
using FstWithOrEqv by blast
from 12345678 show ?thesis by fastforce
ged

lemma FstLenSame:
(V o. (o = di (f Alen(i)) A di (>f A len(j))) — (i=)))
by (simp add: DilLenFstsem FstLenSamesem)

lemma FstLenSame-1:
Fodi (>f A len(i)) A di (> A len(j)) — (#i=#))
using FstLenSame Valid-def by fastforce

lemma FstAndLenSame:
(Y o. (0 = di ((f Agl)Alen(i)) Adi (Ff A g2) A len(j))) — (i=)))
using linorder-neqE-nat by (simp add: DilLenFstAndsem, blast)
lemma FstAndLenSame-1:
Fodi ((f A gl) Alen(i)) Adi ((f A g2) A len(j)) — (F#i=#))
using FstAndLenSame Valid-def by fastforce

lemma FstLenSameChop:
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(V o. (0 = ((>f Agl)Alen(i));hl A ((>f A g2) A len(j));h2) — (i=)))
proof

fix o

show (o = ((>f A gl) A len(i));h1 A ((>F A g2) A len()j));h2) — (i=))

proof

assume 0: (o = ((>f A gl) A len(i));hI A ((>f A g2) A len(j));h2)

have 1: (o = ((>f A gl) A len(i));h1) using O by auto

have 2: (o = ((>f A gl) A len(i));h1) —

(0 = ((>f A gl) A len(i));# True) by (metis ChoplmpDi Valid-def di-d-def unl-lift2)
have 3: (o0 = di((>>f A gI) A len(i))) using 1 2 by (simp add: di-d-def)
have 4: (o = ((>f A g2) A len(j));h2) using 0 by auto
have 5: (0 = ((>f A g2) A len(j));h2) —
(c = ((>f A g2) A len(j));# True) by (metis ChoplmpDi Valid-def di-d-def unl-lift2)
have 6: (o0 |= di((>f A g2) A len(j))) using 4 5 by (simp add: di-d-def)
have 7: (o = di((>f A g1) A len(i)) A di((>f A g2) A len(j))) using 3 6 by auto
thus (i=j) using FstAndLenSame by blast
qed
ged

lemma FstLenSameChop-1:
Fo((>f A gl) Alen(i));hI A ((>F A g2) A len(f));h2 — (#i=#))
using FstLenSameChop Valid-def by fastforce

lemma DilmpExistsOneDiLenAndFst:
(Vo.(c=dif) — (3! k. (0 | di( >f A len(k)))))
proof
fix o
show (o= di f) — (3! k. (6 = di( >f A len(k))))
proof
assume 0: (o= di f)
have 1: (o |= di (> f))
using 0 DiEqvDiFst Valid-def by force
have 2: (c =1 f) = ( (o> ) A (k. (0 = len(k))))
using AndExistsLen[of TEMP > f]| by (simp add: Valid-def)
have 3: ((c=> ) A (3 k. (o = len(k)))) =
(Fk. (o> f) A (o = len(k)))
by auto
have 4: (o |= di(> f)) = (3 k. (o = di(>f A len(k))))
using 2 3 by (metis 1 DilLensem di-defs)
have 5: (3 k. (o = di(>f A len(k))))
using 1 using 4 by auto
then obtain / where 6: (o |= di(>>f A len(i))) by blast
from 5 obtain j where 7: (o = di(>>f A len(j))) by blast
have 8: (o |= di(>f A len(i))) A (o |= di(>f A len())))
using 6 7 by auto
hence 9: (0 = di(>f A len(i)) A di(>>f A len(j)))
by simp
hence 10: i=j
using FstLenSame by blast
have 11: Aj. (o |= di(>f A len(j))) — (j=i)
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using 9 10 using FstLenSame by auto
thus (3! k. (o = di( >f A len(k))))
using 11 5 by blast
qed
ged

lemma DilmpExistsOneDilLenAndFst-1:
Fdif — (3! k. (di( >f A len(k))))
using Valid-def DilmpExistsOneDilLenAndFst by fastforce

lemma LFstAndDist-help:

(o =((>f A gI) A len(k));hl A ((>f A g2) A len(k));h2) =
(o =(((>f A gI) A (>f A g2)) A len(k));(hI A h2))

using LFixedAndDistr by fastforce

lemma LFstAndDist-help-1:
(3 k. (0 =((>f A gI) A len(k));hl A ((>f A g2) A len(k));h2)) =
(3 k. (¢ E(((>f A gI) A (>f A g2)) A len(k));(hI A h2)))
proof
assume 0: k.o = ((>f Agl)Alenk); h1 N ((>f A g2) A lenk); h2
obtain k where I: o = ((>f Agl) Alenk); hI AN ((>>f A g2) A len k) ; h2
using 0 by auto
hence 2: (o =(((>f A g1) A (>f A g2)) A len(k));(h1 A h2))
using LFstAndDist-help by blast
show (3 k. (¢ =(((>f A g1) A (>f A g2)) A len(k));(h1 A h2)))
using 2 by auto
next
assume 3: (3 k. (o =(((>f A g1) A (>f A g2)) A len(k));(h1 A h2)))
obtain k where 4: (o =(((>f A g1) A (>f A g2)) A len(k));(h1 A h2))
using 3 by auto
hence 5: (o =((>f A g1) A len(k));h1 A ((>f A g2) A len(k));h2)
using LFstAndDist-help by blast
show (3 k. (o =((>f A g1) A len(k));h1 A ((>f A g2) A len(k));h2))
using 5 by auto
ged

lemma LFstAndDistrsem:
(V o. (0 =((>f A gl);hl A (>Ff A g2);h2) = (>f A gl A g2);(h1 A h2)))
proof
fix o
show (o =((>f A gl);hI A (> A g2);h2) = (>f A g1 A g2):(h1 A h2))
proof —
have 1: (o E(>f A gl);hl) = (3 i. (6 E((>>f A g1) A len(i));h1))
using AndExistsLenChop[of TEMP (> f A gl)] by fastforce
have 2: (o E(>f A g2);h2) = (3 j. (o E((>f A g2) A len(f));h2) )
using AndExistsLenChopl[of TEMP (>>f A g2)] by fastforce
have 3: (0 =(>f A gl);hl A (>f A g2);h2) =
(3 ij. (¢ =((>f A gl) A len(i));hI A
((>f A g2) A len(j));h2) )
)
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using 1 2 by auto
have 4: ( (3 ij. (o E((>f A g1) A len(i));h1 A
) ((>f A g2) A len(j));h2) )

((3 k. (6 =((>>f A gl) A len(k));h1 A
((>f A g2) A len(k));h2) )
)

using FstLenSameChop by blast

have 5: (3 k. (o E((>f A g1) A len(k));h1 A ((>f A g2) A len(k));h2)) =
(3 k. (0 E(((>f A gl) A (>f A g2)) A len(k));(hI A h2)))

using LFstAndDist-help-1 by blast

have 6 : (3 k. (¢ E(((>f A g1) A (>f A g2)) A len(k));(hI A h2))) =
(0 =((>f A gI) A (>f A g2));(h1 A h2))

using AndExistsLenChop[of TEMP ((>> f A g1) A > f A g2)] by fastforce

have 7 : (o =((>f A gl1) A (>F A g2));(h1 A h2)) =
(0 =(>f A g1 A g2);(h1 A h2))

by (simp add: chop-defs, auto)

from 3 4 5 6 7 show 7thesis by auto

qged

ged

lemma LFstAndDistr:
F((>f A gl);hl A (>f A g2);h2) = (>f A gl A g2);(h1 A h2)
using LFstAndDistrsem by fastforce

lemma LFstAndDistrA:

F((>f Agl)h A (>f A g2)h) = (>f Agl Ag2)h

proof —

have 1: F ((>f A gl);h A (>f A g2);h) = (>f A g1 A g2);(h A\ h) using LFstAndDistr by blast
have 2: - (>f A g1 A g2)i(h A h) = (>f A gl A g2);h by auto

from 1 2 show ?thesis by auto

ged

lemma LFstAndDistrB:

F((>f A g)hl A (>f A g);h2) = (> A g)i(h1 A h2)

proof —

have I: - ((>f A g);hl A (>f A g);h2) = (>f A g A g);(h1 A h2) using LFstAndDistr by blast
have 2: - (>f A g A g);(hI A h2) = (>f A g);(h1 A h2) by auto

from 1 2 show ?thesis by auto

ged

lemma LFstAndDistrC:
F((>f );h1 A (>f );h2) = (>f);(h1 A h2)

proof —

have I:F ((>f A #True);hl A (>f A #True);h2) = (>f N # True A # True);(h1 A h2)
using LFstAndDistr by blast

have 2: - (>f A #True);hl = (>f );h1
by auto

have 3: - (>f A #True);h2 = (>f );h2
by auto

429



have 4: - (>f A #True N\ #True);(h1 N h2) = (>f);(h1 N h2)
by auto

from 1 2 3 4 show ?thesis by auto

ged

lemma LFstAndDistrD:

F(di(f A gl) A di(>f A g2)) =di(>f A gl A g2)

proof —

have 1: F ((>f A gl);# True A (>f A g2);# True) = (>f A g1 A g2);(# True N # True)
using LFstAndDistr by blast

have 2: F (>f A gl);# True = di(>f N gl)
by (simp add: di-d-def)

have 3: - (>f A g2);# True = di(>f A g2)
by (simp add: di-d-def)

have 4: - (>f A g1 A g2)i(# True A #True) = di(>f A g1 A g2)
by (simp add: di-d-def)

from 1 2 3 4 show ?thesis by fastforce

ged

lemma LstAndDistr:
F(hl; (< f ANgl)Ah2,(<afAg2))=(hlANh2)(<fAglAg2)
proof —
have 1: - ((>(f") A g17)i(h1") A (>(f7) A (827)):(h2"7)) =
(>(f7) A (817) A (827)):((h17) A (h2"))
using LFstAndDistr by blast
hence 2: - ((>(f") A g1");(h1") A (>(f") A (g27)):(h27))" =
(=(f") A (g17) A (827))i((h17) A (h27)))"
using 1 REqvRule by blast
have 3: = (((>(f") A g17)i(h17))" A ((=(F7) A (827))i(h27))") =
(=(F") A g1")i(h17) A (=(F7) A (827))i(h2"7))"

using RAnd by fastforce
have 4: = ((h1")";(>(f") A gl')r (h2")"(> (") A (g2 )" =
(((>(F") A gI");(h17))" A ((>(F7) A (827)):(h27))")

using RevChop by fastforce
have 5:  (h1")" = hl
using EqvReverseReverse by blast
have 6: - (h2")" = h2
using EqvReverseReverse by blast
have 7: F (g1")" = gl
using EqvReverseReverse by blast
have 8: - (g2")" = g2
using EqvReverseReverse by blast
have 9: - (f")" =f
using EqvReverseReverse by blast
have 10: - (>(f") A g1")" = ((>(f"))" A (g1")")
using RAnd by blast
have 11:+ (>(f") A g2")" = ((>(f"))" A (g27)")
using RAnd by blast
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have 12: - (>(f"))" = < (f)
using RRFirstEqvLast by blast
have 13: - ((>(f"))" A (g1")") = (< f A gl)
using 12 7 by fastforce
have 14: - ((>(f"))" A (g2")") = (< f A g2)
using 12 8 by fastforce
have 15: F (hI; (9 f AN gl) A h2;(< f A g2)) =
(A1) (> (F7) A g27)" A (h27) (1) A (82°))')

using 14 13 10 11 5 6 by (metis 4 int-eq)
have 16: = (((>(f") A (817) A (827)):((h17) A (h27)))") =
((h17) A (h2))75((> (F)) A (g17) A (82"
by (simp add: RevChop)
have 17: 1 (> (7)) A (g17) A (82)) = (& (F)) A (817) A (g2°))
by (metis inteq-reflection rev-fun2)
have 18: - ((> (f"))" A (g1")" A (g2")") = (< f N gl A g2)
using 12 7 8 by fastforce
have 19: + ((h1") A (h2"))" = (h1 A h2)
using RRAnd by auto
have 20: = ((h1") A (h27)"((> (7)) A (g17) A (g27)" =
(h1 A h2);(< f A gl A g2)
using 19 17 18 using ChopEqvChop by (metis int-eq)
from 15 4 3 2 16 20 show ’thesis using int-eq by metis
ged

lemma LstAndDistrA:
F(h(afAgl)AB(<fAg2)=h(<fAglAg2)

proof —

have I: - (h(< f Agl) A h(<af Ag2)=(hAh);(<fAglAg2)
using LstAndDistr by blast

have 2: - (h A h)(< f Agl ANg2)=h(<fANglAg2)
by auto

from 1 2 show ?7thesis by auto

ged

lemma LstAndDistrB:

F(hl; (<« fAg)Ah2i(<f Ag))=(hlIANh2)(<fAg)

proof —

have I: - (hI;(<f Ag)Ah2,(afAg))=(hlANh2)(<fAgAg)
using LstAndDistr by blast

have 2: = (h1 A h2),(<xf ANgANg)=(hl ANh2)(<fAg)
by auto

from 1 2 show ?thesis by auto

ged

lemma LstAndDistrC:

F (hl;(« f )N h2)(<f))=(h1 Ah2)(<f)

proof —

have I:F (hl;(<f A #True) N h2;(< f A #True)) = (h1 N h2);(< f A #True A\ # True )
using LstAndDistr by blast
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have 2: = (h1 A h2);(< f N #True N #True ) = (h1 A h2);(< f)

by auto

have 3: - h1;(< f A #True) = hl;(< f)
by auto

have 4: - h2;(< f N #True) = h2;(< )
by auto

from 1 2 3 4 show ?thesis by auto

ged

lemma LstAndDistrD:

F(O(QFfAGI)ANO(QTFAG2)=3(<f Agl A g2)

proof —

have I:+ (#True;(< f A gl) A #True;(Q f A g2)) = (#True A #True );(< f A gl A g2)
using LstAndDistr by blast

have 2: - (#True AN #True );(< f AN gl AN g2)=3(< fF A gl A g2)
by (simp add: sometimes-d-def)

have 3: - #True;(< f A gl) = <O(Q f A gl)
by (simp add: sometimes-d-def)

have 4: - #True;(< f A g2) = O(Q f A g2)
by (simp add: sometimes-d-def)

from 1 2 3 4 show ?thesis by fastforce

ged

lemma NotFstChop:

