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Abstract

These Isabelle theories introduce the semantics and syntax of Interval Temporal Logic (ITL).
The ITL proof system, as introduced in [3], has been encoded and its soundness has been checked.
An extensive library of ITL theorems, taken from [5], has been checked. The time reversal operator
[4] has been defined and a collection of theorems has been provided.

Furthermore the new ITL operators first > and last < (introduced using time reversal) have been
defined together with an extensive library of theorems. These were used to introduce the Runtime
Verification monitor language RV [6] together with the algebraic properties of this language.

We also provide an algebraic characterisation of ITL based on [2] and link it with the work on
Kleene Algebras [1].
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1

Intervals

An interval is a sequence of elements of a particular type. Intervals are similar to list in Isabelle/HOL, the
difference is that intervals have instead of nil a single element at the end. So an interval of length zero is
a single element whereas for Isabelle’s list we have that an empty list is nil (no element present).

The usual operations on intervals are defined: length (intlen), prefix, suffix, sub, nth, intfirst, intlast, intapp
and intrev.



In order to define the semantics of the ITL chopstar we introduce index-sequence which is a sequence of
chop (fuse) points. This sequence is again of type interval but the elements are natural numbers. Two
functions shift and shiftm are introduced that are used to add (shift) and subtract a natural number of
each element in the sequence of chop (fuse) points.

1.1 Definitions

datatype 'a interval =
st 'a (-])
| Cons 'a 'a interval (infixr © 65)
for
map: map
rel: interval-all2
pred: interval-all

type-synonym index = nat interval

syntax
— interval Enumeration
-interval :: args => 'a interval  ({(-)))

translations
(x, xs) == xO(xs)

(x) == [x]

primrec (nonexhaustive) intlen :: 'a interval = nat where
intlen (St x) = 0
| intlen (x®xs) = 1+ (intlen xs)

primrec (nonexhaustive) nth :: 'a interval => nat => 'a where
nth (St x) n = X
| nth (Cons x xs) n = (case n of 0 = x | Suc k = nth xs k)

primrec prefix:: nat = 'a interval = 'a interval where
prefix n (St x) = (St x)
| prefix n (Cons x xs) = (case n of 0 = (St x) | Suc m = (Cons x (prefix m xs)))

primrec suffix:: nat = 'a interval = 'a interval where
suffix n (St x) = (St x)
| suffix n (Cons x xs) = (case n of 0 = (Cons x xs) | Suc m = suffix m xs)

definition sub:: nat = nat = 'a interval = 'a interval
where
sub n k xs = (if k<n then prefix 0 (suffix n xs)
else prefix (k—n) (suffix n xs)
)

primrec intfirst :: 'a interval = 'a where
intfirst (St x) = x
| intfirst (Cons x -) = x



primrec intlast :: 'a interval = 'a where
intlast (St x) =X
| intlast (Cons - xs) = intlast xs

primrec intapp :: 'a interval = 'a interval = 'a interval (infixr © 65) where
intapp-St: (St x) © ys = x © ys |
intapp-Cons: (xOxs) © ys = x @ (xs © ys)

primrec intrev :: 'a interval = 'a interval where
intrev (St x) = (St x)
| intrev (Cons x xs) = (intrev xs) & (St x)

definition index-sequence :: nat = index = bool where
index-sequence x idx = (nth idx 0 = x) A (V n. n<intlen idx — nth idx n < nth idx (Suc n))

definition shift :: nat = nat = nat where
shift k = (A x. x+k)

definition shiftm :: nat = nat = nat where
shiftm k = (X x. (if k>x then 0 else (x—k)))

1.2 Lemmas

Basic lemmas are introduced for each of the above operations on intervals.

1.2.1 Interval Length

lemma interval-intlen-gr-zero [simp]:
intlen xs > 0
by auto

lemma interval-intlen-st :
intlen (St x) = 0
by simp

lemma interval-intlen-cons [simp]:
(intlen (x®xs)) = (intlen xs) +1
by simp

lemma interval-intlen-cons-1 :
intlen | > 0 +— (3 xIs. | = x Ols)
by (induct I) simp-all

lemma interval-intlen-map:
intlen (map f xs) = intlen xs
by (induct xs) simp-all



1.2.2 nth

lemma interval-nth-zero [simp]:
nth (x®xs) 0 = x
by simp

lemma interval-nth-Suc [simp]:
nth (xOxs) (Suc n) = nth xs n
by auto

lemma interval-nth-last:
nth (x®xs) (intlen (x®xs)) = nth xs (intlen xs)
by simp

lemma interval-nth-cons:
assumes 0<i A i<I+intlen(xs)
shows nth(x®xs) i =nth xs (i—1) A
nth(x®xs) (i+1) = nth xs ((i—1)+1)
by (metis One-nat-def Suc-lel add.commute assms interval-nth-Suc le-add-diff-inverse2 plus-1-eq-Suc)

lemma interval-nth-zero-intfirst:
nth xs 0 = intfirst xs
by (induct xs) simp-all

lemma interval-nth-intlen-intlast:
nth xs (intlen xs) = intlast xs
by (induct xs) simp-all

lemma interval-st-intlen :
(xs = (St x)) «— intlen xs = 0 A nth xs 0 = x
by (induct xs) simp-all

lemma interval-eq-nth-eq :
(xs =ys) = (intlen xs =intlen ys A\ (V i< intlen xs. nth xs i = nth ys i))
apply (induct xs arbitrary: ys)
apply (metis interval-st-intlen le-numeral-extra(3))
apply (case-tac ys, simp)
by fastforce

lemma interval-nth-map :

nth (map fxs) i = f (nth xs i)
apply (induct xs arbitrary: i, simp)
apply (case-tac i, simp, simp)
done

1.2.3 index sequence

lemma interval-idx-less:

assumes iseq: index-sequence x idx

shows (n<intlen idx A n+k<intlen idx) — nth idx n < nth idx (Suc(n+k))
apply (induct k)



using index-sequence-def iseq apply auto[1]
using index-sequence-def iseq by auto

lemma interval-idx-less-last :

assumes index-sequence x idx

shows  (i<intlen idx A i+(intlen idx — (i+1))< intlen idx)
— nth idx i < nth idx (Suc(i+(intlen idx —(i+1))))

using assms interval-idx-less by blast

lemma interval-idx-less-last-1:

assumes index-sequence x idx

shows i<intlen idx — nth idx i < nth idx (intlen idx)
using assms interval-idx-less-last by auto

lemma interval-idx-greater-first:

assumes index-sequence x idx

shows (>0 A i< intlen idx) — x < nth idx i

apply (induct i, simp)

using assms

by (metis One-nat-def Suc-le-lessD add-Suc index-sequence-def interval-idx-less
less-le-trans plus-1-eq-Suc)

lemma interval-idx-cons:
index-sequence 0 (x®ls) =
(x=0 A x<nth Is 0 N\ index-sequence (nth Is 0) Is)
apply (simp add: index-sequence-def)
using less-Suc-eq-0-disj by auto

lemma interval-idx-shift-mono:
mono (shift k)
by (simp add: Interval.shift-def mono-def)

lemma interval-idx-expand:
index-sequence 0 | A (nth | (intlen I)) = (intlen xs) A 0<i A i< (intlen I)
= 0< (nth 1i) A (nth 1i) < (nth [ (i+1)) A (nth | (i+1)) < (intlen xs)
apply (simp add: index-sequence-def)
apply (induct I, simp)
by (metis Suc-lessl eq-imp-le index-sequence-def interval-idx-less-last-1 less-imp-le-nat)

lemma interval-idx-shift-idx [simp]:
( index-sequence (x+k) (map (shift k) idx)) = (index-sequence x idx)
by (simp add: Interval.shift-def index-sequence-def interval-intlen-map interval-nth-map)

lemma interval-idx-shiftm :
(index-sequence k (Isk) A Is = map (shiftm k) Isk) =
index-sequence 0 (Is) A (intlen Is) = (intlen Isk)
by (simp add: interval-eq-nth-eq index-sequence-def shift-def shiftm-def interval-nth-map )
(smt Suc-lel diff-less-mono index-sequence-def interval-idx-greater-first interval-intlen-map
le-less-trans less-Suc-eq-0-disj not-less order.asym)



lemma interval-Isk-Is :
(index-sequence k (Isk) A Isk = map (shift k) Is A index-sequence 0 (Is) ) =
(index-sequence k (Isk) A Is = map (shiftm k) Isk A index-sequence 0 (Is) )
apply (simp add: interval-eq-nth-eq index-sequence-def shift-def shiftm-def interval-nth-map)
apply rule
apply (metis (no-types, lifting) add-diff-cancel-right' interval-intlen-map not-add-less2)
by (metis (no-types, lifting) Suc-eq-plusl add.commute add-cancel-right-left add-diff-inverse-nat
ex-least-nat-less interval-intlen-map le-SucE le-zero-eq not-less-zero order-refl)

lemma interval-idx-link-shiftm:
(index-sequence k (Isk) A Is = map (shiftm k) Isk ) =
(index-sequence k (Isk) A Is = map (shiftm k) Isk A
index-sequence 0 (Is) A (intlen Is) =(intlen Isk))
using interval-idx-shiftm by blast

lemma interval-idx-link:
(Isk = map (shift k) Is A\ index-sequence 0 (Is) ) =
(Isk = map (shift k) Is A index-sequence k (Isk) A index-sequence 0 (Is)A
(intlen Is) =(intlen Isk))
by (metis Interval.shift-def add-diff-cancel-left’ diff-diff-cancel diff-is-0-eq’
interval-idx-shift-idx interval-idx-shift-mono interval-intlen-map le-numeral-extra(3) mono-def)

lemma interval-idx-bound-0 :

assumes index-sequence 0 Is A\ Interval.nth Is (intlen Is) = intlen (suffix k xs)

shows ((i<intlen Is) — ((nth Is (i)) < (intlen (suffix k xs))))

using assms

by (metis add.commute add-eq-if eq-iff interval-idx-less le-add-diff-inverse2
le-neq-implies-less lessl| less-imp-le-nat)

lemma interval-idx-bound-1:

(index-sequence 0 (Is) A (nth (Is) (intlen (Is))) = (intlen (suffix k xs))) «—
(index-sequence 0 (Is) N (nth (Is) (intlen (Is))) = (intlen (suffix k xs)) A
(Vi. (i<intlen Is) — ((nth Is (i)) < (intlen (suffix k xs)))) )

using interval-idx-bound-0 by blast

1.2.4 prefix, suffix and sub

lemma interval-prefix-state [simp]:
prefix m (St x) = (St x)
by simp

lemma interval-prefix-suc [simp]:
prefix (Suc m) (x®xs) = x © (prefix m xs)
by auto

lemma interval-prefix-zero [simp]:
prefix 0 (x®xs) = St x
by auto

lemma interval-prefix-zero-intfirst [simp]:



prefix 0 xs = St (intfirst xs)
by (induct xs) simp-all

lemma interval-intfirst-prefix [simp]:
i<intlen xs = intfirst (prefix i xs) = intfirst xs
by (induct xs arbitrary: i, auto) (case-tac i, auto)

lemma interval-prefix-intlen [simp]:
(prefix (intlen xs) xs) = xs
by (induct xs) simp-all

lemma interval-prefix-intlen-gr-1 [simp]:
(prefix ((intlen xs)+i) xs) = xs
by (induct xs) simp-all

lemma interval-intlen-prefix-cons [simp]:
intlen( prefix (Suc i) (x®xs)) = 1 + intlen(prefix i xs)
using interval-intlen-cons by auto

lemma interval-prefix-length :
intlen (prefix i xs) = (if i< intlen xs then i else intlen xs)
by (induct xs arbitrary: i, simp) (case-tac i, auto)

lemma interval-prefix-length-good [simpl]:
assumes i< intlen xs
shows  (intlen ( prefix i xs)) =i

using assms by (simp add: interval-prefix-length)

lemma interval-prefix-length-bad [simp] :
assumes | > intlen xs
shows intlen (prefix i xs) = intlen xs
using assms by (simp add: interval-prefix-length)

lemma interval-pref-intlen-bound :

assumes | < (intlen xs)

shows intlen (prefix i xs) < intlen xs

using assms by (induct xs, simp) (metis interval-prefix-length)

lemma interval-suffix-length:
intlen (suffix i xs ) = (if i< intlen xs then (intlen xs)—i else 0)
by (induct xs arbitrary: i, simp) (case-tac i, auto)

lemma interval-suffix-length-good [simpl|:
assumes < jntlen xs
shows intlen (suffix i xs ) = (intlen xs)—i
using assms by (simp add: interval-suffix-length)

lemma interval-suffix-length-bad [simp]:
assumes /> intlen xs
shows intlen (suffix i xs ) = 0



using assms by (simp add: interval-suffix-length)

lemma interval-nth-prefix [simp]:
i<intlen xs A k < i == nth (prefix i xs) k = nth xs k
apply (induct xs arbitrary: i k, auto)
apply (case-tac i, auto)
apply (case-tac k, auto)
done

lemma interval-nth-suffix [simp]:
i<intlen xs A\ k < intlen xs —i = nth (suffix i xs) k = nth xs (i+k)
by (induct xs arbitrary: i k, auto) (case-tac i, auto)

lemma interval-suffix-prefix-help-1:

assumes ia+i < intlen xs A\ k < ia

shows nth (prefix ia (suffix i xs)) k = nth (suffix i (prefix (ia +1i) xs)) k
proof —

have 1: nth (prefix ia (suffix i xs)) k = nth (suffix i xs) k

using interval-nth-prefix assms by (metis interval-prefix-intlen-gr-1 le-cases le-iff-add)
have 2: nth (suffix i xs) k = nth xs (i+k)

using interval-nth-suffix assms by (simp add: add-le-imp-le-diff)

have 3: nth xs (i+k) = nth (prefix (ia+i) xs) (i+k)

using interval-nth-prefix assms by simp

have 4: nth (prefix (ia+i) xs) (i-+k) = nth (suffix i (prefix (ia +i) xs)) k
using interval-nth-suffix assms by simp

from 1 2 3 4 show ?thesis by auto

ged

lemma interval-suffix-prefix-help-2:

assumes ia+i < intlen xs

shows (VY k < ia. nth (prefix ia (suffix i xs)) k = nth (suffix i (prefix (ia +i) xs)) k)
using interval-suffix-prefix-help-1 using assms by fastforce

lemma interval-suffix-prefix-help-3:

assumes ja+i < intlen xs

shows intlen (prefix ia (suffix i xs)) = intlen (suffix i (prefix (ia +i) xs))
using assms interval-prefix-length-good interval-suffix-length-good by auto

lemma interval-suffix-prefix-swap:

assumes jia+i < intlen xs

shows  prefix ia (suffix i xs) = suffix i (prefix (ia +1i) xs)

by (simp add: interval-eq-nth-eq interval-suffix-prefix-help-2 interval-suffix-prefix-help-3 assms)

lemma interval-prefix-prefix-zero [simp]:
prefix 0 ( prefix 0 xs ) = prefix 0 xs
by (induct xs) simp-all

lemma interval-pref-pref [simp]:

(prefix i (prefix i xs)) = prefix i xs
by (metis interval-prefix-intlen interval-prefix-intlen-gr-1 interval-prefix-length

10



less-imp-add-positive not-less)

lemma interval-pref-pref-3 [simp]:
(prefix i (prefix (i+k) xs)) = prefix i xs
apply (induct xs arbitrary: i k, simp)
apply (case-tac i, auto)
by (simp add: Nitpick.case-nat-unfold)

lemma interval-pref-help:

assumes i<intlen (prefix (intlen xs — Suc 0) xs)

shows  (prefix i (prefix (intlen xs — Suc 0) xs)) = (prefix i xs)

using assms

by (metis diff-le-self interval-pref-pref-3 interval-prefix-length
ordered-cancel-comm-monoid-diff-class.add-diff-inverse)

lemma interval-pref-pref-help:

assumes intlen xs >0 A ia<intlen (xs)

shows (prefix ia (prefix (intlen xs — Suc 0) xs)) = (prefix ia xs)

using assms

by (metis Suc-lel Suc-le-mono Suc-pred diff-le-self interval-pref-help interval-prefix-length-good)

lemma interval-pref-pref-help-1:
assumes >0 A i< intlen xs
shows (prefix (intlen (prefix i xs) — Suc 0) (prefix i xs)) =
(prefix (intlen (prefix i xs) — Suc 0) xs)
using assms interval-pref-pref-3 by (metis diff-le-self interval-prefix-length-good le-iff-add)

lemma interval-suffix-suc [simp]:
suffix (Suc m) (x ® xs) = suffix m xs
by auto

lemma interval-suffix-zero [simp]:
suffix 0 xs = xs
by (induct xs) simp-all

lemma interval-suffix-intlen [simp]:
suffix (intlen xs) xs = (St (nth xs (intlen xs)))
by (induct xs) simp-all

lemma interval-suffix-intlast [simp]:
suffix (intlen xs) xs = St (intlast xs)
by (induct xs) simp-all

lemma interval-suffix-suffix [simp]:
suffix i (suffix j xs) = suffix (i+j) xs

apply (induct xs arbitrary: i j, simp)

apply (case-tac i, auto)

by (simp add: Nitpick.case-nat-unfold)

lemma interval-prefix-suffix-intlen:

11



intlen (prefix ia (suffix i xs)) =
(if i < intlen xs then
(if ia< intlen xs —i then ia else (intlen xs) —i )
else 0)
by (metis interval-prefix-length interval-suffix-length le-zero-eq)

lemma interval-prefix-suffix-intlen-good [simp]:
assumes ia< intlen xs —i A i < intlen xs
shows intlen (prefix ia (suffix i xs)) = ia

using assms by (simp add: interval-prefix-suffix-intlen)

lemma interval-prefix-suffix-intlen-bad-0 [simp]:
assumes > intlen xs
shows intlen (prefix ia (suffix i xs)) = 0

using assms by (simp add: interval-prefix-suffix-intlen)

lemma interval-prefix-suffix-intlen-bad-1 [simp] :
assumes | < intlen xs A ia > intlen xs —i
shows intlen (prefix ia (suffix i xs)) = (intlen xs) —i
using assms by (simp add: interval-prefix-suffix-intlen)

lemma interval-suffix-suffix-3:

assumes >0 A ia<i A i< intlen xs

shows (suffix (i—ia) (suffix ((intlen xs)—i) xs)) = (suffix (((intlen xs)—ia)) xs)
using assms by simp

lemma interval-sub-zero-prefix :
sub 0 k xs = prefix k xs
by (simp add: Interval.sub-def)

lemma interval-sub-suffix :

assumes (i < j A j< (intlen xs)—k)

shows  (sub (i+k) (j+k) xs) = (sub i j (suffix k xs))
using assms by (simp add: Interval.sub-def)

lemma interval-sub-prefix-suffix-0:

assumes (0 < i A ia+i < intlen xs)

shows  (sub i (i+ia) xs) = (prefix (ia) (suffix i xs))
using assms by (simp add: Interval.sub-def)

lemma interval-sub-prefix-suffix:

assumes 0 < i A i<j A j < intlen xs

shows  (sub ijxs) = (prefix (j—i) (suffix i xs))
using assms by (simp add: Interval.sub-def)

1.2.5 Reverse

lemma interval-intlen-intapp [simp]:
intlen (xs © ys) = (intlen xs) + (intlen ys) +1
by (induct xs arbitrary: ys) simp-all

12



lemma interval-intrev-intlen [simp]:
intlen (intrev xs) = intlen xs
by (induct xs, simp, simp)

lemma interval-suffix-intapp [simp]:
suffix (Suc (intlen xs)) (xs © ys) = ys
by (induct xs) simp-all

lemma interval-suffix-intapp2 [simp]:
suffix (intlen xs — k) ( xs) © ys = suffix (intlen xs — k) ( xs © ys)
by (induct xs, simp)
(metis Suc-diff-le diff-is-0-eq’ intapp-Cons interval-suffix-suc interval-suffix-zero
intlen.simps(2) not-less-eq-eq plus-1-eq-Suc)

lemma interval-intapp-assoc [simp]:
(xsOys)©zs=xs 6 (ys © zs5)
by (induct xs) simp-all

lemma interval-intapp-nth:
nth (xs © ys) k = (if k < intlen xs
then (nth xs k)
else (nth ys (k — (intlen xs) —1)) )
apply (induct xs arbitrary: k)
apply (case-tac k, simp, simp)
apply (case-tac k, simp, simp)
done

lemma interval-rev-intapp [simp]:
intrev (xs © ys) = (intrev ys) © (intrev xs)
by (induct xs) simp-all

lemma interval-rev-rev-ident [simp]:
intrev (intrev xs) = xs
by (induct xs) auto

lemma interval-rev-swap :
((intrev xs) = ys) = (xs = intrev ys)
by auto

lemma interval-intlast-intrev:
intlast (intrev xs) = intfirst xs
by (induct xs, auto)
(metis Suc-eq-plusl add.right-neutral interval.inject(1) interval-intlen-intapp
interval-intlen-st interval-suffix-intapp interval-suffix-intlast)

lemma interval-intfirst-intrev:
intfirst (intrev xs) = intlast xs
by (induct xs, auto)
(metis intapp-St interval-intlast-intrev interval-rev-intapp intlast.simps(2) intrev.simps(1))
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lemma interval-intrev-nth:

k< intlen (intrev xs) = (nth (intrev xs) k) = (nth xs ((intlen xs) —k))

apply (induct xs, simp)

apply simp

apply (case-tac k)

apply (simp add: interval-intapp-nth)

by (smt Interval.nth.simps(1) Suc-diff-Suc diff-Suc-Suc diff-is-0-eq’ interval-intapp-nth
interval-intrev-intlen le-SucE less-Suc-eq-le old.nat.simps(4) old.nat.simps(5))

lemma interval-intrev-prefix:
k< intlen xs = intrev( prefix k xs) = suffix ((intlen xs) — k) (intrev xs)
apply (induct xs arbitrary: k, simp)
apply simp
apply (case-tac k)
apply (metis diff-zero interval-intrev-intlen interval-suffix-intapp intrev.simps(1) old.nat.simps(4))
by (metis Suc-le-mono diff-Suc-Suc interval-intrev-intlen interval-suffix-intapp2
intrev.simps(2) old.nat.simps(5))

lemma interval-intrev-suffix:
k< intlen xs = intrev( suffix k xs) = prefix ((intlen xs) — k) (intrev xs)
by (induct xs arbitrary: k, simp, simp add: interval-intrev-prefix interval-rev-swap)

lemma interval-intrev-subl:

assumes 0 < i A i<j A j < intlen xs

shows intrev (sub i j xs) = intrev (prefix (j—i) (suffix i xs))

using assms interval-sub-prefix-suffix by (simp add: interval-sub-prefix-suffix)

lemma interval-intrev-sub2:

assumes 0 < i A i<j A j < intlen xs

shows intrev (prefix (j—i) (suffix i xs)) = suffix ((intlen xs) — j) (intrev (suffix i xs))
using assms interval-intrev-prefix[of j—i suffix i xs| by auto

lemma interval-intrev-sub3:
assumes 0 < i A i<j A j < intlen xs
shows  suffix ((intlen xs) — j) (intrev (suffix i xs)) =
suffix ((intlen xs) —j) (prefix ((intlen xs) — i) (intrev xs))
using assms interval-intrev-suffix[of i xs| by auto

lemma interval-intrev-sub4:
assumes 0 < i A i<j A j < intlen xs
shows suffix ((intlen xs) —j) (prefix ((intlen xs) — i) (intrev xs)) =
sub ((intlen xs) —j) ((intlen xs) — i) (intrev xs)
using assms by (simp add: diff-le-mono2 interval-sub-prefix-suffix interval-suffix-prefix-swap)

lemma interval-intrev-sub:

assumes 0 < i A i<j A j < intlen xs

shows intrev (sub ij xs) = sub ((intlen xs) —j) ((intlen xs) — i) (intrev xs)

using assms

by (simp add: interval-intrev-subl interval-intrev-sub2 interval-intrev-sub3 interval-intrev-sub4)
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lemma interval-intrev-idx-2:
assumes index-sequence 0 | A (nth | (intlen 1)) = (intlen xs) A
0<i A i< (intlen /)
shows (intrev (sub (nth I i) (nth | (i+1)) xs)) =
( (sub ((intlen xs)— (nth | (i+1))) ((intlen xs) — (nth I i)) (intrev xs)))
using assms interval-idx-expand interval-intrev-sub[of (nth Ii) (nth | (i+1)) xs]
by blast

lemma interval-intrev-idx-3:

assumes index-sequence 0 | A (nth | (intlen I)) = (intlen xs) A
Is = map (X x. (intlen xs) —x) (intrev I)

shows (nthIs 0) = 0 A (nth Is (intlen Is)) = (intlen xs) A intlen Is =intlen |

using assms

by (metis diff-self-eq-0 diff-zero index-sequence-def interval-intfirst-intrev
interval-intlast-intrev interval-intlen-map interval-intrev-intlen
interval-nth-intlen-intlast interval-nth-map interval-nth-zero-intfirst)

lemma interval-intrev-idx-4:
index-sequence 0 | A (nth | (intlen 1)) = (intlen xs) A
Is = map (X x. (intlen xs) —x) (intrev I)
= i< intlen Is — (nth Is i) = (intlen xs) — (nth | ((intlen I)—1))
apply (induct Is)
apply (metis diff-zero interval-intlen-st interval-intrev-idx-3 le-0-eq)
by (simp add: interval-intlen-map interval-intrev-nth interval-nth-map)

lemma interval-intrev-idx-5:
assumes (index-sequence 0 1 A (nth | (intlen I)) = (intlen xs))
shows (i< intlen | —
(intlen xs) — (nth | ((intlen 1)—i)) < (intlen xs) — (nth | ((intlen I)—(i+1))))
using assms
by (smt Suc-diff-Suc Suc-eq-plusl add-gr-0 add-less-cancel-left diff-less
index-sequence-def le-add-diff-inverse2 le-numeral-extra(3) less-diff-conv
less-imp-le-nat not-gr-zero interval-idx-expand)

lemma interval-intrev-idx-6:
assumes (index-sequence 0 1 A (nth | (intlen I)) = (intlen xs) A
Is = map (X x. (intlen xs) —x) (intrev I))
shows (i< intlen Is —
((nth Is i) = (intlen xs) — (nth | ((intlen I)—i)) A
(nth Is (i+1)) = (intlen xs) — (nth | ((intlen I)—(i+1))) A
(nth Is i) < (nth Is (i+1))))
proof —
have 1: (i< intlen Is — (nth Is i) = (intlen xs) — (nth | ((intlen 1)—i)))
using assms interval-intrev-idx-4 less-imp-le-nat by blast
have 2: (i< intlen Is — (nth Is (i4+1)) = (intlen xs) — (nth | ((intlen )—(i+1))))
using assms by (simp add: interval-intrev-idx-4)
have 3: (i< intlen Is —
((nth Is i) = (intlen xs) — (nth | ((intlen 1)—i)) A
(nth Is (i+1)) = (intlen xs) — (nth | ((intlen 1)—(i+1)))))
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using 1 2 by auto
have 4: (i< intlen Is —
((nth Is i) = (intlen xs) — (nth | ((intlen 1)—i)) A
(nth Is (i+1)) = (intlen xs) — (nth | ((intlen I)—(i+1))) A
(nth Is i) < (nth Is (i+1))))
using assms 3 index-sequence-def interval-intrev-idx-5
by (metis interval-intlen-map interval-intrev-intlen)
from 4 show ?thesis by blast
ged

lemma interval-intrev-idx-7:
assumes (index-sequence 01 A (nth | (intlen 1)) = (intlen xs) A
Is = map (X x. (intlen xs) —x) (intrev I))
shows index-sequence 0 Is
using assms interval-intrev-idx-6 interval-intrev-idx-3
by (metis Suc-eq-plusl index-sequence-def)

lemma interval-intrev-idx-8:
assumes index-sequence 0 | A (nth | (intlen 1)) = (intlen xs) A
Is = map (X x. (intlen xs) —x) (intrev ) A index-sequence O Is
shows i<intlen Is —
(intlen xs)— (nth | (i+1)) = nth Is ((intlen Is)—(i4+1)) A
(intlen xs) — (nth 1i) = (nth Is ((intlen Is) —i))
using assms interval-intrev-idx-4
by (smt Suc-eq-plusl Suc-lel add-diff-cancel-right’ assms diff-diff-cancel diff-diff-left
diff-le-self interval-intrev-idx-3)

lemma interval-intrev-idx-9:

assumes index-sequence 0 | A (nth | (intlen I)) = (intlen xs) A
Is = map (X x. (intlen xs) —x) (intrev I) A index-sequence 0 Is

shows i<intlen Is —
sub ((intlen xs)— (nth | (i+1))) ((intlen xs) — (nth I i)) (intrev xs) =
sub (nth Is ((intlen Is)—(i+1))) ((nth Is ((intlen Is) —i)) ) (intrev xs)

using interval-intrev-idx-8 using assms by fastforce

lemma interval-intrev-idx-11:
assumes (index-sequence 0 | A (nth | (intlen 1)) = (intlen xs))
shows i<intlen | —
(nth i) = (nth (map (X x.(intlen xs)—x) (intrev (map (X x.(intlen xs)—x) (intrev 1)))) i)
using assms index-sequence-def
by (smt diff-diff-cancel diff-is-0-eq diff-less diff-zero leD le-cases not-gr-zero
interval-intrev-idx-3 interval-intrev-idx-6 interval-intrev-idx-7)

lemma interval-intrev-idx-12:

assumes (index-sequence 0 | A (nth | (intlen 1)) = (intlen xs))

shows | = map (X x. (intlen xs) —x ) (intrev (map (X x. (intlen xs) —x) (intrev I)))
using assms interval-intrev-idx-11

by (simp add: interval-intrev-idx-11 interval-eq-nth-eq interval-intlen-map)
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end

theory Syntax
imports
Main
abbrevs &-i = A; and
|-i = Vi and
)-i = D; and
—i = - and
—-i = =; and
false-i = false; and
true-i = true; and
i< = if; and
% = %

begin

2 Syntax

The basic ITL syntax is introduced first followed by the derived operators including the time reversal
operator ([4]).

2.1 Primitive formulae

datatype 'a pitl =

false-d (false;)
| atom-d 'a = bool ((atom; -))
| implies-d 'a pitl 'a pitl  (( - D - ) [26,25] 25)
| skip-d (skip)
| chop-d 'a pitl 'a pitl ((-;-)[84,84] 83)
| chopstar-d 'a pitl (( -*)[85] 85)

2.2 Derived Boolean Operators

definition not-d ((—; -) [90] 90)
where
-i f = f D false;

definition true-d (true;)
where
true; = —; false;

definition or-d ((- V; -) [31,30] 30)
where

fVvig=-ifDig

definition and-d ((- A; -) [36,35] 35)
where
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fAig=-i(ifVi-ig)

definition if~d ( (- =; -) [21,20] 20)
where
f=ig=((fDig)Nni(gdif))

2.3 Next and Previous Operators

definition next-d ((O -) [88] 87)
where
Of=skip;f

definition wnext-d ((wnext -) [88] 87)
where
wnext f = —; (O (—; f))

definition prev-d ((prev -) [88] 87)
where
prev f = f;skip

definition wprev-d ((wprev -) [88] 87)
where
wprev f = —;(prev(—; f))

2.4 More and Empty

definition more-d (more)
where
more = O true;

definition empty-d (empty)
where
empty = —j more

2.5 Box and Diamond Operators

definition sometimes-d ((< -) [88] 87)
where
O f = true; ; f

definition always-d ((O -) [88] 87)
where
of= - (<> (—|,' f))

definition di-d ((di -) [88] 87)
where
dif =f; true;

definition bi-d ((bi -) [88] 87)
where
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bif = - (di (—|,' f))

definition da-d ((da -) [88] 87)
where
da f = true; ; (f ; true;)

definition ba-d ((ba -) [88] 87)
where
ba f = —; (da (—; f))

definition dm-d ((dm -) [88] 87)
where
dm f = < (more A f)

definition bm-d ((bm -) [88] 87)
where
bmf = i (dm (—|,' f))

2.6 Initial and Final Operators

definition init-d ((init -) [88] 87)
where
init f = ((empty A; f); true;)

definition fin-d ((fin -) [88] 87)
where
fin f =0 ( empty Dj f)

2.7 Programming Constructs

definition halt-d ((halt -) [88] 87)
where
halt f = O ( empty =; f)

definition keep-d ((keep -) [88] 87)
where
keep f = ba ( skip D; f)

definition yields-d (( - yields -) [88,88] 87)
where
fy/eldsg = 7 ( f; - g)

definition ifthenelse-d ((if; - then - else -) [88,88,88] 87)
where
ifj fthen gelse h=(f Nj g) Vi ( (—i f) Ai h)

definition ifthen-d ((if; - then -) [88,88] 87)

where
if; fthen g = if; f then g else true;

19



definition while-d ((while - do -) [88,88] 87)
where
while fdo g = (f Ni g)* Ni fin (= )

definition repeat-d ((repeat - until -) [88,88] 87)
where
repeat f until g = f ; (while (—; g) do f)

primrec len-d :: nat = 'a pitl ((len -) [88] 87) where
(len 0) = empty
| (len (Suc n)) = (skip ; (len n))

primrec power-chop-d :: 'a pitl = nat = 'a pitl where
power-0 : power-chop-d f 0 = empty
| power-Suc: power-chop-d f (Suc n) = ((f A; more);(power-chop-d f n))

primrec power-d :: 'a pitl = nat = 'a pitl ((power - -) [88,88] 87) where
pow-0 : power-d f 0 = empty
| pow-Suc: power-d f (Suc n) = ((f);(power-d f n))

2.8 Time reversal

primrec rev-d :: 'a pitl = 'a pitl ((-") [88] 87)
where
false;" = false;
| (atom; p)" = fin (atom; p)
‘ (fl DN f2)r = ( f1" ;27 )
| skip" = skip
| (f1;R) =(f";f")
(P = ()

end

theory Semantics
imports
Interval
Syntax
begin

3 Semantics
The semantics of the basic ITL operators is defined. Then lemmas are introduced that define the derived

ITL operators in terms of operations on intervals. Furthermore we prove the soundness of the ITL axioms.
This is followed by the key time reversal lemma.

3.1 Semantics Primitive Operators
fun semantics-pitl :: ['a interval, 'a pitl] = bool ((- = -) [80,10] 10)
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where
(o [ false;) = False

| (o = atom; p) = (p (intfirst o))
| (c=fDig)=(cf)—(oF8g))
| (o |= skip) = (intlen o = 1)
[ (c=fig)=
(3i. ((0 < i) A (i < (intlen o)) A ((prefix i o) = f) A ((suffixi o) = g)) )
| (o6 = f*) = (3 (I::index). index-sequence 0 | A (nth | (intlen 1)) = (intlen o) A

(Vi. (0<i A i< (intlen ])) —

((sub (nth 1) (nth | (i+1)) o) = f)
)
)

3.2 Semantics Boolean Operators

lemma not-defs [simp]:

(cE—-if)=Not(oETf)
by (simp add: not-d-def)

lemma or-defs [simp]:

(CEAVR2)=((cEfl)V(eER)

by (metis not-defs or-d-def semantics-pitl.simps(3))

lemma and-defs [simp]:

(c =l N R2)=((c=fl)A(c E R))
by (simp add: and-d-def)

lemma implies-defs [simp]:
(cEflDifR2)=((c Efl) — (6 & 12))
by auto

lemma iff-defs [simp]:

(o fl=2)=((0kf)= (0} )

by (metis and-defs iff-d-def semantics-pitl.simps(3))

lemma true-defs [simp]:

(o | truei)
by (simp add: true-d-def)
3.3 Semantics Box and Diamond Operators

lemma sometimes-defs [simp]:
(c EC f)=(3 i <intlen o. (suffixio = f))
by (simp add: sometimes-d-def)

lemma always-defs [simp]:
(c =0 f)= (Y i<intleno. (suffixio = f))
by (simp add: always-d-def)

lemma di-defs [simp]:
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(c Edif)=(3 i< intleno. (prefixi o = f))
by (simp add: di-d-def)

lemma bi-defs [simp]:
(o0 E bif)=(V i< intleno. (prefixi o = ))
by (simp add: bi-d-def)

lemma da-defs [simp]:
(c =daf)=(Fiia.0<i Aiat+i < intlen o A (subi (ia +i) o |= f))
apply (simp add: da-d-def)
using interval-prefix-length-good interval-suffix-length-good
by (smt add.commute add-diff-cancel-left’ add-leD2 interval-sub-prefix-suffix-0 le-iff-add
nat-add-left-cancel-le zero-le)

lemma ba-defs [simp]:
(cEbaf)=(Yiia.(0<iAia+i < intlen o) — (subi (ia+i) o |= f))
by (metis ba-d-def da-defs not-defs)

3.4 Semantics Next and Previous Operators

lemma skip-defs :
(o | skip) = ( (intlen o) =1)
by simp

lemma next-defs [simp]:
(o =0 f) = ((intlen o) >0 A ((suffix 1 o) |= f))
using Suc-le-eq by (simp add: next-d-def) force

lemma wnext-defs [simp]:
(0 = wnext f) = ((intlen 6) =0 V ((suffix 1 o) = f))
by (simp add: wnext-d-def)

lemma prev-defs [simp]:
(o = prev f) = ( (intlen o) >0 A ((prefix ((intlen 0)—1) o) |= f))
by (simp add: prev-d-def)
(metis One-nat-def Suc-lel diff-diff-cancel diff-is-0-eq’ diff-le-self
interval-suffix-length-good neq0-conv zero-neqg-one)

lemma wprev-defs [simp]:
(o0 = wprev ) = ( (intlen o) =0 V ((prefix ((intlen 0)—1) o) = f))
by (simp add: wprev-d-def)

3.5 Semantics More and Empty

lemma more-defs [simp] :
(o = more) = (intlen o > 0)
by (simp add: more-d-def)

lemma empty-defs [simp]:
(o = empty) = ( (intlen o) = 0)
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by (simp add: empty-d-def)

3.6 Semantics Initial and Final Operators

lemma init-defs [simp]:
(o = init f) = ( (St (intfirst o)) = f)
by (simp add: init-d-def) auto

lemma fin-defs [simp]:
(o0 = fin f) = ( (St (intlast o)) = f)
by (simp add: fin-d-def interval-nth-intlen-intlast)

3.7 Semantics Programming Constructs

lemma ifthenelse-defs [simp]:
(o = if; fO then f1 else f2) =

(((0 = 10) A (o = f1)) V (=(o F0) A (0 = 12)))
by (simp add: ifthenelse-d-def)

lemma len-defs [simp]:
(o = len n) = ((intlen o) = n)
by (induct n arbitrary: o, simp, simp) fastforce

3.8 Soundness Axioms
3.8.1 ChopAssoc

lemma ChopAssocSemHelp:
(Fiia. i<intlen o A ia < intlen o —i A (prefixi o = f) A
(prefix ia (suffix i o) = g) A (suffix (ia + i) o = h)) =
(3jja . j <intlen o A ja < j N\ (prefix ja (prefix j o) = f) A
(suffix ja (prefix j o) = g) A (suffix j o = h))
by (smt Nat.le-diff-conv2 add-diff-cancel-left" interval-pref-pref-3 interval-suffix-prefix-swap
le-add1 le-add-diff-inverse2 le-trans)

lemma ChopAssocSemHelp2:
(0 fi(g:h) = (o - (Fghh)
proof —
have (c = f;(g; h) =
((Fi<intlen o. (prefix i ¢ = f) A (3 ia<intlen (suffix i o).
(prefix ia (suffix i o) = g) A (suffix (ia + i) o = h))))
by simp-all
also have ... =
(Fiia. i<intlen o A ia < intlen o —i A (prefixi o = f) A
(prefix ia (suffix i o) = g) A (suffix (ia + i) o = h))
by fastforce
also have ... =
(3jja . j <intlen o A ja < j N\ (prefix ja (prefix j o) = f) A
(suffix ja (prefix j o) = g) A (suffix j o |= h))
using ChopAssocSemHelp[of o f g h| by blast
also have ... =
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(Fi<intlen o. (Fia<intlen (prefix i o). (prefix ia (prefix i o) = f) A
(suffix ia (prefix i o) |= g)) A (suffix i o = h))

by fastforce

also have ... =
(o = (fig):h) by simp-all

finally show (o = f; (g ; h)) = (0 = (f;g):h) .

ged

lemma ChopAssocSem:

(0= fi(g:h)=i (fg)h)
using ChopAssocSemHelp2 using iff-defs by blast
3.8.2 OrChoplmp

lemma OrChoplmpSem:

(cE (fVighh Di f;hVigh)
by simp-all blast
3.8.3 ChopOrimp

lemma ChopOrImpSem:

(c Efi(gVih)Di fgV; f;h)
by simp-all blast
3.8.4 EmptyChop

lemma EmptyChopSem:
(c =empty ; f=;f)

by simp-all auto

3.8.5 ChopEmpty

lemma ChopEmptySem:
(o E fiempty =; )

by simp-all auto

3.8.6 StatelmpBi

lemma StatelmpBiSem:

(o = init f D;  bi (init f))
by simp-all
3.8.7 NextlmpNotNextNot

lemma NextImpNotNextNotSem:
(cEOfD i (0O-if))
by auto
3.8.8 BiBoxChoplmpChop
lemma BiBoxChoplmpChopSem:
(c Ebi (fDifl)N O(g Digl) Di ;g Di fl;g1)
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by fastforce

3.8.9 BoxInduct

lemma box-induct-help-1 :
(c =f)A(Vi. Suc0 < intleno — i —
i < intlen 0 — (suffix i o |= f) — (suffix (Suc i) o = f))
= (V j. j < intlen o — (suffix j o = f))
proof
fix j
show (o |=f) A (Vi. Suc 0 < intleno — i —
i < intlen 0 — (suffix i o |= f) — (suffix (Suc i) o = f))
= j < intlen 0 — (suffix j o |= f)
proof
(induct j arbitrary: o)
case 0
then show ?“case by simp
next
case (Suc j)
then show 7case
by (metis Nat.le-diff-conv2 One-nat-def Suc-eq-plusI-left Suc-leD)
ged
ged

lemma BoxInductSem:
(c EO(f Dj wnext f) A\; f D; O f)
apply (simp)
using box-induct-help-1 by (metis One-nat-def diff-self-eq-0 not-one-le-zero)

3.8.10 ChopStarEqv

lemma chopstar-help-1:
(31. 1= (0) A index-sequence 0 | A
Interval.nth | (intlen I) = (intlen o) A
(Vi. (0<i A i< (intlenl)) —
((sub (nth i) (nth | (i+1)) o) |= f)
)) «— (intlen o =0)
by (simp add: index-sequence-def)

lemma chopstar-help-2:
(Vi. (0<i A i< I+4(intlen Is)) —
((sub (nthIs (i—1)) (nthIs ((i—1)+1)) o) = f)
) =
(Vi. (0<i A i< (intlen Is)) —

((sub (nth Is (i) (nth Is (()+1)) o) &= f)

by (metis Suc-eq-plusl Suc-pred add-diff-cancel-right’ add-less-cancel-left
add-nonneg-pos le-add2 le-add-same-cancel2 plus-1-eq-Suc zero-less-one)

lemma chop-power-chain:
(3 (I::index). (intlen I) = (Suc n) A index-sequence 0 | A (nth | (intlen 1)) = (intlen o) A
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(Vi. (0<i A i< (intlenl)) —
((sub (nth i) (nth | (i+1)) o) |= f)

)
) =
(T k.0<kNk<intlenoc N k> 0N
(subOko|=1)A
(3 Is. (intlen Is) = n Aindex-sequence 0 (Is) A
(nth (Is) (intlen (Is))) = (intlen (suffix k o))
A (Vi. (0<i A i< (intlen Is)) —
((sub (nth Is (i)) (nthIs ((1)+1)) (suffix k o)) |= f)
)

)

proof —
have (3 (/::index). (intlen I) = (Suc n) A index-sequence 0 | N\
(nth I (intlen 1)) = (intlen o) A
(Vi. (0<i A i< (intlenl)) —
((sub (nth 1) (nth | (i+1)) o) |= f)
)
)

(3 xIs 1. (intlen I) = (Suc n) N\ I=x®ls A index-sequence 0 | A
(nth I (intlen 1)) = (intlen o) A
(Vi. (0<i A i< (intlenl)) —
((sub (nth 1i) (nth | (i+1)) o) |= f)
)
)

using interval-intlen-cons-1 by (metis zero-less-Suc)
also have ... =
(3 xIs 1. (intlen 1) = (Suc n) A I=x®Is A index-sequence 0 (x®ls) A
(nth (x®lIs) (intlen (x®Is))) = (intlen o) A
(Vi. (0<i A i< (intlen (x®ls))) —
((sub (nth (x®lIs) i) (nth (xOls) (i+1)) o) |= f)
)
)

by auto
also have ... =
(3 xIs . (intlen Is) = n A index-sequence 0 (x®ls) A
(nth (x®lIs) (intlen (x®Is))) = (intlen o) A
(Vi. (0<i A i< (intlen (x®Is))) —
) ((sub (nth (x®Is) i) (nth (x®Is) (i+1)) o) E )
)

by auto
also have ... =
(3 xIs . (intlen Is) = n A x =0 A index-sequence 0 (x ® Is) A
(nth (Is) (intlen (Is))) = (intlen o) A
((Vi. (0<i A i< (intlen (x®Is))) —
) ((sub (nth (x®Is) i) (nth (x®Is) (i+1)) o) = f))
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by (simp add: index-sequence-def )
also have ... =
(3 xIs . (intlen Is) = n A x =0 A index-sequence (nth Is 0) (Is) A
(nth (Is) (intlen (Is))) = (intlen o) A
(x < (nthls 0) A
((Vi. (0<i A i< (intlen (x®Is))) —
) ((sub (nth (x®lIs) i) (nth (x®Is) (i+1)) o) | ))
)
)

using interval-idx-cons by auto
also have ... =
(3 xIs . (intlen Is) = n A x =0 A index-sequence (nth Is 0) (Is) A
(nth (Is) (intlen (Is))) = (intlen o) A
(x < (nthls 0) A
((sub (nth (x®Is) 0) (nth (x®ls) (1)) o) = f)
A
((Vi. (0<i A i< 1+ (intlen (Is))) —
) ((sub (nth (x®Is) i) (nth (x®Is) (i+1)) o) = f))
)
)

by (metis (no-types, lifting) One-nat-def add.right-neutral add-Suc add-Suc-right
add-cancel-right-left interval-intlen-cons not-gr-zero zero-le zero-less-Suc)
also have ... =
(3 xIs . (intlen Is) = n A x =0 A index-sequence (nth Is 0) (Is) A
(nth (Is) (intlen (Is))) = (intlen o) A
(x < (nth Is 0) A (nth (x®Is) 0) = x A (nth (x®Is) (1)) = (nth Is 0) A
((sub (nth (x®Is) 0) (nth (x®Is) (1)) o) |= f)
A
((Vi. (0<i N i< 1+ (intlen (Is))) —
((sub (nth (x®lIs) i) (nth (x®ls) (i+1)) o) |= f))
)
)

)
by auto
also have ... =
(3 xIs . (intlen Is) = n A x =0 A index-sequence (nth Is 0) (Is) A
(nth (Is) (intlen (Is))) = (intlen o) A
(x < (nth Is 0) A (nth (x®Is) 0) = x A (nth (x®ls) (1)) = (nth Is 0) A
((sub x (nth Is 0) o) = 1)
A
((Vi. (0<i A i< 1+ (intlen (Is))) —
((sub (nth (x®Is) i) (nth (x®Is) (i+1)) o) = ))

by auto
also have ... =
(3 xIs . (intlen Is) = n A x =0 A index-sequence (nth Is 0) (Is) A
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(nth (Is) (intlen (Is))) = (intlen o) A
(x < (nthls 0) A
((sub x (nthIs 0) o) = f)
A
((Vi. (0<i N i< 1+ (intlen (Is))) —
) ((sub (nth (x®lIs) i) (nth (xOls) (i+1)) o) |= f))
)

)
by auto
also have ... =
(3 xIs . (intlen Is) = n A x =0 A index-sequence (nth Is 0) (Is) A
(nth (Is) (intlen (Is))) = (intlen o) A
( x < (nthIs 0) A
((sub x (nth Is 0) o) = 1)
A
(Vi. (0<i A i< 1+(intlen Is)) —
((sub (nthIs (i—1)) (nthIs ((i—1)+1)) o) = f)
)
using interval-nth-cons by metis
also have ... =
(3 xIs . (intlen Is) = n A x =0 A index-sequence (nth Is 0) (Is) A
(nth (Is) (intlen (Is))) = (intlen o) A
(x < (nthls 0) A
(( ub x (nth Is 0) o) = f))
A (Vi. (0<i A i< (intlen Is)) —

) ((sub (nth Is (i) (nthIs ((I)+1)) o) E )
)

using chopstar-help-2 by metis
also have ... =
(3 Is . (intlen Is) = n A index-sequence (nth Is 0) (Is) A
(nth (Is) (intlen (Is))) = (intlen o) A
(0 < (nthIs 0) A
((sub 0 (nthls 0) o) = f))
A (Vi. (0<i A i< (intlen Is)) —
) ((sub (nth Is (i) (nthIs ((I)+1)) o) = )

)
by simp
also have ... =
(3 Isk . (intlen Isk) = n A (nth Isk 0) < intlen o A (nth Isk 0) > 0 A
((sub 0 (nth Isk 0) o) = f) A
index-sequence (nth Isk 0) (Isk) A
(nth (Isk) (intlen (Isk))) = (intlen o) A
(Vi. (0<i A i< (intlen Isk)) —
) ((sub (nth Isk (i) (nth Isk ((i)+1)) o) E )

)

by (metis Suc-eq-plusl Suc-pred add.left-neutral eq-iff interval-idx-less-last
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interval-intlen-gr-zero le-neq-implies-less lessl less-imp-le-nat)
also have ... =
(3 k Isk. (intlen Isk) = n A (nth Isk 0) < intlen o A
(nth Isk 0) > 0 N k=(nth Isk 0) A
(sub 0 (nth Isk 0) o = f) A
index-sequence (nth Isk 0) (Isk) A
(nth (Isk) (intlen (Isk))) = (intlen (o)) A
(Vi. (0<i A i< (intlen Isk)) —
((sub ((nth Isk (7)) ((nth Isk ((I)+1))) (9)) = f)
)

)

by auto
also have ... =
(3 kIsk. (intlen Isk) = n A 0 <k A k < intlen o N k > 0 N k=(nth Isk 0) A
(subOko|=1)A
(index-sequence k (Isk) A
(nth (Isk) (intlen (Isk))) = ((intlen (suffix k o))+k) A
(Vi. (0<i A i< (intlen Isk))
(sub ((nth Isk (1))) ((nth Isk ((i)+1))) (o)) &= F)

)
)
apply (simp add: interval-prefix-suffix-intlen interval-suffix-length interval-prefix-length)
by auto
also have ... =

(3 k Isk. (intlen Isk) = n A 0 <k N k < intlen o N k > 0 A
(subOko=1)A
(index-sequence k (Isk) A
(nth (Isk) (intlen (Isk))) = ((intlen (suffix k o))+k) A
(Vi. (0<i A i< (intlen Isk))
[ (b (o) (o (O () )

)

using index-sequence-def by auto
also have ... =
(3 k. 0<kANk<intleno Nk >0A
(subOkol=1)A
(3 Is Isk. (intlen Isk) = n A index-sequence k (Isk) A
Is = map (shiftm k) Isk A
(nth (Isk) (intlen (Isk))) = ((intlen (suffix k o))+k) A
(Vi. (0<i A i< (intlen Isk)) —

) ((sub ((nth Isk (7)) ((nth Isk ((I)+1))) (¢)) & f)

)
by blast

also have ... =
(3 k. 0<kANk<intleno ANk >0A
(subOko=1)A
(3 Is Isk. (intlen Isk) = n A index-sequence k (Isk) A
Is = map (shiftm k) Isk A
index-sequence 0 (Is) A (intlen Is) = n A
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(nth (Isk) (intlen (Isk))) = ((intlen (suffix k o))+k) A
(Vi. (0<i A i< (intlen Isk))
((sub ((nth Isk (7)) ((nth Isk ((/)+1))) (¢)) = )

)
)
using interval-idx-link-shiftm by blast
also have ... =

(3 k. 0<kANk<intleno Nk >0A
(subOko=1)A
(3 Is Isk. (intlen Isk) = n A index-sequence k (Isk) A
Isk = map (shift k) Is A
index-sequence 0 (Is) A (intlen Is) = n A
(nth (Isk) (intlen (Isk))) = ((intlen (suffix k &))+k) A
(Vi. (0<i A i< (intlen Isk)) —

) ((sub ((nth Isk (7)) ((nth Isk ((/)+1))) (¢)) & f)
)

using interval-Isk-Is by blast
also have ... =
(3 kisisk. 0<kANk<intlenoc ANk >0A
(subOko=F)A
( (intlen Isk) = n A Isk = map (shift k) Is A
index-sequence 0 (Is) N
index-sequence k (Isk) A
(nth (Is) (intlen (Is))) = (intlen (suffix k o)) A
(Vi. (0<i A i< (intlen Is)) —

) ((sub ((nth Is (i))+k) ((nth Is (()+1))+k) (0)) = f)
)

apply (simp add: Interval.shift-def interval-intlen-map interval-nth-map) by blast
also have ... =
(3 kisisk. 0 <k Nk < intleno ANk >0 A
(subOko=1)A
( (intlen Isk) = n A Isk = map (shift k) Is A
(intlen Is) = n A index-sequence 0 (Is) A
(nth (Is) (intlen (Is))) = (intlen (suffix k o)) A
(Vi. (0<i A i< (intlen Is)) —>
((sub ((nth Is (i))+k) ((nth Is ((1)+1))+k) (c)) = f)

)
)
using interval-idx-link by blast
also have ... =

(3 k.0 <k Nk <intleno N k>0 AN
(subO0ko=1)A
(3 Is. (intlen Is) = n A index-sequence 0 (Is) A
(nth (Is) (intlen (Is))) = (intlen (suffix k o)) A
(Vi. (0<i A i< (intlen Is)) —

) ((sub ((nth Is (i))+k) ((nth Is ((I)+1))+k) (o)) E )
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by (simp add: interval-intlen-map)
also have ... =
(3 k.0<kANk<intleno ANk >0 A
(subOko|=1)A
(3 Is. (intlen Is) = n A index-sequence 0 (Is) A
(nth (Is) (intlen (Is))) = (intlen (suffix k o)) A
(Vi<intlen Is. Interval.nth Is i < intlen (suffix k o)) A
(Vi. (0<i AN i< (intlen Is)) —

((sub ((nth Is ())+k) ((nthIs ((I)+1))+k) (o)) = f)

)
)
)
using interval-idx-bound-1 by blast
also have ... =

(3 k. 0<k Nk <intleno A k>0 A
(subOko=1)A
(3 Is. (intlen Is) = n A index-sequence 0 (Is) A
(nth (Is) (intlen (Is))) = (intlen (suffix k o)) A
(Vi<intlen Is. Interval.nth Is i < intlen (suffix k o))
A (Vi. (0<i A i< (intlen Is)) —
((sub (nth Is (i)) (nthIs ((1)+1)) (suffix k o)) |= f)
)

)
)

by (smt add.commute index-sequence-def interval-idx-expand interval-sub-suffix
interval-suffix-length-good plus-1-eq-Suc)
also have ... =
(3 k.0 <k Nk <intleno A k>0 A
(subO0ko=1)A
(3 Is. (intlen Is) = n A index-sequence 0 (Is) A
(nth (Is) (intlen (Is))) = (intlen (suffix k o))
A (Vi. (0<i A i< (intlen Is)) —
((sub (nth Is (i) (nth Is ((I)+1)) (suffix k o)) = f)
)

)

using interval-idx-bound-1 by blast
finally show (3 (/::index). (intlen I) = (Suc n) A index-sequence 0 | A
(nth I (intlen 1)) = (intlen o) A
(Vi. (0<i AN i< (intlen])) —
((sub (nth i) (nth | (i+1)) o) |= f)

~—

zEI k.0 <k Nk < intlenoc Nk >0AN(sub0Okol=f)A
(3 Is. (intlen Is) = n Nindex-sequence 0 (Is) A
(nth (Is) (intlen (Is))) = (intlen (suffix k o)) A
(Vi. (0<i A i< (intlen Is)) —
) ((sub (nth Is (i)) (nthIs ((1)+1)) (suffix k ¢)) = f)