= (=(>f5g)) = (=(di (>£)) vV (>fi(=g)))

proof —

have 1:+ g — #True by auto

hence 2: - >f;,g — >f;# True using RightChoplmpChop by blast

hence 3: - >f;g — di(>f) by (simp add:di-d-def)

hence 4: - —=(di(>f)) — —(>f;g) by auto

have 5:F (>f; (mg) — —(>f;8)) = ((>f; (—g)) A (>f;g) — #False ) by auto
have 6:+ ((>f; (—g)) A (>f;g)) = >f;(—g A g) using LFstAndDistrC by blast
have 7:F —=(>>f;(—g A g)) by (simp add: FstChopFalseEqvFalse)

have 8:F >f; (ng) — —(>f;g) using 56 7 by fastforce

have 9:F —(di(>f)) Vv (>f; (ng)) — —(>f;g) using 4 8 by fastforce

have 10: - di(>f) v =(di(>>f)) by auto

hence 11: F (>f;# True) V =(di(>>f)) by (simp add: di-d-def)

hence 12: - (>f;(g vV —g)) V ~(di(>>f)) by auto

have 13:  (>f;(g vV —g)) = ((>f;g) V (>f;(—g))) using ChopOrEqv by fastforce
have 14: + ((>f;g) V (>f:(—g))) V —~(di(>f)) using 12 13 by fastforce

hence 15: - =(>f;g) — —(di(>f)) V (>f; (—g)) by auto

from 9 15 show ?thesis by fastforce

ged

lemma BsNotFstChop:
F bs(—(>f;g)) = (empty V =(di(>>f)) V (>f;bs(—g)))
proof —
have 1:+ bs(—(>f;g))= (empty V bi(—(>f;g));skip)
by (simp add:bs-d-def)
have 2: - (empty V bi(—(>f;g));skip) = (empty V (=(di(>>f;g)));skip)
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by (metis 1 NotDiEqvBiNot int-eq)

have 3: - (empty V (=(di(>>1;g)));skip) = (empty V (=((>7;g):# True));skip)
by (simp add: di-d-def)

have 4: - (=((>f;g);# True));skip = (—(>f;(g;# True)));skip
by (metis ChopAssocB LeftChopEqvChop int-simps(15) integ-reflection)

hence 5: - (empty V (=((>f;g);# True));skip) = (empty V (—(>f;(g;# True)));skip)
by auto

have 6: - (empty V (=(>f;(g;# True)));skip) = (empty V (=(>f;di(g)));skip)
by (simp add: di-d-def)

have 7: - (empty V (=(>f;di(g)));skip) = (empty V —=(=((—(>f;di(g)));skip)))
by auto

have 8: = —=(—=((—(>f;di(g)));skip)) = (—(empty V (>f;di(g));skip ))
using NotNotChopSkip by fastforce

hence 9: - (empty V —(=((—(>f;di(g)));skip))) = (empty V —(empty V (>f;di(g));skip ))
by auto

have 10: - (empty vV —=(empty V (>f;di(g));skip )) = (empty VV (more N =((>Ff;di(g));skip )))
by (meson 6 7 9 NotChopSkipEqvMoreAndNotChopSkip Prop04 Prop06)

have 11: F (empty V (more A —((>>f;di(g));skip ))) = (empty V —((>>f;di(g));skip ))
by (simp add: empty-d-def, auto)

have 12: + (empty V —((>f.di(g));skip )) = (empty V —(>f;(di(g);skip) ))
using ChopAssocB 11 by fastforce

have 13: = (=(>f;(di(g);skip) ) = (—(>f:(ds(g)) ))
using DsDi using RightChopEqvChop by fastforce

hence 14: + (empty V —(>f;(di(g);skip) )) = (empty V —(>f;(ds(g)) ))
by auto

have 15: + (empty V =(>f;(ds(g)) )) = (empty V —(di (>>f)) V (>f;(—(ds g))))
using NotFstChop by fastforce

have 16: + (>f;(—(ds g)))= (>f;(bs (—g)))
using NotDsEqvBsNot RightChopEqvChop by blast

hence 17: F ((empty V —=(di (>>f))) V (>f;(—(ds g)))) = ((empty vV =(di (>f))) V (>f;(bs (—g))))
by auto

from 1235679101112 14 15 17 show ?thesis by fastforce

ged

lemma FstFstChopEqvFstChopFst:
F>(>fig) =>fi>g
proof —
have 1: - >(>f;g) = ((>>f;g) A bs (=(>f;g)))
by (simp add: first-d-def)
have 2: - bs (=(>f;g)) = (empty V =(di(>>f)) V (>f;bs(—g)))
using BsNotFstChop by auto
hence 3: + ((>>f;g) A bs (=(>f;2))) = ((>f;g) A (empty V ~(di(>>f)) V (>f;bs(—g))))
by auto
have 4: - ((>f;g) A (empty V ~(di(>>f)) V (>f;bs(—g)))) =
((>Fig) A empty) V (Fig) A ~(di(=F) V ((>Fg) A (>Fibs(g)))
by auto
have 5: - =((>f;g) A =(di(>>f)))
using ChoplmpDi by fastforce
hence 6: F (((>>f;g) A empty) V ((>f;g) A =(di(>>f))) V ((>f;g) A (>f;bs(—g)))) =
(((>f:g) A empty) v ((>Fig) A (>F:bs(=g))))
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by auto
have 7: = ((>fig) A (>fi(bs(—g)))) = ((>Fi(g A (bs(g)))))
using LFstAndDistrC by blast
hence 8: - (((>f;g) A empty) V ((>f;8) A (>f;(bs(—g))))) =
((>fig) A empty) v ((>Fi(g A (bs(—g))))))
by auto
have 9: - (((>f:g) A empty) V ((>fi(g A (bs(g)))))) = (((>fig) A empty) V >f;>g)
by (simp add: first-d-def)
have 10:  ((>>f;g) A empty) = ((>f;>g) A empty)
using FstChopEmptyEqvFstChopFstEmpty by blast
hence 11: F (((>>f;g) A empty) V >f;>g) = (((>f;>g) A empty) V >f;>g)
by auto
have 12: F (((>f;>g) A empty) V >fi>g) = >f;>g
by auto
from 1 34689 11 12 show ?thesis by (metis inteq-reflection)
ged

lemma FstFixFst:

F>(>f) = >f

proof —

have 1: - >f = (>>f);empty using ChopEmpty by (metis int-eq)

hence 2: F>( >f ) = >((>>f);empty) using FstEqvRule by blast

have 3: - >((>f);empty) = >f;>empty using FstFstChopEqvFstChopFst by auto
have 4: - >f;,>>empty = >f;empty using FstEmpty using RightChopEqvChop by blast
have 5: - >f;empty = >f using ChopEmpty by blast

from 2 3 4 5 show ?thesis by fastforce

ged

lemma FstCSEqvEmpty:

F>(f*) = empty

proof —

have 1:+ >(f*) = >(empty V ((f A more);f*)) using ChopstarEqv FstEqvRule by blast
from 1 show ?thesis using FstEmptyOrEqvEmpty by fastforce

ged

lemma FstlterFixFst:

+ power (> f) n = >(power (> f) n)

proof

(induct n)

case 0

then show ?case

proof —
have 1:+ power (> f) 0 = empty by auto
have 2: - empty = > empty using FstEmpty by auto
have 3: F > empty = >(power (>f) 0) by auto
from 1 2 3 show ?thesis by auto

ged

next
case (Suc n)

then show ?7case
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proof —
have 4: - (power (> f) (Suc n)) = (> f) ;(power (>f) n)
by (simp)
have 5: i (> f) ;(power (>f) n) = (> f) ; > (power (> f) n)
using RightChopEqvChop Suc.hyps by blast
have 6: F (> f) ; > (power (> f) n) = >(>f;(power (> f) n))
using FstFstChopEqvFstChopFst by fastforce
have 7: b >(>f;(power (> f) n)) = >(power (>> f) (Suc n))
by simp
from 4 5 6 7 show ?thesis by fastforce
ged
ged

lemma DsImpNotFst:

Fds f — (=(>f))

proof —

have I:+ (dsf A>f) = (dsf A (f A bs (= f))) by (simp add: first-d-def)

have 2: F (dsf A (f A bs (= f))) = (dsf A f A —(ds f)) using NotDsEqvBsNot by fastforce
from 1 2 show ?thesis by fastforce

ged

lemma FstLenAndEqvlLenAnd.:
F>(len(k) A f) = (len(k) A f)
proof —
have I: I len(k) A f A ds(len(k)A f) — ds (len(k))
using DsAndImpElimL by fastforce
hence 2: - len(k) A f A ds(len(k)A f) — (di(len(k)));skip
using DsDi by fastforce
hence 3: - len(k) A f A ds(len(k)\ f) — ((len(k);# True));skip
by (simp add: di-d-def)
hence 4: I len(k) A f A ds(len(k)\ f) — (len(k);(# True;skip))
using ChopAssocB by fastforce
hence 5: F len(k) A f A ds(len(k)\ f) — (len(k);(skip;# True))
using Skip TrueEqv TrueSkip TrueChopSkipEqvSkipChop True RightChopEqvChop by fastforce
hence 6: I len(k) A f A ds(len(k)A f) — (len(k);(skip;# True)) A len(k)
by auto
hence 7: - len(k) A f A ds(len(k)\ f) — (len(k);(skip;# True)) A len(k);empty
using ChopEmpty by (metis int-eq)
hence 8: & len(k) A f A ds(len(k)A f) — (len(k);((skip;# True) A empty))
using LFixedAndDistrB1 by fastforce
have 9: = = (len(k);((skip;# True) A empty))
by (simp add: empty-d-def more-d-def next-d-def chop-defs Valid-def )
have 10: - len(k) A f — —(ds(len(k)A f))
using 8 9 by fastforce
hence 11:F len(k) A f — bs (=(len(k)A f))
using NotDsEqvBsNot by fastforce
hence 12: + len(k) A f — (len(k) A f) A bs (=(len(k)A f))
by auto
hence 13: F len(k) A f — >(len(k) A f)
by (simp add: first-d-def)
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have 14: - >(len(k) A f) — len(k) A f
by (simp add: first-d-def ,auto)

from 13 14 show ?’thesis by fastforce

ged

lemma FstAndElimL:
Fo>f— f
by (simp add: first-d-def, auto)

lemma FstimpNotDiChopSkip:

F >f — —(di f;skip)

proof —

have I: + >f — bs (- f) by (simp add: first-d-def ,auto)
hence 2: F >f — —(ds f) using NotDsEqvBsNot by fastforce
have 3:+ ds f = di f ; skip using DsDi by blast

hence 4: + (—(ds f)) = (—(di f;skip)) by auto

from 2 4 show ?thesis by fastforce

ged

lemma FstimpNotDiChopSkipB:
F>f — =(di (f;skip))
proof —
have I: - >f — bs (— f)
by (simp add: first-d-def ,auto)
hence 2: - >f — —(ds f)
using NotDsEqvBsNot by fastforce
have 3: - ds f = dif ; skip
using DsDi by blast
have 4: - di f ; skip = (f;# True);skip
by (simp add: di-d-def)
have 5: -(f;# True);skip = f;(# True;skip)
using ChopAssocB by blast
have 6: = f;(# True;skip) = f;(skip;# True)
using Skip TrueEqv TrueSkip using TrueChopSkipEqvSkipChopTrue RightChopEqvChop by blast
have 7: = f;(skip;# True) = (f;skip);# True
using ChopAssoc by blast
have 8: = (f;skip);# True = di(f;skip)
by (simp add: di-d-def)
have 9: = (=(ds f)) = (=(di(f;skip)))
using 34 5 6 7 8 by fastforce
from 2 9 show ?thesis by fastforce
ged

lemma FstimpDiEqv:

Fof — (dif =f)

proof —

have 1:+ >f — —(di f;skip) using FstImpNotDiChopSkip by blast

have 2: - di f — f V (di f;skip) using DiEqvOrDiChopSkipB by fastforce
have 3: - >f A dif — (f V (di f;skip)) A —(di f;skip) using 1 2 by fastforce
have 4: - ((f Vv (di f;skip)) A =(di f;skip)) = (f A =(di f;skip)) by auto
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have 5: - >f Adif — f A —(di f;skip) using 3 4 by fastforce
hence 6: - >f A dif — f by fastforce

hence 7: - >f — (di f — f) using FstAndElimL by fastforce
have 8: + f — di f using Dilntro by auto

hence 9: - >f — (f — (di f)) by auto

from 7 9 show ?thesis by fastforce

ged

lemma FstAndDiFstAndEqvFstAnd:

F(>f A di(>f Ag))=(>f Ag)

proof —

have 1: - >f A di(>bf ANg) — > f
by auto

have 2: - >f A di(>f A g) — di(>f A g)
by auto

have 3: F di(>f A g) = ((>f A g) VvV di((>f A g);skip))
using DiEqvOrDiChopSkipA by blast

have 4: F di((>f A g);skip) = ((>f A g);skip);# True
by (simp add: di-d-def)

have 5: F >f A di(>f A g) — (>f A g) VvV ((f A g);skip);# True
using 2 3 4 by fastforce

have 6: F>f ANg — f
using FstAndElimL by fastforce

hence 7: + ((>>f A g);skip);# True — (f;skip);# True
by (simp add: LeftChoplmpChop)

hence 8: + ((>>f A g);skip);# True — di(f;skip)
by (simp add: di-d-def)

have 9:F >f — —(di(f;skip))
using FstimpNotDiChopSkipB by blast

have 10: - >f A di(>f A g) — ((>f A g) Vv di(f;skip))
using 5 8 by fastforce

have 11: +>f A di(>f A g) — =(di(f;skip)) A ((>F A g) V di(f;skip))
using 9 10 1 by fastforce

have 12: - (= (di(f;skip)) N ((>f A g) V di(f;skip))) = (=(di(f;skip)) A ((>F A g)))
by auto

have 13: - >f A di(>f AN g) — (>f A g)
using 11 12 by auto

have 14: - (>f A g) — Df
by auto

hence 15: - (>f A g) — di(>f A g)
using Dilntro by auto

have 16: + (>f A g) — >f A di(>f A g)
using 14 15 by auto

from 13 16 show ?’thesis by fastforce

ged

lemma FstAndDilmpBsNotAndDi:

F(>f Adig) — (bs (—(di f A g)))

proof —

have 1: F (>f A dig) A —(bs (=(di f A g))) — ds(di f A g)
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by (simp add: ds-d-def,auto)

hence 2: - (>f A dig) A —(bs (=(di f A g))) — ds(di f)
using DsAndImp by fastforce

hence 3: - (>f A dig) A =(bs (=(di f A g))) — di(di f);skip
using DsDi by fastforce

hence 4: - (>f A dig) A =(bs (=(di f A g))) — di f;skip
using DiEqvDiDi by (metis int-eq)

hence 5: F (>f A dig) A —(bs (=(di f A g))) — ds
using DsDi by fastforce

hence 6: + (>f Adig) A =(bs (=(di f A g))) —— (> f)
using DsImpNotFst by fastforce

from 6 show ?thesis by auto

ged

lemma FstFstOrEqvFstOrlL:

Fo(>fVvg)=>(FfVg)

proof —

have I: - >(f V g) = ((f V g) A bs (=(f V g)))
by (simp add: first-d-def)

have 2: - (=(f VvV g)) = (-f A~ g)
by auto

hence 3: + bs(—(f V g)) = bs (-f A = g)
using BsEqgvRule by blast

have 4:  bs (=f A~ g) = (bs (- f) A bs (— g))
using BsAndEqv by fastforce

hence 5: F ((f Vv g) A bs(=(f VvV g)) = ((FVg)Abs(—f)Abs(—g

using 4 3 by fastforce
have 6: - ((f Vg) Abs (= f) A bs (- g)) =
(((f A bs (= £)) V (g A bs (= f))) A bs (= g))
by auto
have 7: F (((f Abs (= f)) V(g Abs (= f)) A bs(—g)) =
((>f Vv (g A bs (= f))) A bs (= g))
by (simp add: first-d-def)
have 8: - ((>f V (g A bs (= f))) A bs (- g)) =
((>F v g) A (>F V bs (=f))) A bs (- g))
by auto
have 9: F (((>f vV g) A (>f V bs (=f))) A bs (- g)) =

(((>F vV g) A((f A bs (= ) V bs (=f))) A bs (= g))
by (simp add: first-d-def)

have 10: + (((>f vV g) A ((f A bs (= f)) V bs (=f))) A bs (— g)) =

((>f Vg)Abs (= f)Abs(—g))
by auto
have 11: + ((>f V g) A bs (= f) A bs (— g)) =
((>f V g) A bs(=(>f))A bs (— g))
using BsNotFstEqvBsNot by fastforce
have 12: + ((>f V g) A bs(—(>f))A bs (- g)) =
((f V g) A bs (-(>f) A = g))
using BsAndEqv by fastforce
have 13: (—|(Df) VAN g) = (—|(I>f V g))
by auto
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hence 14: - bs (=(>f) A = g) = bs (=(>f V g))
using BsEqvRule by blast

hence 15: F ((>f V g) A bs (0(>f) A = g)) = ((>F V g) A bs (=(>f V g)))
by auto

have 16: + ((>f V g) A bs (=(>f V g))) = >(>f V g)
by (simp add: first-d-def)

from 16 15121110 987 6 5 1 show ?thesis by (metis int-eq)

ged

lemma FstFstOrEqvFstOrR:

Fo(fVig)=>(fVeg)

proof —

have 1: F (f V >g)= (g V f) by auto

hence 2: > (f V >g)=>(>g V f) using FstEqvRule by blast
have 3: - >(>g V f) = >(g V f) using FstFstOrEqvFstOrL by blast
have 4: - (g vV f) = (f V g) by auto

hence 5: - >(g vV f) = >(f V g) using FstEqvRule by blast

from 2 3 5 show ?thesis by fastforce

ged

lemma FstFstOrEqvFstOr:

Fo(>f Vig)=p(fVeg)

proof —

have 1: F >(>f V >g) = >(f V >g) using FstFstOrEqvFstOrL by blast
have 2: - >(f V >g) = >(f V g) using FstFstOrEqvFstOrR by blast
from 1 2 show ?thesis by fastforce

ged

lemma FstlLenEqvlen:

F >( len(k)) = len(k)

proof —

have 1:+ >( len(k) N # True) = (len(k) A # True) using FstLenAndEqvLenAnd by blast
have 2: = (len(k) A # True) = len(k) by auto

hence 3: - >( len(k) A #True) = >(len(k)) using FstEqvRule by blast

from 1 2 3 show ?thesis by auto

ged

lemma FstSkip:

F > skip = skip

proof —

have I: I skip = len(1) using LenOneEqvSkip by fastforce
hence 2: - >skip = > (len(1)) using FstEqvRule by blast
have 3: - >( len(1)) = len(1) using FstLenEqvLen by blast
from 1 2 3 show ?thesis using LenOneEqvSkip by fastforce
ged

lemma HaltStateEqvFstFinState:

- halt (init w) = > (fin (init w))

proof —

have 1:F halt (init w) = O(empty = (init w)) by (simp add: halt-d-def)
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have 21: - (empty = (init w)) = (((empty — (init w)) A ((init w) — empty)))
by auto
hence 2: - O(empty = (init w)) = (O((empty — (init w)) A ((init w) — empty)))
by (simp add: BoxEqvBox)
have 3: - (O((empty — (init w)) A ((init w) — empty))) =
(O((empty — (init w))) A O((init w) — empty))
by (metis 21 BoxAndBoxEqvBoxRule int-eq)
have 4: - ((init w) — empty) = (more — —(init w))
by (simp add: empty-d-def ,auto)
hence 5: - O ((init w) — empty) = O (more — —(init w)) using BoxEqvBox by blast
have 6: - 0O (more — —(init w)) = bs(—(fin(init w))) using BoxMoreStateEqvBsFinState by blast
have 7: - O((empty — (init w))) = fin(init w) by (simp add: fin-d-def)
have 8: - (O((empty — (init w))) A O((init w) — empty)) =
(fin(init w) A bs(=(fin(init w)))) using 5 6 7 by fastforce
from 1 2 3 8 show ?thesis by (metis first-d-def inteq-reflection)
ged

lemma FstLenEqvLenFst:

Fo>(lenk; f)=lenk ;> f

proof —
have 1:+ len k ; f = >(len k) ; f using FstLenEqvLen LeftChopEqvChop by fastforce
have 2: - >(len k ; f) = > (>(len k) ; f) using I FstEqvRule by blast
have 3: - > (>(len k) ; f) = >(len k) ; >>f using FstFstChopEqvFstChopFst by blast
have 4: - >(len k) ; >f = len k ; >f using FstLenEqvLen LeftChopEqvChop by fastforce
from 2 3 4 show ?thesis by fastforce

ged

lemma FstNextEqvNextFst:

(O f) = O( > f)

proof —
have 1: F >(O f) = >(skip ; f) using FstEqvRule by (simp add: next-d-def)
have 2: + skip ; f = >skip ; f using FstSkip using LeftChopEqvChop by fastforce
have 3: + >(skip ; f) = > (>skip ; f) using 2 FstEqvRule LeftChopEqvChop by blast
have 4: - > (>skip ; f) = >skip ; >f using 3 FstFstChopEqvFstChopFst by blast
have 5: + >skip ; >f = skip ; >>f using 4 FstSkip LeftChopEqvChop by blast
have 6: | skip ; >f = O( > f) by (simp add: next-d-def)

from 1 2 3 4 5 6 show ?thesis by fastforce

ged

lemma FstDiamondStateEqvHalt:
F > (& (init w)) = halt (init w)
proof —
have I1:+ < (init w) = < ((init w) A # True) by simp
have 2: - fin (init w) ; # True = < ((init w) A # True) using 1 FinChopEqvDiamond by blast
have 3: |- fin (init w) ; # True = di (fin (init w)) by (simp add: di-d-def)
have 4: - (<& (init w)) = (di (fin (init w))) using 1 2 3 by fastforce
have 5: - > (< (init w)) = > (di (fin (init w))) using 4 FstEqvRule by blast
hence 6: - > (< (init w)) = > (fin (init w)) using FstDiEqvFst by fastforce
hence 7: - > (< (init w)) = halt (init w) using HaltStateEqvFstFinState by fastforce
from 7 show ?thesis by simp
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ged

lemma FstBoxStateEqvStateAndEmpty:
F > (O (init w)) = ((init w) A empty)
proof —
have I:+ ((init w) A (O (init w))*) = O (init w)
using BoxCSEqvBox by blast
have 2: - 0O (init w) = ((init w) A (O (init w))*)
using 1 by auto
hence 3: - O (init w) = ((init w) A (O (init w))*)
by blast
have 4: = ((init w) A empty) ; (T (init w))* = ((init w) A (O (init w))*)
using StateAndEmptyChop by blast
have 5: = ((init w) A (O (init w))*) = ((init w) A empty) ; (O (init w))*
using 4 by fastforce
have 6: - 0O (init w) = ((init w) A empty) ; (O (init w))*
using 3 5 by fastforce
have 7: F ((init w) A empty) ; (O (init w))* = > (init w) ; (O (init w))*
using FstState by (metis AndChopCommute int-eq)
have 8: - 0O (init w) = > (init w) ; (O (init w))*
using 6 7 by fastforce
have 9: - > (O (init w)) = > (> (init w) ; (O (init w))*)
using 8 FstEqvRule by blast
have 10: - > (> (init w) ; (O (init w))*) = > (init w) ; > ((O (init w))*)
using FstFstChopEqvFstChopFst by blast
have 1I:+ > (init w); © ((O (init w))*) = > (init w) ; empty
using RightChopEqvChop FstCSEqvEmpty by blast
have 12: > (init w) ; empty = > (init w)
using RightChopEqvChop ChopEmpty by blast
have 13: > (init w) = ((init w) A empty)
using FstState by fastforce
from 9 10 11 12 13 show ?thesis by fastforce
ged

lemma FstAndFstStarEqvFst:
F(>f A(>F)*) =>f
proof —
have I: - (>f)* = (empty V (>f);(>f)*)
using CSEqvOrChopCS by fastforce
have 2: - ((>f)* A >f) = ((empty V (>F);(>F)*) A >F)
using 1 by fastforce
have 3: + ((empty Vv (>7);(>f)*) A >f) = ((empty A >f) V ((>f);(>f)* A >f))
by auto
have 4: + ((>f)* A >f) = ((empty A >f) V ((>F);(>f)* A >f))
using 2 3 by fastforce
have 5: - ((>f);(>f)* A >f) = ((>f);(>f)* A >f;empty)
using ChopEmpty by (metis inteq-reflection)
have 6: - ((>f);(>f)* A >f;empty) = (>f);((>F)* A empty)
using LFstAndDistrC by blast
have 7: - ((>f)* A empty) = empty
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using EmptylmpCS by fastforce
have 8: F (>f);((>f)* A empty) = >f
using 7 ChopEmpty by (metis integ-reflection)
have 9: F ((>f);(>f)* A D>f) = >f
using 5 6 8 by fastforce
have 10: + ((>f)* A >f) = ((empty A >f) V >f)
using 4 9 by fastforce
have 11: + ((empty A >f) V >f) = >f
by auto
have 12: F ((>f)* A >f) =D>f
using 10 11 by fastforce
from 12 show ?thesis by auto
ged

lemma HaltStateEqvFstHaltState:
F halt(init(w)) = >(halt(init(w)))
proof —
have 1: + halt (init w) = > (fin (init w))
by (simp add: HaltStateEqvFstFinState)
have 2: + > (fin (init w)) = > (> (fin (init w)))
using FstEqvRule FstFixFst by fastforce
have 3: + > (> (fin (init w))) = >(halt(init(w)))
using FstEqvRule HaltStateEqvFstFinState by fastforce
from 1 2 3 show ?thesis by fastforce
ged

lemma DiHaltAndDiHaltAndEqvDiHaltAndAnd:
F (di(halt (init w) A f) A di(halt (init w) A g)) = di(halt (init w) A f A g)
proof —
have 1:t (di(halt (init w) A f) A di(halt (init w) A g)) =
(di(>(fin (init w)) A £) A di (>(fin (init w)) A g))
using HaltStateEqvFstFinState by (metis LFstAndDistrD inteq-reflection)
have 2: = (di(>(fin (init w)) A f) A di(>(fin (init w)) A g)) =
di(>(fin (init w)) A f A g)
using LFstAndDistrD by fastforce
have 3: F di(>(fin (init w)) A f A g) = di(halt (init w) A f A g)
using HaltStateEqvFstFinState by (metis DiEqvDi int-eq lift-and-com)
from 1 2 3 show 7thesis using int-eq by metis
ged

lemma counter-ex-lhs:
F ((>>(len(5)) A >(len(2))) ; (len(5) V len(2))) = #False
proof —
have I:F ((>(len(5)) A >(len(2))) ; (len(5) V len(2))) =
(len(5) A len(2)); (len(5) V len(2))
by (metis FstLenAndEqvLenAnd FstLenEqvLen LeftChopEqvChop inteq-reflection)
have 2: I (len(5) A len(2)) = #False
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by (simp add: Valid-def len-defs)

have 3: - ((len(5) A len(2)); (len(5) V len(2))) = (#False;(len(5) V len(2)))
by (simp add: 2 LeftChopEqvChop)

have 4: - (#False;(len(5) V len(2))) = #False
by (simp add: Valid-def chop-defs)

from 1 3 4 show ?thesis by fastforce

ged

lemma counter-ex-rhs:
F ((> (len(5)) ; (len(5) V len(2))) A (> (len(2)) ; (len(5) V len(2)))) = len(7)
proof —
have I:F (> (len(5)) ; (len(5) V len(2))) =
len(5);(len(5) V len(2))
using FstLenEqvlLen LeftChopEqvChop by blast
have 2: - (&> (len(2)) ; (len(5) V len(2))) =
len(2) ;(len(5) V len(2))
using FstLenEqvlen LeftChopEqvChop by blast
have 3: F len(5);(len(5) V len(2)) =
((len(5);len(5)) V (len(5);len(2)))
by (simp add: ChopOrEqv)
have 4: = ((len(5);len(5)) V (len(5);len(2))) =
(len(10) V len(7))
using LenEqvlLenChopLen inteq-reflection by fastforce
have 5: F len(2) ;(len(5) V len(2)) =
((len(2);len(5)) V (len(2);len(2)))
by (simp add: ChopOrEqv)
have 6: - ((len(2);len(5)) V (len(2);len(2))) =
(len(7) Vv len(4))
using LenEqvlLenChopLen inteq-reflection by fastforce
have 7: - ((len(10) V len(7)) A (len(7) V len(4))) =
((len(7) Vv len(10)) A (len(7) V len(4)))
by fastforce
have 8: - ((len(7) V len(10)) A (len(7) V len(4))) =
(len(7) Vv (len(10) A len(4)))
by fastforce
have 9: - (len(10) A len(4)) = #False
by (simp add: Valid-def len-defs)
have 10 : F (len(7) Vv (len(10) A len(4))) = len(7)
using 9 by auto
have 11:F ((>> (len(5)) ; (len(5) V len(2))) A (> (len(2)) ; (len(5) V len(2)))) =
(len(5);(len(5) V len(2)) A len(2) ;(len(5) V len(2)))
using 1 2 by fastforce
have 12: - (len(5);(len(5) V len(2)) A len(2) ;(len(5) V len(2))) = len(7)
using 103456
by fastforce
from 11 12 show ?thesis by fastforce
ged
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end

15 Monitors

theory Monitor
imports First

begin

The RV monitors language is introduced plus the algebraic properties of the monitor operators.

15.1 Syntax

datatype (’a ::world) monitor =

mFIRST-d 'a formula ((FIRST -) [84] 83)
| mUPTO-d 'a monitor 'a monitor ((- UPTO -) [84,84] 83)
| mTHRU-d 'a monitor 'a monitor ((- THRU -) [84,84] 83)
| mTHEN-d 'a monitor 'a monitor ((- THEN -) [84,84] 83)
| mWITH-d 'a monitor 'a formula ((- WITH -) [84,84] 83)

fun MON :: ('a::world) monitor = 'a formula
where (MON (FIRST f)) = LIFT(> f)

| (MON (a UPTO b)) = LIFT(>((MON a) v (MON b) ))

| (MON (a THRU b)) = LIFT(>>(di(MON a) A di(MON b)))
| (MON (a THEN b)) = LIFT((MON a);(MON b))

| (MON (a WITH f)) = LIFT((MON a) A f)

syntax

-MON :: 'a monitor = lift ((M -) [80] 80)

translations
-MON == CONST MON

definition eqg-d :: (‘a:: world) monitor = 'a monitor = bool (( - ~ -) [84,84] 83)
where

eg-dab= (- (Ma)=(Mb))

lemma MonEqgRefl:
a~a

by (simp add: eq-d-def)

lemma MonEqSym:

assumes a >~ b

shows b~ a

using assms by (metis eq-d-def inteqg-reflection)

lemma MonEqgTrans:
assumes a >~ b

b~c
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shows a~c
using assms(1) assms(2) by (metis eq-d-def integ-reflection)

lemma MonEgq:
(a=b) = (- (Ma)=(MDb))
by (simp add: eq-d-def)

lemma MonEqSubstWith:

assumes a >~ b

shows (a WITH f) ~ (b WITH f)

using assms by (metis MON .simps(5) eq-d-def integ-reflection lift-and-com)

lemma MonEqSubstThen:
assumes al ~ bl
a2 ~ b2
shows (al THEN a2) ~ (b1 THEN b2)
using assms(1) assms(2) by (simp add: ChopEqvChop eq-d-def)

lemma MonEqSubstUpto:
assumes al ~ bl
a2 ~ b2
shows (al UPTO a2) ~ (b1 UPTO b2)
using assms(1) assms(2) by (metis (mono-tags, lifting) MON.simps(2) eq-d-def int-eq MonEqRefl)

lemma MonEqSubstThru:
assumes al ~ bl
a2 ~ b2
shows (a1 THRU a2) =~ (b1 THRU b2)
using assms(1) assms(2) by (metis (mono-tags, lifting) MON.simps(3) eq-d-def int-eq MonEqRefl)

15.2 Derived Monitors

definition HALT-d :: (‘a :: world) formula = 'a monitor
where HALT-d w = FIRST(LIFT (fin (init w)))

definition LEN-d :: nat = ('a ::world) monitor
where
LEN-d k = FIRST (LIFT (len k))

definition EMPTY-d :: ('a:: world) monitor
where
EMPTY-d = FIRST (LIFT (empty))

definition SKIP-d :: ('a:: world) monitor
where
SKIP-d = FIRST (LIFT (skip))

syntax
-HALT-d :: lift = 'a monitor ((HALT -) [84] 83)
-LEN-d :: nat = 'a monitor ((LEN -) [84] 83)
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-EMPTY-d :: 'a monitor ((EMPTY))
-SKIP-d :: 'a monitor ((SKIP))

syntax (ASCII)
-HALT-d :: lift = 'a monitor ((HALT -) [84] 83)

-LEN-d  :: nat = 'a monitor ((LEN -) [84] 83)
-EMPTY-d :: 'a monitor ((EMPTY))
-SKIP-d  :: 'a monitor ((SKIP))

translations

-HALT-d = CONST HALT-d
-LEN-d = CONST LEN-d
-EMPTY-d = CONST EMPTY-d
-SKIP-d = CONST SKIP-d

definition GUARD-d :: ('a::world) formula = 'a monitor

where
GUARD-d w = (EMPTY WITH LIFT (init w))

primrec TIMES-d :: ('a :: world) monitor = nat = 'a monitor
where

TIMES-0 : TIMES-d a 0 = EMPTY
| TIMES-Suc: TIMES-d a (Suc k) = (a THEN (TIMES-d a k))

syntax
-GUARD-d :: lift = 'a monitor ((GUARD -) [84] 83)
-TIMES-d :: ['a monitor,nat] = 'a monitor ((- TIMES -) [84,84] 83)

syntax (ASCII)
-GUARD-d :: lift = 'a monitor ((GUARD -) [84] 83)
-TIMES-d :: ['a monitor,nat] = 'a monitor ((- TIMES -) [84,84] 83)

translations
-GUARD-d = CONST GUARD-d
-TIMES-d = CONST TIMES-d

definition FAIL-d :: ('a:: world) monitor
where
FAIL-d = GUARD (#False)

definition ALWAYS-d :: (‘a :: world) monitor = 'a formula = 'a monitor
where

ALWAYS-d a w = (a WITH LIET((bi (fin (init w)))))
definition SOMETIME-d :: ('a :: world) monitor = 'a formula = 'a monitor

where
SOMETIME-d a w = (a WITH LIFT((di (fin (init w)))))
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definition LIMIT-d :: ('a :: world) formula = 'a formula
where
LIMIT-d f = LIFT(bs (= f))

definition UNTIL-d :: (‘a :: world) formula = 'a formula = 'a monitor

where
UNTIL-d wl w2 = (HALT w2) WITH (LIFT (bm w1))

syntax

-FAIL-d  :: 'a monitor (FAIL)

-ALWAYS-d :: ['a monitor,lift] = 'a monitor ((- ALWAYS -) [84,84] 83)
-SOMETIME-d :: ['a monitor,lift] = 'a monitor ((- SOMETIME -) [84,84] 83)
LIMIT-d = lift = lift ((Limit -) [84] 83)

_UNTIL-d :: [lift,lift] = 'a monitor  ((- UNTIL -) [84,84] 83)

syntax (ASCII)

-FAIL-d  :: 'a monitor (FAIL)

-ALWAYS-d :: ['a monitor,lift] = 'a monitor ((- ALWAYS -) [84,84] 83)
-SOMETIME-d :: ['a monitor lift] = 'a monitor ((- SOMETIME -) [84,84] 83)
LIMIT-d = lift = lift ((Limit -) [84] 83)

_UNTIL-d = [lift,lift] = 'a monitor  ((- UNTIL -) [84,84] 83)

translations

-FAIL-d = CONST FAIL-d
-ALWAYS-d = CONST ALWAYS-d
-SOMETIME-d = CONST SOMETIME-d
-LIMIT-d = CONST LIMIT-d
-UNTIL-d = CONST UNTIL-d

definition WITHIN-d :: ('a :: world) monitor = 'a formula = 'a monitor

where
WITHIN-d a f = (a WITH LIFT (Limit f))

syntax
-WITHIN-d :: ['a monitor,lift] = 'a monitor ((- WITHIN -) [84,84] 83)

syntax (ASCII)
-WITHIN-d :: ['a monitor,lift] = 'a monitor ((- WITHIN -) [84,84] 83)

translations
-WITHIN-d = CONST WITHIN-d

definition AND-d :: (‘a :: world) monitor = 'a monitor = 'a monitor
where
AND-d a b = (a WITH LIFT(M b))

definition ITERATE-d :: ('a :: world) monitor = 'a monitor = 'a monitor
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where
ITERATE-d a b = (a WITH (LIFT (M b)*))

syntax
-AND-d  :: ['a monitor,’a monitor] = 'a monitor ((- AND -) [84,84] 83)
-ITERATE-d :: ['a monitor,’a monitor] = 'a monitor ((- ITERATE -) [84,84] 83)

syntax (ASCII)
-AND-d  :: ['a monitor,’a monitor] = 'a monitor ((- AND -) [84,84] 83)
-ITERATE-d :: ['a monitor,’a monitor] = 'a monitor ((- ITERATE -) [84,84] 83)

translations
-AND-d = CONST AND-d
-ITERATE-d = CONST ITERATE-d

definition STAR-d :: (‘a :: world) monitor = 'a formula = 'a monitor
where
STAR-d a f = ((FIRST LIFT (< f)) ITERATE (a))

definition REPEAT-d :: ('a :: world) monitor = 'a formula = 'a monitor
where
REPEAT-d a w = ((HALT w) ITERATE (a WITH LIFT (keep(~ (init w)))))

syntax
-STAR-d :: ['a monitor,lift] = 'a monitor ((- STAR -) [84,84] 83)
-REPEAT-d :: ['a monitor,lift] = 'a monitor (( - REPEATUNTIL -) [84,84] 83)

syntax (ASCII)
-STAR-d :: ['a monitor,lift] = 'a monitor ((- STAR -) [84,84] 83)
-REPEAT-d :: ['a monitor,lift] = 'a monitor (( - REPEATUNTIL -) [84,84] 83)

translations
-STAR-d = CONST STAR-d
-REPEAT-d = CONST REPEAT-d

15.3 Monitor Laws

lemma MFixFst:

F(Ma)=1> (M a)

proof

(induct a')

case (mMFIRST-d x)

then show 7case

proof —
have 1: - (M (FIRST x)) = > x by simp
have 2: F > x = > (> x) using FstFixFst by fastforce
have 3: - > (> x) = >(M (FIRST x)) by simp
from 1 2 3 show 7thesis by fastforce
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qged
next
case (mUPTO-d al a2)
then show Zcase
proof —
have 1: + (M (al UPTO a2)) = >( (M al) vV (M a2))
by (simp )
have 2: - >( (M al) vV (M a2)) = >(>((M al) v (M a2)))
using FstFixFst by fastforce
have 3: F >(>((M al) vV (M a2))) = >(M (al UPTO a2))
using 2 by simp
from 1 2 3 show ?thesis by fastforce
ged
next
case (nTHRU-d al a2)
then show 7case
proof —
have 1: + (M (al THRU a2)) = >( di (M al) A di(M a2))
by (simp)
have 2: - >( di (M al) A di(M a2)) = >(>(di(M al) A di(M a2)))
using FstFixFst by fastforce
have 3: F >(>( di (M al) A di(M a2))) = >(M (al THRU a2))
using 2 by simp
from 1 2 3 show ?thesis by fastforce
ged
next
case (mTHEN-d al a2)
then show Zcase
proof —
have I:+ (M (al THEN a2)) = (M al) ; (M a2)
by (simp)
have 2: - (M al) ; (M a2) = >(M al) ; >(M a2)
using ChopEqvChop mTHEN-d.hyps(1) mTHEN-d.hyps(2) by blast
have 3: F >(M al) ; >(M a2) = >(>(M al) ; (M a2))
using FstFstChopEqvFstChopFst by fastforce
have 4: F >(>(M al) ; (M a2)) = >((M al) ; (M a2))
using FstEqvRule LeftChopEqvChop mTHEN-d.hyps(1) by (metis inteq-reflection)
have 5: F >((M al) ; (M a2)) = >(M (al THEN a2))
using 4 by simp
from 1 2 3 4 5 show ?7thesis by fastforce
qged
next
case (mMWITH-d a x2)
then show Zcase
proof —
have 1: F (M (a WITH x2)) = (M a) A ( x2))
by (simp )
have 2: F (M a) A ( x2)) = (>(M a) A ( x2))
using mWITH-d.hyps by fastforce
have 3: F (>(M a) A ( x2)) = >(>(M a) A ( x2))
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using FstFstAndEqvFstAnd by fastforce
have 4: F >(>(M a) A ( x2)) = >((M a) A ( x2))
using 2 FstEqvRule by fastforce
have 5: - >((M a) A ( x2)) = (M (a WITH x2))
using 4 by simp
from 1 2 3 4 5 show ?thesis by (metis inteq-reflection)
qged
ged

lemma MGuardFalseEqvFalse:
= M(GUARD #False) = #False
proof —
have 1: - M(GUARD #False) = M(EMPTY WITH LIFT (init #False)) by (simp add: GUARD-d-def)
have 2: - M(EMPTY WITH LIFT (init #False)) = (M(EMPTY) A (init #False)) by (simp )
have 3: - #False = (init #False) by (simp add:init-defs Valid-def)
have 4: = (M(EMPTY) A (init #False)) = (M(EMPTY') A #False) using 3 by auto
have 5: - (M(EMPTY') A #False) = #False by simp
have 6: - (M(EMPTY') A (init #False)) = #False using 4 5 by simp
have 7: = M(EMPTY WITH LIFT (init #False)) = #False using 2 6 by fastforce
have 8: - M(GUARD #False) = #False using 1 7 by fastforce
from 8 show 7thesis by auto
ged

lemma MFirstFalseEqvFalse:
F M(FIRST LIFT #False) = #False
proof —
have 1: = M(FIRST LIFT #False) = > #False by (simp)
have 2: = M(FIRST LIFT #False) = #False using FstFalse by fastforce
from 2 show ?7thesis by auto
ged

lemma MFailAlt:
F M FAIL = #False
proof —
have I: = M FAIL = M (GUARD (#False)) by (simp add: FAIL-d-def)
have 2: - M(GUARD (#False)) = #False using MGuardFalseEqvFalse by auto
from 1 2 show ?thesis by fastforce
ged

lemma MFailEqvFirstFalseWithinEmpty:
FAIL ~ ((FIRST LIFT #False) WITHIN empty)
proof —
have I: = M ( (FIRST LIFT #False) WITHIN ( empty )) =
M((FIRST LIFT #False) WITH LIFT (Limit empty) )
by (simp add: WITHIN-d-def)
have 2: - M((FIRST LIFT #False) WITH LIFT(Limit empty) ) =
(M(FIRST LIFT #False) A (Limit empty ))
by (simp )
have 3: = M((FIRST LIFT #False) WITH LIFT (Limit empty) ) = #False
using MFirstFalseEqvFalse by auto
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have 4: = M( (FIRST LIFT #False) WITHIN ( empty )) = #False
using 1 3 by fastforce

have 5: - M( FAIL) = #False
using MFailAlt by simp

from 4 5 show 7thesis using MonEq by (metis int-eq)

ged

lemma MEmptyAlt:

F M EMPTY = empty

proof —
have I: - M ( EMPTY) = M( (FIRST LIFT empty)) by (simp add: EMPTY-d-def)
have 2: = M ( (FIRST LIFT empty)) = > empty by (simp)
have 3: - > empty = empty using FstEmpty by auto

from 1 2 3 show ?thesis by fastforce

ged

lemma MSkipAlt:

F M SKIP = skip

proof —
have 1: = M SKIP = M (FIRST LIFT skip) by (simp add: SKIP-d-def)
have 2: = M (FIRST LIFT skip) = > skip by (simp)
have 3: + > skip = skip using FstSkip by simp

from 1 2 3 show ?thesis by fastforce

ged

lemma MGuardAlt:

F M (GUARD(w)) = (empty A init w)

proof —
have 1: - M(GUARD(w)) = M(EMPTY WITH ( LIFT (init w))) by (simp add: GUARD-d-def)
have 2: - M(EMPTY WITH ( LIFT (init w))) = (M( EMPTY') A (init w)) by (simp)
have 3: = (M( EMPTY) A ( init w)) = (empty A ( init w)) using MEmptyAlt by fastforce
have 4: = (empty A (init w)) = (empty A init w) by simp

from 1 2 3 4 show ?thesis by fastforce

ged

lemma MLengthAlt:

- M (LEN(K)) = len(k)

proof —
have I: - M(LEN(k)) = M(FIRST LIFT (len(k))) by (simp add:LEN-d-def)
have 2: = M(FIRST LIFT (len(k))) = >(len(k)) by (simp)
have 3: - >(len(k)) = len(k) using FstLenEqvLen by blast

from 1 2 3 show ?thesis by fastforce

ged

lemma MAlwaysAlt:
F M(a ALWAYS w) = (M(a) A O (init w))
proof —
have 1: - M(a ALWAYS w) = M(a WITH LIFT(bi (fin (init w))))
by (simp add: ALWAYS-d-def)
have 2: - M(a WITH LIFT (bi (fin (init w)))) = (M(a) A (bi (fin (init w))))
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by (simp)
have 3: = (M(a) A (bi (fin (init w)))) = (M(a) A O (init w))
using BoxStateEqvBiFinState by fastforce
from 1 2 3 show ?thesis by fastforce
ged

lemma MSometimeAlt:
= M(a SOMETIME w) = (M(a) A < (init w))
proof —
have 1: - M(a SOMETIME w) = M(a WITH LIFT(di (fin (init w))))
by (simp add: SOMETIME-d-def)
have 2: = M(a WITH LIFT(di (fin (init w)))) = (M(a) A (di (fin (init w))))
by (simp)
have 3: = M(a WITH LIFT(di (fin (init w)))) = (M(a) A < (init w))
using DiamondStateEqvDiFinState by fastforce
from 1 2 3 show ?thesis by fastforce
ged

lemma MWithinAlt:
F M(a WITHIN f) = (M(a) A (bs (= f)))
proof —
have 1: - M(a WITHIN ) = M(a WITH LIFT (bs (- f)))
by (simp add: WITHIN-d-def LIMIT-d-def)
have 2: = M(a WITH LIFT (bs (= f))) = (M(a) A (bs (= £)))
by (simp)
from 1 2 show ?thesis by fastforce
ged

lemma MTimesAlt:

= M(a TIMES k) = power (M(a)) k

proof

(induct k)

case 0

then show ?7case
proof —
have I: - M (a TIMES 0) = M EMPTY by simp
have 2: v M EMPTY = empty using MEmptyAlt by simp
have 3: - empty = power (M a) 0 by simp
from 1 2 3 show ?thesis by auto

qged

next

case (Suc k)

then show 7case

proof —

have 1: - M( a TIMES Suc k) = M(a THEN (a TIMES k) )
by simp

have 2: - M(a THEN (a TIMES k) ) = (M a);(M (a TIMES k))
by (simp)

have 3: - (M a);(M(a TIMES k)) = (M a);(power (M a) k)
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using RightChopEqvChop Suc.hyps by blast
have 4: - (M a);(power (M a) k) = power (M a) (Suc k)
by simp
from 1 2 3 4 show ?thesis by fastforce
qged
ged

lemma MUptoAlt:
H ./\/;(a UPTO b) = (( (M a) A bi (=(M b))) V ((M b) A bi (=(M a))) V (M a) A (M b))
proof —
have 1: - M (a UPTO b) = >((M a) V (M b))
by (simp)
have 2: - >((M a) V (M b)) = (((M a) A (bs (=(M b)))) V (>(M b) A (bs (=(M a)))))
using FstWithOrEqv by blast
have 3: F ((>(M a) A (bs (=(M b)))) V (>(M b) A (bs (=(M a))))) =
(M a) A (M b) vV =(M b)) A (bs (=(M b)))) v
(M b) A ((Ma) V=a(Ma)) A (bs (~(M a)))))
using MFixFst by fastforce
have 4: - (M a) A (M b) V (M b)) (bs (~(M b)))) Vv
(M b) A ((M a) V=(M a))
(M a) A (M b) A bs (=( )
) (M b) A (((M a) A bs (2(M a))) V (+(M a) A bs (=(M a))))
y auto
have 5: - (M a) A ( (M b) A bs (=(M b)))
(M b) A (((Ma) A bs (=(Ma))) v (
(M a) A (M b))V (2(M b) A bs (=(M b)))) )V
(M b) A ((>(Ma)) V (=(M a) A bs (=(M a)))) )
by (simp add: first-d-def)
have 6: - (M a) A ( (>(M b)) V (=(M b) A b
(M b) A ((>(M a)) v (=(M a) A bs (=(M a)
(M a) A (M b)) vV (+(M b) A bs (=(M b))
(M b) A (((Ma)) Vv (=(M a) A bs (+(M a)))
using MFixFst by fastforce
have 7: - (=(M b) A bs (=(M b))) = bi(=(M b))
using AndBsEqvBi by blast
have 8: - (=(M a) A bs (=(M a))) = bi(=(M a))
using AndBsEqvBi by blast
have 9: - (M a) A ( (M b)) V ((+(M b
(M b) A (M a)) vV ((—(M a)) A
(M a) A (M b))V ( bi(=(M b)))
(M b) A (M a)) ( bi(=(M a)))
using 7 8 by fastfor