)
)
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ged

lemma chop-power-eqv-sem:
(3 n. (¢ = (power-chop-d f n))) =
((o = empty) v (3 n. (o = (f Ai more); (power-chop-d f n))))
by (metis notO-implies-Suc power-chop-d.power-0 power-chop-d.power-Suc)

lemma chopstar-eqv-power-chop-help:
( o = power-chop-d f n) =
(3 (I::index). intlen(l) = n A index-sequence 0 | A
(nth | (intlen I)) = (intlen ( 0)) A
(Vi. (0<i AN i< (intlen ])) —

| ((sub (nth 17) (nth | (i+1)) (o)) |= f)
)

proof
(induct n arbitrary: o)
case 0
then show ?case using index-sequence-def chopstar-help-1 by fastforce
next
case (Suc n)
then show 7case
proof —
have 1: (o |= power-chop-d f (Suc n)) = (¢ = ((f Ai more);(power-chop-d f n)))
by simp
have 2: (¢ = ((f Ai more);(power-chop-d f n))) =
(3 k. 0 <k N k < intlen (o) A k > 0 A
(prefix k (o) = ) A
(suffix k (o) = power-chop-d f n)
)

by auto
have 3: (3 k. 0 <k A k < intlen () N k > 0 A
(prefix k (o) E ) A
(suffix k (o) = power-chop-d f n)
) =
(3 k. 0 <k N k < intlen (o) A k > 0 A
(subOk (o) Ef) A
(suffix k (o) = power-chop-d f n)
)
by (simp add: interval-sub-zero-prefix)
have 4: (3 k. 0 <k N k < intlen () N k > 0 A
(subOk (o) Ef) A
(suffix k (o) = power-chop-d f n)
) =
(3 k. 0 <k N k < intlen (o) A k > 0 A
(subOk (o) Ef) A
(3 (I::index). intlen(l) = n A index-sequence 0 | A
(nth I (intlen 1)) = (intlen (suffix k o)) A
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(Vi. (0<i N i< (intlen])) —
((sub (nth I'i) (nth | (i+1)) (suffix k ¢)) = f)
)

)
)

using Suc.hyps by auto
have 5:
(3 (I::index). (intlen I) = (Suc n) A index-sequence 0 | A
(nth I (intlen I)) = (intlen o) A
(Vi. (0<i A i< (intlenl)) —
((sub (nth 1i) (nth | (i+1)) o) = f)

)
) =
(T k.0<kNk<intlenoc Nk >0A
(subOko|=1)A
(3 Is. (intlen Is) = n Aindex-sequence 0 (Is) A
(nth (Is) (intlen (Is))) = (intlen (suffix k o)) A
(Vi. (0<i A i< (intlen Is)) —
((sub (nth Is (i) (nth Is ((i)+1)) (suffix k o)) = f)
)

)
)
using chop-power-chain by simp
from 1 2 3 4 5 show ?thesis by auto
qged
ged

lemma chopstar-eqv-power-chop:
(o E *) = (3 k. (0 = power-chop-d f k))
by (simp add: chopstar-eqv-power-chop-help)

lemma ChopstarEqvSem:
(o E * =i empty Vi (f Aj more); f*)
using chopstar-eqv-power-chop
by (smt chop-power-eqv-sem iff-defs or-defs semantics-pitl.simps(5))

3.9 Time Reversal

lemma time-reverse-help-1:
assumes index-sequence 0 | A (nth | (intlen 1)) = (intlen o) A
Is = map (X x. (intlen o) —x) (intrev ) A index-sequence O Is
shows (V i. 0< i A i<intlenls —
(sub (nth Is ((intlen Is)—(i+1))) ((nth Is ((intlen Is) —i)) ) (intrev o) = "))

(V i. 0<i A i<intlen Is — (sub (nth Is (i)) ((nth Is (i+1)) ) (intrev o) |= "))
by (smt Suc-diff-Suc Suc-eq-plusl add-gr-0 diff-diff-cancel diff-less le-add-diff-inverse2
le-simps(1) zero-less-one zero-order(1))

lemma TimeReverseSem:
(o E f) «— ((intrev o) = ")
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proof
(induct f arbitrary: o)
case false-d
then show ?’case by auto
next
case (atom-d x)
then show ?case by (simp add: interval-intlast-intrev)
next
case (implies-d f1 2)
then show Zcase by simp
next
case skip-d
then show Zcase by simp
next
case (chop-d f1 f2)
then show ?case using interval-intrev-prefix interval-intrev-suffix
by (smt interval-intlen-gr-zero interval-intrev-intlen interval-prefix-length
interval-rev-rev-ident interval-suffix-length-good order-refl rev-d.simps(5)
semantics-pitl.simps(5))

next
case (chopstar-d f)
then show 7case

proof —

have (o = f*) =

(3 1. index-sequence 0 | A (nth | (intlen I)) = (intlen o) A
(Vi. (0<i A i< (intlen ])) —
((sub (nth i) (nth | (i+1)) o) = f)
)

)
by simp
also have ... =
(3 1. index-sequence 0 | A (nth | (intlen 1)) = (intlen o) A
(Vi. (0<i AN i< (intlen 1)) —
(intrev (sub (nth 1i) (nth | (i+1)) o) E ")
)

)
using chopstar-d.hyps by simp
also have ... =
(3 1. index-sequence 0 | A (nth | (intlen I)) = (intlen o) A
(Vi. (0<i A i< (intlen ])) —
( (sub ((intlen o)— (nth I (i4+1))) ((intlen o) — (nth I'i)) (intrev o)) = ")
)
)
using interval-intrev-idx-2 by metis
also have ... =
(3 I'ls. Is = map (X x. (intlen o) —x) (intrev ) A index-sequence 0 Is A
index-sequence 0 | A (nth | (intlen I)) = (intlen o) A
(Vi. (0<i A i< (intlen 1)) —
( (sub ((intlen o)— (nth I (i4+1))) ((intlen o) — (nth I'i)) (intrev o)) = ")
)
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)
using interval-intrev-idx-7 by auto
also have ... =
(3 I'ls. Is = map (X x. (intlen o) —x) (intrev [) A
index-sequence 0 Is N\ index-sequence 0 |
A (nth | (intlen 1)) = (intlen o) A (nth Is (intlen Is)) = (intlen o) A
(Vi. (0<i A i< (intlen Is)) —
( (sub ((intlen o)— (nth I (i4+1))) ((intlen o) — (nth I'i)) (intrev o)) = ")
)
)
by (metis interval-intrev-idx-3)
also have ... =
(3 I'ls. Is = map (X x. (intlen o) —x) (intrev ) A
index-sequence 0 Is N\ index-sequence 0 |
A (nth | (intlen 1)) = (intlen o) A (nth Is (intlen Is)) = (intlen o) A
(Vi. (0<i A i< (intlen Is)) —
( sub (nth Is ((intlen Is)—(i+1))) ((nth Is ((intlen Is) —i)) ) (intrev o) = f")

)

using interval-intrev-idx-9 by metis
also have ... =
(3 I'ls. Is = map (X x. (intlen o) —x) (intrev [) A
index-sequence 0 Is N index-sequence 0 |
A (nth | (intlen 1)) = (intlen o) A (nth Is (intlen Is)) = (intlen o) A
(Vi. (0<i A i< (intlen Is)) —>
( (sub (nth Is (i) ((nth Is (i+1)) ) (intrev o)) = ")
)

)

using time-reverse-help-1 by metis
also have ... =
(3 Is. index-sequence 0 Is A
(nth Is (intlen Is)) = (intlen o) A
(Vi. (0<i A i< (intlen Is)) —
( (sub (nth Is (i) ((nthIs (i+1)) ) (intrev o)) = f")
)

)
using interval-intrev-idx-12 by (smt interval-intrev-idx-3 interval-intrev-idx-7)
also have ... = (intrev o = (" *) ) by simp
also have ... = (intrev o = (f*)") by simp
finally show (o = f*) = (intrevo =(f*)").
ged
ged
end
theory /TL
imports
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Semantics
begin

4 Axioms and Rules

The ITL axiom and proof rules are introduced (taken from [3]) together with the validity operation. The
soundness of the rules and axioms are checked using the lemmas of Semantics.thy.

definition valid :: ‘a pitl = bool ((F -) 5)

where (F f) = (V 0. (0 = 1))

lemma itl-valid [simp] :

(Ff)=( o.(c =1))
by (simp add: valid-def)

lemma itl-eq:

(-f=ig)=( o (0= = (0 g))

by simp

lemma EqvReverseReverse:
E() =i f
using TimeReverseSem by (metis interval-rev-rev-ident itl-eq)

lemma ReverseEqv:
(F ) «—(Ff")
by (metis TimeReverseSem interval-rev-swap valid-def)

4.1 Rules

lemma MP :
assumes - f D; g
Hf
shows + g
using assms(1) assms(2) by auto

lemma BoxGen :
assumes - f
shows FOf
using assms by auto

lemma BiGen:
assumes - f
shows F bif
using assms by auto

4.2 Axioms

lemma ChopAssoc :
= fi(g:h) =i (fig)h
using ChopAssocSem valid-def by blast
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lemma OrChoplmp :
F(fVighh Di fihVigh
using OrChoplmpSem valid-def by blast

lemma ChopOrimp :
F fi(g Vvih)Di f.gVi fih
using ChopOrlmpSem valid-def by blast

lemma EmptyChop :
F oempty ; f =i f
using EmptyChopSem valid-def by blast

lemma ChopEmpty :
F fiempty =; f
using ChopEmptySem valid-def by blast

lemma StatelmpBi :
Foinit £ D;  bi (init f)
using StatelmpBiSem valid-def by blast

lemma Next/ImpNotNextNot :
F Of D —\,'(O—|,'f—)
using NextImpNotNextNotSem valid-def by blast

lemma BiBoxChoplmpChop :
F bi ( f D fl) Ni D(g Dj gl) Dj fi;g Dj f1;,g1
using BiBoxChoplmpChopSem valid-def by blast

lemma Box/nduct :

Fo(f Diwnextf)A\; f D;0Of
using BoxInductSem valid-def by blast
lemma ChopstarEqv :

F f*=; empty Vi (f Ai more); f*
using ChopstarEqvSem valid-def by blast
end
theory Theorems
imports

ITL
begin

5 ITL theorems

We give the proofs of a list of ITL theorems. These proofs and theorems were from [5].
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5.1 Propositional reasoning

This is a list of propositional logic theorems used in the proofs of the ITL theorems.

lemma Jtl-prop:
F(f =i f) =i true;

- true;j) =; false;

i false;) =; true;

- f) =i f
—; f =; f) =; false;

=; - f) =; false;

(f =i g)) =i (f=i—ig)
true; =; ) =
f =; truej) =
true; D;j ) =
falsej D; f) =; true;
f Di true;) =; true;
f D f) =; true;
f D falsej) =i - f

= (
(=i
(
(=
(f
(=i
(
(
(
(
(
(
(
(fDI_‘I )—i_‘lf
(
(
(
(
(
(
(
(
(
(
(
(
(
(

d

i f
i f
= f

f Ai true;) =
truej Aj f) =
f Ai falsej) =; false,
false; N; ) =; false;
fANif)=if

f Aj —; ) =; false;
- £ A ) = false;
f Vi true;) =; true;
true; Vi f) =

f Vi false;) =

falsej Vi f) :, f
fvf)=f

f Vi —; ) =, true;
—; fV; ) =; true;

=; true,-

(Ff= fl)=(-f1=f)

(Ff= f1)=((FFf> f)A (-1 F))
(Ff o (1A R2)=((FF>if)A(FF D)
(l— f = fl) (l— - f =i —|,'f1)

(F mh ( fV; fl)) = (F - £ A} - fl)

(F (f2ifl))=( (~if Vifl))

by auto

lemma prop01:

assumes - f =; g

shows | mh f = i 8

using assms itl-prop(33) by blast

lemma prop02:

assumes - f D; g
FgDih

shows F f D; h
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using assms(1) assms(2) by auto

lemma prop03:
assumes - f =; g
F g =i h
shows F f =; h
using assms(1) assms(2) by auto

lemma prop04:
=i (F A g Ai =i h) =i (F D (g Di h))
by auto

lemma prop05:

assumes - f =; g

shows FhA f=hA g
using assms by auto

lemma prop06:

assumes - f =; g

shows Ff A h=;g A h
using assms by auto

lemma prop07:
assumes  f =; fI
Fg=igl
shows | (if; (init w) then f else g) =; (if; (init w) then f1 else g1)
using assms(1) assms(2) by simp

lemma prop08:

assumes - f Aj g Dj h
shows 1 A; g A fl Djh
using assms by auto

lemma prop09:

assumes - f Aj g Aj h D; f1
FfAhA gDi—jfl

shows + —; (f A h A g)

using assms(1) assms(2) by auto

lemma propl0:

assumes - f A; f1 D; h
shows 1 A;g A fl Djh
using assms by auto

lemma propll:
- (ifi g then f else f1) D; (( g Di f) ANi (—ig Di 1))
by simp

lemma propl12:
assumes - f D; g
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shows +FhA fDihA g
using assms by auto

lemma propl13:

assumes - f D; - g Vi h
shows g A;f D;h
using assms by auto

lemma propl4:
assumes - f =; g V; h
FhD; hl
shows +f D; g V; hl
using assms(1) assms(2) by auto

lemma propl15:
assumes - f =; g
FhDig
shows F hD; f
using assms(1) assms(2) by auto

lemma propl6:

assumes - f D; g V; h
Fg>ihlV;h

shows F f D; hl V; h

using assms(1) assms(2) by auto

lemma propl7:
assumes - f D; g
FflDig
shows - f V;fl D;g
using assms(1) assms(2) by auto

lemma propl8:
assumes - g A; h D; hl
Ff =i &g
shows F f A; h D; hl
using assms(1) assms(2) by auto

lemma propl19:
assumes - f =; g V; h
shows F hD; f
using assms by auto

lemma prop20:

assumes - f =; g V; h

shows + —; f =; —ig Ni 1 h
using assms by auto



lemma prop21:
assumes - f =; h
Ff=;hl
shows + hl =; h
using assms(1) assms(2) by auto

lemma prop22:
assumes - f =; h
Fg=igl
shows F f A; g D;i hAjgl
using assms(1) assms(2) by auto

lemma prop23:

assumes - f =; g V; h

shows F f A; fl = (g Ni fl) Vi (h Ni fl)
using assms by auto

lemma prop24-:
assumes - f =; g V; (h A h1)
Fg=igl
F h=; h2 N; h3
F h3 Ai h1 =; h4
shows G+ f =; gl V; (h2 A; h4)
using assms(1) assms(2) assms(3) assms(4) by auto

lemma prop25:
assumes - f D; false;
shows g V; f = g
using assms by auto

lemma prop26:
assumes - f D; g
shows+f D; hV; g
using assms by auto

lemma prop27:
assumes - f D; g
shows - —; g D; = f
using assms by auto

lemma prop28:
assumes - f =; g V; h
Fh = hl
shows - f =; g V; hl
using assms(1) assms(2) by auto

lemma prop29:

assumes - f D; g V; h
shows Ff A;—jgDjih
using assms by auto
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lemma prop30:
assumes - f0 D; g
HFflDig
shows - f0 V; f1 D; g
using assms(1) assms(2) by auto

lemma prop31:
H(f Di(g=ih) =i ((f N g)=i(f Aih))
by auto

lemma prop32:

assumes - f Aj g Dj h
shows g D; (f D; h)
using assms by auto

lemma prop33:

assumes - f0 Aj g D; h
FflANgDih

shows F (0 V; f1)Aig Djh

using assms(1) assms(2) by auto

lemma prop34:
assumes - f Aj g D; h
Ff
shows F g D; h
using assms(1) assms(2) by auto

lemma prop35:
assumes - f D; g V; h
FhD; hl
shows + f D; g V; hl
using assms(1) assms(2) by auto

lemma prop36:

assumes - f A;j g D;j h
shows + f D; (g D;i h)
using assms by auto

lemma prop37:
assumes - I DO; f
FfAfIN gDih
shows +f1 AjgD;h
using assms(1) assms(2) by auto

lemma prop38:
assumes - f D; g
shows Ff=fANg
using assms by auto
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lemma prop39:
assumes  f =; fI
Fg=igl
shows + (f D; g) =i (I D; gl)
using assms(1) assms(2) by auto

lemma prop40:
assumes - f =; fI
Fg=igl
Fh = hl
shows + (f =; g Ai h) =; (f1 =; g1 N; hl)
using assms(1) assms(2) assms(3) by auto

5.2 State formulas

The init operator denotes state formulas, i.e., ITL formula that only constrain the first state of an interval.

lemma Initprop :
F ((init £) A; (init g)) =; init(f A; g)
F (=i (init 1)) =; init (- )
F ((init £) Vi (init g)) =; init (f V; g)
F init true;

by auto

lemma Finprop :

F (truei;(f Ai empty)) A; (truei;(g Ai empty))
F (truei;(f Ni empty)) Vi (truei;(g Ni empty))
F (true;;(true; Aj empty))

F =i (true;;(f Ai empty)) =; (true;;(—if Aj empty))
apply simp-all

apply auto[I]

apply auto[2]

using dual-order.order-iff-strict by fastforce

i (truei;(f Ni g N\i empty))
i (truei;((f Vi g) Ni empty))

5.3 Basic Theorems

lemma BiChop/mpChop :
b bi (f Dj f1) D; f;g D fl;g
proof —
have I:+ g D; g by auto
hence 2: - 0O ( g Dj g) by (rule BoxGen)
have 3:+ bi ( f D; f1) A\j O(g Di g) Di fig Di f1;g by (rule BiBoxChoplmpChop)
from 2 3 show ?thesis by auto
ged

lemma AndChopA:
E(f N fl),g Di fig
proof —
have 1:+ f A; fl D; f by auto
hence 2: + bi (f N\; f1 D; f) by (rule BiGen)
have 3:+ bi (f N; f1 D; f) D; (f A; f1);g D; f;g by (rule BiChoplmpChop)
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from 2 3 show ?thesis by auto
ged

lemma AndChopB:
[ (f Ni fl);g Dj fl;g
proof —
have 1:F f A; f1 D; f1 by auto
hence 2: = bi (f A; f1 D; f1) by (rule BiGen)
have 3:+ bi (f Aj f1 D;j f1) Dj (f A; f1);g Dj f1;g by (rule BiChoplmpChop)
from 2 3 show ?thesis by auto
ged

lemma NextChop:
(O f)g =i O(f:g)
proof —
have 1: - skip;(f;g) =i (skip;f);g by (rule ChopAssoc)
show ?thesis by (metis 1 itl-prop(30) next-d-def)
ged

lemma BoxChoplmpChop
F O (g Dj gl) Dj g Dj f;gl
proof —
have I:+ g D; g by auto
hence 2: - bi ( g Dj g) by (rule BiGen)
have 3:+ bi (f Dj f) Aj O(g Dj gl) Di f;g D f;g1 by (rule BiBoxChoplmpChop)
from 2 3 show ?thesis by auto
ged

lemma LeftChoplmpChop:

assumes - fD; f1

shows + f;g D; fl;g

proof —

have 1:F fD; fl1 using assms by auto

hence 2: - bi (f D; f1) by (rule BiGen)

have 3:F bi (f D; 1) D; f;g Di f1;g by (rule BiChoplmpChop)
from 2 3 show ?thesis using MP by blast

ged

lemma RightChoplmpChop:

assumes - g D; gl

shows F f;g D; f;gl

proof —

have 1:F g D; gl using assms by auto

hence 2: - 0O (g Dj gl) by (rule BoxGen)

have 3:+ 0O (g Dj gl) Di f;g D f;gl by (rule BoxChoplmpChop)
from 2 3 show ?thesis using MP by blast

ged

lemma RightChopEqvChop:
assumes - g =; gl
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shows F f;g =; f;gl

proof —

have 1:+ g =; gl using assms by auto

have 2: (- g Dj gl) = (F f;g Dj f;g1) by (rule RightChoplmpChop)
have 3: (- gI D; g) = (F f;gl D; f;g) by (rule RightChoplmpChop)
from 1 2 3 show ?thesis using itl-prop(31) by blast

ged

lemma ChopOrEqv:
Hfi(gVigl)=ifigVfgl
proof —
have 1:+ g D; g V; gl by auto
hence 2: + f;g D; f;(g Vi g1) by (rule RightChoplmpChop)
have 3:+ gl D; g V; gl by auto
hence 4: + f;g1 D; f;(g Vi gl) by (rule RightChoplmpChop)
from 2 4 show ’thesis by auto
ged

lemma OrChopEqv:
H(fVfl),g=fgViflg
proof —
have 1:+ f D; f V; fl by auto
hence 2: + f;g D; (fV; f1);g by (rule LeftChoplmpChop)
have 3:+ fI D; f V; fl by auto
hence 4: + f1;,g D; (fV; f1);g by (rule LeftChoplmpChop)
from 2 4 show ?thesis by auto
ged

lemma OrChoplmpRule:

assumes - f D; f1 V; 2

shows | f;g D; (f1;g) Vi (2;g)

proof —

have 1:+ f D; fl V; 2 using assms by auto

hence 2: + f;g D; (f1 V; 2);g by (rule LeftChoplmpChop)
have 3:+ (f1 v; f2); g =i f1;g V; f2;g by (rule OrChopEqv)
from 2 3 show ?7thesis by auto

ged

lemma LeftChopEqvChop:

assumes - f =; f1

shows | f,g=;flg

proof —

have 1:+ f =; flI using assms by auto

hence 2: - f D; flI by auto

hence 3: + f;g D; f1;g by (rule LeftChoplmpChop)
from 1 havel- fI1 D; f by auto

hence 4: + f1;,g D; f;g by (rule LeftChoplmpChop)
from 3 4 show ?thesis by auto

ged
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lemma OrChopEqvRule:

assumes - f =; f1 V; 2

shows | f;g =; (fl;g) Vi (12;g)

proof —

have I1:+ f =; fI V; f2 using assms by auto

hence 2: + f;g =; (f1 Vv; 12);g by (rule LeftChopEqvChop)
have 3.+ (f1 v; f2),g =i f1;,g Vi 12;g by (rule OrChopEqv)
from 2 3 show 7thesis by auto

ged

lemma NextImpNext:

assumes - f D; g

shows FOfD;Og

proof —

have I:+ f D; g using assms by auto

hence 2: - O (f D; g) by (rule BoxGen)

have 3: O (f D g) Di (skip;f) Dj (skip;g) by (rule BoxChoplmpChop)
have 4: t(skip;f) Dj (skip;g) by (metis 2 3 MP)

from 4 show ?thesis by (metis next-d-def)

ged

lemma ChopOrimpRule:

assumes F g D; gl V; g2

shows + f;g D; (f;g1) Vi (f;g2)

proof —

have 1:\ g D; gl V; g2 using assms by auto

hence 2: + f;g D; f;(gl Vi g2) by (rule RightChoplmpChop)
have 3:F+ f;(gl Vv; g2) =; f;gl V; f;g2 by (rule ChopOrEqv)
from 2 3 show ?thesis by auto

ged

lemma NextImpDist:

FO(fDig)DiOfDiOg

proof —

have 1:F —; (f Dij g) =; f \j —j g by auto

hence 2: & skip;—; (f Di g) =i skip;(f Ai - g) by (rule RightChopEqvChop)
have 3:+ f D; g Vi (f Ai - g) by auto

hence 4: & skip;f D; (skip;g) Vi (skip;(f Ni i g)) by (rule ChopOrimpRule)
hence 5: - —; (skip;(f Ai i g)) Di (skip;f) D (skip;g) by auto

have 6: F —; (skip;—i(f Di g)) Di (skip;f) Di (skip;g) by auto

hence 7: - —; (O—i(f Di g)) Di (O f) Di (O g) by (simp add: next-d-def)
have 8:F O(f D; g) Di =i (O—i(f Di g)) by (rule NextimpNotNextNot)
from 7 8 show ?7thesis by auto

ged

lemma Chop/mpDiamond.:
Hfig DiCg

proof —

have I1:F+ f D; true; by auto
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hence 2: + f;g D; truej;g by (rule LeftChoplmpChop)
from 2 show ?thesis by auto
ged

lemma NowlmpDiamond:

Ffo<of

proof —

have 1:t empty;f =; f by (rule EmptyChop)

have 2:\ empty D; true; by auto

hence 3: + empty;f D; true;;f by (rule LeftChoplmpChop)
have 4: F f D; true;;f using 1 3 by auto

from 4 show ?thesis by auto

ged

lemma BoxElim:

FofDoif

proof —
have 1:F —; f D; & —; f by (rule NowlmpDiamond)
hence 2: - —; (& —; ) D; f by auto

from 2 show ?thesis by (metis always-d-def)

ged

lemma NextDiamondImpDiamond:

FO(CF)Diof

proof —

have I: G skip;(true;;f) =; (skip;true;);f by (rule ChopAssoc)
hence 2: & (skip;true;);f =; skip;(true;;f) by auto

hence 3: b (skip;true;);f =; O(Cf) by (simp add: next-d-def)
have 4:F (skip;true;);f D; < f by (rule ChoplmpDiamond)
from 3 4 show 7thesis by auto

ged

lemma BoxImpNowAndWeakNext:
FoOf Di(f A\iwnext (Of))

proof —
have 1:+ —; f D; O —; f by (rule NowlmpDiamond)
hence 2: F —; (C —j f) D; f by auto
hence 3: - O f D; f by (metis always-d-def)
have 4: 0O (<O = f) D; O (—i f) by (rule NextDiamondImpDiamond)
have 5:F = = (O =i f) D; (= f) by auto
hence 6: O (= i (O =i f)) DO (O(—i f)) by (rule NextimpNext)
have 7:"0(—!,'—!,' (<>—|,' f)) 3,-<>(—|,-f)using46byauto
hence 8: - O (—i( O f)) D; & (— f) by (simp add: always-d-def)
hence 9: - —; (<> ( —; f )) D T ( O ( _|,‘( O f))) by auto
hence 10:+ Of D; wnext ( O f ) by (simp add: always-d-def wnext-d-def)
from 3 10 show 7thesis using itl-prop(32) by blast

ged

lemma BoxImpBoxRule:
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assumes - f D; g

shows FOfD>;0Og

proof —

have I1:F+ f D; g using assms by auto

hence 2: - —; g D; —; f by auto

hence 3: - 0O(—; g Di - f) by (rule BoxGen)

have 4:+ O(—; g Di —i f) Dj (truej;—ig) Di (truej;—if) by (rule BoxChoplmpChop)
have 5:t (truej;—ig) Di (truej;—if) using 3 4 MP by auto
hence 6: - & —jg D; O~if by (simp add: sometimes-d-def)
hence 7: F —; (O—if ) D —i( © —jg) by auto

from 7 show ?thesis by (simp add: always-d-def)

ged

lemma BoxImpDist:
FoO(foig)di0fDi0g
proof —
have I:+ (f D;jg) Di(-i g Di—i f) by auto
hence 2: - O(f Dj g) Di O(—i g Di —i f) by (rule BoximpBoxRule)
have 3:+0O(-; g Di i f) Di (truej; =i g) Dj (truej; —j ) by (rule BoxChoplmpChop)
have 4:+ O(f D;j g) Di (true;; - g) Di (true;; —; ) using 2 3 prop02 by blast
hence 5: F O(f Dj g) D; <©—; g Dj O f by (simp add: sometimes-d-def)
hence 6: - O(f D; g) D; —i( O—; f) D —i( O g) by auto
from 6 show ?thesis by (simp add: always-d-def)
ged

lemma DiamondEmpty:
F <O empty
proof —
have 1: I true; by auto
have 2: |- true;; empty =; true; by (rule ChopEmpty)
have 3: |- truej; empty using 1 2 by auto
from 3 show ?7thesis by (simp add: sometimes-d-def)
ged

lemma NextEqvNext:

assumes - f=; g

shows FOf=0g

proof —

have I:F+ f=; g using assms by auto

hence 2: \ skip;f =; skip;g by (rule RightChopEqvChop)
from 1 show ?thesis by (simp add: next-d-def)

ged

lemma NextAndNextImpNextRule:
assumes - (f A\; g) D; h

shows (O f A Og)DiOh
using assms by auto

lemma NextAndNextEqvNextRule:
assumes - f A\j g =; h
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shows FOfA Og=;0Oh
using assms by auto

lemma WeakNextEqvWeakNext:
assumes - f=; g

shows + wnext f =; wnext g
using assms by auto

lemma DiamondImpDiamond:
assumes - fD; g

shows FOfFD;<Cg
using assms by auto

lemma DiamondEqvDiamond:
assumes - f=; g

shows FOf=Cg
using assms by auto

lemma BoxEqvBox:
assumes - f=; g
shows FOf=0Og
using assms by auto

lemma BoxAndBoxImpBoxRule:
assumes - f A;j g D;j h

shows FOf A, O0g>D;0Oh
using assms by auto

lemma BoxAndBoxEqvBoxRule:
assumes - f A\j g =; h

shows FOf A, Og=;0h
using assms by auto

lemma ImpBoxRule:
assumes - f D; g
shows FOfD;0Og
using assms by auto

lemma BoxIntro:
assumes - fD; g
F more N f D;OF
shows F fD;jO0g
proof —
have 1:F more A; f D;O f using assms by auto
hence 2:+ fD; (empty V; Of) by auto
hence 3:F f D; wnext f by auto
hence 4:t+ O(f D; wnext f) by (rule BoxGen)
have 5:+ (O (f Dj wnext f)) Aj f D;j O f by (rule BoxInduct)
hence 6: 1+ (O (f D; wnext f)) D; (f D; Of) using prop36 by blast
have 7:F f D; Of using 4 6 MP by blast
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have 8:+ Of D; f by (rule BoxElim)

have 9:+ f =; O f using 7 8 itl-prop(31) by blast
have 10:F f D; g using assms by auto

hence 11: + Of D; O g by (rule ImpBoxRule)

from 7 9 11 show 7thesis using prop02 by blast
ged

lemma NextLoop:

assumes - fO; O f

shows - f

proof —

have I:F fD; O f using assms by auto

hence 2:+ f D; (more N\; wnext f) by auto

hence 3:F f D; wnext f by auto

hence 4:+ O(f D; wnext f) by (rule BoxGen)

have 5:+ 0O (f Dj wnext f) Aj f D; O f by (rule BoxInduct)
hence 6:F O (f D; wnext f) D; (f D; Of) using prop36 by blast
have 7:F f D; Of using 4 6 MP by blast

have 8:+ Of D; f by (rule BoxElim)

have 9:F f =; O f using 7 8 itl-prop(31) by blast

have 10:+ f D; more using 2 by auto

hence 11: - O f D; O more by (rule ImpBoxRule)

have 12:+ —;(0 more) by auto

from 7 9 11 12 show ?thesis by (metis not-d-def prop02)

ged

lemma WhextEqvEmptyOrNext:
F wnext f =; empty V; O f
by auto

lemma NotEmptyAndNext:
F —i(empty A; O f)
by auto

lemma BoxEqvAndWhnextBox:
Faf=fA; Wnext(Df)
proof —
have I: -0 f D; f A\j wnext (O f)
using BoxImpNowAndWeakNext by blast
have 2: - f Aj wnext (O f) D; f
by simp
have 3: F more Aj (f Aj wnext (O f) ) D; O (f Aj wnext (O f))
by (metis 1 NextlmpNext WnextEqvEmptyOrNext empty-d-def prop10 propl3 propl4)
have 4: F f A\ wnext (O f) D; O f
using 2 3 BoxlIntro by blast
from 1 4 show ?thesis using itl-prop(31) by blast
ged

lemma BoxEqvAndEmptyOrNextBox:
FoOf =i f A (empty V; O(O f))
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using BoxEqvAndWhnextBox WnextEqvEmptyOrNext using prop03 prop05 by blast

lemma BoxEqvBoxBox:
Fof = o(of)
by auto

lemma BoxBoxImpBox:
Fo(oh) DO h
using BoxEqvBoxBox itl-prop(31) by blast

lemma BoxImpBoxBox:
Foh D a(oh)
by simp

lemma Diamondintro:
assumes - (f A\; = g) D, O f
shows F fD;C g
proof —
have 1I:Ff A - gD;iOf
using assms by auto
hence 2: - f A= g Ai (O g)Di (O f) Aj (O g)
by auto
have 3:F(O0-jg)Di—i &
by (rule BoxElim)
hence 4: -0 -g= (D~ g)ANi—i &
using BoxImpBoxBox BoxBoxImpBox itl-prop(31) itl-prop(32) prop02 prop26 prop29 by blast
have 5:Ff A (0D g)DiOfA DO g
using 2 4 by auto
have 6:+ 0 g =; (— g) Ni wnext(O —; g)
using BoxEqvAndWhnextBox by blast
have 7:-Of A O-;gDi Of A wnext(d - g)
using 6 by auto
have 8+ f A; (O i g)Di O f Aj wnext(O i g)
using 5 7 by auto
hence 9:+ f A; (O —; g)D; more A; wnext f A; wnext(O —; g)

by auto

hence 10: - f A; (O —j g)Diwnext f Aj wnext(O —; g)
by auto

hence 11: + f A; (O —j g)Di wnext (f Aj O = g)
by auto

hence 12: = O(f A; (O —j g)Di wnext (f A\j O = g))
by (rule BoxGen)
have 13:F O(f A; (O - g)Di wnext (f A\ O =i g)) Ai £ A (O =i g) Di O(F Ai (O i g))
by (rule BoxInduct)
hence 14: = O(f A (T i g)Di wnext (f Aj O =i g)) Di ((F A (T i g)) Di O(f Ai (O - g)))
using prop36 by blast
have 15:F ((f Ai (O —i g)) 2 O(f Ai (O —i g)))
using 12 14 MP by blast
have 16:F O(f A (O —i g)) Di (f Ai (O i g))
by (rule BoxElim)
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have 17:F O(f A (O —j g)) =i (f A (O - g))
using 16 15 itl-prop(31) by blast

have 18:+ (f A; (O —; g)) Di more
using 9 by auto

hence 19: - O(f A; (O —; g)) D O more
by (rule ImpBoxRule)

have 20: + —;(0 more)
by auto

have 21:+ —\,'(f Nj (D - g))
using 17 19 20 by auto

hence 22: - —; f V; —; (O —; g)

by auto

have 23:F - (0 g)=i<¢g
by auto

from 22 23 show ?7thesis by auto

ged

lemma DiamondintroB:

assumes = (f A; =i g) D; O (f Aj =i &)

shows F D¢ g

proof —

have I:+ (f Aj—i g) D; O (f Aj —jg) using assms by auto
hence 2: - —;(f A; —i g) by (rule NextLoop)

hence 3: - f D; g by auto

have 4:+ g D; ¢ g by (rule NowlmpDiamond)

from 3 4 show ?thesis by auto

ged

lemma NextContra :

assumes - (fA; =i g)Di (O f A —i((O g))

shows FHf D g

proof —

have I1I:F (fA;—i g)2i (O f Ai—i( O g)) using assms by auto
hence 2: - —;( f Dj g) Di O ( —i(f Di g)) by auto

hence 3: - —; —;( f D; g) by (rule NextLoop)

from 3 show ?thesis by auto

ged

lemma DiamondDiamondEqvDiamond:
FO(O f) = O f
proof —
have 1:F truej;true; =; true; by auto
hence 2: & (truej;true;);f =; true;;f using LeftChopEqvChop by blast
have 3:+ (truej;true;);f =; true;;(truej;f) using ChopAssoc itl-prop(30) by blast
from 2 3 show ?thesis by auto
ged

lemma WeakNextDiamondInduct:
assumes - wnext (O f) D; f
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shows I f

proof —

have I:F wnext (& f) D; f using assms by blast

hence 2: - —; f D; —j( wnext (< f)) using prop27 by blast
hence 3: = —; f D; O( = (¢ f)) by auto

have 4:+ f D; & f by (rule NowlmpDiamond)

hence 5: - —;( & f) D; —; f by auto

have 6:F —;f D; O( —f) using 3 5 using NextImpNext prop02 by blast

hence 7: + —j—; f by (rule NextLoop)
from 7 show ?thesis by auto
ged

lemma EmptyNextinducta:
assumes - empty D; f
FOfDOf

shows - f

proof —

have I:\ empty D; f using assms by auto

have 2:+ O f D; f using assms by blast

have 3:F (empty V; O f) D; f using 12 propl7 by blast
have 4:+ wnext f =; (empty V; O f) by (rule WnextEqvEmptyOrNext)
hence 5: - wnext f D; f using 3 using itl-prop(31) prop02 by blast
hence 6: + —;f D; —; (wnext f) by auto

hence 7: + —;f D; O(—; ) by auto

hence 8: - —; —; f by (rule NextLoop)

from 8 show ?thesis by auto
ged

lemma EmptyNextInductb:
assumes - empty A;j f Dj g
I—O(fD,' g) N fDig

shows FfD; g

proof —

have 1:+ empty A;f D; g using assms by auto

have 2:+ O(fD; g) Ai f Dj g using assms by blast

have 3:+ (empty V; O(fD; g)) Ai f D;i g using 1 2 prop33 by blast
hence 4: - wnext (fD; g) Ai f Di g using prop36 by auto

hence 5: - wnext (fD; g) Di ( f D;j g) using prop36 by blast
hence 6: - —; ( f D; g) Di —i ( wnext (fD; g)) using prop27 by blast
hence 7: - —; (f Di g) Di O (—i(fDi g)) by simp

hence 8: - —; = ( f D; g) by (rule NextLoop)

from 8 show 7thesis by auto
ged

lemma FinlmpFin:

assumes - f D; g

shows + fin f D; fin g
using ImpBoxRule assms by auto
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lemma FinEqvFin:

assumes - f =; g

shows + fin f=; fin g

using FinlmpFin assms itl-prop(31) by blast

lemma FinAndFinlmpFinRule:
assumes - f Aj g D;j h
shows F fin f A; fin g D; fin h
proof —
have - f A; g D; h using assms by auto
then show ?thesis by simp
ged

lemma FinAndFinEqvFinRule:

assumes - f A\;j g =; h

shows F fin f A; fin g=; fin h

by (meson FinAndFinlmpFinRule FinlmpFin assms itl-prop(31) itl-prop(32))

lemma HaltEqvHalt:

assumes - f =; g

shows F halt f=; halt g

proof —

have I:F+ f =; g using assms by auto

hence 2: + (empty =; f) =, (empty =; g) by auto

hence 3: - O(empty =; f) =; O (empty =; g) by (rule BoxEqvBox)
from 3 show ’thesis by (simp add: halt-d-def)

ged

lemma BilmpDilmpDi:
Ebi(f Dig)Di di fD; di g
proof —
have 1: F bi (fD; g) Di (f; truej) D; (g; true;) by (rule BiChoplmpChop)
from 1 show 7thesis by (simp add: di-d-def)
ged

lemma DilmpDi:

assumes - fD; g

shows + di fD; di g

proof —

have I1:}+ fD; g using assms by auto

hence 2: & f; true; D; g; true; by (rule LeftChoplmpChop)
from 2 show 7thesis by (simp add: di-d-def)

ged

lemma BilmpBiRule:

assumes - fD; g
shows F bi fD; bi g
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proof —

have I1:F+ fD; g using assms by auto

hence 2: - —~; g D; - f by auto

hence 3: + di —; g D; di =i f by (rule DilmpDi)
hence 4: - —; ( di —; f) D ( di —; g) by auto
from 4 show ?thesis by (simp add: bi-d-def)

ged

lemma DiEqvDi:

assumes - f=; g

shows + di f=; di g

proof —

have 1:F+ f =; g using assms by auto

hence 2: + f; true; =; g; true; by (rule LeftChopEqvChop)
from 2 show ?thesis by (simp add: di-d-def)

ged

lemma BiEqvBi:

assumes - f =; g

shows + bif=; bi g

proof —

have 1:F+ f =; g using assms by auto

hence 2: - —~; f =; —; g by auto

hence 3: + di —; f =; di - g by (rule DiEqvDi)
hence 4: - —; (di = f) =; 7 ( di —; g) by auto
from 4 show ?thesis by (simp add: bi-d-def)

ged

lemma LeftChopChoplmpChopRule:

assumes - (f; g) Di g

shows  (f; g); h Di(g; h)

proof —

have 1:F (f; g) Dj g using assms by blast

hence 2: + (f; g); h D;i g; h by (rule LeftChoplmpChop)
have 3:+ f; (g; h) =i (f; g); h by (rule ChopAssoc)
from 2 3 show ?thesis by auto

ged

lemma AndChopCommute :

H (f Ni fl); g =i (fl Ni f); g

proof —

have 1:+f A; f1 =; f1 A; f by auto

from 1 show 7thesis by (rule LeftChopEqvChop)
ged

lemma BiAndChoplmport:

Eobi fA(fL; 8) Di(FAif1); g

proof —

have I:+ f D; (fI D; fA; f1) by auto

hence 2: - bi f D; bi (f1 D; fA; f1) by (rule BilmpBiRule)
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have 3:F bi (f1 D; (f N 1)) D; f1; g Di (f A f1); g by (rule BiChoplmpChop)
from 1 3 show ?thesis using MP by auto
ged

lemma StateAndChoplmport:

F (init w) A; (f; g) Di ((init w) Aj f); g

proof —

have I:t+ (init w)D; bi (init w) by (rule StatelmpBi)

hence 2: - (init w) A; (f; g) Di bi (init w) A (f; g) by auto

have 3:t bi (init w) A; (f; g) Di ((init w) A; f); g by (rule BiAndChoplmport)
from 2 3 show ?thesis using MP by auto

ged

5.4 Further Properties Di and Bi

lemma ImpDi:

HFfD; di f

proof —

have 1:+ f; empty =; f by (rule ChopEmpty)

have 2:\ empty D; true; by auto

hence 3: - f; empty D; f; true; by (rule RightChoplmpChop)
have 4 : - f D; f; true; by auto

from 4 show ?thesis by (simp add: di-d-def)

ged

lemma DiState:

= di (init w) =; (init w)

proof —

have 0:F (init =jw) D; bi (init —;jw) using StatelmpBi by fastforce
hence I:+ —(init w) D; bi —j (init w) using Initprop by auto

hence 2: = —; (init w)D; = ( di =j =i (init w)) by (simp add: bi-d-def)
have 3:F (—\; (init W) DiTi (di = (init W))) i ( di —; = (init W) i (init W)) by auto
have 4:F di —; —; (init w) D; (init w) using 2 3 MP by blast

have 5: I (init w) D; = =i (init w) by auto

hence 6: = di (init w) D; di = = (init w) by (rule DilmpDi)

have 7:+ di (init w) D; (init w) using 6 4 MP using prop02 by blast
have 8:F (init w) D; di (init w) by (rule ImpDi)

from 7 8 show ?thesis using itl-prop(31) by blast

ged

lemma StateChop:
F (init w); f D; (init w)
using DiState by auto

lemma StateChopExportA:

F ((init w) A; f); g Di (init w)

using DiState by auto

lemma StateAndChop:

F ((init w) A; ); g =i(init w) A; (f; g)
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using StateAndChoplmport StateChopExportA AndChopB itl-prop(31) itl-prop(32) by blast

lemma StateAndChoplmpChopRule:

assumes F (init w) A; f D; f1

shows | (init w) A; (f; g) Di (f1; g)

proof —

have I:F (init w) Aj f Dj f1 using assms by auto

hence 2: + ((init w) A; f); g Di f1; g by (rule LeftChoplmpChop)

have 3:t ((init w) A; f); g =i (init w) A; (f; g) by (rule StateAndChop)
from 2 3 show ?thesis by auto

ged

lemma StatelmpChopEqvChop :

assumes (init w) D; (f = f1)

shows + (init w) D; ((f; g) =i (f1; g))

proof —

have I:F (init w) D; (f=; fI) using assms by auto

hence 2: - (init w) A; f D; f1 by auto

hence 3: & (init w) A; (f; g) Di (f1; g) by (rule StateAndChoplmpChopRule)
have 4:t (init w) A; f1 D; f using 1 by auto

hence 5: + (init w) A; (f1; g) D; (f; g) by (rule StateAndChoplmpChopRule)
from 3 5 show ?thesis by auto

ged

lemma ChopEqvStateAndChop:
assumes  f =; (init w) A; f1
shows + (f; g) =; (init w) A; (f1; g)
proof —
have I:F f =; (init w) A; f1 using assms by auto
hence 2: + f; g =; ((init w) A; f1); g by (rule LeftChopEqvChop)
have 3:F ((init w) A; f1); g =; (init w) A; (f1; g) by (rule StateAndChop)
from 2 3 show ?thesis by auto
ged

lemma Dilntro:

HfD; di f

proof —

have 1:+ f; empty =; f by (rule ChopEmpty)

have 2:+ empty D; true; by auto

hence 3: - O( empty D; true;) by (rule BoxGen)

have 4:+ O( empty D; true;) D; (f; empty D; f; true;) by (rule BoxChoplmpChop)
have 5:F f; empty D; f; true; using 3 4 MP by auto
hence 6: F f; empty D; di f by (simp add: di-d-def)
from 1 6 show ?thesis by auto

ged

lemma BiElim:
F bi fDO;f
proof —
have 1:+ —; f D; di = f by (rule Dilntro)
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have 2: + (—|,' f D di f) Dj (—|,' ( di —; f) DN f) by auto
have 3:+ —; (di =i f) D; f using 1 2 MP by blast
from 3 show ?thesis by (metis bi-d-def)

ged

lemma BiContraPosImpDist:
F bi (—|,' g D 7 f) i (bl f) Dj (bl g)

proof —
have I1:+ bi(—; g Di—i f)D;i(di—; g)Di(di—~; f) by (rule BilmpDilmpDi)
hence 2: + bi (- g Di—i ) Di (=i (di—i f))Di (=i (di—i g)) by auto
from 2 show ?thesis by (metis bi-d-def)

ged

lemma BilmpDist:
= bi (fD; g) Di (bi ) D; (bi g)
proof —
have I:+ (f D;jg) Di(—i g Di—i f) by auto
hence 2: - —; (—|,' g D 7 f) D i (f i g) by auto
hence 3: - bi (—|,' (—|,' g DO 7 f) D (f Dj g)) by (rule BiGen)
have 4:+ bi (—\,' (—\,' g Di T f) Dj (f Dj g))
i
bi (f Di g) Di bi (—i g Di »i f) by (rule BiContraPosImpDist)
have 5:+ bi (f D; g) D; bi (m; g Di = f) using 34 MP by blast
have 6:F bi (- g Di—i f) Di(bi f) D;i(bi g) by (rule BiContraPosImpDist)
from 5 6 show ?thesis using prop02 by blast
ged

lemma /fChopEqvRule:

assumes - f =; if; (init w) then f1 else f2
shows + f; g =; if; (init w) then (fl; g) else (f2; g)
proof —

have 1:F f =; if; (init w) then fI else f2 using assms by auto

hence 2: - f =; ((init w) A; f1) V; ( (init =; w) A; f2) by (simp add: ifthenelse-d-def)
hence 3: - f; g =; ((init w) A; f1); g Vi ( (init =; w) A; f2); g by (rule OrChopEqvRule)
have 4:+ ((init w) A; f1); g =i (init w) A; (f1; g) by (rule StateAndChop)

have 5:+ ( (init = w) A; 2); g = (init =i w) A; (2; g) by (rule StateAndChop)
have 6: - f; g =; ((init w) A; f1; g) Vi ( (init =j w) A; f2; g) using 3 4 5 by auto
from 6 show ?thesis by (simp add: ifthenelse-d-def)

ged

lemma ChopOrEqvRule:

assumes - g =; gl V; g2

shows + f; g=;(f; gl) Vi (f; g2)

proof —

have 1:+F g =; gl V; g2 using assms by auto

hence 2: - f; g =; f; (g1 Vi g2) by (rule RightChopEqvChop)
have 3:+f; (gl Vi g2)=; f; g1 Vi f; g2 by (rule ChopOrEqv)
from 2 3 show ?7thesis by auto

ged
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lemma EmptyOrChopEqv:

F(empty Vi f),g=igVi (f; g)

proof —

have I:+ (empty V; ), g = (empty ; g) Vi (f; g) by (rule OrChopEqv)
have 2: - empty ; g =; g by (rule EmptyChop)

from 1 2 show ?7thesis by auto

ged

lemma EmptyOrNextChopEqv:
E(empty Vi Of), g=igVi O(f; g)
proof —
have 1: + (empty V; Of), g =i g Vi ((Of); g) by (rule EmptyOrChopEqv)
have 2: F (O f); g =; O(f; g) by (rule NextChop)
from 1 2 show ?thesis by auto
ged

lemma EmptyOrChoplmpRule:

assumes - f D; empty V; f1

shows +f;g2igV (f1; g)

proof —

have 1:+F f D; empty V; fl using assms by auto

hence 2: - f; g Di (empty V; f1); g by (rule LeftChoplmpChop)

have 3:+ (empty V; f1); g =i g Vi (fl; g) by (rule EmptyOrChopEqv)
from 2 3 show ?thesis by auto

ged

lemma EmptyOrChopEqvRule:

assumes - f =; empty V; f1

shows +f; g=,gV, (f1; g)

proof —

have 1:+ f =; empty V; fl using assms by auto

hence 2: + f; g =; ( empty V; f1); g by (rule LeftChopEqvChop)

have 3:F (empty V; fl1), g =i g Vi (f1; g) by (rule EmptyOrChopEqv)
from 2 3 show ?thesis by auto

ged

lemma EmptyOrNextChoplmpRule:

assumes - f D; empty V; O fI

shows F f; g Djg Vi O(fl; g)

proof —

have 1:+ f D; empty V; O fl using assms by auto

hence 2: - f; g D;i (empty V; O f1); g by (rule LeftChoplmpChop)

have 3:+ (empty V; O fl), g =i g Vi O(fl; g) by (rule EmptyOrNextChopEqv)
from 2 3 show ?7thesis by auto

ged

lemma EmptyOrNextChopEqvRule:
assumes - f =; empty V; O fI
shows +f; g=;gV;, O(fl; g)
proof —
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have 1:+ f =; empty V; O fl using assms by auto

hence 2: + f; g =; (empty V; O f1); g by (rule LeftChopEqvChop)

have 3:+ (empty V; O fl), g =i g Vi O(fl; g) by (rule EmptyOrNextChopEqv)
from 2 3 show ?thesis by auto

ged

lemma ChopEmptyOrimpRule:

assumes - g D; empty V; gl

shows - f; g D; f V; (f; gl)

proof —

have 1:+ g D; empty V; gl using assms by auto

hence 2: + f; g D; (f; empty ) V; (f; gl) by (rule ChopOrimpRule)
have 3:+ f; empty =; f by (rule ChopEmpty)

from 2 3 show ?thesis by auto

ged

lemma StateAndEmptylmpBoxState:
F (init w) Aj empty D; O (init w)
by simp

lemma BoxEqvAndBox:
Fof=fnOf
by fastforce

lemma NotBoxImpNotOrNotNextBox:
F —|;( a f) D —if Vi —|,'( O (D f) )
proof —
have I: - f Ajwnext (O f) =, f AjOf
by (meson BoxEqvAndBox BoxEqvAndWhnextBox prop21)
have 2: - = (wnext (O f)) D; =i (O (O f))
by (metis (full-types) NextImpNotNextNot prop27 wnext-d-def )
then show 7thesis using 1 by (metis (no-types) and-d-def itl-prop(33) propl9 prop35)
ged

lemma BoxStateChopBoxEqvBox:
O (init w); O (init w) =; O (init w)
proof —
have I1:+ O (init w) =; (init w) A; (empty V; O(O (init w)))
by (rule BoxEqvAndEmptyOrNextBox)
hence 2:+ O (init w); O (init w) =;
(init w) Ai (( empty Vv; O(O (init w))); O (init w))
by (rule ChopEqvStateAndChop)
have 3:F (empty V; O(O (init w))); O (init w) =;
O (init w) V; O(0 (init w); O (init w))
by (rule EmptyOrNextChopEqv)
have 4:+ O (init w); O (init w) =;
(init w) A; (T (init w) V; O(O (init w); O (init w)))
using 2 3 by auto
have 5:+ —; (O (init w)) D; = (init w) V; —i( O(O (init w)))
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by (rule NotBoxImpNotOrNotNextBox)

have 6: 1 (O (init w); O (init w)) A; —i( O (init w)) D;

o(O (init w); O (init w)) A —i( O(T (init w)))

using 4 5 by auto

hence 7:+ O (init w); O (init w) D; O (init w)
by (rule NextContra)

have 11:+ O (init w) =; (init w) A; O (init w)
by (rule BoxEqvAndBox)

have 12:+ empty ; O (init w) =; O (init w)
by (rule EmptyChop)

have 13:+ ((init w) A; empty ); O (init w) =; (init w) A; ( empty ; O (init w))
by (rule StateAndChop)

have 14:+ O (init w) =; ((init w) A;j empty ); O (init w)
using 11 12 13 by auto

have 15:F (init w) A; empty D; O (init w)
by (rule StateAndEmptylmpBoxState)

hence 16: - ((init w) A; empty ); O (init w) D; O (init w); O (init w)
by (rule LeftChoplmpChop)

have 17:+ O (init w) D; O (init w); O (init w)
using 14 16 by auto

from 7 17 show Zthesis using itl-prop(31) by blast

ged

lemma NotBoxStatelmpBoxYieldsNotBox:

H —|,'( O (init W)) Dj (D (init W)) yields —|,'( O (init W))

proof —

have I:+t O (init w); O (init w) =; O (init w) by (rule BoxStateChopBoxEqvBox)

have 2:+ O (init w) =; —; —i( O (init w)) by auto

hence 3: - O (init w); O (init w) =; O (init w); —; —i( O (init w)) by (rule RightChopEqvChop)
have 4:+ —;( O (init w)) D; = (O (init w); = =i (O (init w))) using 1 3 by auto

from 4 show ?thesis by (simp add: yields-d-def)

ged

lemma StateEqvBi:

F (init w) =; bi (init w)

proof —
have 1: (init w) D; bi (init w) by (rule StatelmpBi)
have 2: - bi (init w) D; (init w) by (rule BiElim)
from 1 2 show ?thesis using itl-prop(31) by blast

ged

lemma TrueChopEqvDiamond:

F o otruei; F = O f

by simp

5.5 Properties of Da and Ba

lemma DaEqvDtDi:
Foda f=<O(di )
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proof —

have 1:t true;; (f; true;) =; true;; (f; true;) by auto

hence 2: & true;; (f; true;) =; true;; di f by (simp add: di-d-def)
have 3:t truej; di f=; &(di f) by (rule TrueChopEgvDiamond)
have 4:+ true;; (f; true;) =; O( di f) using 2 3 by auto

from 4 show ?thesis by (simp add:da-d-def)

ged

lemma DaEqvDiDt:

Fooda f=; di (OF)

proof —

have I:t+ true;; f =; & f by (rule TrueChopEqvDiamond)

hence 2: & (truej; f); true; =; (& f); true; by (rule LeftChopEqvChop)
hence 3: & (true;; f); true; =; di( & f) by (simp add: di-d-def)

have 4:t true;; (f; true;) =; (true;; f); true; by (rule ChopAssoc)
have 5:+ true;; (f; true;) =; di (¢ f) using 3 4 by auto

from 5 show ?thesis by (simp add: da-d-def)

ged

lemma DtDiEqvDiDt:
- O (di f) = di (OF)
by (metis ChopAssoc di-d-def sometimes-d-def)

lemma DiamondNotEqvNotBox:
F O —; fE,'_U'(Df)
by simp

lemma BaEqvBiBt:

- ba f=; bi( Of)

proof —

have 1:+ da—; f=; di(® —; f) by (rule DaEqvDiDt)
have 2:+ <O = f =; (O f) by (rule DiamondNotEqvNotBox)
hence 3: + di (C—; ) =; di - (T f) by (rule DiEqvDi)
have 4:+ da—-; f=; di —j( Of) using 13 by auto
hence 5: - —; (da—; f)=;—; (di —;(Of)) by auto
hence 6: - —; (da—; f)=; bi( O f) by (simp add: bi-d-def)
from 6 show 7thesis by (simp add: ba-d-def)

ged

lemma DiNotEqvNotBi:

- dl'—w,' fE,'ﬁ,'(bl' f)

proof —

have 1:+ bi f =; = (di = f) by (simp add: bi-d-def)
from 1 show ?thesis by auto

ged

lemma NotDiamondNotEqvBox:

F = (<>—|,' f) =; 0 f
by simp
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lemma BaEqvBtBi:

o ba f=;0(bi f)

proof —

have 1:+ da—; f=; < (di = f) by (rule DaEqvDtDi)

have 2:+ di = f =; - (bi ) by (rule DiNotEqvNotBi)

hence 3: - < (di = ) =; O—j (bi f) by (rule DiamondEqvDiamond)
have 4:+ —; (O (bi f)) =; O(bi f) by (rule NotDiamondNotEqvBox)
have 5.+ = (da—; f)=; O(bi f) using 12 3 by auto

from 5 show ’thesis by (simp add: ba-d-def)

ged

lemma BtBiEqvBiBt:

oo (bi f)=; bi( Of)

proof —

have I: = ba f =; 0 (bi f) by (rule BaEqvBtBi)
have 2: - ba f =; bi( O f) by (rule BaEqvBiBt)
from 1 2 show ?7thesis by auto

ged

lemma BoxStateEqvBaBoxState:

F O (init w) =; ba (O (init w))

proof —

have I:+ (init w) =; bi (init w) by (rule StateEqvBi)

hence 2: - O (init w) =; O (bi (init w)) by (rule BoxEqvBox)

have 3:F O (bi (init w)) =; bi( O (init w)) by (rule BtBiEqvBiBt)
have 4:+ O (init w) =; O(0O (init w)) by (rule BoxEqvBoxBox)
hence 5: - bi( O (init w)) =; bi (T(O (init w))) by (rule BiEqvBi)
have 6: - ba( O (init w)) =; bi( O(O (init w))) by (rule BaEqvBiBt)
from 2 3 5 6 show ?thesis by simp

ged

lemma BalmpBi:

F ba fDjbi f

proof —

have 1: + ba f =; O(bi f) by (rule BaEqvBtBi)

have 2: - O(bi f) D; bi f by (rule BoxElim)

from 1 2 show ?thesis using MP using itl-prop(31) prop02 by blast
ged

lemma BalmpBt:

F ba fO;Of

proof —

have I: - ba f =; bi( O f) by (rule BaEqvBiBt)

have 2: - bi( O f) D; O f by (rule BiElim)

from 1 2 show ?thesis using MP using itl-prop(31) prop02 by blast
ged

lemma DiamondImpDa:

F O fDi daf
by (metis Dilntro DiamondlmpDiamond da-d-def di-d-def sometimes-d-def)
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lemma DilmpDa:
Fdi fD; daf
by (metis NowlmpDiamond da-d-def di-d-def sometimes-d-def)

lemma BoxAndChoplmport:

F OhnNf,gDif; (h/\,-g)

proof —

have 1:+ hD; g D;i (hA; g) by auto

hence 2: - 0 h D; O(g Di (hAi g)) by (rule ImpBoxRule)

have 3:+ 0O(g Di (hAi g)) Di f; g Di f; (hA; g) by (rule BoxChoplmpChop)
from 2 3 show ?thesis by auto

ged

lemma BaAndChoplmport:
= ba f A (g gl) Di (f Nig) (f Aigl)
proof —
have 1:F ba f Dj bi f by (rule BalmpBi)
have 2:+ bi f A (g; g1) Di (f Ni g); g1 by (rule BiAndChoplmport)
have 3:+ ba f D; O f by (rule BalmpBt)
have 4: -0 f A (f Ai g); g1 Di (f Ni g); (f Ai g1) by (rule BoxAndChoplmport)
from 1 2 3 4 show ?thesis by simp
ged

lemma ChopAndCommute:

= fi (g nigl) =if; (81 Nig)

proof —

have 1: + (g N g1) =i (g1 A; g) by auto

from 1 show ?thesis by (rule RightChopEqvChop)
ged

lemma ChopAndA:

o f,(gNigl)Ddif, g

proof —

have 1:+ (g Ai g1) D; g by auto

from 1 show 7thesis by (rule RightChoplmpChop)
ged

lemma ChopAndB:

o f; (g Nigl)Dif; gl

proof —

have I:+ (g Ni g1) D; gl by auto

from 1 show ?thesis by (rule RightChoplmpChop)
ged

lemma BoxStateAndChopEqvChop:
F O (init w) A; (f; g) =i (O (init w) A; £); (T (init w) A; g)
proof —
have I:+ O (init w) =; ba( O (init w))
by (rule BoxStateEqvBaBoxState)
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have 2:F ba( O (init w)) A; (f; g) Di (O (init w) A; ); (O (init w) A; g)

by (rule BaAndChoplmport)

have 3:t O (init w) A; (f; g) D; (O (init w) A; ); (O (init w) A g)

using 1 2 propl8 by blast

have 11:+ (O (init w) A; f); (O (init w) A; g) D; (O (init w)); (O (init w) A; g)

by (rule AndChopA)

have 12: + (O (init w)); (T (init w) A; g) Di (O (init w)); (O (init w))

by (rule ChopAndA)
have 13: F (O (init w)); (O (init w)) =; O (init w)
by (rule BoxStateChopBoxEqvBox)

have 14: (O (init w) A; f); (O (init w) Aj g) Di f; (T (init w) A; g)

by (rule AndChopB)
have 15: + f; (O (init w) A; g) Di f; g
by (rule ChopAndB)

have 16: - (O (init w) A; ); (O (init w) A; g) D; O (init w) A; (f; g)
using 11 12 13 14 15 using itl-prop(31) itl-prop(32) prop02 by metis

from 3 16 show ?7thesis using itl-prop(31) by blast
ged

lemma DiEqgvNotBiNot:
H dl f = —\,'( bl - f)
proof —

have 1:+ bi - f =; 7} ( di =i T f) by (Slmp add: b/—d—def)

hence 2: + di —; —; f =; —|,'( bi —j f) by auto
have 3:+ f =; = - f by auto

hence 4: + di f =; di - —; f by (rule DiEqvDi)
from 2 4 show ’thesis by auto

ged

lemma ChopAndBoxImport:
o f,gANiOhD;if; (g Aih)
proof —

have I: - O h A f; g Di f; (h Ai g) by (rule BoxAndChoplmport)
have 2: - f; (h A\j g) =i f; (g Ai h) by (rule ChopAndCommute)

from 1 2 show ?thesis by auto
ged

lemma AndChopAndCommute:
F (f Ni g); (fl Ni gl) = (g N; f); (gl Ni fl)
proof —

have 1: F (f A g); (f1 N g1) =i (g Ni f); (f1 Aj g1) by (rule AndChopCommute)

have 2: - (g A f); (f1 N g1) =i (g Ni f); (g1 N 1)
from 1 2 show ?thesis by auto
ged

lemma Chop/mpChop:

assumes - D; f1 + gD; gl

shows + f; g D; fl; gl

proof —

have 1:+ f D; fl using assms by auto
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hence 2: + f; g D; f1; g by (rule LeftChoplmpChop)
have 3:F g D; gl using assms by auto

hence 4: + f1; g D; f1; g1 by (rule RightChoplmpChop)
from 2 4 show ?thesis by auto

ged

lemma ChopEqvChop:

assumes - f=; f1 + g=; gl

shows +f; g=;fl; gl

proof —

have 1:+ f =; fl using assms by auto

hence 2: + f; g =; f1; g by (rule LeftChopEqvChop)
have 3:+ g =; gl using assms by auto

hence 4: + f1; g = f1; g1 by (rule RightChopEqvChop)
from 2 4 show ?thesis by auto

ged

lemma BoxImpBoxImpBox:

I—DhDiD(gD;Dh/\;g)

proof —

have I: - 0O hDj (g D; 0 h A g) bysimp

hence 2: - 0O(0 h) D; O(g Di O h Aj g ) by (rule ImpBoxRule)
have 3: - 0O h =; O(gh) by (rule BoxEqvBoxBox)

from 2 3 show ?thesis by auto

ged

lemma BoxChoplmpChopBox:

(o Dh:);f;gD,-f;(Dh/\,-g)

proof —

have I: - 0O h D; 0O(g Di O h A; g ) by (rule BoximpBoxImpBox)

have 2: - 0O(g DO hAjg)Dif, g Dif; (O hA; g) by (rule BoxChoplmpChop)
from 1 2 show ?thesis by auto

ged

lemma NotChopEqvYieldsNot:

H = (f; g) =i fyields - 8

proof —

have 1:+ g =; -; —; g by auto

hence 2: + f; g =; f; =i =i g by (rule RightChopEqvChop)
hence 3: - —; (f; g) =i —~; (f; i —i g) by auto

from 3 show ?thesis by (simp add: yields-d-def)

ged

lemma NotDiFalse:

H - ( di fa/se,-)

proof —

have 1:F (init truej) D; bi (init true;) by (rule StatelmpBi)
hence 2: \- true; D; bi true; by auto

have 3: - true; by auto

have 4:F bi true; using 2 3 MP by auto
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hence 5: + —; ( di - true;) by simp

have 6:+ —; true; =; false; by auto

hence 7: - di - true; =; di false; by (rule DiEqvDi)
from 5 7 show ?thesis by auto

ged

lemma StateAndEmptyChop:

F o ((init w) A; empty ); £ =; (init w) A; f

proof —

have I:+ ((init w) Aj empty ); f =; (init w) A; empty ; f by (rule StateAndChop)
have 2: = empty ; f =; f by (rule EmptyChop)

from 1 2 show ?thesis by auto

ged

lemma StateAndNextChop:

F o ((init w) Aj O f); g =i (init w) A O(f; g)

proof —

have 1: F ((init w) A; O f); g =; (init w) A; (O f); g by (rule StateAndChop)
have 2: F (O f); g =i O(f; g) by (rule NextChop)

from 1 2 show ?thesis by auto

ged

lemma NextAndEqvNextAndNext:
I—Q(f/\,-g)z;@f/\;Og
by auto

lemma NextStateAndChop:

F o O(((init w) A; f); g) =i O (init w) Aj O(f; g)

proof —

have I:F+ ((init w) A; f); g =i (init w) A; f; g by (rule StateAndChop)

hence 2: = O(((init w) A; f); g) =i O((init w) A; f; g) by (rule NextEqvNext)

have 3:F O((init w) A; f; g) =i O (init w) Nj O(f; g) by (rule NextAndEqvNextAndNext)
from 2 3 show ?7thesis by auto

ged

lemma StateYieldsEqv:

F o ((init w) Dj (fyields g)) =; ((init w) A; f) yields g

proof —

have I:F ((init w) A; f); —i g =i (init w) A; f; (=i g) by (rule StateAndChop)
hence 2: - ((init w) D; —; (f; =i g)) =i i (((init w) A; f); =i g ) by auto
from 2 show ?thesis by (simp add: yields-d-def)

ged

lemma StateAndDi:

H (init W) N di f=; di ((init W) Ni f)

proof —

have I:F ((init w) A; f); truej=; (init w) A; f; true; by (rule StateAndChop)
from 1 show ?thesis by (simp add: di-d-def)

ged

67



lemma DilNext:

oo di(Of)=; O (di f)

proof —

have 1:+ (O f); true; =; O(f; true;) by (rule NextChop)
from 1 show 7thesis by (simp add: di-d-def)

ged

lemma DilNextState:

o di( O (init w)) =; O (init w)

proof —

have I:+ di( O (init w)) =; O( di (init w)) by (rule DiNext)
have 2:+ di (init w) =; (init w) by (rule DiState)

hence 3: - O( di (init w)) =; O (init w) by (rule NextEqvNext)
from 1 3 show ?thesis by auto

ged

lemma StatelmpBiGen:

assumes — (init w)D; f

shows + (init w) D; bi f

proof —

have I1:F (init w) D; f using assms by auto

hence 2: + —; f D; —; (init w) by auto

hence 3: = di —; f D; di = (init w) by (rule DilmpDi)
hence 4: + di —; f D; di (init ~jw) by auto

have 5:+ di (init =j w) =; (init =; w) by (rule DiState)
have 6:F di —; f D; = (init w) using 4 5 by auto
hence 7: = (init w) D; =i (di —; f) by auto

from 7 show ?thesis by (simp add: bi-d-def)

ged

lemma ChopAndNotChoplmp:

o figNi—i (F81) D fi (g Ni —i gl)

proof —

have I:+ g D; (gNi—i gl) Vi gl by auto

hence 2: - f; g D; f; ((gNi - g1) Vi gl) by (rule RightChoplmpChop)

have 3:F f; ((gAi - g1) Vi gl1) Di(f; (gNi - gl1)) Vi (f; g1) by (rule ChopOrimp)
have 4:+f; g D; f; (ghi ~i gl) Vi f; gl using 2 3 MP by auto

from 4 show ?thesis by auto

ged

lemma ChopAndYieldsimp:

F o f, g Ai fyields gl D; f; (g Ni gl)

proof —

have 1:+ g D;(gAigl) Vi - gl by auto

hence 2: + f; g D; f; ((gNi gl) Vi —jgl) by (rule RightChoplmpChop)

have 3: - f; ((gNi g1) Vi —igl) Di(f; (gni gl)) Vi (f; —j gl) by (rule ChopOrlmp)
have 4:+f; g D; f; (gNi gl) Vi f; - gl using 2 3 MP by auto

hence 5: - f; g Aj —i (f; - gl) Di f; (g Ai g1) by auto

from 5 show 7thesis by (simp add: yields-d-def)

ged

68



lemma ChopAndYieldsMP:

F f; g Ni fyields (gD; gl) D; f; gl

proof —

have 1:+f; g A; fyields (gD; gl) D; f; (g Ni (g Di gl)) by (rule ChopAndYieldslmp)
have 2:+ g A; (g Di gl) Di gl by auto

hence 3: + f; (g Ni (g Di gl)) Di f; g1 by (rule RightChoplmpChop)

from 1 3 show 7thesis by auto

ged

lemma OrYieldsImp:
F o (f Vv f1) yields g =; (fyields g) A; (f1 yields g)
proof —
have I:+ ((fVv; f1);, - g) =i ((f; i g) Vi (fI, - g)) by (rule OrChopEqv)
hence 2: I+ —; ((f\/,’ fl); - g) =; (f; - g) Ni —|;(f1; i g) by auto
from 2 show 7thesis by (simp add: yields-d-def)
ged

lemma LeftYieldsimpYields:

assumes - fD; f1

shows | (f1 yields g) D; (f yields g)

proof —

have I1:\ f D; fl using assms by auto

hence 2: - f; -~ g D; f1; =; g by (rule LeftChoplmpChop)
hence 3: - —; (fl, = g) i (f, - g) by auto

from 3 show ?thesis by (simp add: yields-d-def)

ged

lemma LeftYieldsEqvYields:

assumes -  =; fI

shows - (f yields g) =; (f1 yields g)

proof —

have 1:+ f =; fl using assms by auto

hence 2: + f; —; g =; f1; -; g by (rule LeftChopEqvChop)
hence 3: - —; (f, - g) =; T (fl, - g) by auto

from 3 show 7thesis by (simp add: yields-d-def)

ged

5.6 Properties of Fin

lemma FinEqvTrueChopAndEmpty:
F fin f =; truej;(f N\i empty)
proof —
have 1: Ffin f =; O(empty D; f) by (simp add: fin-d-def)
have 2: - O(empty D; f) =i —i(O(—i(empty Di f ) ) ) by (simp add: always-d-def)
have 3: - (—j(empty D; f)) =i (- f Nj empty) by auto
hence 4: = O(—j(empty D f)) =i O(—i £ Aj empty) using DiamondEqvDiamond by blast
hence 5: - —;j(O(—i(empty D; ) =i —i(C(—i £ Ai empty)) by auto
have 6: = —;(O(—; £ Aj empty)) =; true;;(f Ai empty) using Finprop by auto
from 1 2 5 6 show ?thesis by auto

69



ged

lemma DiamondFin:

= O(fin w) =; fin w

by (metis DiamondDiamondEqvDiamond DiamondEqvDiamond FinEqv TrueChopAndEmpty
itl-prop(30) prop03 sometimes-d-def)

lemma ChopFinExportA:
F fi(g Ai finw) Dj finw
using DiamondFin by auto

lemma FinlmpBox:
F fin w D; O(fin w)
by (metis BoxImpBoxBox fin-d-def)

lemma FinAndChoplmport:

F (fin w) A; (f;g) Di fi((fin w) A g)

proof —

have 1: fin w D; O(fin w) by (rule FinlmpBox)

hence 2: + fin w A; ;g D; O(fin w) A; (f;g) by auto

have 3: F O(fin w) A; (fig) Di f;((fin w) A; g) using BoxAndChoplmport by blast
from 2 3 show ?thesis using MP by auto

ged

lemma FinAndChop:

Ffi(g Ni finw) =; finw A g

using FinAndChoplmport ChopFinExportA ChopAndA ChopAndCommute itl-prop(31) itl-prop(32) propl5
by blast

lemma ChopAndEmptyEqvEmptyChopEmpty:

F((f;g) Ni empty) =; (f A\; empty);(g Ni empty)
by auto

lemma FinAndEmpty:

F (fin w) Aj empty =; w A; empty

proof —

have 1:+ (fin w) A; empty =; truej;(w A; empty) A;j empty
using FinEqvTrueChopAndEmpty by auto

have 2: - true;;(w A; empty) A; empty =; (true; A\; empty);(w A; empty)
using ChopAndEmptyEqvEmptyChopEmpty by auto

have 3: | (true; Aj empty);(w A; empty) =; empty;(w A; empty)
using LeftChopEqvChop itl-prop(17) by blast

have 4: - empty;(w A; empty) =; w A; empty
using EmptyChop by blast

from 1 2 3 4 show ?thesis by auto

ged

lemma AndFinEqvChopAndEmpty:
 fA fing=if; (g Ni empty)
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proof —

have 1:+ f A; fin g =; f;empty A fin g using ChopEmpty itl-prop(30) prop06 by blast

have 2: - fin g A; f;empty =; f;(empty A; fin g) using FinAndChop using itl-prop(30) by blast
have 3: + empty A; fin g =; fin g \j empty by auto

have 4: - fin g A\j empty =; g A\j empty using FinAndEmpty by auto

have 5: - empty A; fin g =; g Aj empty using 3 4 by auto

hence 6: + f;(empty A; fin g) =; f;(g Ai empty) using RightChopEqvChop by blast

from 1 2 5 show ?7thesis by auto

ged

lemma AndFinEqvChopStateAndEmpty:
Eof A fin (init w) =; f; ((init w) A; empty )
using AndFinEqvChopAndEmpty by blast

lemma FinStateEqvStateAndEmptyOrNextFinState:
F fin (init w) =; ((init w) A; empty ) V; O( fin (init w))
proof —
have 1:+ fin (init w) =; O( empty D; init w)
by (simp add: fin-d-def)
have 2 : - O(empty Dj init w) =;
(empty D; init w) A; wnext (O (empty D; init w))
by (rule BoxEqvAndWhnextBox)
have 3: |- fin (init w) =; (empty D; init w) A; wnext (fin (init w))
using 1 2 by (simp add: fin-d-def)
have 4: - wnext (fin (init w)) =; empty V; O (fin (init w))
by (rule WnextEqvEmptyOrNext)
have 5: |- fin (init w) =; (empty D; init w) A; (empty V; O (fin (init w)))
using 3 4 by (simp add: fin-d-def)
have 6: - (empty D; init w) Aj (empty V; O (fin (init w))) =;
((empty Dj init w) A; empty) Vi ((empty D; init w) A;j O (fin (init w)))

by auto

have 7: - (empty D; init w) A; empty =; (init w) A; empty
by auto

have 8: - (empty Dj init w) A; O (fin (init w)) =; O (fin (init w))
by auto

have 9: - ((empty D; init w) A; empty) V; ((empty D; init w) A; O (fin (init w))) =;
((init w) A; empty ) Vi O( fin (init w))
using 7 8 by auto
from 5 6 9 show ?thesis using prop03 by blast
ged

lemma FinChopEqvOr:
F o (fin (init w)); f =i ((init w) A; £) Vi O(( fin (init w)); f)
proof —
have I:t fin (init w) =; ((init w) A; empty ) V; O( fin (init w))
by (rule FinStateEqvStateAndEmptyOrNextFinState)
hence 2: + ( fin (init w)); f =; (((init w) A; empty )V; O( fin (init w))); f
by (rule LeftChopEqvChop)
have 3:F (((init w) A; empty )V; O (fin (init w))); f
=; ((init w) Ai empty ); f Vi (O (fin (init w))); f
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by (rule OrChopEqv)

have 4:F ((init w) A; empty ); f =; (init w) A; f
by (rule StateAndEmptyChop)

have 5:F (O (fin (init w))); f =; O(( fin (init w)); f)
by (rule NextChop)

from 2 3 4 5 show ?thesis by auto

ged

lemma FinChopEqgvDiamond:

F o ( fin (init w)); f =; < ((init w) A; f)

proof —

have I:t ( fin (init w)) =; (true;;((init w) A; empty))
by (rule FinEqvTrueChopAndEmpty)

hence 2: & ( fin (init w));f =; (true;;((init w) A; empty));f
by (rule LeftChopEqvChop)

have 3:F truej;(( (init w) A;j empty);f) =; (true;;((init w) A; empty));f
by (rule ChopAssoc)

have 4:F true;;(( (init w) A; empty);f)=; & ( ( (init w) A; empty);f)
by (simp add: sometimes-d-def)

have 5:F ( (init w) Aj empty);f =; (init w) A f
using StateAndEmptyChop by blast

hence 6: = & ((( (init w) Aj empty);f) =i & ( (init w) A; f)
by (rule DiamondEqvDiamond)

from 2 3 4 6 show ?thesis by simp

ged

lemma NotDiamondAndNot:
I_—|;(<>(f/\,'—|;f))
by simp

lemma FinYields:

F o ( fin (init w)) yields (init w)

proof —

have I: (fin (init w)); =i(init w) =; O((init w) A;j —i(init w)) by (rule FinChopEqvDiamond)
have 2: = —;( O((init w) Aj = (init w))) by (rule NotDiamondAndNot)

have 3: = = (( fin (init w)); —; (init w)) using I 2 by auto

from 3 show ?thesis by (simp add: yields-d-def)

ged

lemma ImpAndFinStateOrFinNotState:
Ff D (f Aj fin (init W)) Vi fin = (init W)
by (simp)

lemma AndFinChopEqvStateAndChop:
o (f A fin (init w)); g = f; ((init w) A; g)
proof —
have 1:F (fin (init w)) yields (init w)
by (rule FinYields)
have 2:+- f A; fin (init w) D; fin (init w)
by auto
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hence 3:t+ ( fin (init w)) yields (init w) D; (f A; fin (init w)) yields (init w)
by (rule LeftYieldsimpYields)
have 4:+ (f A; fin (init w)) yields (init w)
using 1 3 MP by auto
have 5:+ (f A fin (init w)); g Ai (f A;i fin (init w)) yields (init w)
i (f A fin (init w)); (g Ai (init w))
by (rule ChopAndYieldsimp)
have 6:+ (f A; fin (init w)); g Di (f Ai fin (init w)); (g Ai (init w))
using 4 5 by auto
have 7:+ (f A fin (init w)); (g Ai (init w)) D; f; (g Ai (init w))
by (rule AndChopA)
have 8:+ g A (init w) D; (init w) Aj g
by auto
hence 9:t+ f; (g Ai (init w)) D; f; ((init w) A; g)
by (rule RightChoplmpChop)
have 10:F (f A; fin (init w)); g Di f; ((init w) A; g)
using 6 7 9 by auto
have 11:+ f D; (f A; fin (init w)) V; fin = (init w)
by (rule ImpAndFinStateOrFinNotState)
hence 12: - f; ((init w) A; g) D;
((f Ai fin (init w))V; fin = (init w)); ((init w) A; g)
by (rule LeftChoplmpChop)
have 13:F ((f A; fin (init w))V; fin = (init w)); ((init w) A; g)
(f Ai fin (init w)); ((init w) Ai g) Vi ( fin =i (init w)); ((init w) A; g)
by (rule OrChopEqv)
have 14:F ( fin (init (= w))); ((init w) A g) Di <( (init (=i w)) Ai ((init w) Aj g))
using FinChopEqvDiamond itl-prop(31) by blast
have 141: + —;( O( (init (=i w)) A ((init w) Aj g))) Di
=i (((fin (init (= w))); ((init w) A; g))
using 14 by auto
have 15:F —|,'( <>( (init (—|,' W)) Ni ((init W) Ni g)))
using NotDiamondAndNot Initprop by simp
have 151: + —; ( ( fin (init (—|,' W))); ((init W) Ni g))
using 15 141 by auto
have 152: + (f A; fin (init w)); ((init w) A; g) Vi ( fin = (init w)); ((init w) Aj g) Di
(f Ni fin (init w)); ((init w) A; g)
using 151 by auto
have 16:+ f; ((init w) Ai g) Di (f Ai fin (init w)); ((init w) A; g)
using 12 13 152 by fastforce
have 17:+ (f A; fin (init w)); ((init w) A; g) Di (FA;i fin (init w)); g
by (rule ChopAndB)
have 18:+ f; ((init w) A; g) Di (f Ai fin (init w)); g
using 16 17 by auto
from 10 18 show ?thesis by auto
ged

lemma DiAndFinEqvChopState:

Fodi (f Ai fin (init w)) =; f; (init w)
proof —
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have 1:t (f A; fin(init w)); true; =; f;((init w) A; true;) by (rule AndFinChopEqvStateAndChop)
have 2: + (init w) A; true; =; (init w) by auto

hence 3: = f; ((init w) A; true;) =; f; (init w) by (rule RightChopEqvChop)

have 4:+ (f A; fin (init w)); true; =; f; (init w) using 1 3 by auto

from 4 show 7thesis by (simp add: di-d-def)

ged

lemma FinNotStateEqvNotFinState:
F fin  (init = w) =; —i( fin  (init w))
by (simp )

lemma BilmpFinEqvYieldsState:

o bi (f D; fin (init w)) =; f yields (init w)

proof —

have I:+ di (f A; fin (init —; w)) =; f; (init =; w) by (rule DiAndFinEqvChopState)
have 2:t f A; fin(init = w) =; f A; =i(fin(init w)) using FinNotStateEqvNotFinState by auto
have 3:+ f A; —; (fin(init w)) =; —; (f D; fin (init w)) by auto

have 4:F f A; fin(init —; w) =; = (f D; fin(init w)) using 2 3 by(simp add: fin-d-def)
hence 5: - di (f A; fin (init = w)) =; di = (f D; fin(init w)) by (rule DiEqvDi)

have 6:+ di —; (f D; fin (init w)) =; —;( bi (f D; fin(init w))) by (rule DiNotEqvNotBi)
have 7:F —; (bi (f D; fin (init w))) =; f;(init =; w) using 1 5 6 Initprop by auto
hence 8: - bi (f D; fin (init w)) =; —; (f; = (init w)) by auto

from 8 show 7thesis by (simp add: yields-d-def)

ged

lemma StatelmpYields:

assumes — (init w) A; f D; fin (init wl)

shows | (init w) D; (fyields (init wl))

proof —

have I:F+ (init w) A; f D; fin (init wl) using assms by auto

hence 2: - (init w) D; (f D; fin (init wl)) by auto

hence 3: - (init w) D; bi (f D; fin (init wl)) by (rule StatelmpBiGen)

have 4:t bi (f D; fin (init wl)) =; fyields (init wl) by (rule BilmpFinEqvYieldsState)
from 3 4 show ?thesis by auto

ged

lemma StateAndYieldsimpYields:

assumes - (init w) A; f D f1

shows  (init w) A; (1 yields g) D; (f yields g)

proof —

have I:F (init w) A; f D; f1 using assms by auto

hence 2: + (init w) A; (f; - g) Di f1; - g by (rule StateAndChoplmpChopRule)
hence 3: - (init W) AYIRaFi (fl; - g) D (f; - g) by auto

from 3 show ?thesis by (simp add: yields-d-def)

ged

lemma AndYieldsA:

F fyields g D; (f Ni f1) yields g
proof —

have 1:+ f A; f1 D; f by auto
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from 1 show 7thesis by (rule LeftYieldsimpYields)
ged

lemma AndYieldsB:
F flyields g Dj (f Nj f1) yields g
proof —
have 1.+ f A; f1 D; f1 by auto
from 1 show ?thesis by (rule LeftYieldsimpYields)
ged

lemma RightYieldsimpYields:

assumes - gD; gl

shows | (fyields g) Di (f yields g1)

proof —

have I1:F g D; gl using assms by auto

hence 2: - —; gl D; - g by auto

hence 3: + f; —; gl D; f; i g by (rule RightChoplmpChop)
hence 4: + —; (f; = g) Di —i (f; =i gl) by auto

from 4 show ?thesis by (simp add: yields-d-def)

ged

lemma RightYieldsEqvYields:

assumes - g=; gl

shows | (fyields g) =; (f yields gl)

proof —

have I1:} g =; gl using assms by auto

hence 2: - -, g =; —; gl by auto

hence 3: - f; -; g =; f; =i gl by (rule RightChopEqvChop)
hence 4: - —; (f; = g) =; —i (f; =i gl) by auto

from 4 show ?thesis by (simp add: yields-d-def)

ged

lemma BoxImpYields:

F OgDjfyields g

proof —

have I:+f; = g D; O g by (rule ChoplmpDiamond)
hence 2: - —; (O—; g) Di —i (f; =i g) by auto

from 2 show 7thesis by (simp add: yields-d-def)

ged

lemma BoxEqvTrueYields:

F O f =; true; yields f

proof —

have 1:t truej; =i f=; < —; f by (rule TrueChopEqvDiamond)
hence 2: - —; (true,—; = f) =; —|,'( & = f) by auto

have 3:-0Of =; —; (< —; f) by (simp add: always-d-def)
have 4:+ O f =; —; (truej; -j f) using 2 3 by auto

from 4 show ?thesis by (simp add: yields-d-def)

ged
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lemma YieldsGen:
assumes - g
shows  fyields g
proof —
have 1:F g using assms by auto
hence 2: - O g by (rule BoxGen)
have 3:+ O g D; fyields g by (rule BoxImpYields)
from 2 3 show ?thesis using MP by auto
ged

lemma YieldsAndYieldsEqvYieldsAnd:
F (fyields g) N (f yields gl) =; fyields (g Ni g1)
proof —
have I:+f; (- gVi - gl)=;(f; i g) Vi (f; - gl) by (rule ChopOrEqv)
hence 2: + (f; - g) Vi (f; - gl)=;f; (- g Vi —i gl) by auto
have 3:+—; gV; - gl =; —i (g Ni gl) by auto
hence 4: - f; (- g Vi - gl) =i f; —i (g Ni g1) by (rule RightChopEqvChop)
have 5.+ (f; - g) Vi (f; —i gl)=; f; - (g N\i gl) using 2 4 by auto
hence 6: - —; (f; - g) VAV Fi (f; - gl) =; 7 (f; - (g AV gl)) by auto
from 6 show ’thesis by (simp add: yields-d-def)
ged

lemma YieldsAndYieldsimpAndYieldsAnd:
o (fyields g) Ni (f1 yields g1) D; (fA; f1) yields (g/N;i g1)
proof —
have 1:+ fyields g D; (f A; f1) yields g
by (rule AndYieldsA)
have 2: |- f1 yields gl D; (f A; f1) yields gl
by (rule AndYieldsB)
have 3: = (f A; f1) yields g Ni (f Ni f1) yields g1 =; (f Aj f1) yields (g Ai g1)
by (rule YieldsAndYieldsEqvYieldsAnd)
from 1 2 3 show ?’thesis by auto
ged

lemma YieldsYieldsEqvChopYields:

F fyields (g yields h) =; (f; g) yields h

proof —

have I:+f;(g; i h)=;(f;g); 7 h by (rule ChopAssoc)

hence 2: + f; (g; =i h) =i (f; g); =i h by auto

have 3:+ g; - h=; — —j (g; - h) by auto

hence 4: - f; (g; - h) =i f; - i (g; —i h) by (rule RightChopEqvChop)
have 5.+ f; —; —i (g; ~i h) =i (f; g); i h using 2 4 by auto

hence 6: + f; —; (g yields h) =; (f; g); =i h by (simp add: yields-d-def)
hence 7: - —; (f; - (g yields h)) =; =i ((f; g); —i h) by auto

from 7 show 7thesis by (simp add: yields-d-def)

ged

lemma EmptyYields:

F  empty vyields f =; f
proof —
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have I1:+ empty ; = f =; —~j f by (rule EmptyChop)
hence 2: - —; (empty ; = f) =; f by auto

from 2 show 7thesis by (simp add: yields-d-def)

ged

lemma NextYields:

F (O f) yields g =; wnext (f yields g)

proof —

have 1:+ (O f);, - g =i O(f; - g) by (rule NextChop)

hence 2: - —; ((Q f); - g) = 7 (O(f; - g)) by auto

hence 3: + (O f) yields g =; —i (O(f; =i g)) by (simp add: yields-d-def)
have 4:H —|,'( O(f; - g)) =; wnext —; (f; - g) by auto

have 5:F (O f) yields g =; wnext —; (f; = g) using 3 4 by auto

from 5 show 7thesis by (simp add: yields-d-def)

ged

lemma SkipChopEqvNext:
F oskip; f=0f
by (simp add: next-d-def)

lemma SkipYieldsEqvWeakNext:

F  skip yields f =; wnext f

proof —

have 1:F skip; - f =; O~ f by (rule SkipChopEqvNext)
hence 2: - —; ( skip ; —j f) = —w,'( Oy f) by auto

have 3:F —; (O—\,' f) =; wnext f by auto

have 4:+ —; ( skip; =i f)=; wnext f using 2 3 by auto
from 4 show ?thesis by (simp add: yields-d-def)

ged

lemma NextImpSkipYields:

F O f D; skip yields f

proof —

have 1: - O f D; wnext f by auto

have 2: - skip yields f =; wnext f by (rule SkipYieldsEqvWeakNext)
from 1 2 show ?thesis by auto

ged

lemma MoreEqvSkipChop True:

F more =; skip ; true;

proof —

have 1:t skip; true; =; Otrue; by (rule SkipChopEqvNext)
hence 2: - Otrue; =; skip ; true; by auto

from 2 show ?thesis by (simp add: more-d-def)

ged

lemma MoreChoplmpMore:

F more; f D; more

proof —

have 1:+ (Otrue;); f =; O(true;; f) by (rule NextChop)
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have 2: - O(true;; f) D;j more by auto

have 3: - (Otrue;; f) D; more using 1 2 by auto
from 3 show ?thesis by (metis more-d-def)

ged

lemma ChopMorelmpMore:

F f: more D; more

proof —

have 1: + f; more D; & more by (rule ChoplmpDiamond)
have 2: - & more D; more by auto

from 1 2 show ?7thesis by auto

ged

lemma MoreChopEqvNextDiamond:

F more; f =; O(C f)

proof —

have I: - more ; f =; (O true;); f by (simp add: more-d-def)
have 2:  (Otrue;); f =; O(truej; f) by (rule NextChop)
have 3: = more ; f =; O(true;; f) using 1 2 by auto

from 3 show ?thesis by (simp add: sometimes-d-def)

ged

lemma WeakNextBoxImpMoreYields:

F more yields f =; wnext( O f)

proof —

have I1:+ more ; —; f =; O(<® —f) by (rule MoreChopEqvINextDiamond)

have 2: - O(C —if) =; O(—i(Of)) by auto

have 3: - O(—;(Of)) =i - ( wnext( O f) ) by auto

have 4: + more ; = f =; —j(more yields f) by (metis itl-prop(30) itl-prop(4) yields-d-def)
from 1 2 3 4 show ?thesis by (simp add: yields-d-def)

ged

lemma NotEqgvYieldsMore:

F =y f = fyields more

proof —

have I:+ f; empty =; f by (rule ChopEmpty)

hence 2: - —; (f; empty ) =; = f by auto

have 3: - empty =; -; more by auto

hence 4: - f; empty =; f; =i more by (rule RightChopEqvChop)
hence 5: - —; (f; empty ) =; —; (f; -~ more ) by auto
have 6:F —; f =; —; (f; - more ) using 2 5 by auto
from 6 show ’thesis by (metis yields-d-def)

ged

lemma LeftChoplmpMoreRule:

assumes - f D; more

shows - f; g D; more

proof —

have I:+ f D; more using assms by auto

hence 2: + f; g D; more ; g by (rule LeftChoplmpChop)
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have 3: = more ; g D; more by (rule MoreChoplmpMore)
from 2 3 show ?thesis using prop02 by blast
ged

lemma RightChoplmpMoreRule:

assumes - g D; more

shows F f; g D; more

proof —

have 1:+ g D; more using assms by auto

hence 2: + f; g Dj f; more by (rule RightChoplmpChop)
have 3:+ f; more D; more by (rule ChopMorelmpMore)
from 2 3 show ?thesis using prop02 by blast

ged

lemma NotDiEqvBiNot:

H - ( di f) = bi (—\,' f)

proof —

have 1:+ f =; —; —; f by auto

hence 2: + di f = di i T f by (rule DiEqui)
hence 3: - —; (di f)=; - (di =~ f) by auto
from 3 show ?thesis by (simp add: bi-d-def)

ged

lemma ChoplmpDi:

F f,gD di f

proof —

have 1:t g D; true; by auto

hence 2: + f; g D; f; true; by (rule RightChoplmpChop)
from 2 show ?thesis by (simp add: bi-d-def)

ged

lemma TrueEqvTrueChopTrue:

F  true; =; true;; true;

proof —

have 1I1:F truej; true; Dj true; by auto

have 2:+ true; D; ditrue; by (rule Dilntro)

hence 3: F true; D; true;; true; by (simp add: di-d-def)
from 1 3 show ?thesis by auto

ged

lemma DiEqvDiDi:

- di f=; di( di f)

proof —

have 1:t true; =; true;; true; by (rule TrueEqvTrueChopTrue)

hence 2: & f; true; =; f; (true;; truej) by (rule RightChopEqvChop)
have 3:t f; (true;; true;)=; (f; true;); true; by (rule ChopAssoc)
have 4:+ f; truej =; (f; true;); true; using 2 3 using prop03 by blast
from 4 show ?thesis by (metis di-d-def)

ged
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lemma BiEqvBiBi:

- bi f=; bi( bi f)

proof —

have 1:+ di —; f=; di( di —; f) by (rule DiEqvDiDJ)

have 2:+ di = f =; - ( bi f) by (rule DiNotEqvNotBi)

hence 3:+ di (di = f)=; di = ( bi ) by (rule DiEqvDi)

have 4:+ di —; f =; di —j( bi f) using 1 3 using prop03 by blast
hence 5: F —; (di —; ) =; - (di =i ( bi f)) using itl-prop(33) by blast
from 5 show ?thesis by (metis bi-d-def)

ged

lemma DiOrEgv:

F di(f\/; g)E; di fv; di g

proof —

have I1:+ (fV; g); true; =; f; true; V; g; true; by (rule OrChopEqv)
from 1 show 7thesis by (simp add: di-d-def)

ged

lemma DiAndA:

H di(f/\ig)Di di f

proof —

have 1:F (f Aj g); true; D; f; true; by (rule AndChopA)
from 1 show ?thesis by (simp add: di-d-def)

ged

lemma DiAndB:

Fodi(fAig)Di di g

proof —

have I:+ (f A; g); true; D; g; true; by (rule AndChopB)
from 1 show ?thesis by (simp add: di-d-def)

ged

lemma DiAndImpAnd:

Eoodi(fFAg)Di di fA di g

proof —

have 1: + di (f Aj g) D; di f by (rule DiAndA)
have 2: = di (f A\j g) Di di g by (rule DiAndB)
from 1 2 show “thesis by auto

ged

lemma DiSkipEqvMore:
F di skip =; more

proof —

have 1:+ skip ; true; =; Otrue; by (rule SkipChopEqvNext)
have 2: - Otrue; =; more by auto

have 3: - skip ; true; =; more using 1 2 by auto

from 3 show 7thesis by (simp add: di-d-def)

ged

lemma DiMoreEqvMore:
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F  di more =; more

proof —

have I:+ di (O true; ) =; O( di true;) by (rule DiNext)
have 2:+ O( di true;) D; more by auto

have 3:F di( O truej) D; more using 1 2 by auto
hence 4: = di more D; more by (simp add: more-d-def)
have 5:+ more D; di more by (rule ImpDi)

from 4 5 show ?thesis by auto

ged

lemma DilfEqvRule:

assumes - f =; if; (init w) then g else h

shows t di f=; if; (initw) then (di g) else (di h)

proof —

have 1:+ f =; if; (init w) then g else h using assms by auto

hence 2: & f; true; =; if; (init w) then (g; true;) else (h; true;) by (rule IfChopEqvRule)
from 2 show ?thesis by (simp add: di-d-def)

ged

lemma DiEmpty:

F  di empty

proof —

have 1: I true; by auto

have 2: - empty ; true; =; true; by (rule EmptyChop)
have 3: - empty ; true; using 1 2 by auto

from 3 show ?thesis by (simp add: di-d-def)

ged

lemma DaNotEqvNotBa:

F daﬂ,-fz,-—';(ba f)

proof —

have 1:+ ba f =; - (da—; f) by (simp add: ba-d-def)
from 1 show ?thesis by simp

ged

lemma DaEqvDa:
assumes - f =; g
showsda f=; da g
using assms by auto

lemma DaEqgvNotBaNot:

F da fE,'—u(ba—!,' f)

proof —

have I:+ ba—-; f =;—;(da—j—; f)by (simpadd: ba-d-def)
hence 2: + da —; —; f =; —i( ba—; f) by simp

have 3: - f =;j 7} 7j f by simp

hence 4: - da f =; da -~ f by (rule DaEqvDa)

from 2 4 show ?thesis by simp

ged
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lemma BaElim:

o ba f D f

proof —

have I:+ ba f =; 0O(bi f) by (rule BaEqvBtBi)
have 2:+ bi f D; f by (rule BiElim)

hence 3: - O(bi f D; f) by (rule BoxGen)

have 4:+ 0O(bi f D; f) D; O(bi f) D; O f by (rule BoxImpDist)
have 5:+ O(bi f) D; O f using 3 4 MP by simp

have 6:F O f D; f by (rule BoxElim)

from 1 5 6 show ?thesis using BalmpBt prop02 by blast
ged

lemma Dalntro:

F fD; da f

proof —

have 1:+ ba —; f D; = f by (rule BaElim)

hence 2: - —; —; f D; = ( ba —; ) using prop27 by blast
have 3: - f =; 7 7 f by simp

have 4.+ da f =, -~ (ba = f) by (rule DaEqvNotBaNot)
from 2 3 4 show ?’thesis by simp

ged

lemma BaGen:

assumes - f

shows + ba f

proof —

have I1:+ f using assms by auto

hence 2: - O f by (rule BoxGen)

hence 3: F bi( O f) by (rule BiGen)

have 4:+ ba f =; bi (O f) by (rule BaEqvBiBt)
from 3 4 show ?thesis by simp

ged

lemma BalmpDist:
F ba (f Dig) Di ba fD; ba g
proof —
have I:F bi(f Djg) Di(bi f Djbi g) by (rule BilmpDist)
hence 2: - O(bi (f D;i g) Di (bi f Dj bi g)) by (rule BoxGen)
have 3: O(bi (f Dj g) Di (bi f Dj bi g))

Di

(O (bi (f D; g)) D; (aO(bi f) D; a(bi g))) by simp
have 4:+ O(bi (f D; g)) D; (O(bi ) D; O(bi g)) using 2 3 MP by simp
have 5:+ ba (fDj g) = O(bi (f Di g)) by (rule BaEqvBtBi)
have 6:F ba f =; O(bi f) by (rule BaEqvBtBi)
have 7:+ ba g =; O(bi g) by (rule BaEqvBtBi)
from 4 5 6 7 show ?thesis by simp
ged

lemma BaAndEqv:
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o ba(f N g)=; ba f A ba g

proof —

have 1:+ ba(f Aig)=; O(bi (f Ai g)) by (rule BaEqvBtBi)
have 2:+ bi (f N\j g) =i bif A; bi g by auto

hence 3: = O(bi (f A g)) =i O(bi f Aj bi g) by auto

have 4:+ O(bi f A; bi g)=; O(bi f) A; O(bi g) by auto

have 5:tba f =; O(bi f) by (rule BaEqvBtBi)

have 6:+ ba g =; O(bi g) by (rule BaEqvBtBi)

from 1 3 4 5 6 show ?thesis by auto

ged

lemma BalmpBaEqvBa:
F ba(f=ig)Di (ba f=; ba g)

proof —

have 1:+ ba(f Djg) D;i ba f D; ba g by (rule BalmpDist)

have 2:+ ba (g D; f) Di ba g D;j ba f by (rule BalmpDist)

have 3:F ba (f =; g) =i ba ((f Di g) Ni (g Di f)) by auto

have 4: 1+ ba ((f D, g) i (g Dif)) =i ba((f Di g)) Ni ba((g Di f)) by (rule BaAndEqv)
have 5:F (ba f D; ba g) Ni (ba g Dj ba f)=j(ba f=; ba g) by auto

from 1 2 3 4 5 show ?thesis using itl-prop(31) itl-prop(32) prop02 by smt
ged

lemma BalmpBa:

assumes - f D; g

shows Fba fD; ba g

using BaGen BalmpDist MP assms by blast

lemma BaEgvBa:

assumes - f =; g

shows F ba f=; ba g

using BaGen BalmpBaEqvBa MP assms by blast

lemma DalmpDa:
assumes - f D; g
shows Fda fD; da g
using assms by fastforce

lemma DiamondEqvDiamondDiamond:
FOf= 0 (OF)
proof —
have 1: - O (O f) =; truej;(truej;f)
by simp
have 2: & truej;(true;;f) =; (truej;true;);f
by (rule ChopAssoc)
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have 3: & (truej;true;);f =; true;;f
using LeftChopEqvChop TrueEqvTrueChop True itl-prop(30) by blast
have 4: \ true;;f =; Of
by (simp add: sometimes-d-def)
from 1 2 3 4 show ?thesis by auto
ged

lemma DaEqvDaDa:

b da f=; da( da f)

proof —

have 1:+ da f=;,O(di 1)
by (rule DaEqvDtDi)

have 2:+ di f=; (di (di f))
by (rule DiEqvDiDi)

hence 3: - & (di f) =; < (di (di f))
by (rule DiamondEqvDiamond)

have 4: - & (di f) = (¢ (di (di f)))
using DiamondEqvDiamondDiamond DiEqvDiDi using 3 prop03 by blast

have 5: < (di (di f)) =i di (¢ (di f))
by (rule DtDiEqvDiDt)

hence 6: - O(O (di (di £))) =i O (di (& (di f)))
by (rule DiamondEqvDiamond)

have 7:+ da f=; <O (di( © (di f)))
using 1 3 4 6 using prop03 by blast

have 8:F da (O (di 1)) = <O(di (O (di 1))
by (rule DaEqvDtDi)

have 9:+ da(da f)=; da (¢ (di f))
using I by (rule DaEqvDa)

from 7 8 9 show ?thesis by auto

ged

lemma BaEqvBaBa:

F ba f=; ba (ba f)

proof —

have 1: + da (- f)=; da (da (- f)) by (rule DaEqvDaDa)

have 2: - da (da (- f)) =i - (ba (- (da (- f)))) by (rule DaEqvNotBaNot)
have 3: + —; (da (da (= f))) =; ba (- (da (- f))) by auto

have 4: + —; (da (- f)) =i ba (- (da (- f))) using 1 2 3 prop01 prop03 by blast
from 4 show ?thesis by (metis ba-d-def)

ged

lemma BalLeftChoplmpChop:

F o ba(fDifl)Djf,gDifl, g

proof —

have 1: F ba (f D; f1) D; bi (f D 1) by (rule BalmpBi)

have 2: - bi (f D; f1) D; f; g D; f1; g by (rule BiChoplmpChop)
from 1 2 show ?thesis by auto

84



ged

lemma BaRightChoplmpChop:

F ba(gDigl)Dif, g Dif; gl

proof —

have 1: - ba (g Di gl) Di O(g Di gl) by (rule BalmpBt)

have 2: - 0O(g D gl) D; f; g D f; g1 by (rule BoxChoplmpChop)
from 1 2 show ?thesis by auto

ged

lemma ChopAndBalmport:
F (f; fl) Ai ba g Dj (f Ni g); (fl Ni g)
proof —
have I: - ba g A; (f; f1) Di (g Ni f); (g Ni f1) by (rule BaAndChoplmport)
have 2: (g N f); (g Ni 1) =i (f Ni g); (f1 A g) by (rule AndChopAndCommute)
from 1 2 show ’thesis by auto
ged

lemma BalmpBalmpBaAnd:

k- ba h Dj ba(g Dj bah A g)

proof —

have 1:+ bah D; (g DibahA;ig) bysimp

hence 2: - ba(ba h) D; ba(g Di ba h A\j g ) by (rule BalmpBa)
have 3:F ba h =; ba(ba h) by (rule BaEqvBaBa)

from 2 3 show ?thesis using itl-prop(31) prop02 by blast

ged

lemma BaChoplmpChopBa:

F o ba fDig; gl Dig:((ba f)Aigl)

proof —

have 1:+ ba f D; ba (gl Dj (baf) Aj g1 ) by (rule BalmpBalmpBaAnd)

have 2: - ba (gl D; ba f Nigl ) Dig; gl Dig;(ba fA;gl) by (rule BaRightChoplmpChop)
from 1 2 show ?thesis by auto

ged

lemma DiNotBalmpNotBa:
H di_\i(ba f)D,-—|,-(ba f)
proof —
have 1:+ ba f =; ba( ba f) by (rule BaEqvBaBa)
have 2:+ ba ( ba f) D; bi ( ba f) by (rule BalmpBi)
have 3:+ ba f Dj bi ( ba f) using I 2 using itl-prop(31) prop02 by blast
hence 4: + ba f D; - (di - ( ba f)) by (simp add: bi-d-def)
from 4 show ?thesis by fastforce
ged

lemma NotBaChoplmpNotBa:

= (—|,-(ba f));g:),' —\,-(ba f)

proof —

have 1: + (- ( ba f)); g Di di =i ( ba f) by (rule ChoplmpDi)
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have 2: + di —j ( ba f) D;j —j ( ba f) by (rule DiNotBalmpNotBa)
from 1 2 show ?thesis using prop02 by blast
ged

lemma DiamondFinlmpFin:
<& (fin f) Dj fin f
proof —
have 1:t finf =; truej;(f Nj empty)
by (rule FinEqvTrueChopAndEmpty)
hence 2: - < (fin ) =; truej;(true;;(f Aj empty))
by fastforce
have 3: truej;(true;;(f A; empty)) =; (true;;true;);(f A;j empty)
by (rule ChopAssoc)
have 4: (truej;true;);(f Ni empty) =; true;;(f Ni empty)
using TrueEqvTrueChop True using LeftChopEqvChop itl-prop(30) by blast
from 1 2 3 4 show ?thesis by auto
ged

lemma ChopFinlmpFin:

F o f; fin (init w) D; fin (init w)
proof —

have 1: F f; fin (init w) D; & ( fin (init w)) by (rule ChoplmpDiamond)
have 2: = & (fin (init w)) D; fin (init w) by (rule DiamondFinlmpFin)
from 1 2 show ?thesis using prop02 by blast
ged

lemma FinlmpYieldsFin:

F fin (init w) D; fyields ( fin (init w))

proof —

have I:+ f; fin (init = w) D; fin (init = w)
by (rule ChopFinlmpFin)

have 2:+ fin (init = w) =; —; ( fin (init w))
using FinNotStateEqvNotFinState by blast

hence 3: - f; fin (init = w) =; f; = ( fin (init w))
by (rule RightChopEqvChop)

have 4:+ f; = ( fin (init w)) D; = ( fin (init w))
using 1 2 3 itl-prop(31) prop02 by blast

hence 5: - fin (init w) D; =i (f; =i ( fin (init w)))
using itl-prop(35) by auto

from 5 show ?thesis by (simp add: yields-d-def)

ged

lemma ChopAndFin:
F o (f; g) Ai fin (init w) =; f; (g Ai fin (init w))
proof —
have I:+ fin (init w) D; fyields ( fin (init w))
by (rule FinlmpYieldsFin)
hence 2: + (f; g) A fin (init w) D; (f; g) Ai fyields ( fin (init w))
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by auto

have 3:+ (f; g) Ai fyields ( fin (init w)) D; f; (g Ai fin (init w))
by (rule ChopAndYieldsimp)

have 4:+ (f; g) Ai fin (init w) D; f; (g Ai fin (init w))
using 2 3 by auto

have 11: + f; (g Aj fin (init w)) D; f; g
by (rule ChopAndA)

have 12: + f; (g A; fin (init w)) D; f; fin (init w)
by (rule ChopAndB)

have 13: + f; fin (init w) D; < ( fin (init w))
by (rule ChoplmpDiamond)

have 14: = <( fin (init w)) D; fin (init w)
by (rule DiamondFinlmpFin)

have 15: + f; (g Ai fin (init w)) D; (f; g) Ai fin (init w)
using 11 12 13 14 itl-prop(32) prop02 by smt

from 4 15 show ’thesis using itl-prop(31) by blast

ged

lemma ChopAndNotFin:
Eof g A (fin (init w)) =; f; (g Ai =i ((fin (init w)))

proof —

have 1:Ff; g A fin (init = w) =; f; (g Ai fin  (init =i w))
by (rule ChopAndFin)

have 2:+ fin (init = w) =; —; ( fin (init w))
using FinNotStateEqvNotFinState by blast

hence 3: - g A; fin (init = w) =; g Ai —i( fin (init w))
by auto

hence 4: - f; (g Ai fin  (init = w)) =i f; (g Ni i ( fin (init w)))
by (rule RightChopEqvChop)

from 1 2 4 show ?7thesis by auto

ged

lemma FinChopChain:
F o ((init w)D; fin (init wl)); ((init wl) D; fin (init w2))
Di ((init w) D; fin (init w2))
proof —
have I:F (init w) A ((init w)D; fin (init wl)); ((init wl) D; fin (init w2))
i
( (init w) A ((init w)Dj fin (init wl))); ((init w1)D; fin (init w2))
by (rule StateAndChoplmport)
have 2: + (init w) A; ((init w) D; fin (init wl)) D; fin (init wl)
by auto
have 3:F ((init w) A; ((init w)D; fin (init wl))); ((init wl) D; fin (init w2))
i
( fin (init wl)); ((init wl) D; fin (init w2))
using 2 by (rule LeftChoplmpChop)
have 4:+ ( fin (init wl)); ((init wl) D; fin (init w2)) =;
O((init wl) A; ((init wl) D fin (init w2)))
by (rule FinChopEqvDiamond)
have 41: & ((init w1) A; ((init wl) D; fin (init w2))) D; fin (init w2)
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by auto
have 42: = O((init wl) Aj ((init wl) D; fin (init w2))) D; < ( fin (init w2))
using 41 DiamondImpDiamond by blast
have 5: F O( fin( init w2)) D; fin (init w2)
using DiamondFinImpFin by blast
have 6: F (init w) A; ((init w)D; fin (init wl)); ((init wl) D; fin (init w2))
D fin (init w2)
using 1 34 5 42 jtl-prop(30) prop02 propl5 by smt
from 6 show 7thesis using prop32 by blast
ged

lemma ChopRule:
assumes — (init w) A; f D; fin (init wl)