§>

?A
5]
~
~—

have 10: -(((M a) A ( ((M b)) V ( bi(—(M b)) ) V

(M b) A (((M a)) V (bi(=(M a)))))) =

((( (M a) A (M b)) V (M a) A bi(=(M b)))) V

) (((Mb) A (M a))V ((Mb)A bi(=(M a)))))
y auto

have 11: F ((( (M a) A (M b)) V ( (M a) A bi(—(M b)))) Vv

(((M b) A (M a)) Vv ((Mb) A bi(=(M a))))) =

(( (M a) A bi (=(M b)) V ((M b) A bi (=(M a))) V (M a) A (M b)))



by auto
from 123456910 11 show ?thesis by (metis int-eq)
ged

lemma MThruAlt:
F M(a THRU b) = ((M a) A di(M b)) vV (M b) A di(M a)))
proof —
have 1: - M(a THRU b) = >(di(M a) A di(M b))
by (simp)
have 2: - >(di(M a) A di(M b)) = ((>(M a) A di(M b)) V (>(M b) A di(M a)))
using FstDiAndDiEqv by auto
have 3: - ((>(M a) A di(M b)) V (>(M b) A di(M a))) =
(M a) A di(M b)) V ((M b) A di(M a)))
using MFixFst by fastforce
from 1 2 3 show ?thesis by fastforce
ged

lemma MHaltAlt:

= M(HALT w) = halt(init w)

proof —
have I: - M(HALT w) = M(FIRST LIFT(fin (init w))) by (simp add: HALT-d-def)
have 2: = M(FIRST LIFT(fin (init w))) = © (fin (init w)) by (simp)
have 3: - > (fin (init w)) = halt(init w) using HaltStateEqvFstFinState by fastforce
from 1 2 3 show ?thesis by fastforce

ged

lemma MFailUpto:

(FAIL UPTO a) ~ ( a)

proof —
have 1: - M(FAIL UPTO a) = >( (M FAIL) vV (M a)) by (simp)
have 2: - (M FAIL Vv M a) = (#False V. M a) using MFailAlt by auto
have 3: - >(M FAIL V (M a)) = >(#False V (M a)) using 2 FstEqvRule by blast
have 4: - (#False V (M a)) = M a by simp
have 5: - >(#False V (M a)) = >(M a) using 4 FstEqvRule by blast
have 6: F >(M a) = M a using MFixFst by fastforce
from 1 2 34 56 show 7thesis using MonEq by (metis int-eq)

ged

lemma MFailThru:
(FAIL THRU ( a)) ~ FAIL
proof —
have 1: - M (FAIL THRU ( a)) = >(di(M FAIL) A di(M a))
by (simp)
have 2: F >(di (M FAIL) A di(M a)) = >(di (#False) A di(M a))
using MFailAlt by (metis 1 int-eq)
have 3: - di #False = #False
by (simp add: di-defs Valid-def)
hence 4: - >(di (#False) N di(M a)) = >( (#False) A di(M a))
by (metis 2 inteq-reflection)
have 5: b >( (#False) A di(M a)) = >#False
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using FstEqvRule by fastforce
have 6: - >#False = #False using FstFalse
by auto
have 7: F #False = M FAIL
using MFailAlt by auto
from 1 2456 7 show ?thesis using MonEq by (metis int-eq)
ged

lemma MFailAnd:

(FAIL AND a) ~ FAIL

proof —
have I: = M (FAIL AND a) = (M FAIL N (M a)) by (simp add: AND-d-def)
have 2: = (M FAIL A (M a)) = (#False N (M a)) using MFailAlt by fastforce
have 3: |- (#False A (M a)) = #False by auto
have 4: = M(FAIL AND a) = #False using 1 2 3 by fastforce
have 5: - #False = M FAIL using MFailAlt by auto

from 1 2 3 4 5 show ?thesis using MonEq by (metis int-eq)

ged

lemma MThenFail:
(a THEN FAIL) ~ FAIL
proof —
have I: - M (a THEN FAIL) = (M a);(M FAIL) by (simp)
have 2: - (M a);(M FAIL) = (M a);#False by (simp add: MFailAlt RightChopEqvChop)
have 3: - (M a);#False = #False by (simp add: chop-d-def Valid-def)
have 4: - #False = M FAIL using MFailAlt by auto
from 1 2 3 4 show 7thesis using MonEq by (metis int-eq)
ged

lemma MFailThen:
( FAIL THEN ) ~ FAIL
proof —
have 1: - M( FAIL THEN a) = (M FAIL);(M a) by (simp)
have 2: - (M FAIL);(M a) = #False;(M a) using MFailAlt using LeftChopEqvChop by blast
have 3: - #False;(M a) = #False by (simp add: chop-d-def Valid-def)
have 4: F #False = M FAIL using MFailAlt by auto
from 1 2 3 4 show ?thesis using MonEq by (metis int-eq)
ged

lemma MFailWith:
( FAIL WITH f) ~ FAIL
proof —
have 1: - M (FAIL WITH f) = (M FAIL) A f) by (simp)
have 2: - ((M FAIL) A f) = (#False A f) using MFailAlt by auto
have 3: - (#False A f) = #False by simp
have 4: - #False = M FAIL using MFailAlt by auto
from 1 2 3 4 show 7thesis using MonEq by (metis int-eq)
ged

lemma MWithFalse:
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(a WITH (LIFT (#False))) ~ FAIL
proof —

have I: - M (a WITH LIFT (#False)) = ((M a) A #False) by (simp)
have 2: F ((M a) A #False) = M FAIL using MFailAlt by auto

from 1 2 show 7thesis using MonEq by (metis int-eq)

ged

lemma MWithTrue:

(a WITH (LIFT (#True))) ~ a
proof —

have 1: = M (a WITH LIFT (#True)) = (M a) A # True) by (simp)
have 2: - (M a) A #True) = M a by simp

from 1 2 show ?thesis using MonEq by (metis int-eq)

ged

lemma MEmptyUpto:
(EMPTY UPTO a) ~ EMPTY
proof —

have 1: - M (EMPTY UPTO a) = >(M EMPTY V (M a)) by (simp)

have 2: F M EMPTY = empty using MEmptyAlt by auto

hence 3: = (M EMPTY Vv (M a)) = (empty V (M a)) by auto

hence 4: - >(M EMPTY V M a) = >(empty V M a) using FstEqvRule by blast
have 5: - >(empty V M a) = empty using FstEmptyOrEqvEmpty by blast

have 6: - empty = M EMPTY using MEmptyAlt by auto

from 1 4 5 6 show 7thesis using MonEq by (metis int-eq)
ged

lemma MEmptyThru:
(EMPTY THRU a) ~ ( a)
proof —

have 1: - M(EMPTY THRU a) = >(di(M EMPTY) A di(M a)) by (simp)

have 2: - di(M EMPTY) = di empty using MEmptyAlt DiEqvDi by blast

hence 3: - (di(M EMPTY) A di(M a)) = (di empty A di(M a)) by auto

hence 4: - (di empty A di(M a)) = di(M a) using DiEmpty by auto

have 5:  (di(M EMPTY) A di(M a)) = di(M a) using 3 4 by fastforce

hence 6: - >(di(M EMPTY) A di(M a)) = >(di(M a)) using FstEqvRule by blast
have 7: F >(di(M a)) = (M a) using FstDiEqvFst by blast

have 8: - >(M a) = (M a) using MFixFst by fastforce

from 1 6 7 8 show ?thesis using MonEq by (metis int-eq)
ged

lemma MThenEmpty:
(a THEN EMPTY) ~ (a)
proof —
have I: - M( a THEN EMPTY) = (M a); (M EMPTY) by (simp)
have 2: - (M a); (M EMPTY) = (M a); empty by (simp add: MEmptyAlt RightChopEqvChop)
have 3: - (M a); empty = (M a) using ChopEmpty by auto
from 1 2 3 show 7thesis using MonEq by (metis int-eq)
ged
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lemma MEmptyThen:

( EMPTY THEN a) ~ a

proof —
have 1: - M( EMPTY THEN a) = (M EMPTY);(M a) by (simp)
have 2: - (M EMPTY);(M a) = empty;(M a) by (simp add: MEmptyAlt LeftChopEqvChop)
have 3: - empty;(M a) = (M a) by (simp add: EmptyChop)

from 1 2 3 show ?thesis using MonEq by (metis int-eq)

ged

lemma MEmptylterate:
( EMPTY ITERATE b) ~ EMPTY
proof —
have 1: - M( EMPTY ITERATE b) = M( EMPTY WITH LIFT(M b)*)
by (simp add: ITERATE-d-def)
have 2: - M (EMPTY WITH LIFT(M b)*) = (M EMPTY A (M b)*)
by (simp)
have 3: - (M EMPTY A (M b)*) = (empty A (M b)*)
using MEmptyAlt by auto
have 4: - (empty A (M b)*) = (empty A (empty V (M b) A more);(M b)*)))
using ChopstarEqv by fastforce
have 5: - (empty A (empty V (((M b) A more);(M b)*))) = empty
by auto
have 6: - M(EMPTY ITERATE b) = M EMPTY
using 1 2 3 4 5 MEmptyAlt by fastforce
from 6 show 7thesis using MonEq by (metis int-eq)
ged

lemma Miterateldemp:
(a ITERATE a) ~ (a)
proof —
have 1: - M(a ITERATE a) = M (a WITH LIFT(M a)*) by (simp add: ITERATE-d-def)
have 2: - M(a WITH LIFT(M a)*) = (M a) A (M a)*) by (simp)
have 3: F (M a) A (M a)*) = (>(M a) A (>(M a))*) using MFixFst
by (metis ImpCS integ-reflection Prop10)
have 4: F (>(M a) A (>(M a))*) = (M a) using FstAndFstStarEqvFst by fastforce
have 5: F >(M a) = M a using MFixFst by fastforce
from 1 2 3 4 5 show ?thesis using MonEq by (metis int-eq)
ged

lemma MUptoldemp:

(a UPTO a) ~ (a)

proof —
have I: - M(a UPTO a) = >((M a) vV (M a)) by auto
have 2: - >((M a) V (M a)) = >(M a) using FstEqvRule by fastforce
have 3: - >(M a) = (M a) using MFixFst by fastforce

from 1 2 3 show ?thesis using MonEq by (metis int-eq)

ged

lemma MThruldemp:
(a THRU a) ~ (a)
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proof —
have 1: - M( a THRU a) = >( di(M a) A di(M a)) by auto
have 2: - >( di(M a) A di(M a)) = >(di (M a)) using FstEqvRule by fastforce
have 3: F >(di (M a)) = >(M a) using FstDiEqvFst by blast
have 4: - >(M a) = (M a) using MFixFst by fastforce
from 1 2 3 4 show ?thesis using MonEq by (metis int-eq)
ged

lemma MAndldemp:

(a AND a) ~ (a)

proof —
have I: - M(a AND a) = (M a) A (M a)) by (simp add: AND-d-def)
have 2: - ((M a) A (M a)) = (M a) by fastforce

from 1 2 show ?thesis using MonEq by (metis int-eq)

ged

lemma MWithldemp:

((a WITH f) WITH f) ~ (a WITH f)

proof —
have 1: - M( (a WITH f) WITH f) = (((M a) A ( f)) A ( f)) by auto
have 2: - (M a) A (f)) A (F)) = ((M a) A (f)) by fastforce
have 3: F (M a) A (f)) = M(a WITH f) by auto

from 1 2 3 show ?thesis using MonEq by (metis int-eq)

ged

lemma MUptoCommut:

(a UPTO b) ~ (b UPTO a)
proof —

have I: - M(a UPTO b) = >((M a) V (M b)) by (simp)

have 2: - (M a) vV (M b)) = (M b) v (M a)) by auto
hence 3: - >((M a) V (M b)) = >((M b) V (M a)) using FstEqvRule by blast
have 4: - >((M b) vV (M a)) = M(b UPTO a) by auto
from 1 3 4 show ?thesis using MonEq by (metis int-eq)

ged

lemma MThruCommut:

(a THRU b) ~ (b THRU a)

proof —
have 1: - M(a THRU b) = >(di(M a) A di(M b)) by (simp)
have 2: F (di(M a) A di(M b)) = (di(M b) A di(M a)) by auto

hence 3: - >(di(M a) A di(M b)) = >(di(M b) A di(M a)) using FstEqvRule by blast
have 4: - >(di(M b) A di(M a)) = M(b THRU a) by auto

from 1 3 4 show ?thesis using MonEq by (metis int-eq)

ged

lemma MAndCommut:
(a AND b) ~ (b AND a)
proof —
have 1: - M(a AND b) = (M

) A (M b)) by (simp add: AND-d-def)
have 2: - (M a) A (M b)) (

(
M b) A (M a)) by auto

—~~
—~

L
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have 3: - (M b) A (M a)) = M(b AND a) by (simp add: AND-d-def)
from 1 2 3 show ?thesis using MonEq by (metis int-eq)
ged

lemma MWithCommut:

((a WITH f) WITH g) ~ ((a WITH g) WITH f)

proof —

have I: - M((a WITH f) WITH g) = (((M a) A (f)) A (g)) by auto
have 2: 1= (((M a) A (F)) A (g)) = (M a) A (g)) A (f)) by auto
have 3: - (((M a) A (g)) A (f)) = M((a WITH g) WITH f) by auto
from 1 2 3 show ?thesis using MonEq by (metis int-eq)

ged

lemma MWithAbsorp:
((a WITH ) WITH g) ~ (a WITH LIFT(f A g))
proof —
have 1: - M((a WITH f) WITH g) = (((M a) A (f)) A (g)) by auto
have 2: - ((M a) A (f)) A (g)) = (M a) A (f A g)) by auto
from 1 2 show ?thesis by (simp add: MonEq)
ged

lemma MUptoAssoc:
((a UPTO b) UPTO ¢) ~ (a UPTO (b UPTO ¢))

proof —
have 1: - M((a UPTO b) UPTO c¢) = >(M(a UPTO b) V (M ¢))
by (simp)
have 2: - >(M(a UPTO b) V (M ¢)) = >(>((M a) V (M b)) V (M <))
by auto

have 3: F >(>((M a) V (M b)) V (M ¢)) =>((M a) V (M b)) V (M ¢))
using FstFstOrEqvFstOrl by blast
havi4: F(Ma)v(Mb)V Mc)=((Ma)V ((Mb)V (M c)))
y auto
hence 5: - >((M a) vV (M b)) V (M ¢)) =>((M a) vV (M b) V (M c)))
using FstEqvRule by blast
have 6: - >((M a) V (M b) V (M ¢))) =>((M a) V >((M b) V (M c)))
using FstFstOrEqvFstOrR by fastforce
have 7: - >((M a) V >((M b) V (M ¢))) = >((M a) vV M(b UPTO <))
by auto
havey8: F>((M a) vV M(b UPTO c)) = M(a UPTO (b UPTO ¢))
by auto
from },2 356 7 8 show ?thesis using MonEq by (metis int-eq)
ged

lemma MThruAssoc:
((a THRU b) THRU ¢) ~ (a THRU (b THRU c))
proof —
have 1: - M((a THRU b) THRU c) = >(di(>(di(M a) A di(M b))) A di(M c))
by auto
have 2: - di(>(di(M a) A di(M b))) = di((di(M a) A di(M b)))
using DiEqvDiFst by fastforce
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have 3: I di((di(M a) A di(M b))) = (di(M a) A di(M b))
using DiDiAndEqvDi by blast
have 4: - di(>(di(M a) A di(M b))) = (di(M a) A di(M b))
using 2 3 by fastforce
hence 5: F (di(>(di(M a) A di(M b))) A di(M c)) = (di(M a) A di(M b) A di(M c))
by auto
have 6: F (di(M b) A di(M ¢c)) =di (di(M b) A di(M c))
using DiDiAndEqvDi by fastforce
have 7: F di (di(M b) A di(M c)) = di (>(di(M b) A di(M c)))
using DiEqvDiFst by blast
have 8: - (di(M b) A di(M ¢)) = di (>(di(M b) A di(M c)))
using 6 7 by fastforce
hence 9: F (di(M a) A di(M b) A di(M ¢)) = (di(M a) A di (>(di(M b) A di(M c))))
by auto
have 10: + (di(>(di(M a) A di(M b))) A di(M c)) =
(dilM a) A di (>(di(M b) A di(M ¢))))
using 5 9 by fastforce
hence 11: F >(di(>(di(M a) A di(M b))) A di(M c)) =
>(di(M a) A di (>(di(M b) A di(M c))))
using FstEqvRule by fastforce
have 12: F >(di(M a) A di (>(di(M b) A di(M ¢)))) = M(a THRU (b THRU c))
by auto
from 1 11 12 show ?thesis using MonEq by (metis int-eq)
ged

lemma MAndAssoc:
((a AND b) AND ¢) ~ (a AND (b AND c))
proof —
have 1: - M((a AND b) AND ¢) = (M a) A (M b) A (M ¢))
using AND-d-def by (metis MON.simps(5) MWithAbsorp eq-d-def )
have 2: - (M a) A (M b) A (M ¢c)) = M (a AND (b AND c))
using AND-d-def by (simp add: AND-d-def)
from 1 2 show ?thesis using MonEq by (metis int-eq)
ged

lemma MThenAssoc:

((a THEN b) THEN ¢) ~ (a THEN (b THEN ¢))

proof —
have 1: - M((a THEN b) THEN c¢) = (M a);(M b));(M ¢) by auto
have 2: F (M a);(M b));(M ¢) = (M a);((M b);(M c)) using ChopAssocB by blast
have 3: F (M a);((M b);(M ¢c)) = M(a THEN (b THEN c)) by auto

from 1 2 3 show ?thesis using MonEq by (metis int-eq)

ged

lemma MUptoThruAbsorp:
(a UPTO (a THRU b)) ~ a
proof —
have 1: - M(a UPTO (a THRU b)) = >((M a) V >(di(M a) A di(M b)))
by simp
have 2: - >((M a) vV >(di(M a) A di(M b))) =
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>((M a) V (di(M a) A di(M b)))
using FstFstOrEqvFstOrR by auto
have 3: - ((M a) V (di(M a) A di(M b))) =
X (M a) vV di(M a)) A (M a) Vv di(M b)))
y auto
have 4: - (M a) vV di(M a)) A (M a) V di(M b))) =
((di(M a)) A (M a) V di(M b)))
using OrDiEqvDi by fastforce
have 5: F (M a) Vv (di(M a) A di(M b))) =
((di(M a)) A (M a) v di(M b)))
using 3 4 by auto
hence 6: - > ((M a) V (di(M a) A di(M b))) =
> ((di(M a)) A (M a) V di(M b)))
using FstEqvRule by blast
have 7: - > ((di(M a)) A (M a) V di(M b))) =
((di(M a)) A (M a) V di(M b)) A
bs (=( (di(M a)) A (M a) v di(M b)))))
by (simp add: first-d-def, auto)
have 8: - ((di(M a)) A (M a) V di(M b))) =
((di(M a) A (M a)) V (di(M a) A di(M b)))
by auto
hence 9: F (=((di(M a)) A (M a) V di(M b)))) =
(~((di(M 3) A (M a)) v (di(M 3) A di(M b))
by fastforce

have 10: F (=((di(M a) A (M a)) V (di(M a) A di(M b)))) =

(=(((M a)) v (di(M a) A di(M b))))
using AndDiEqv using 5 by auto
have 11: + (=((M a)) V (di(M a) A di(M b)))) =
(=(M a) A =(di(M a) A di(M b)))
by auto
have 12: F (—((di(M a)) A (M a) V di(M b)))) =
(=(M a) A =(di(M a) A di(M b)))
using 9 10 11 by auto
hence 13: + bs (=((di(M a)) A (M a) Vv di(M b)))) =
bs (~(M a) A —(di(M a) A di(M b)))
using BsEqvRule by blast
have 14: + bs ((=(M a)) A =(di(M a) A di(M b))) =
(bs ((~(M 2))) A bs(~(di(M a) A di(M b))))
using BsAndEqv by fastforce
have 141: + bs (—((di(M a)) A (M a) V di(M b)))) =
(bs ((—(M a))) A bs(—(di(M a) A di(M b))))
using 13 14 by fastforce
hence 15: - ((di(M a)) A (M a) V di(M b)) A
bs (=((di(M a)) A (M a) V di(M b))))) =
((dilM a)) A (M a) V di(M b)) A
bs ((—(M a))) A bs(=(di(M a) A di(M b))))

by auto
have 16: F ((di(M a)) A (M a) vV di(M b)) A
bs ((—(M a))) A bs(—(di(M a) A di(M b)))) =
((bs ((=(M a))) A di(M a)) A (M a) v di(M b)) A
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bs(—(di(M a) A di(M b))))
by auto
have 17:  ((bs ((—(M a))) A di(M a)) A (M a) Vv di(M b)) A
bs(=(di(M a) A di(M b)))) =
(oM 2)) 7 (M 2) v (it )
bs(=(di(M a) A di(M b))))
using FstEqvBsNotAndDi by fastforce
have 18:  ((>(M a)) A (M a) V di(M b)) A
bs(=(di(M a) A di(M b)))) =
(M a)) A (M a) v di(M b)) A
bs(—(di(M a) A di(M b))))
using MFixFst by fastforce

have 19: + (((M a)) A (M a) V di(M b)) A
bs(—(di(M a) A di(M b)))) =
(M a)) A bs(—(di(M a) A di(M b))))

by auto
have 20: = (—(di(M a) A di(M b))) = (=(di(M a)) vV =(di(M b)) )
by auto
have 21:  (=(di(M a)) V =(di(M b)) ) = ((bi (=(M a))) V (bi (=(M b))))
by (simp add: bi-d-def)
have 22: - (—(di(M a) A di(M b))) = ((bi (=(M a))) Vv (bi (=(M b))))
using 20 21 by auto
hence 23: + bs (—(di(M a) A di(M b))) = bs ((bi (=(M a))) V (bi(=(M b))))
using BsEquu/e by blast
have 24: F bs ((bi (—=(M a))) V (bi (=(M b)))) = bs (=(M a)) V bs (~(M b))
using BsOrBsEqvBsBiOrBi by fastforce
have 25: - bs (=(di(M a) A di(M b))) = (bs (-(M a)) V bs (=(M b)))
using 23 24 using BsOrBsEqvBsBiOrBi by fastforce
hence 26: - ((M a) A bs (—(di(M a) A di(M b)))) =
) (M a) A (bs (+(M a)) V bs (+(M b))))
y auto
have 27: - (M a) A (bs (=(M a)) V bs (=(M b)))) =
(>(M a) A (bs (+(M a)) V bs (=(M b))))
using MFixFst by fastforce
have 28: + (>(M a) A (bs (~(M a)) V bs (-(M b)))) =
(M a) A bs (~(M ) A (bs (~(M ) V bs (~(M b)))
by (simp add: first-d-def, auto)
have 29: - ((M a) A bs (=(M a)) A (bs (=(M a)) V bs (=(M b)))) =
(M a) A bs (=(M a)))
by auto
have 30: F (M a) A bs (=(M a))) = >(M a)
by (simp add: first-d-def)
have 31: F >(M a) = (M a)
using MFixFst by fastforce
have 32: - M(a UPTO (a THRU b)) =
((di(M a)) A (M a) vV di(M b)) A
bs (~( (di(M 2)) A (M a) V di(M b)))))
using 1 2 6 7 by fastforce
have 33: - ((di(M a)) A (M a) V di(M b)) A
bs (=( (di(M a)) A (M a) v di(M b))))) =
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(M a)) A bs(=(di(M a) A di(M b))))
using 15 16 17 18 19 by (metis int-eq)
have 34: + (((M a)) A bs(=(di(M a) A di(M b)))) = (M a)
using 26 27 28 29 30 31 by (metis int-eq)
from 32 33 34 show 7thesis using MonEq by (metis int-eq)
ged

lemma MThruUptoAbsorp:
(a THRU (a UPTO b)) ~ (a)
proof —
have 1: - M(a THRU (a UPTO b)) = >(di(M a) A di(>((M a) V (M b))))
by simp
have 2: + >(di(M a) A di(>((M a) V (M b)))) =
>(di(M a) A di((M a) vV (M b))))
by (metis DiEqvDiFst FstEqvRule inteq-reflection lift-and-com)
have 3: - >(di(M a) A di((M a) V (M b)))) =
>(di(M a) A (di(M a) Vv di(M b)))
by (metis DiOrEqv FstEqvRule inteqg-reflection lift-and-com)
have 4: - (di(M a) A (di(M a) Vv di(M b))) = (di(M a))
by auto
hence 5: - >(di(M a) A (di(M a) V di(M b))) = >(di(M a))
using FstEqvRule by blast
have 6: - >(di(M a)) = >(M a)
using FstDiEqvFst by blast
have 7: F >(M a) = (M a)
using MFixFst by fastforce
from 1 235 6 7 show ?thesis using MonEq by (metis int-eq)
ged

lemma MUptoThruDistrib:

(a UPTO (b THRU ¢)) ~ ((a UPTO b) THRU (a UPTO ¢))
proof —

have 1: - M((a UPTO b) THRU (a UPTO c))

) >( di(>((M a) v (M b))) A di(>((M _) vV (Mc))))
y simp
have 2: + ( di(>((M a) v (M b))) A di(>((M a) v (M<)))) =
(di(((M a) v (M b))) A di((M a) vV (Mc))))
using DiEqvDiFst by fastforce
have 3: - ( di((M a) V (M b))) Adi((M a) vV (Mc))))=
(( di(M a) vV di(M b)) A (di(M a) V di(M c)))
using DiOrEqv by fastforce
have 4: F (( di(M a) V di(M b)) A (di(M a) V di(M c))) =
(di(M a) v (di(M b) A di(M ¢)))
by auto
have 5: + ( di(>((M a) v (M b))) A di(>((M a) v (Mc)))) =
(di(M a) Vv (di(M b) A di(M c)))
using 2 3 4 by fastforce
hence 6: - >( di(>((M a) v (M b))) A di(>((M a) v (Mc)))) =
>( di(M a) vV (di(M b) A di(M c)))
using FstEqvRule by blast
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have 7: + >( di(M a) V (di(M b) A di(M ¢)) ) =
>( >(di(M a)) vV >(di(M b) A di(M c)))
using FstFstOrEqvFstOr by fastforce
have 8: - >(di(M a)) = >((M a))
using FstDiEqvFst by blast
have 9: - >((M a)) = (M a)
using MFixFst by fastforce
have 10: - >(di(M a)) = (M a)
using 8 9 by fastforce
hence 11: F (>(di(M a)) vV >(di(M b) A di(M ¢))) =
(M a) V >(di(M b) A di(M c)))
by auto
hence 12: F >(>(di(M a)) V >(di(M b) A di(M ¢))) =
>((M a) vV >(di(M b) A di(M c)))
using FstEqvRule by blast
have 13: F>((M a) V >(di(M b) A di(M ¢))) = M(a UPTO (b THRU ¢))
by simp
from 1 6 7 12 13 show ?thesis using MonEq by (metis int-eq)
ged

lemma MThruUptoDistrib:
(a THRU (b UPTO ¢)) ~ ((a THRU b) UPTO (a THRU c))
proof —
have 1: - M((a THRU b) UPTO (a THRU ¢)) =
>(>(di(M a) A di(M b)) vV >(di(M a) A di(M c¢)))
by simp
have 2: F >(>(di(M a) A di(M b)) V >(di(M a) A di(M c))) =
>((di(M a) A di(M b)) V (di(M a) A di(M c)))
using FstFstOrEqvFstOr by auto
have 3: F ((di(M a) A di(M b)) V (di(M a) A di(M c))) =

(di(M a) A (di(M b) V di(M c))) by auto
have 4: - (di(M a) A (di(M b) V di(M ¢))) =

(di(M a) A di( (M b) V (M c))) using DiOrEqv by fastforce
have 5: - (di(M a) A di( (M b) V (M ¢))) =

(di(M a) A di(>( (M b) V (M ¢)))) using DiEqvDiFst by fastforce
have 6: - ((di(M a) A di(M b)) V (di(M a) A di(M ¢))) =

(di(M a) A di(>( (M b) V (M ¢)))) using 3 4 5 by fastforce
hence 7: - >((di(M a) A di(M b)) V (di(M a) A di(M c))) =

>(di(M a) A di(>>( (M b) V (M c)))) using FstEqvRule by blast

have 8: F >(di(M a) A di(>( (M b) V (M ¢)))) =
M(a THRU (b UPTO c)) by simp
from 1 2 7 8 show ?thesis using MonEq by (metis int-eq)
ged

lemma MThruUptoRDistrib:
((a THRU b) UPTO c¢) ~ ((a UPTO c) THRU (b UPTO c¢))
proof —
have 1: ((a THRU b) UPTO ¢) ~ (c UPTO (a THRU b))
using MUptoCommut by auto
have 2: (c UPTO (a THRU b)) ~ ((c UPTO a) THRU (c UPTO b))
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using MUptoThruDistrib by auto

have 3: (c UPTO a) ~ (a UPTO ¢)
using MUptoCommut by auto

have 4: (c UPTO b) ~ (b UPTO ¢)
using MUptoCommut by auto

have 5: ((c UPTO a) THRU (c UPTO b)) ~ ((a UPTO ¢) THRU (c UPTO b))
using 3 by (simp add: MonEqRefl MonEqSubstThru)

have 6: ((a UPTO c) THRU (c UPTO b)) ~ ((c UPTO b) THRU (a UPTO c))
using MThruCommut by auto

have 7: ((c UPTO b) THRU (a UPTO c)) ~ ((b UPTO ¢) THRU (a UPTO ¢))
using 4 by (simp add: MonEqRefl MonEqSubst Thru)

from 1 25 6 7 show 7thesis using MThruCommut MonEq by (metis int-eq)

ged

lemma MUptoThruRDistrib:
((a UPTO b) THRU c) ~ ((a THRU ¢) UPTO (b THRU c))
proof —
have 1: ((a UPTO b) THRU c) ~ (c THRU (a UPTO b))
using MThruCommut by auto
have 2: (¢ THRU (a UPTO b)) ~ ((c THRU a) UPTO (c THRU b))
using MThruUptoDistrib by auto
have 3: (¢ THRU a) ~ (a THRU ¢)
using MThruCommut by auto
have 4: (¢ THRU b) ~ (b THRU ¢)
using MThruCommut by auto
have 5: ((c THRU a) UPTO (c THRU b)) ~ ((a THRU c) UPTO (c THRU b))
using 3 by (simp add: MonEqgRefl MonEqSubstUpto)
have 6: ((a THRU ¢) UPTO (c THRU b)) ~ ((c THRU b) UPTO (a THRU c))
using MUptoCommut by auto
have 7: ((c THRU b) UPTO (a THRU c)) ~ ((b THRU c) UPTO (a THRU ¢))
using 4 by (simp add: MonEqRefl MonEqSubstUpto)
from 1 25 6 7 show ?thesis using MUptoCommut MonEq by (metis int-eq)
ged

lemma MWithAndDistrib:
((a AND b) WITH f) ~ ((a WITH f) AND (b WITH f))
proof —
have 1:+ M((a AND b) WITH f) = (M(a AND b) A f)
by (simp)
have 2: - M(a AND b) = M(a WITH LIFT(M b))
by (simp add: AND-d-def)
have 3: - (M(a AND b) A f) = (M(a WITH LIFT(M b)) A )
using 2 by auto
have 4: - M(a WITH (LIFT( (M b) A f))) = (M(a) A M(b) A f)

by simp

have 5: - (M(a) A M(b) A f) = (M(a) A F) A (M(b) A £))
by auto

havey6: F((M(a) A F) A (M(b) AF))=(M(a WITH f) A M( b WITH f))
by simp

have 7: b (M(a WITH f) A M(b WITH f)) = M((a WITH f) WITH LIFT(M(b WITH f)))
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by simp
have 8: - M((a WITH f) WITH LIFT(M(b WITH f))) = M((a WITH f) AND (b WITH f))
by (simp add: AND-d-def)
from 123456 7 8 show ?thesis using MonEq by (metis AND-d-def MWithAbsorp int-eq)
ged

lemma MHaltWithAndDistrib:
(((HALT w) WITH f) AND ((HALT w) WITH g)) ~ ((HALT w) WITH LIFT(f A g))
proof —
have 1: - M(((HALT w) WITH f) AND ((HALT w) WITH g)) =
M(((HALT w) WITH f) WITH LIFT(M((HALT w) WITH g)))
by (simp add: AND-d-def)
have 2: - M(((HALT w) WITH f) WITH LIFT(M((HALT w) WITH g))) =
(M(HALT w) A f AN M(HALT w) A g)

by auto
have 3: - (M(HALT w) A f A M(HALT w) A g) = (M(HALT w) A f A g)
by auto
have 4: - (M(HALT w) A f A g) = M((HALT w) WITH LIFT(f A g))
by auto
from 1 2 3 4 show ?thesis using MonEq by (metis int-eq)
ged

lemma MHaltWithUptoHaltWithEqvHaltWithOr:
(((HALT w) WITH f) UPTO ((HALT w) WITH g)) ~ ((HALT w) WITH LIFT(f V g))
proof —
have 1: - M(((HALT w) WITH f) UPTO ((HALT w) WITH g)) =
>(M((HALT w) WITH f) v M((HALT w) WITH g))
by (simp)
have 2: - >(M((HALT w) WITH ) v M((HALT w) WITH g)) =
>((M(HALT w) A £) V (M(HALT w) A g))
by auto
have 3: - (M(HALT w) A f) V (M(HALT w) A g)) = (M(HALT w) A (f V g))
by auto
have 4: - >((M(HALT w) A f) V (M(HALT w) A g)) = >(M(HALT w) A (f V g))
using 3 FstEqvRule by fastforce
have 5: - >(M(HALT w) A (f V g)) = >(M((HALT w) WITH LIFT(f V g)))
by simp
have 6: - M(((HALT w) WITH LIFT(f V g))) = >(M((HALT w) WITH LIFT(f V g)))
using MFixFst by blast
from 1 2 34 5 6 show ?thesis using MonEq by (metis int-eq)
ged

lemma MHaltWithThruHaltWithEqvHaltWithAndHaltWith:
(((HALT w) WITH f) THRU ((HALT w) WITH g)) ~ (((HALT w) WITH f) AND ((HALT w) WITH g))
proof —
have 1: - M(((HALT w) WITH f) THRU ((HALT w) WITH g)) =
>( di( M(HALT w) A f) A di(M(HALT w) A g) )
by simp
have 2: - (di(M(HALT w) A ) A di( M(HALT w) A g)) =
(di(halt(init w) A f) A di(halt(init w) A g))
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using MHaltAlt DiEqvDi
by (metis (no-types, lifting) inteq-reflection lift-and-com)
have 3: - (di(halt(init w) A f) A di(halt(init w) A g)) =
di(halt(init w) A f A g)
using DiHaltAndDiHaltAndEqvDiHaltAndAnd by fastforce
have 4: & di( halt(init w) A f N g) = di( M(HALT w) A f A g)
by (metis DiEqvDi MHaltAlt inteq-reflection lift-and-com)
have 5: - (di(M(HALT w) A f) A di(M(HALT w) A g)) = di(M(HALT w) A f A g)
using 2 3 4 by fastforce
have 6: - >(di(M(HALT w) A ) A di( M(HALT w) A g)) = >(di(M(HALT w) A f A g))
using 5 FstEqvRule by blast
have 7: F >(di(M(HALT w) A f A g)) = (M(HALT w) A f A g)
using FstDiEqvFst by fastforce
have 8: - >(M(HALT w) A f A g) = >(M((HALT w) WITH LIFT(f A g)))
by simp
have 9: - M((HALT w) WITH LIFT(f A g)) = >(M((HALT w) WITH LIFT(f A g)))
using MFixFst by blast
have 10: - M(((HALT w) WITH f) THRU ((HALT w) WITH g)) = M((HALT w) WITH LIFT(f A g))
using 1 23456 789 int-eq by metis
have 11: - M(((HALT w) WITH f) AND ((HALT w) WITH g)) = M((HALT w) WITH LIFT(f A g))
using MHaltWithAndDistrib using eq-d-def by blast
have 12: = M((HALT w) WITH LIFT(f A g)) = M(((HALT w) WITH f) AND ((HALT w) WITH g))
using 11 by fastforce
from 10 12 show ?thesis using MonEq by (metis int-eq)
ged

lemma MThenAndDistrib:
(a THEN (b AND c)) ~ ((a THEN b) AND (a THEN c))
proof —
have 1: - M(a THEN (b AND c)) = (M(a)) ; (M(b AND c))
by simp
have 2: - (M(a)) ; (M(b AND c)) = (M(a)) ; (M(b) A M(c))
by (simp add: AND-d-def)
have 3: - (M(a)) ; (M(b) A M(c)) = > (M(a)) ; (M(b) A M(c))
using MFixFst LeftChopEqvChop by blast
have 4. F > (M(a)) ; (M(b) A M(c)) = ((> (M(a)) ; (M(b))) A (> (M(a)) ; (M(c))))
using LFstAndDistrC by fastforce
have 5: (> (M(a)) ; (M(b))) A (5 (M(3) ; (M(c)))) =
(((M(a)) ; (M(b))) A (M(a)) ; (M(c))) ) using MFixFst
by (metis 4 integ-reflection)
have 6: = (( (M(a)) ; (M(b))) A ((M(a)) ; (M(c))) ) =
(M(a THEN b) N M(a THEN c))
by simp
have 7: + (M(a THEN b) A M(a THEN c)) = M((a THEN b) AND (a THEN c))
by (simp add: AND-d-def)
from 1 234 56 7 show ?thesis using MonEq by (metis int-eq)
ged

lemma MThenUptoDistrib:
(a THEN (b UPTO ¢)) ~ ((a THEN b) UPTO (a THEN ¢))
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proof —

have I:+ (M (a THEN (b UPTO ¢))) = (M a);(>((M b) V (M ¢))))
by simp

have 2: = (M a);(>((M b) vV (M ¢)))) = (>(M a);(>((M b) V (M c))))
by (simp add: MFixFst LeftChopEqvChop)

have 3: - (>(M a);(>((M b) V (M ¢)))) = ((>(>(M a);((M b) v (M ¢)))))
using FstFstChopEqvFstChopFst by fastforce

have 4: - >(M a);(M b) V (M ¢)) = (M a);(M b) V (M ¢))
using MFixFst by (metis LeftChopEqvChop inteq-reflection)

have 5: - (M a);((M b) Vv (M ¢)) = (M a);(M b) v (M a);(M c))
by (simp add: ChopOrEqv)

have 6: - (M a);(M b) Vv (M a);(M c)) = (M(a THEN b) vV M(a THEN c))
by simp

have 7: F >(M a);((M b) V (M ¢)) = (M(a THEN b) v M(a THEN c))
using 6 5 4 by fastforce

have 8: F >(>(M a);(M b) V (M ¢))) = >(M(a THEN b) Vv M(a THEN c))
using 7 by (simp add: FstEqvRule)

have 9: - >(M(a THEN b) V M(a THEN c¢)) = M((a THEN b) UPTO (a THEN c))
by simp

from 9 7 1 2 3 show ’thesis by (metis eq-d-def inteqg-reflection)

ged

lemma MThenThruDistrib:
(a THEN (b THRU c)) ~ ((a THEN b) THRU (a THEN c))
proof —
have 1: - M(a THEN (b THRU c)) = (M a);>(di(M b) A di(M ¢))
by simp
have 2: - (M a);>(di(M b) A di(M ¢c)) = >(M a);>(di(M b) A di(M c))
by (simp add: MFixFst LeftChopEqvChop)
have 3: F >(M a);>(di(M b) A di(M ¢)) = >(>(M a);(di(M b) A di(M c)))
using FstFstChopEqvFstChopFst by fastforce
have 4: F >(M a);(di(M b) A di(M ¢c) ) = (>(M a);di(M b) A >(M a);di(M c¢))
by (meson LFstAndDistrC Propll)
have 5: F (>(M a);di(M b) A >(M a);di(M c)) = (M a);di(M b) A (M a);di(M c))
using MFixFst by (metis 4 int-eq)
have 6: - (M a);di(M b) = (M a);((M b);# True)
by (simp add: di-d-def)
have 7: = (M a);((M b);# True) = ((M a);(M b));# True
by (simp add: ChopAssoc)
have 8: F (M a);(M b));# True = di((M a);(M b))
by (simp add: di-d-def)
have 9: - (M a);di(M b) = di((M a);(M b))
using 8 7 6 by fastforce
have 10: F (M a);di(M ¢) = (M a);((M c);# True)
by (simp add: di-d-def)
have 11: F (M a);((M c);#True) = (M a);(M ¢));# True
by (simp add: ChopAssoc)
have 12: + (M a);(M ¢));# True = di((M a);(M ¢))
by (simp add: di-d-def)
have 13: F (M a);di(M ¢) = di((M a);(M ¢))
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using 12 11 10 by fastforce

have 14: + (M a);di(M b) A (M a);di(M ¢)) = (di((M a);(M b)) A di((M a);(M c)))
using 13 9 by fastforce

have 15: + (di((M a);(M b)) A di((M a);(M ¢))) = (di(M(a THEN b)) A di(M(a THEN c)))
by simp

have 16: - >(M a);(di(M b) A di(M ¢c) ) = (di(M(a THEN b)) A di(M(a THEN c)))
using 15 14 4 5 by fastforce

have 17: F >(>(M a);(di(M b) A di(M ¢) )) = >(di(M(a THEN b)) A di(M(a THEN c)))
using 16 by (simp add: FstEqvRule)

have 18: - >(di(M(a THEN b)) A di(M(a THEN c))) = M((a THEN b) THRU (a THEN c))
by simp

from 18 16 1 2 3 show 7thesis by (metis eq-d-def int-eq)

ged

end

16 Finite ITL Examples

theory Example
imports

FOTheorems TimeReversal
begin

16.1 Example 1

definition F1 :: nat statefun = temporal
where F1w = TEMP 0O ( #0 < $w)

definition /nitl :: nat statefun = temporal
where /nitl w = TEMP $w = #0

lemma initl:
((s0,s1,s2) = len(2) A Initl w) = ((w s0) = 0)
by (simp add: Initl-def current-val-d-def len-defs)

lemma exist-test-F1 :

F33d w. F1w

proof —

have 1: A\ w. FI w by (simp add: always-defs current-val-d-def F1-def Valid-def)
from 1 show 7thesis by (meson EExI MP)

ged

16.2 Example 2

locale Test =
fixes v :: state = nat
fixes v1 :: state = nat
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fixes y :: state = bool

fixes z :: state = int

fixes F2 :: nat statefun = temporal

fixes F3 :: bool statefun = temporal

fixes F4 :: int statefun = temporal

fixes F5 :: nat statefun = temporal

fixes Init2 :: nat statefun = temporal

fixes Init3 :: bool statefun = temporal

defines F2 = (A v. TEMP O ( #0 < $v))

defines F3 = (A p. TEMP 0 ( $p VvV = $p))

defines F4 = (XA z. TEMP O ( #0< $z Vv $z < #0))
defines F5 = (A v. TEMP $v=#0 A v gets $v+#1)
defines Init2 = (A v. TEMP $v = #0)

defines /nit3 = (A p. TEMP $p)

lemma (in Test) currentval-test :

(s = (Bv =#0)) = ((v (nth s 0)) = 0)
by (simp add: current-val-d-def)

lemma (in Test) nextempty-test :

((s0) = v8) = (e x. x=x)
by (simp add: next-val-d-def)

lemma (in Test) nextempty-test-1 :

((s0) = v$ = v§)

by simp

lemma (in Test) nextempty-test-2 :
((s0) = v$ = v19)
by (simp add: Test.nextempty-test)

lemma (in Test) nextcurrent-test:
((s0,s1) = skip A\ ($v=#0) N (v$=%v+#1)) = (((vs0) = 0) A ((vsl) =1 ))
unfolding current-val-d-def next-val-d-def skip-defs by auto

lemma (in Test) nextcurrentfinpenult-test:
((s0,s1,52,s3) =len(3) AN v =:lv—#1 AN v #3 NSv=#0 N v :=Sv+#1 ) =
(((vs0) =0)AN((vsl)=1IANA(v(s2)=2A((vs3)=3 )))
unfolding current-val-d-def next-val-d-def fin-val-d-def penult-val-d-def
next-assign-d-def prev-assign-d-def temporal-assign-d-def len-defs by auto

lemma (in Test) stable-test:
((s0,s1,s2,53) = len(3) A stable v A Sv=#0) =
((vsO) =0AN(vsl)=0A(vs2) =0 A (vs3) =0)
by (auto simp: stable-defs len-defs
current-val-d-def next-val-d-def Nitpick.case-nat-unfold)

lemma (in Test) revnextcurrentfinpenult-test:
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((s0,s1,52,s3) = (len 3 N vl = lv—#1 A lv = #3 A Sv=H#0 A v$=Sv+#1)") =
(((vs3)=0)AN((vs2) =1 AN (v(sl)=2A((vs0) =3 )))
unfolding reverse-d-def len-defs current-val-d-def next-val-d-def
penult-val-d-def fin-val-d-def by auto

lemma (in Test) exist-test-F2 :

F3d3 v. F2v

proof —

have 1:+ F2 v by (simp add: always-defs current-val-d-def F2-def Valid-def)
from 1 show ?thesis by (meson EExI MP)

ged

lemma (in Test) exist-test-F3 :

F3d y. F3y

proof —

have 1: - F3y by (simp add: always-defs current-val-d-def F3-def Valid-def)
from I show ’thesis by (meson EExI MP)

ged

16.3 Example 3

locale Testl =

fixes v :: state = nat

fixes F5 :: nat statefun = nat = temporal

defines F5 = (A v n. TEMP $v=#0 A v gets Sv+#1 A fin($v=#n))

lemma (in Testl) test-E-F5-1:

(
x (Interval.nth w (0::nat)) = (0::nat) A
(Vi<intlen w. x (Interval.nth w (Suc i)) = Suc (x (Interval.nth wi))) A
x (Interval.nth w (intlen w)) = n) —

x (Interval.nth w (0::nat)) = (0::nat) A
(Vi<intlen w. x (Interval.nth w (i)) = i) A
x (Interval.nth w (intlen w)) = n)
apply simp
proof
assume 0: x (Interval.nth w (0::nat)) = (0::nat) A
(Vi<intlen w. x (Interval.nth w (Suc i)) = Suc (x (Interval.nth wi))) A
x (Interval.nth w (intlen w)) = n
have 1: x (Interval.nth w (0::nat)) = (0::nat) using 0 by auto
have 2: x (Interval.nth w (intlen w)) = n using 0 by auto
have 3: (Vi<intlen w. x (Interval.nth w (Suc i)) = Suc (x (Interval.nth w i))) using 0 by auto
show Vi<intlen w. x (Interval.nth w i) =i
proof
fix /
show i < intlen w — x (Interval.nth wi) =i
proof
(induct i)
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case 0
then show ?case using 1 by simp
next
case (Suc i)
then show 7case by (simp add: 3)
ged
qged
ged

lemma (in Testl) test-E-F5-2:

(
x (Interval.nth w (0::nat)) = (0::nat) A
(Vi<intlen w. x (Interval.nth w ( ) =1) A
x (Interval.nth w (intlen w)) = n) — (
x (Interval.nth w (0::nat)) = (0::nat) A
(Vi<intlen w. x (Interval.nth w (Suc i)) = Suc (x (Interval.nth wi))) A
x (Interval.nth w (intlen w)) = n)
by simp

lemma (in Testl) test-E-F5-3:

(
x (Interval.nth w (0::nat)) = (0::nat) A
(Vi<intlen w. x (Interval.nth w (Suc i)) = Suc (x (Interval.nth wi))) A
x (Interval.nth w (intlen w)) = n) =

x (Interval.nth w (0::nat)) = (0::nat) A
(Vi<intlen w. x (Interval.nth w (i)) = i) A
x (Interval.nth w (intlen w)) = n)

using test-E-F5-1 test-E-F5-2 by auto

lemma (in Testl) test-E-F5-4:

(3 x::state = nat.
x (Interval.nth w (0::nat)) = (0::nat) A
(Vi<intlen w. x (Interval.nth w (Suc i)) = Suc (x (Interval.nth wi))) A
x (Interval.nth w (intlen w)) = n) =

(3 x::state = nat.

x (Interval.nth w (0::nat)) = (0::nat) A
(Vi<intlen w. x (Interval.nth w (i)) = i) A
x (Interval.nth w (intlen w)) = n)

by (simp add: Testl.test-E-F5-3)

lemma (in Testl) test-E-F5:
F (33 v. (F5vn)) — (len n)
apply (simp add: Valid-def F5-def exist-state-d-def gets-defs current-val-d-def
fin-defs sub-def len-defs)
proof
fix w
show (3 x::state = nat.
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x (Interval.nth w (0::nat)) = (0::nat) A
(Vi<intlen w. x (Interval.nth w (Suc i)) = Suc (x (Interval.nth wi))) A
x (Interval.nth w (intlen w)) = n) —
(intlen w = n)
proof —
have 1: (I x::state = nat.
x (Interval.nth w (0::nat)) = (0::nat) A
(Vi<intlen w. x (Interval.nth w (Suc i)) = Suc (x (Interval.nth wi))) A
x (Interval.nth w (intlen w)) = n) =
(3 x::state = nat.
x (Interval.nth w (0::nat)) = (0::nat) A
(Vi<intlen w. x (Interval.nth w (i)) = i) A
x (Interval.nth w (intlen w)) = n) using test-E-F5-4 by auto
have 2: (3 x::state = nat.
x (Interval.nth w (0::nat)) = (0::nat) A
(Vi<intlen w. x (Interval.nth w (i)) = i) A
x (Interval.nth w (intlen w)) = n) — (intlen w =n)

by auto
from 1 2 show ?thesis by auto
ged
ged

16.4 Example 4

locale Testrev =

fixes x :: state = nat

fixes F1 :: nat statefun = temporal

defines F1 = (A v. TEMP $v=#0 A skip A\ v:i= $v+#1 )

lemma (in Testrev) testrevI:
(o E F1 (x)) = (intlenoc =1 A (x(ntho 0)) =0 A (x (ntho 1)) =1)
by (simp add: F1-def skip-defs next-assign-d-def next-val-d-def current-val-d-def, auto)

lemma (in Testrev) testrev2:
(0 = (F1 (x))") = (intleno =1 A (x (ntho 0)) =1 A (x (ntho 1)) = 0)
proof —
have (0 = (F1 (x))") = (0 = ($x=#0 A skip A x := Sx+#1)")
by (simp add: F1-def)
also have ... =
(o0 = (($x=#0)" A skip" A (x := $x+#1)"))
by (simp add: all-rev-eq)
also have ... =
(o0 = (("x=#0) A skip A\ (x! = Ix+#1)))
by (smt RRAnd all-rev-eq(1) all-rev-eq(10) all-rev-eq(11) all-rev-eq(12)
all-rev-eq(3) int-eq next-assign-d-def)
also have ... =
(o0 = ((x$=#0) A skip N ($x = x$+#1)))
by (simp add: skip-defs next-val-d-def finval-defs penultval-defs current-val-d-def, auto)
also have ... =
(intlen o = 1 N (x (ntho 0)) =1 A (x (ntho 1)) = 0)
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by (simp add: skip-defs next-val-d-def current-val-d-def, auto)
finally show (o = (FI (x))") = (intlen o = 1 A (x (ntho 0)) =1 A (x

ged

16.5 Example 5

lemma revnextcurrentfinpenult:

F (v =9$v)" = (vI=lv)

(ntho 1)) =

proof —

have 1: - (v$ = $v)" = ( (v$)" = ($v)") by (simp add: rev-fun2)

have 2: - ((v$)" = (v!)) by (simp add: rev-next)

have 3: - (($v)" = (!v)) by (simp add: rev-current)

have 4: = (( (v$)" = ($v)") = ( (v!) = (Iv) )) by (metis 1 2 3 integ-reflection)
from 1 4 show ?thesis by fastforce

ged

end

17 Monitor Example

theory MonitorExample
imports

FOTheorems Monitor
begin

locale Test =

fixes v :: state = nat

fixes y :: state = bool

fixes z :: state = nat

fixes F2 :: nat statefun = temporal

fixes F3 :: bool statefun = temporal

fixes F4 :: nat statefun = temporal

fixes F5 :: nat statefun = temporal

fixes Init2 :: nat statefun = temporal

fixes Init3 :: bool statefun = temporal
fixes Monl :: state monitor

fixes Mon2 :: state monitor

fixes Mon3 :: state monitor

fixes Mon4 :: state monitor

fixes Mon5 :: state monitor

fixes Mon6 :: state monitor

defines F2 = (A v. TEMP O ( #0 < $v))
defines F3 = (A p. TEMP O ( $p V = $p))
defines F4 = (\ z. TEMP $z=#0 A z gets $z++#1)
defines F5 = () z. TEMP fin($z=+4))
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defines /nit2 = (A v. TEMP $v = #0)
defines /nit3 = (A p. TEMP $p)

defines Monl = FIRST( F2 v )

defines Mon2 = EMPTY UPTO Monl
defines Mon3 = Monl WITH (F2 v)
defines Mon4 = Mon2 THEN Monl

defines Mon5 = Mon3 THRU Mon4
defines Mon6 = (FIRST F4 z) WITH (F5 z)

lemma (in Test) test:
F M(Monl) = empty
proof —
have 1: - M(Monl) =>(0O ( #0 < $v))
using F2-def Monl-def by fastforce
have 2: - 0O ( #0 < $v)
by (simp add: Valid-def always-defs current-val-d-def )
have 3: - >(0O ( #0 < $v )) = empty
using 2 by (metis FstTrue int-eq int-eq-true)
from 1 2 3 show ?thesis by fastforce
ged

lemma (in Test) testl:

= M(Mon2) = empty

proof —

have I: - M(Mon2) = M(EMPTY UPTO MonI)
using MonZ2-def by fastforce

have 2: - M(EMPTY UPTO Monl) = >(M(EMPTY) vV M(Monl))
by fastforce

have 3: F >(M(EMPTY) V M(Monl)) = >(empty V empty)
using test by (metis 2 MEmptyAlt int-eq)

have 4: - >(empty V empty) = empty
using FstEmptyOrEqvEmpty by blast

from 1 2 3 4 show ?thesis by fastforce

ged

lemma (in Test) test2:

= M(Mon3) = empty

proof —

have 1: - M(Mon3) = M(Monl WITH (F2 v)) using Mon3-def by fastforce
have 2: - M(Monl WITH (F2 v)) = (M(Monl) A (F2 v)) by fastforce
have 3: = (M(Monl) A (F2 v)) = (empty A (F2 v)) using test by fastforce
have 4: - (F2 v) by (simp add: F2-def Valid-def always-defs current-val-d-def)
have 5: - (empty A (F2 v)) = empty using 4 by fastforce

from 1 2 3 5 show ?thesis by fastforce

ged

lemma (in Test) test3:

= M(Mon4) = empty

proof —

have 1: - M(Mon4) = M(Mon2 THEN Mon1)
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using Mon4-def by fastforce
have 2: = M(Mon2 THEN Monl) = ( M(Mon2) ) ;( M(Monl))
by fastforce
have 3: - ( M(Mon2) ) ;( M(Monl) ) = empty;empty
using test testl using ChopEqvChop by blast
have 4: - empty; empty = empty
by (simp add: ChopEmpty)
from 1 2 3 4 show ?thesis by fastforce
ged

lemma (in Test) test4:

= M(Monb) = empty

proof —

have I1: - M(Mon5) = M(Mon3 THRU Mon4)
using Monb-def by fastforce

have 2: - M(Mon3 THRU Mon4) = t>(di(M(Mon3)) A di(M(Mon4)))
by fastforce

have 3: F (di(M(Mon3)) A di(M(Mon4))) = (di(empty) A di(empty))
using test3 test2 by (metis integ-reflection lift-and-com)

hence 4: - >(di(M(Mon3)) A di(M(Mon4))) = >(di(empty) A di(empty))
by (simp add: FstEqvRule)

have 5: F >(di(empty) A di(empty)) = >(di(empty))
by simp

have 6: - >(di(empty)) = empty
using FstDiEqvFst FstEmpty by fastforce

from 6 5 4 2 1 show ?thesis by fastforce

ged

lemma (in Test) test5:

= M (Mon6) = (>($z=#0 A z gets $z+#1) A fin($z=#4) )

proof —

have I: - M(Mon6) = (M(FIRST F4 z) A (F5 z))
using Mon6-def by fastforce

have 2: = (M(FIRST F4 z) A (F5 z)) = (>(F4 z) A fin($z=+#4))
using F5-def by fastforce

have 3: - (>(F4 z) A fin($z=#4)) = (>($z=#0 N z gets $z+#1) A fin($z=#4) )
using F4-def by fastforce

from 1 2 3 show ?thesis by fastforce

ged

lemma (in Test) test5-1:
F>($z=#0 N z gets $z+#1) A fin($z=#4) —
>(($z=#0 A z gets $z+#1) A fin($z=#4))

using FstWithAndIimp by blast
lemma (in Test) test5-2:
(s &= ($3z=#0 A z gets $z+#1) A fin($z=+#4)) =

(z (nths 0) =0 A (¥ i< intlens. z (nth s (Suc i)) = Suc(z (nth s i))) A
z (nth s (intlen s)) = 4)
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by (simp add: gets-defs fin-defs current-val-d-def sub-def)

lemma (in Test) test5-3:
(z (nths 0) =0 A (¥ i< intlens. z (nth s (Suc i)) = Suc(z (nth s i))) A
z (nth s (intlen s)) = 4)
_—
(z (nths 0) =0 A (V i< intlens. z (nthsi) =)
A z (nth s (intlen s)) = 4)

proof —
assume 0: (z (nths 0) =0 A (V i< intlens. z (nth s (Suc i)) = Suc(z (nth si))) A
z (nth s (intlen s)) = 4)
show (z (nths 0) =0 A (VY i< intlens. z (nthsi) = i)
A z (nth s (intlen s)) = 4)
proof —
have 1: z (nth s 0) =0 using 0 by auto
have 2: z (nth s (intlen s)) = 4 using 0 by auto
have 3: (V i< intlens. z (nth s i) = i)
proof
fix i
show i < intlen s — z (Interval.nth s i) =i
proof
(induct i)
case 0
then show 7case by (simp add: 1)
next
case (Suc i)
then show ?case by (simp add: 0)
ged
qged
from 1 2 3 show 7thesis by auto
qged
ged

lemma (in Test) test5-4:
(z (nths0) =0 A (V i< intlens. z (nthsi)=1)
A z (nth s (intlen s)) = 4) =
(z (nths 0) =0 A (V i< intlens. z (nth s (Suci)) = Suc(z (nth s i))) A
z (nth s (intlen s)) = 4)

proof —

assume 0: (z (nths 0) =0 A (¥ i< intlens. z (nthsi) = i)
A z (nth s (intlen s)) = 4)

show (z (nths 0) =0 A (VY i< intlen s. z (nth s (Suc i)) = Suc(z (nth s i))) A
z (nth s (intlen s)) = 4)

proof —
have 1: z (nth s 0) =0 using 0 by auto
have 2: z (nth s (intlen s)) = 4 using 0 by auto
have 3: (V i< intlen s. z (nth s (Suc i)) = Suc(z (nth s i))) by (simp add: 0)
from 1 2 3 show ?thesis by auto
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ged
ged

lemma (in Test) test5-5:
(z (nths 0) =0 A (¥ i< intlens. z (nth s (Suc i)) = Suc(z (nth s i))) A
z (nth s (intlen s)) = 4)

(z (nths 0) =0 A (V i< intlens. z (nthsi) =)
A z (nth s (intlen s)) = 4)

using test5-3 test5-4 by blast

lemma (in Test) test5-6 :

(z (nths0) =0 A (VY i< intlens. z (nthsi)=1)
A z (nth s (intlen s)) = 4) =

(intlen s =4 N (¥ i< intlens. z (nthsi) = 1))

by auto

lemma (in Test) test5-7 :

(s = ($z=#0 A z gets $z+#1) A fin($z=#4)) =
(intlen s =4 N\ (Y i< intlens. z (nthsi) =1))

using test5-6 test5-5 test5-2 by fastforce

lemma (in Test) test5-8 :
(s = >(($z=#0 N z gets $z+#1) A fin($z=#4))) =

( (s E (3z=#0 A z gets $z+#1) A fin($z=#4)) A intlen s =0) V
(0 < intlens A (s |= $z=#0 N z gets $z+#1 A fin($z=#4)) A
(V ia < intlen s. (prefix ia s |= =(($z=#0 A z gets $z+#1) A fin($z=#4)))))
)

using Fstsem[of TEMP ($z=#0 A z gets $z+#1) A fin($z=#4)]
by simp

lemma (in Test) test5-9 :
A( (s = ($z=#0 N z gets $z+#1) A fin($z=#4)) A intlen s =0)
using test5-7 by simp

lemma (in Test) test5-10:
(s = ($z=#0 A z gets $z+#1) A fin($z=#4))
—_—
0 < intlen s A
(V ia < intlen s. (prefix ia s = =(($z=#0 A z gets $z+#1) A fin($z=#4))))

proof —
assume 0: s |= ($z=#0 N z gets $z+#1) A fin($z=#4)
show 0 < intlens A
(V ia < intlen s. (prefix ia s = —(($z=#0 N z gets $z+#1) A fin($z=#4))))
proof —
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have 1: 0 < intlen s using test5-7 0 by simp

have 2: (V ia < intlen s. (prefix ia s = ~(($z=#0 A z gets $z+#1) A fin($z=#4))))

proof

fix ia

show ja < intlen s —

(prefix ia s = (($z = #0 N z gets $z + #1) A fin ($z = #4)))

proof —

have 1: (prefixias = - (($z = #0 N z gets $z + #1) A fin ($z = #4))) =
(= ((prefix ias = (($z = #0 N z gets $z + #1) A fin (3z = #4))))
by auto

have 2: (prefix ias |= ((3z = #0 A z gets $z + #1) A fin ($z = #4))) =

(intlen (prefix ia s) = 4 A (V i< intlen(prefix ia s) . z (nth (prefix ia s) i) = i))

using test5-7 by simp

have 3: ia < intlen s — —(intlen (prefix ia s) = 4 A

(V i< intlen(prefix ia s) . z (nth (prefix ia s) i) = i))
using 0 using test5-7 by auto

from 1 2 3 show ?thesis by blast

qged

qged

from 1 2 show ?thesis by auto

ged
ged

lemma (in Test) test5-11 :
(s E>(($z=#0 A z gets $z+#1) A fin($z=#4))) =
(s & ($z=#0 N z gets $z+#1) A fin($z=#4))
using test5-8 test5-9 test5-10 by fastforce

lemma (in Test) test5-12 :
F >(($z=#0 A z gets $z+#1) A fin($z=#4)) = (($z=#0 A z gets $z+#1) A fin($z=+#4))
using test5-11 by (simp add: Valid-def)

end
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