F o (init wI)A; f1 D; fin (init w2)
shows + (init w) A; (f; f1) D; fin (init w2)
proof —
have I:F (init w) A; (f; 1) D; ((init w) A; f); f1 by (rule StateAndChoplmport)
have 2: + (init w) A; f D; fin (init wl) using assms by auto
hence 3: - ((init w) A; f); f1 D; ( fin (init wl)); fI by (rule LeftChoplmpChop)
have 4:t ( fin (init wl)); f1 =; <((init wl) A; f1) by (rule FinChopEqvDiamond)
have 5:F (init wl) A; f1 D; fin (init w2) using assms by auto
hence 6: - O((init wl) A; f1) D; < (fin (init w2)) by (rule DiamondImpDiamond)
have 7:F O( fin (init w2)) D fin (init w2) using DiamondFinlmpFin by blast
from 1 3 4 6 7 show ?thesis using itl-prop(30) prop02 propl5 by smt
ged

lemma ChopRep:
assumes = (init w) A;j £ D; f1 A; fin (init wl)
Fo (init wl) Aj g Di gl
shows + (init w) A; (f; g) Di (f1; g1)
proof —
have I:F (init w) A; f Dj f1 A; fin (init wl) using assms by auto
hence 2: - (init w) A; (f; g) Di (f1 A; fin (init wl)); g by (rule StateAndChoplmpChopRule)
have 3:+ (f1 A; fin (init wl)); g =; f1; ((init wl) A; g) by (rule AndFinChopEqvStateAndChop)
have 4:+ (init wl)A; g Dj gl using assms by auto
hence 5: - f1; ((init wl) A; g) Di f1; g1 by (rule RightChoplmpChop)
from 2 3 5 show ?thesis by simp
ged

lemma ChopRepAndFin:
assumes = (init w) A; f D; f1 A; fin (init wl)
F o (init wl) Aj g Di gl A;i fin (init w2)
shows + (init w) A; (f; g) Di (f1; g1) Ai fin (init w2)

proof —

have I:F (init w) A; f Dj f1 A; fin (init wl) using assms by auto

have 2:F (init wl) A; g Di gl A; fin (init w2) using assms by auto

have 3: + (init w) A; (f; g) Di f1; (g1 A; fin (init w2)) using I 2 by (rule ChopRep)
have 4:+ f1; (g1 A fin (init w2)) D; f1; g1 by (rule ChopAndA)

have 5:+ f1; (g1 A; fin (init w2)) D; f1; fin (init w2) by (rule ChopAndB)
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have 6:F f1; fin (init w2) D; fin (init w2) by (rule ChopFinlmpFin)
from 1 2 3 4 5 6 show 7thesis using ChopRep ChopRule itl-prop(32) by blast
ged

lemma TrueChopMoreEqvMore:
b true; ; more =; more
by auto

lemma MoreChopLoop:
assumes - f D; more ; f
shows | - f
proof —
have 1:F f D; more ; f
using assms by auto
hence 11: - <& f D & (more;f)
by (rule DiamondImpDiamond)
have 12:+ & (more;f) =; truej;(more;f)
by simp
have 13:t truej;(more;f) =; (true;j;more);f
by (rule ChopAssoc)
have 14:F <& (more;f) =; more;f
using TrueChopMoreEqvMore 12 13 LeftChopChoplmpChopRule NowlmpDiamond
itl-prop(31) prop02 by metis
have 2:+ more ; f =; O(< f)
by (rule MoreChopEqvNextDiamond)
have 3:F & f D; O(C f)
using 11 14 2 by auto
hence 4:+ - (<> f)
by (rule NextLoop)
have 5:F —; (O f)Dj—j f
by auto
from 4 5 show ?thesis using MP by blast
ged

lemma MoreChopContra:

assumes - f A; —; g Di ( more; (f A\j i g))

shows Ff D;g

proof —

have 1:+f A;j =i g Di ( more; (f A\j —i g)) using assms by auto
hence 2: + —; (f Aj = g) by (rule MoreChopLoop)

from 2 show ?thesis by auto

ged

lemma ChopLoop:
assumes - f D; g;f

F g Di more
shows + —; f
proof —
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have I1:+ f D; g; f using assms by auto

have 2: - g D; more using assms by auto

hence 3: + g; f D;j more ; f by (rule LeftChoplmpChop)
have 4:+ f D; more ; f using 1 3 by auto

from 4 show ?thesis using MoreChopLoop by auto

ged

lemma ChopContra:
assumes = f Aj -y g D h f A i (b g)

F h D; more
shows +fD;g
proof —
have 1:Ff A;j =i g Di h; f Ai =i (h; g) using assms by auto
have 2:+ h D; more using assms by auto
have 3:F h; f A; =i (h; g) Di by (f Ai —i g) by (rule ChopAndNotChoplmp)
have 4:+ h; (f \j =i g) Di more ; (f Aj —i g) using 2 by (rule LeftChoplmpChop)
have 5:F f Aj =i g D more ; (f \j - g) using 1 3 4 by auto

from 5 show ?’thesis using MoreChopContra by auto
ged

5.7 Properties of Chopstar and Chopplus

lemma EmptylmpCS:

F empty D; f*

proof —

have 1: F f* =; empty V; (f Aj more);f* by (rule ChopstarEqv)
have 2: - empty D; empty V; (f N\; more);f* by auto

from 1 2 show ?thesis using itl-prop(31) prop02 by blast

ged

lemma CSEqvOrChopCS:

Fof*=; empty Vi (f; f*)

proof —

have 1:+ * =; empty V; (f Aj more);f* by (rule ChopstarEqv)

have 2: - (f Aj more);f* D; f;f* by (rule AndChopA)

have 3: F * D; empty V; f; f* using 1 2 using propl4 by blast

have 4: - empty D; f* by (rule EmptylmpCS)

have 5: - f D; empty V; (f A\j more) by auto

have 6: F f; f* D; f* Vv; (f Aj more); f* using 5 by (rule EmptyOrChoplmpRule)
have 7: - f* D; empty V; (f A;j more);f* using 1 using itl-prop(31) by blast
have 8: - f; f* D; empty V; (f Aj more ); f* using 6 7 propl6 by blast
hence 9: - f; f* D; f* using 1 propl5 by blast

have 10: - empty V; f; f* D; f* using 9 4 prop30 by blast

from 3 10 show ’thesis using itl-prop(31) by blast

ged

lemma CSAndMoreEqvAndMoreChop:
F X A; more =; (f A\j more); f*
proof —
have I:+ (empty V; (f Ai more); f*) Ai more D; (f Aj more ); f* by auto
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have 2:+ f* =; empty V; (f Aj more);f* by (rule ChopstarEqv)

have 3:F f* A; more D; (f Aj more ); f* using 1 2 using propl8 by blast
have 4:+ (f Aj more ); f* D;j f* using 2 propl9 by blast

have 5:F (f A; more ) D; more by auto

hence 6: - (f A; more ); f* D; more by (rule LeftChoplmpMoreRule)

have 7:F (f A; more ); f* D; f* A\;j more using 4 6 using itl-prop(32) by blast
from 3 7 show ?thesis using itl-prop(31) by blast

ged

lemma CSAndMorelmpChopCS:

F f*A; more D;f; f*

proof —

have I:+ * A; more =; (f A\; more ); f* by (rule CSAndMoreEqvAndMoreChop)
have 2: - (f A; more ); f* D; f; f* by (rule AndChopA)

from 1 2 show ?thesis by auto

ged

lemma NotAndMoreEqvEmptyOr:
F =i (f Ai more) = (empty Vi —if)
by auto

lemma MoreAndEmptyOrEqvMoreAnd:
F more A; (empty V; —if) =; more Aj —j f
by auto

lemma CSMoreNotImpChopCSAndMore:

F f*Ai more A;—i f Dj(f Ai more); (f*A;i more )

proof —

have 1:+ f* A; more =; (f Aj more ); f*
by (rule CSAndMoreEqvAndMoreChop)

have 2: - empty V; more
by auto

hence 3: + f* D; empty V; (f* Aj more )
by auto

hence 4: - (f A; more ); f* D; (f A\j more ) V; ((f \i more ); (f* Aj more ))
by (rule ChopEmptyOrimpRule)

hence 5: F (f A; more ); f* Nj =i(f Ai more) D;  ((f Ai more ); (f* Aj more))
using prop29 by blast

have 6:F (f Aj more ); f* =; (f A\j more ); f* A\j more using I
by auto

have 7:F (f A; more ); f* Nj =i(f Ai more) =; (f A\j more ); f* Aj more Aj =i(f Aj more)
using 6 by auto

have 8:+ (f Aj more ); f* Aj more A; =i fD; (f Ai more); (f* \j more )
using 5 7 by auto

have 9:+ f* A; more Nj - f =; (f* \j more) N\j (more A;j —j f)
by auto

have 10:F (f* A; more) Aj (more Nj —i ) =; (f A\i more); f* N\j (more Aj —; f)
using 1 prop06 by auto

from 1 8 9 10 show 7thesis by auto

ged
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lemma CSAndMorelmpCSChop:
F A more Djf*; f
proof —
have I:+ f* A; more =; (f \j more); f*
by (rule CSAndMoreEqvAndMoreChop)
have 2: - empty V; more
by auto
hence 3: + f* D; empty V; (f* A; more )
by auto
hence 4: - (f A; more ); * D;
(f Ai more ) Vi ((f N\i more); (f*\; more ))
by (rule ChopEmptyOrimpRule)
have 5:+ f* A; more N; =i f D;i (f Ai more); (f*A; more )
by (rule CSMoreNotImpChopCSAndMore)
have 6:+ f* =; empty V; (f N\j more); f*
by (rule ChopstarEqv)
hence 7: - f*; f =; f Vi ((f A\i more); f*); f
by (rule EmptyOrChopEqvRule)
have 8:+ (f A; more ); (f*; f)=; (f Ai more ); f*);
by (rule ChopAssoc)
have 9: - (f* A; more ) A; —; (F*; f) D
(f Ai more ); (f*A; more ) Ni =i ((f N\i more ); (f*; f))
using 5 7 8 by auto
have 10: - f A\; more D; more
by auto
from 9 10 show ?thesis by (rule ChopContra)
ged

lemma NotEmptyEqvMore:
F —; empty =; more
by simp

lemma NotCSImpMore:

Fo =i (f*) Di more

proof —

have 1:t empty D; (f*) using EmptylmpCS by blast

hence 2: - —; empty V; (f*) using itl-prop(35) by metis

from 2 show ?thesis using 1 NotEmptyEqvMore itl-prop(31) prop02 prop27 by blast
ged

lemma CSChopCSImpCS:
(R Aok A VI
proof —
have 1:+ f*=; empty V; (f A\;j more); f*
by (rule ChopstarEqv)
hence 2: - *; f* =; f* V; ((f Ai more ); f*); f*
by (rule EmptyOrChopEqvRule)
have 21: - *; f* A; =i (f*) Di ((f Ai more ); f*); *
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using 2 by (simp add: or-d-def)
have 22: + —; (f*) =; ~jempty A; =i ((f Ai more ); f*)
using 1 prop20 by blast
have 23: = —; (f*) D; =i ((f Ai more ); )
using 2 22 using itl-prop(31) itl-prop(32) by blast
have 24: = f*; f* Nj =i (F*) Di —i (%)
by auto
have 25: = f*;, f* A; = (f*) Di =i ((f Ai more ); f*)
using 23 24 MP by auto
have 3:t *; f* A; = (F*) Di ((f Ai more ); £*); £*A; =i ((F Aj more ); £*)
using 21 25 by auto
have 4:t (f Aj more );( f*; f*)=; ((f A\j more); f*); f*
by (rule ChopAssoc)
have 5:F % f* Aj =i (F*) Di (F Ai more ); (f*; ) Aj =i ((F Ai more ); £*)
using 3 4 by auto
have 6:+ f A; more D; more
by auto
from 5 6 show ?thesis using ChopContra by blast
ged

lemma ImpChopPlus:

Foof D fif”

proof —

have 1:F f*=;empty V; f; f* by (rule CSEqvOrChopCS)

hence 2: + f;f* =; f,empty V; f; (f;f*) using ChopOrEqvRule by blast
have 3:+ f;empty =; f using ChopEmpty by blast

from 2 3 show ?thesis by simp

ged

lemma /ImpCS:

F fDif*

proof —

have I:+ f D; f;f* by (rule ImpChopPlus)

hence 2: - f D; empty V; f;f* by auto

from 2 show ?thesis using CSEqvOrChopCS using propl5 by blast
ged

lemma CSChoplmpCS:

oo f D

proof —

have 1:F f D; f* by (rule ImpCS)

hence 2: - *; f D; f*; f* by (rule RightChoplmpChop)
have 3:+ f*; f* D; f* by (rule CSChopCSImpCS)
from 2 3 show ?thesis using prop02 by blast

ged

lemma ChopPlusimpCS:
F i D fF
proof —
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have 1: - f;f* D; empty V; f;f* by auto
from 1 show ?thesis using CSEqvOrChopCS using propl5 by blast
ged

lemma CSChopEqvOrChopPlusChop:

Fofeg=igVi () g

proof —

have I: - f* =; empty V; f;f* by (rule CSEqvOrChopCS)
from 1 show ?thesis using EmptyOrChopEqvRule by blast
ged

lemma CSElim:
assumes - empty D; g
F(f A\j more);, g Di g
shows + *D; g
proof —
have 1.+ f*=; empty V; (f A\ more); f*
by (rule ChopstarEqv)
have 2: - empty D; g
using assms by blast
have 3:+ (f Aj more ); g Di g
using assms by blast
have 31: - —; g D; more
using 2 by auto
have 32: =i g Di = ((f Ai more ); g)
using 3 prop27 by blast
have 33: = f* Aj more D (f Aj more ); f*
using 1 using CSAndMoreEqvAndMoreChop itl-prop(31) by blast
have 34: - * A\; - g Dj f* N\; more
using 31 by auto
have 35: + * Aj =y g Di (f Aj more ); f*
using 33 34 by auto
have 36: + * Aj =i g Di i ((F Aj more ); g)
using 32 by auto
have 4:F f* Nj i g Di (f N\i more ); f* A; =i ((f Ai more ); g)
using 35 36 by auto
have 5: f A; more D; more
by auto
from 4 5 show ?thesis using ChopContra by blast
ged

lemma CSCSImpCS:

Foo(F)* D f*

proof —

have I: - empty D; f* by (rule EmptylmpCS)

have 2: - (f* Aj more ); f* D; f*; f* by (rule AndChopA)
have 3: - f*; f* D; f* by (rule CSChopCSImpCS)

have 4: - (f* Aj more ); f* D; f* using 2 3 prop02 by blast
from 1 4 show ?thesis using CSElim by blast
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ged

lemma RightEmptyOrChopEqv:

Fogi(empty Vi f)=;gVi (g;f)

proof —

have I:+ g;( empty V; f)=; g;empty V; g;f by (rule ChopOrEqv)
have 2: - g;empty =; g by (rule ChopEmpty)

from 1 2 show ?thesis by auto

ged

lemma RightEmptyOrChopEqgvRule:

assumes - f =; empty V; f1

shows F g;f =i g Vi (g:f1)

proof —

have I1:+ f =; empty V; fl using assms by auto

hence 2: + g;f =; g;(empty V; 1) by (rule RightChopEqvChop)

have 3:t g;(empty Vi fl) =; g Vi (g;f1) by (rule RightEmptyOrChopEqv)
from 2 3 show ?thesis by auto

ged

lemma ChopPlusEqvOrChopChopPlus:

Eoo(F %) =i f Vv f; ()

proof —

have I:+ * =; empty V; f;f* by (rule CSEqvOrChopCS)
from 1 show 7thesis by (rule RightEmptyOrChopEqvRule)
ged

lemma CSAndEmptyEqvEmpty:
F (f*) Ai empty =; empty
using EmptylmpCS by auto

lemma NotAndMoreChopAndEmpty:
F —i(((Ff Ai more);g) Ni empty)
by auto

lemma NotChopAndMoreAndEmpty:
= =i((fi(gAi more)) Aj empty)
by auto

lemma ChopCsAndEmptyEqvAndEmpty:
F((f;f*) Ai empty) =; (f A;j empty)
proof —
have 1:F ((f;f*) A; empty) =; (fA; empty);(f* A; empty)
using ChopAndEmptyEqvEmptyChopEmpty by blast
have 2: - (fA; empty);(f* Ai empty) =; (fA; empty);empty
using CSAndEmptyEqvEmpty using RightChopEqvChop by blast
have 3: - (fA; empty);empty =; f\; empty
by (rule ChopEmpty)
from 1 2 3 show ?thesis by auto
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ged

lemma AndMoreChopAndMoreEqvAndMoreChop:
F (f Ai more);g Ni more =; (f Nj more);g
apply simp-all

using interval-prefix-length-good by auto

lemma ChopPlusEqv:
E(fif*) =i f Vi (fA; more); (f;f*)
proof —
have 1.+ f*=; empty V; (f A\;j more); *
by (rule ChopstarEqv)
have 2:+ f* =; empty V; f;f*
by (rule CSEqvOrChopCS)
hence 3: = empty V; f;f* =; empty V; (f A\i more );f*
using 1 2 prop21 by blast
have 4:+ (f Aj more );(f*) =; (f Ai more );(empty V; f;f*)
using 2 using RightChopEqvChop by blast
hence 5: = empty V; f;f* =; empty V; (f A\i more );(empty V; f;f*)
using 3 4 by auto
have 6:+ (f Aj more ); (empty V; f;f*)=;
(f \i more ); empty V; (f Aj more); (f;f*)
using ChopOrEqv by blast
have 7:F (f A; more); empty =; f Aj more
using ChopEmpty by blast
have 8:+ empty V; f;f* =;
empty Vi (f Ai more ) V; (f N\i more); (f;f*)
using 5 6 7 by auto
have 9:+ (empty V; f,f*) A;j more =; f;f* A; more
by auto
have 10: + (empty V; (f Aj more ) V; (f Ai more); (f;f*)) Ni more =;
((f Ai more ) Vi (f N\; more); (f;f*)) Ai more
by auto
have 11:+ ((f Ai more ) Vi (f Ai more ); (f;f*)) Ai more =;
(f \i more ) Vi (f A\i more); (f;f*)
using AndMoreChopAndMoreEqvAndMoreChop
by (metis 10 RightEmptyOrChopEqv itl-prop(31) itl-prop(32) propl5)
have 12: - f;f* Aj more =; (f \; more ) V; (f A\;j more); (f;f*)
using 8 9 10 11 by auto
have 13: - f;f* \;j empty =; f A\j empty
by (rule ChopCsAndEmptyEqvAndEmpty)
have 14: = (f Aj more ) Vi (f Ai more ); (f;f*) Vi (f Ai empty) =
f Vi (f A\j more );(f;f*)

by auto

have 15: - f;f* =; ( f;f* Ai empty) V; ( f;f* Aj more)
by auto

from 11 12 13 14 15 show ?7thesis by auto

ged
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lemma ChopPlusimpChopPlus:
assumes - f D; g
shows - f;f* D; g:g*
proof —
have I:+f D; g
using assms by auto
have 2: + f;f* =; f V; (fA;i more); (f;f*)
by (rule ChopPlusEqv)
have 3: + g;g* =i g Vi (g Ai more );(g;g*)
by (rule ChopPlusEqv)
have 4: = f;f* A =i (g:g* ) Di ((FAi more ); (fif*) ) Ai =i ((g Ai more ); (g:8%) )
using 1 2 3 by auto
have 5: - f A; more D;j g Aj more using 1
by auto
have 6: F (fA; more ); (f;f*) Dj (g Ai more); (f;f*)
using 5 by (rule LeftChoplmpChop)
have 7: - f;f* A; —; (g;g* ) Dj
((gAi more ); (£i£*) ) Ai =i ((g Ai more ); (g:8%) )
using 4 6 by auto
have 8: - g Aj more D; more
by auto
from 7 8 show ?thesis using ChopContra by blast
ged

lemma ChopChopPlusimpChopPlus:

Eof (Ff%) Di fif*

proof —

have I1:+ empty V; more by auto

hence 2: - f D; empty V; (f A; more ) by auto

hence 3: + f; (f;f*) Di (fif*) Vi (f Ai more );(f;f*) by (rule EmptyOrChoplmpRule)
have 4:+ f;f*=;f V; (fA; more); (f;f*) by (rule ChopPlusEqv)

hence 5: + (fA; more); (f;f*) D; f;f* by auto

from 3 5 show ?thesis using ChopPluslmpCS RightChoplmpChop by blast

ged

lemma CSImpCS:

assumes - f D; g

shows + f* D; g*

proof —

have I:+ f D; g using assms by auto

hence 2: + f;f* D; g;g* by (rule ChopPlusimpChopPlus)

hence 3: = empty V; f;f* D; empty V; g,g" by auto

from 2 3 show ?thesis using CSEqvOrChopCS propl4 propl5 by blast
ged

lemma ChopPluslintro:

assumes - f Aj - g Dj (g Ni more ); f

shows + 1 D; g;g*

proof —

have I: - f A;j =i g Di (g Ai more ); f using assms by auto
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have 2: - g;g* =; g Vi (g N\i more ); (g:g*) by (rule ChopPlusEqv)
have 3: - f A; =i (g:8% ) Di

(g N\i more ); f A =i ((g N\i more ); (g;g*) ) using 12 by auto
have 4: - g A; more D; more by auto
from 3 4 show ?thesis using ChopContra by blast
ged

lemma ChopPlusElim:
assumes - f D; g

E(fA; more ), g Di g
shows + f;f* D; g
proof —
have I1:+ f;f* =;fV; (fA; more); (f;f*) by (rule ChopPlusEqv)
have 2:F f D; g using assms by blast
hence 21: - —; g D; - f by auto
have 3:F (fA; more ); g D; g using assms by blast
hence 31: - —; g D; =i ((fA; more ); g) using prop27 by blast
hence 32: - f;f* A; =i g Di =i ((fAj more ); g) by auto
have 33:f;f* Aj =i g Di (f Ai more ); (f;f*) using 1 21 by auto
have 4:F f;f* Aj - g D

(f Ai more ); (f;f*) Ai =i ((fA; more ); g) using 31 33 by auto

have 5:F f A; more D; more by auto
from 4 5 show ?thesis using ChopContra by blast
ged

lemma ChopPlusElimWithoutMore:
assumes - f D; g
HFf,gDig
shows + f;f* D; g
proof —
have 1: F f D; g using assms by blast
have 2: - (f; g) D; g using assms by blast
have 3: = (f Aj more ); g D;i f; g by (rule AndChopA)
have 4: - (f A; more ); g D;j g using 2 3 prop02 by blast
from 1 4 show ?thesis using ChopPlusElim by blast
ged

lemma ChopPlusEqvChopPlus:

assumes - f =; g

shows F f;f* =; g,g*

proof —

have 1:F+ f =; g using assms by auto

hence 2: - f D; g by auto

hence 3: + f;f* D; g:g* by (rule ChopPluslmpChopPlus)
have 4:+ g D; f using 1 by auto

hence 5: - g;g* D; f;f* by (rule ChopPluslmpChopPlus)
from 3 5 show ?thesis using itl-prop(31) by blast

ged

lemma CSEqvCS:
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assumes - f =; g

shows F f*=; g*

proof —

have I1:F+ f =; g using assms by auto

hence 2: + f;f* =; g;g* by (rule ChopPlusEqvChopPlus)

hence 3: + empty V; f;f* =; empty V; g:;g* by auto
from 3 show ?thesis using CSEqvOrChopCS using assms by auto
ged

lemma AndCSA:

F (f Nj g)* D f*

proof —

have 1: - f A; g D; f by auto

from 1 show ?thesis using CSImpCS by blast
ged

lemma AndCSB:

= (f Nig) Dig”

proof —

have I: + f A; g D; g by auto

from 1 show ?7thesis using CSImpCS by blast
ged

lemma CSintro:
assumes - f A; more D; (g N\i more );
shows + f D; g*
proof —
have 1:+f A; more D; (g Ai more); f
using assms by auto
have 2:F more =; - empty
by auto
have 3:+ f Aj - empty D; (g Ai more ); f
using 1 2 by auto
have 4:+ g*=; empty V; (g N\i more); g
by (rule ChopstarEqv)
hence 41: + —j(empty Vi (g Ai more ); g*) =i ~jempty A —i((g N\i more ); g*)
using prop20 prop21 by blast
have 411:F —jempty N;i —i((g Ai more ); g*) =i more A; =i((g Ni more ); g*)
using NotEmptyEqvMore using prop06 by blast
have 42:F —;( g*) =; more A; =i((g Ai more ); g*)
using 4 41 411 prop01 prop03 by blast
have 43: Hf A;j —i( g%) Di f Aj more Aj = ((g N\i more ); g*)
using 42 using itl-prop(31) propl2 by blast
have 44:F f Aj more Aj =i ((g Ai more ); g*) Di (g Ai more ); f Ai =i ((g N\i more ); g*)
using 3 43 by auto
have 5:Ff A =i (g%) Di
(g Ai more ); f Ai =i ((g N\i more ); g*)

*
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using 43 44 prop02 by auto
have 6:F g A;j more D; more

by auto
from 5 6 show ?thesis using ChopContra by blast
ged

lemma CSElimWithoutMore:
assumes - empty D; g
Ff,gdig
shows Ff*D; g
proof —
have 1: - empty D; g using assms by blast
have 2: - f; g D; g using assms by blast
have 3: - (f A; more ); g Dj f; g by (rule AndChopA)
have 4: - (f A\j more ); g D;i g using 2 3 prop02 by blast
from 1 4 show 7thesis using CSElim by blast
ged

lemma ChopAssocB:
= (fig)ih =i fi(g:h)
using ChopAssoc itl-prop(30) by blast

lemma CSChopEqvChopOrRule:

assumes - f=; (g*; h)

shows +f=;(g;,f)V; h

proof —

have 1:F f =;(g*, h) using assms by auto

have 2:+ g*=; empty V; (g; g*) by (rule CSEqvOrChopCS)
hence 3:+ g*; h=; hV; ((g; g*); h) by (rule EmptyOrChopEqvRule)
have 4:+ (g; g*); h=i g; (g*; h) by (rule ChopAssocB)
hence 41: - g*; h =; h V; g; (g*; h) using 3 by auto

have 5:F g, f =; g, (g*; h) using 1 by (rule RightChopEqvChop)
hence 6:+ (g*; h) =; hV; g; f using 41 by auto

hence 61:+ (g*; h) =; (g; f) Vi h by auto

from 1 61 show 7thesis using prop03 by blast

ged

lemma CSChoplntroRule:
assumes - f A;—; hDjg; f
Fg D;i more
shows + 1 D;g* h
proof —
have 1:+ f A; 7j h Dj g; f using assms by blast
have 2:+ g D; more using assms by blast
hence 3: - g D; g A; more by auto
hence 4: + g; f D; (g Ai more ); f by (rule LeftChoplmpChop)
have 5:+ f D; (g A\j more ); f V; h using 1 4 by auto
have 6:+ g* =, empty V; (g A\i more ); g* by (rule ChopstarEqv)
hence 7: + (g*); h=; h Vi ((g Ni more); g*); h by (rule EmptyOrChopEqvRule)
have 8:+ ((g Ai more); g*); h=; (g \i more ); (g*; h) by (rule ChopAssocB)
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have 9:F (g*); h=; hV; (g Ai more); (g*; h) using 7 8 by auto

have 10: + f A; =i (g% h) Di (g Ai more); £ N;i =i ((g Ai more); (g*; h)) using 5 9 by auto
have 11: + g Aj more D; more by auto

from 10 11 show ?thesis using ChopContra by blast

ged

lemma DiamondAndEmptyEqvAndEmpty:

F O f A empty = £ Aj empty

proof —

have 1: - < f Aj empty D f Aj empty by auto
have 2: + f A; empty D; & f Aj empty by auto

from 1 2 show ?thesis using itl-prop(31) by blast
ged

lemma /nitAndEmptyEqvAndEmpty:

F (init w) Aj empty =; w A; empty

proof —

have 1: (init w) A; empty =; (w A; empty);true; N\; empty
by auto

have 2: - (w A; empty);true; A empty =; (w A; empty);(true; A\; empty)
using ChopAndEmptyEqvEmptyChopEmpty by auto

have 3: = (w A; empty);(true; \; empty) =; (w A; empty);empty
using RightChopEqvChop itl-prop(17) by blast

have 4: - (w A; empty);empty =; w A; empty
using ChopEmpty by blast

from 1 2 3 4 show ?thesis by auto

ged

lemma /nitAndNotBoxInitimpNotEmpty:

Foinit w Aj —i( O (init w)) Dj = empty

proof —

have 1:+ (init w) A;j empty =; w A; empty by (rule InitAndEmptyEqvAndEmpty)
have 2: - —;( O (init w)) A; empty =; & = (init w) Aj empty by auto

have 3: - & —; (init w) Aj empty =; —; (init w) A; empty by auto

have 4: F —; (init w) =; (init =; w) by auto

have 5: - —; (init w) Aj empty =; =j w A; empty using 4 InitAndEmptyEqvAndEmpty by auto
have 6: - —;( O (init w)) Aj empty =; = w A; empty using 2 3 5 prop03 by blast
have 7: F —j(init w A; —=i( O (init w)) A;j empty) using 1 6 by auto

from 7 show ?7thesis by auto

ged

lemma BoxImpTrueChopAndEmpty:
F O f Dj truej;(f A\j empty)
by auto

lemma BoxInitAndMorelmpBoxInitAndMoreAndFininit:

F oO( init w) Aj more D; (O (init w) A;j more ) A; fin ( init w)
proof —
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have 1:t+ fin (init w) =; true; ; (init w A; empty) using FinEqvTrueChopAndEmpty by blast
have 2: - O( init w) D; true;;(init w A;j empty) by (rule BoxImp TrueChopAndEmpty)

from 1 2 show ?thesis by auto

ged

lemma CSImpBox:
assumes - f D; empty V; (O (init w) Aj more ); f
shows  initw A; £ D; O (init w)
proof —
have 1:+ f D; empty Vv; (QT( init w) A;j more ); f
using assms by auto
have 2:+ init w Aj =i( O (init w)) Dj = empty
by (rule InitAndNotBoxInitimpNotEmpty)
have 3:F initw A; £ A; —i( O (init w)) D; (O (init w) Aj more ); f
using 1 2 by auto
have 4:F O (init w) A\;j more D; (O (init w) A\; more ) A; fin ( init w)
by (rule BoxInitAndMorelmpBoxInitAndMoreAndFinlnit)
hence 5: - (O( init w) A; more ); f D; ((O (init w) Aj more ) A; fin ((init w) ); f
by (rule LeftChoplmpChop)
have 6: - ((O (init w) Aj more ) A; fin ( init w) ), f =;
(o( init w) Aj more ); (init w A f)
by (rule AndFinChopEqvStateAndChop)
have 7:+ —;( O( init w)) D; (O (init w)) yields —;( O (init w))
by (rule NotBoxStatelmpBoxYieldsNotBox)
have 8:F (O( init w)) yields —; (O (init w)) D;
(O (init w) Aj more ) yields —;( O( init w))
by (rule AndYieldsA)
have 9:F (O( init w) A; more ); (init w A; £) A; (O( init w) Aj more ) yields —;( O (init w))
i
(0 (init w) Aj more ); ((init w Aj £) Ai =i (O (init w)))
by (rule ChopAndYieldsimp)
have 10: + (init w Aj f) Ni ﬁ,’( O (init W)) i
(O( init w) Aj more ); ((init w A f) Ai —i( O (init w)))
using 356 7 8 9 by auto
have 11: F (O( init w) Aj more ); ((init w Aj £) Ai =i( O (init w))) Dj
more ; ((init w A; ) Aj —=i( O (init w)) )
by (rule AndChopB)
have 12: - (init w A; f) A =i( O (init w)) D;
more ; ((init w Aj £) Aj =i( O (init w)) )
using 10 11 by auto
from 12 show ?thesis using MoreChopContra by blast
ged

lemma BoxCSEqvBox:

Foinit w A (O init w))* =; O (init w)

proof —

have I1:F (O (init w))* =; empty V; (O (init w) A; more ); (O (init w))*
by (rule ChopstarEqv)

hence 2: - (O (init w))* D; empty V; (O (init w) A; more ); (O (init w))*
using itl-prop(31) by blast
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hence 3: - init w A; (O (init w))* D; O (init w)
by (rule CSImpBox)

have 11:+ O (init w) D; (init w)
by auto

have 12: - O( init w) D; (T (init w))*
by (rule ImpCS)

have 13: F 0O (init w) Dj init w A; (O (init w))*
using 11 12 using itl-prop(32) by blast

from 3 13 show ?thesis using itl-prop(31) by blast

ged

lemma BoxStateAndCSEqvCS:

Fooa( init w) A; £ = init w A; (O( init w) Aj £)*

proof —

have I:F O (init w) D; init w by auto

have 2:+ f* A; more =; (f A\j more ); f* by (rule CSAndMoreEqvAndMoreChop)

have 3:+ O( init w) A; ((f Ai more ); f*) =;
(O (init w) Aj £ Ai more ); (O (init w) A; *) by (rule BoxStateAndChopEqvChop)

have 4:+ O (init w) Aj f Aj more D; (O (init w) A; f) A;j more by auto

hence 5: - (O (init w) A; f A;i more ); (O (init w) A; f*) D;
((O (init w) Aj ) Ai more ); (O (init w) A; £*) by (rule LeftChoplmpChop)

have 6: F (O( init w) A; f*) Aj more Dj
((O (init w) Aj £) Ai more ); (O (init w) A; f*) using 2 3 5 by auto

hence 7: - O (init w) A; £* D; (O (init w) A; f)* by (rule CSintro)

have 71: | init w A; O (init w) A; £* Dj init w A; (O (init w) A; f)* using 7 propl2 by blast

have 8:+ O( init w) A; £* Dj init w A; (O (init w) A; f)* using 1 71 prop37 by blast

have 11:F (O (init w) A; £)* D; (T (init w))* by (rule AndCSA)

have 12: F init w A; (O (init w))* =; O (init w) by (rule BoxCSEqvBox)

have 13: F (O (init w) A; £)* D; f* by (rule AndCSB)

have 14: & init w A; (O (init w) A; £)* Dj init w A; (O (init w))* A; f* using 11 13 by auto

have 15: & init w A; (O (init w))* Aj £* D; O (init w) Aj f* using 12 by auto

have 16: - init w A; (T (init w) A; £)* D; O (init w) A; f* using 14 15 prop02 by blast

from 8 16 show ?thesis using itl-prop(31) by blast

ged

g
|

lemma BaCSImpCS:
= ba(f Djg)Dif*Dig*
proof —
have I1:+ f*=; empty V; (f A\i more); f*

by (rule ChopstarEqv)
have 2:+ g*=; empty V; (g Ai more); g*

by (rule ChopstarEqv)
have 21:F —i(g*) =i -iempty A; —i( (g Ai more ); g*)

using 2 prop20 by blast
hence 22: - —;(g*) =i more A —i( (g A\i more ); g*)

by (meson NotCSImpMore itl-prop(31) itl-prop(32) propl8 NotEmptyEqvMore)
have 3:F f* A; —; (g*) i

(empty Vi (f A\i more); f*) Ai more A; =i ((g N\i more ); g*)

using 1 22 prop22 by blast

have 31:F (empty Vi (f Ai more); f*) A\; more =; (f A\;j more ); f* A\j more
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by auto
have 32:F f* A; = (g*) Di (f Ai more ); f* Ai =i ((g A\i more ); g*)
using 3 31 by auto
have 4:+ (f Djg) Di (f A\i more D; g A\i more)
by auto
hence 5:+ ba (f Djg) Di ba(f A\i more D; g A more)
by (rule BalmpBa)
have 6:+ ba (f Aj more Dj g A;i more ) D;
(f Ni more ); f* D; (g Ai more ); f*
by (rule BaLeftChoplmpChop)
have 7:+ ba (f D;jg) Ai (f Ai more ); f* D (g Ai more ); f*
using 5 6 by auto
have 8:+ (g Aj more ); f* A; =i ((g Ai more ); g*)
Di (g Ai more ); (f* Ai —i (87))
by (rule ChopAndNotChoplmp)
have 9:+ (g Ai more ); (f* Ai =i (g*¥)) Di more ; (f* Ni =i (8%))
by (rule AndChopB)
have 10:t+ ba (f D;j g) Dj more ; (f* Aj =i (%)) Di
more ; ( ba (f Dj g) Ni F* N =i (g%))
by (rule BaChoplmpChopBa)
have 11:+ ba (f Djg) Ai f* Ai =i (%) Di
more ; ( ba (f Dj g) Ni £* Ai =i (g7))
using 32 7 8 9 10 by auto
hence 12: - —; ( (ba (f Dj g)) Ni (f*) Ni (—\; (g*)))
using MoreChopLoop by blast
from 12 show ?thesis using prop04 MP itl-prop(31) by blast
ged

lemma BaCSEqvCS:
o ba(f=ig)Di(f*=ig")

proof —

have 1:+ ba (f =; g) =; ba (f D;j g) N ba (g D; f) by auto

have 2: - ba (f Dj g) Di (f* Di g*) by (rule BaCSImpCS)

have 3: - ba (g D; f) Di (g* Di f*) by (rule BaCSImpCS)

have 4: F ba (f =; g) D;i (f* Di g*) ANi (g* Di f*) using 1 2 3 by auto
have 5: - (f* D; g*) Ni (g* Di f*) =i (f* =i g*) by auto

from 4 5 show ?thesis by auto
ged

lemma BaAndCSImport:

F ba f A g° D (f Ni g)*

proof —

have I:+f D; (g Di f Ai g) by auto

hence 2: - ba f D; ba (g Dj f A; g) by (rule BalmpBa)

have 3:+ ba (g Djf Aig) Dig" Di (f N\i g)* by (rule BaCSImpCS)
from 2 3 show ?thesis by auto

ged

lemma CSSkip:
F skip*
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by (metis ChopPluslmpCS EmptylmpCS EmptyNextInducta next-d-def)

5.8 Properties of While

lemma WhileEqvlf:
F while (init w) do f =; if; (init w) then (f; ( while (init w) do f)) else empty
proof —
have I:+ while (init w) do f =; ((init w) A; £)* A; fin = (init w)
by (simp add: while-d-def)
have 2:F (init w Aj £)* =; empty V; ((init w A; f); (init w A; £)*)
by (rule CSEqvOrChopCS)
have 21: + ((init w) Aj £)* A fin =i (init w) =;
(empty Vi ((init w A; ); (init w A £)*)) A fin = (init w)
using 2 prop06 by blast
have 22: + (empty V; ((init w A; f); (init w A;j £)*)) Ai fin = (init w) =;
( empty A fin —\,-(init W)) Vi ( ((init w Aj f); (init w Aj f)*) A; fin —; (init W))
by auto
have 3:+ empty A; fin = (init w) =; —; ( init w) A; empty
using AndFinEqvChopAndEmpty EmptyChop prop03 by blast
have 4:F (init w A; f); (init w A; £)* =; init w A; (f; (init w Aj £)%)
by (rule StateAndChop)
have 41: - ((init w A; f); (init w A £)*) A fin = (init w) =;
init w Aj (f; (init w A; £)*) A fin = (init w)
using 4 by auto
have 42: = init w A; (f; (init w Aj £)*) A fin = (init w) =;
init w Aj (f; (init w A; £)*) Ai fin (init = w)
by (simp)
have 5:F (f; ((init w A; £)%)) A (fin (init = w))
= (f; ((init w Aj f)* Ni (fin ( init —; W))))
by (rule ChopAndFin)
have 51: = (f; ((init w A; £)* A; (fin (init =; w)))) =;
(f; ((init w A; £)* A (fin = (init w))))
by (simp)
have 52: = init w A; (f; (init w Aj £)*) A fin = (init w) =;
init w A; (f; ((init w A £)* A fin = (Cinit w)))
using 42 5 51 by auto
have 6: - f; ((init w Aj £)* A;i fin =i ((init w)) =; f; while (init w) do f
by (simp add: while-d-def)
have 61: + init w A; (f; ((init w Aj £)* A fin = ((init w))) =
init w A\; (f; while (init w) do f) using 6
by auto
have 62: = ( empty A; fin = (init w)) Vi ( ((init w A; f); (init w A; £)*) A;i fin = (init w))
=; (- (init w) Aj empty ) Vi (init w A; (f; while (init w) do f))
using 21 22 3 4 52 61 by auto
have 7:+ while (init w) do f
=; (=i (init w) A; empty ) Vi (init w A; (f; while (init w) do f))
using 1 21 22 62 prop03 by blast
have 71: + if; (init w) then (f; ( while (init w) do f)) else empty =;
(=i (init w) A; empty ) Vi (init w A; (f; while (init w) do f))
by auto
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from 7 71 show Zthesis using itl-prop(30) prop03 by blast
ged

lemma WhileChopEqvif:
= ( while (init w) do f); g =; ifi(init w) then (f; ((while ( init w) do f); g)) else g
proof —
have 1:t while (init w) do f =
ifi (init w) then (f; ( while (init w) do f)) else empty
by (rule WhileEqvif)
hence 2: - ( while (init w) do f); g =;
ifi (init w) then ((f; while (init w) do f); g) else (empty ; g)
by (rule IfChopEqvRule)
have 3: - empty ;g =i g
by (rule EmptyChop)
have 4:t if; (init w) then ((f; while (init w) do f); g) else (empty ; g) =i
ifi (init w) then ((f; while (init w) do f); g) else g
using 3 by (simp add: ifthenelse-d-def)
have 5:t ((f; while (init w) do f); g) =; (f; (while (init w) do f; g))
by (rule ChopAssocB)
have 6:F if; (init w) then ((f; while (init w) do f); g) else g =;
ifi (init w) then (f; ((while (init w) do f); g)) else g
using 5 by (simp add: ifthenelse-d-def)
from 1 2 4 6 show ?thesis using prop02 prop03 by blast
ged

lemma WhileChopEqvifRule:
assumes - f =; ( while (init w) do g); h
shows + f =; if; (init w) then (g;f) else h
proof —
have I:+ f =; ( while (init w) do g); h
using assms by auto
have 2: - ( while (init w) do g); h =
ifi (init w) then (g; (( while (init w) do g); h)) else h
by (rule WhileChopEqvif)
have 3: + (g; ) =i (g; (( while (init w) do g); h))
using 1 by (rule RightChopEqvChop)
have 4: F (g; (( while (init w) do g); h)) =i (g; f)
using 3 by auto
have 5: & if; (init w) then (g; (( while (init w) do g); h)) else h =;
if; (init w) then (g; f) else h
using 4 by (simp add: ifthenelse-d-def)
from 1 2 5 show ?thesis using prop03 by blast
ged

lemma WhilelmpFin:

= while (init w) do f D; fin —; (init w)

proof —

have I:+ (initw A; £)* A; fin = ((init w) D; fin —; ( init w) by auto
from 1 show ?7thesis by (simp add: while-d-def)

ged
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lemma WhileEqvEmptyOrChopWhile:
F while (init w) do f =; (—; (init w) Aj empty) V; (init w A; (f Ai more );while (init w) do f)
proof —
have I1:F (initw A; f)* =; empty V; ((init w A;j f)N\; more ); (init w A; f)*
by (rule ChopstarEqv)
have 2:F (initw A; f) A\j more =; init w A; (f A\; more )
by auto
hence 3: - ((init w A; f)A;i more ); (init w Aj £)* =; (init w A; £ Aj more); (init w Aj f)*
by (rule LeftChopEqvChop)
have 4:t (initw A; f)* =; empty V; (initw Aj f A;j more ); (init w A; £)*
using 1 3 by (meson EmptylmpCS itl-prop(31) prop30 propl9 prop02 propl4)
have 5:F (initw A; £)* A; fin —; (Cinit w) =;
(empty A; fin —; (init w)) V;
((init w A; £ Nj more ); (init w Aj £)*A; fin = (init w))
using 1 prop23 using 4 by blast
have 6:+ empty A; fin = (init w)=; —; (init w) A; empty
using AndFinEqvChopAndEmpty EmptyChop prop03 by blast
have 7:F (initw A; f A; more); (init w A £)* =; init w Aj (f A\; more ); (init w A; f)*
by (rule StateAndChop)
have 8:F ((f Ai more ); (init w A; £)*) A; fin (init = w) =;
(f Ai more); ((init w A; £)* A fin ( init —; w))
by (rule ChopAndFin)
have 81: + fin ( init = w) =; fin —; ( init w)
using FinEqvFin Initprop(2) itl-prop(30) by blast
have 82:  (f Aj more); (init w A; £)* Aj fin = (init w) =;
(f Ai more ); ((init w Aj £)* A fin = (init w))
using 8 81 by auto
have 9: F (init w A; £)* A fin —; (Cinit w) =;
(=i (init w) A; empty ) V;
(init w Ai (f Nj more ); ((init w Aj £)* Ai fin = (init w)))
using 5 6 7 82 prop24 by blast
from 9 show ?thesis by (metis while-d-def)
ged

lemma Whilelntro:
assumes - —; (init w) A; f D; empty
Foinit w A; £ D;i (g Ai more ); f
shows  fD; while (init w) do g
proof —
have 1:+ —; (initw) A; f D; empty
using assms by blast
have 2:+ init w A; f D; (g Ai more ); f
using assms by blast
have 3:F while ( init w) do g =;
(=i (init w) A;j empty ) V; (init w Aj (g Ai more ); while (init w) do g)
by (rule WhileEqvEmptyOrChopWhile)
hence 31: - —; ( while (init w) do g) =;
=i( (=i (init w) A; empty ) Vi (init w A; (g Ai more ); while (init w) do g))
using itl-prop(33) by blast
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hence 32: - f Aj = ( while (init w) do g) =i
f Ai —i( (mi(init w) Aj empty) Vi (init w A; (g Ai more ); while (init w) do g))
using prop05 by blast
have 33:F f A; =i( (mi(init w) A;j empty) V; (init w A; (g Ai more); while (init w) do g)) =
f Ai —i(=i(init w) A; empty ) A; —i(init w A; (g A\i more ); while (init w) do g)
by auto
have 34:F f A; —i(—i(init w) Aj empty) A;i —i(init w Aj (g Ai more ); while (init w) do g) =;
f Ai ( (init w) Vi more ) Nj (mi(init w) Vi =i((g Ai more); while (init w) do g))
by auto
have 35:F f A; ((init w) V; more) Aj (—i(init w) Vi —i((g Ai more);while (init w) do g)) =;
(f Ai (init w) Aj =i ((g Ai more ); while ( init w) do g)) Vi
(f Ni (init W) Ni —|,-(init W)) Vi
(f Ni more A; =i ((g N\i more ); while ( init w) do g)) Vi
(f Ai more A; —i(init w))
by auto
have 36: F —|,'(f Ni (init W) Ni —|,-(init W))
by auto
have 37:F —i(f Aj more Aj —j(init w))
using 1 by auto
have 38:+ (f A; more A; —; ((g Ai more ); while ((init w) do g)) D;
((g Ni more ); f Ai =i ((g N\i more ); while ( init w) do g))
using 1 2 by auto
have 39:F (f A; (init w) A; =i ((g Ai more ); while (init w) do g)) Dij
((g Ni more); f N =i ((g Ni more); while ( init w) do g))
using 2 by auto
have 40: - ((f A; (init w) A; =i ((g Ai more ); while (init w) do g)) Vi
(f Ni (init W) Ni —|,-(init W)) Vi
(f Ni more A; =i ((g N\i more ); while ( init w) do g)) Vi
(f Ai more A; —i(init w))) Dj
(g Ni more); f Nj =i ((g N\i more); while ( init w) do g)
using 39 38 37 38 by auto
have 4:+ f A; - ( while (init w) do g) D;
(g Ni more ); f Ai =i ((g N\i more ); while (init w) do g)
using 32 33 34 35 40 by auto
have 5:F g A;j more D; more
by auto
from 4 5 show ?thesis using ChopContra by blast
ged

lemma WhileElim:
assumes - —; (init w) A\; empty Di g
Foinit w A; (F Aj more ); g Dj g
shows  while (initw) do f Dj g
proof —
have 1:F while ( init w) do f =;
(=i (init w) A; empty ) V; (init w A; (f Aj more ); while ( init w) do f)
by (rule WhileEqvEmptyOrChopWhile)
hence 11: + (while (init w) do f) Aj —i g =i
((=i(init w) Aj empty) Vi (init w A; (f Aj more);while (init w) do f)) Nj —i g
using prop06 by blast
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have 2:F —; (init w) A; empty D; g
using assms by blast
hence 21: + —; g D; —\,'(—|,' ( init W) Ni empty)
by auto
have 22:F ((—; (init w) Aj empty) V; (init w A; (f Aj more);while (init w) do f)) Ai =i & Di
(init w A; (f Ai more ); while (init w) do f)
using 21 by auto
have 23: F (Whi/e ( init W) do f) Ni —i & D
(init w Aj (f Nj more); while (init w) do f) A —j g
using 11 21 by auto
have 3:F (init w) A; ((f Aj more ); g) Di g
using assms by blast
hence 31: - —; g D; —i((init w) A; ((f Ai more ); g))
using prop27 by blast
have 32: + (init w A; (f Aj more); while ( init w) do f) Nj —j g Di
(((f Ai more); (while (init w) do f)) Ai =i ((f A\i more); g)) Ni —ig
using 31 by auto
have 4:+ (while (init w) do f) Aj - g Dij
((f Nj more); (while (init w) do f)) Aj = ((f A\i more ); g)
using 23 32 by auto
have 5:F f A; more D; more
by auto
from 4 5 show ?thesis using ChopContra by blast
ged

lemma BaWhilelmpWhile:

F ba (f Dj g) Di (while (init w) do f) D; ( while (init w) do g)

proof —

have I:+ (f D;jg) Di ((init w A; ) D; (init w A; g))
by auto

hence 2: - ba (f D; g) D;i ba ((init w A; f) D (init wA; g))
by (rule BalmpBa)

have 3: = ba ((init w A; ) D; (init wA; g)) D; ((init wA; £)* D; (init wA; g)*)
by (rule BaCSImpCS)

have 4:F ba (f D; g) Di ((init wA; £)*A; fin —; ((init w) D; (init wA; g)*A; fin —; (init w))
using 2 3 by auto

from 4 show ?thesis by (simp add: while-d-def)

ged

lemma WhilelmpWhile:
assumes - fD; g
shows - ( while (init w) do f) D; ( while (init w) do g)
proof —
have I:+-f D; g
using assms by auto
hence 2: - ba (f D; g)
by (rule BaGen)
have 3:+ ba (f D; g) D; ( while (init w) do f) D; ( while (init w) do g)
by (rule BaWhilelmpWhile)
from 2 3 show ?thesis using MP by blast
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ged

5.9 Properties of Halt

lemma WhnextAndMoreEqvINext:
F wnext f A\; more =; O f
by auto

lemma BoxStateAndEmptyEqvStateAndEmpty:

F O(empty =; (init w)) A;j empty =; (init w) A; empty
apply simp-all

by auto

lemma BoxEmptyEqviIStateqvEmptyAndStateOrNotStateNext:
F O(empty =; (init w)) = (empty A; init w) V; (=i(init w) Aj O(O(empty =; (init w))))
proof —
have 1:F O(empty =; (init w)) =;
(O(empty =; (init w)) A;j empty) Vi (O(empty =; (init w)) A; more)
by auto
have 2:F O(empty =; (init w)) A; empty =; (init w) A; empty
using BoxStateAndEmptyEqvStateAndEmpty by blast
have 3:+ O(empty =; (init w)) =; (empty =; (init w)) A; wnext(O(empty =; (init w)))
using BoxEqvAndWhextBox by blast
hence 4: - O(empty =; (init w)) Aj more =;
(empty =; (init w)) A; wnext(O(empty =; (init w))) A; more
by auto
have 5:F (empty =; (init w)) A;j more =; —j(init w) A; more
by auto
have 6: F wnext(O(empty =; (init w))) A;j more =; O(DO(empty =; (init w)))
using WnextAndMoreEqvNext by auto
from 1 2 4 5 6 show ?thesis by auto
ged

lemma HaltStateEquifState ThenEmptyElseNext:
F o halt( init w) =; if; (init w) then empty else ( O( halt ( init w)))
proof —
have 1:+ halt( init w) =; O(empty =; (init w))
by (simp add: halt-d-def)
have 2: - O(empty =; (init w)) =;
(empty A init w) V; (=i(init w) A;j O(D(empty =; (init w))))
by (rule BoxEmptyEqvIStateqvEmptyAndStateOrNotStateNext)
have 21: - (empty A; init w) V; (—i(init w) A; O(O(empty =; (init w)))) =;
(init w A; empty) V; (=i(init w) A; O(O(empty =; (init w))))
by auto
have 22: b O(halt (init w)) =; O(O(empty =; (init w)))
using NextEqvNext using 1 by blast
have 3: - if; (init w) then empty else ( O( halt ( init w))) =;
(init w Ai empty ) Vi (=i(init w) A; O( halt (init w)))
by (simp add: ifthenelse-d-def)
from 1 2 21 22 3 show ’thesis by (simp add: halt-d-def)
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ged

lemma HaltChopEqv:
F ((halt ((init w)) ; f) =; (if; (init w) then ( f ) else (O( (halt ( init w)); f)))
proof —
have I:F halt(init w) =;
(if; (init w) then empty else ( O( halt ( init w))))
by (rule HaltStateEqvlfState ThenEmptyElseNext)
hence 2: = ((halt(init w));f) =;
(ifi (init w) then (empty;f) else ( O( halt ( init w));f))
by (rule IfChopEqvRule)
have 3:+ empty ; f =; f
by (rule EmptyChop)
have 4:t (O (halt ( init w))); f =; O( halt ( init w); f)
by (rule NextChop)
from 2 3 4 show ?thesis using prop07 prop03 by blast
ged

lemma AndHaltChoplmp:

Finit w Aj ( halt (init w); f) D; f

proof —

have 1:+ halt (init w); f =; if; (init w) then f else ( O( halt ( init w); f))
by (rule HaltChopEqv)

have 2: - init w A; if; (init w) then f else ( O( halt ( init w); )) D; f
by (simp add: ifthenelse-d-def and-d-def)

from 1 2 show ?thesis by auto

ged

lemma NotAndHaltChoplmpNext:

F =i (init w) A (Chalt (init w); ) D; O( halt ( init w); f)

proof —

have I:+ halt (init w); f =; if; (init w) then f else ( O( halt ( init w); f))
by (rule HaltChopEqv)

have 2: = —; (init w) A; if; (init w) then f else ( O( halt ( init w); f)) D;

O( halt ( init w); f)

by auto

from 1 2 show ?thesis by auto

ged

lemma NotAndHaltChoplmpSkipYields:

F =i (init w) A ( halt ((init w); f) D; skip yields ( halt (init w); f)

proof —

have I:+F —; (init w) A; ( halt (init w); ) D; O( halt ( init w); f)
by (rule NotAndHaltChoplmpNext)

have 2: = O( halt ( init w); f) D; skip yields ( halt ( init w); f)
by (rule NextImpSkipYields)

from 1 2 show ?thesis by auto

ged

lemma TrueChopAndEmptyEqvChopAndEmpty:
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F (truei;(f Ni empty)) Ai g =i (g:(fA;i empty))
by force

lemma WprevEqvEmptyOrPrev:
F wprev f =; empty V; prev f
by auto

lemma NotChopSkipEqvMoreAndNotChopSkip:
F (—|,' f);Skip =; more N\; —|,'(f-;5kl'p)
using WprevEqvEmptyOrPrev
by (metis (full-types) and-d-def empty-d-def
itl-prop(30) itl-prop(33) itl-prop(4) prev-d-def prop03 prop28 wprev-d-def )

lemma HaltChoplmpNotHaltChopNot:
o halt ((init w); £ D; —; ( halt (init w); = f)
proof —
have 1:F halt (init w); f =; if; (init w) then f else ( O( halt ( init w); f))
by (rule HaltChopEqv)
have 2:+ if; (init w) then f else ( O( halt ( init w); f)) D;
( ((init w) D; ) Ai ( =i(init w) D; ((O( halt ( init w); £))))
by (rule propll)
have 3:+ halt (init w);, =if =;
ifi (init w) then —f else ( O( halt ( init w); —;f))
by (rule HaltChopEqv)
have 4:t+ if; (init w) then —;f else ( O( halt ( init w); —;f)) D;
( ((init W) Dij —|;f) Ni ( —|i(init W) i ( O( halt ( init W); —\,'f))))
by (rule prop11)
have 5: I halt (init w); f Aj halt (init w); —if D;
( ((init w) D; ) Ai ( =i(init w) D; ((O( halt (init w); £)))) A
( ((init W) Dij —|,'f) Ni ( —|,-(init W) Dij ( O( halt ( init W); _|,‘f))))
using 1 2 3 4 by auto
have 6:F ( ((init w) D; ) A;i ( —i(init w) D ( O( halt ( init w); f)))) A
( ((init w) Di =if) Ai (=i(init w) D ( O( halt ( init w); =if)))) Di
( O( halt ( init w); £)) Ai ( O( halt (init w); —if))
by auto
have 7:t+ halt (init w); f A; halt (init w); —if D;
( O( halt ((init w); £)) Ai (O( halt (init w); —f))
using 5 6 prop02 by blast
have 8:F ((O( halt ((init w); f)) Aj ( O( halt ( init w); —if)) =;
O (halt ( init w); £ A halt (init w); —if)
by auto
have 9:+ halt (init w); f A; halt (init w); —if Dj
O (halt ( init w); f A; halt ( init w); —;f)
using 7 8 itl-prop(31) prop02 by blast
hence 10: - —|,-(halt (init W); f A; halt (init W); —|,'f)
using NextLoop by blast
from 10 show 7thesis by auto
ged
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lemma HaltChoplmpHaltYields:

o halt (init w); £ D; ( halt (init w)) yields f

proof —

have I:+ halt ((init w); f D; —; ( halt ((init w); = f) by (rule HaltChoplmpNotHaltChopNot)
from 1 show ?thesis by (simp add: yields-d-def)

ged

lemma HaltChopAnd:
F ( halt (init w)); £ A; ( halt (init w)); g D; ( halt ( init w)); (f Ai g)
proof —
have 1:F ( halt (init w)); g D; ( halt (init w)) yields g by (rule HaltChoplmpHaltYields)
hence 2: - ( halt (init w)); f A; ( halt (init w)); g Dj
( halt (init w)); f Ai ( halt (init w)) yields g by auto
have 3:+ ( halt (init w)); f A; ( halt (init w)) yields gD;
( halt (init w)); (f Ni g) by (rule ChopAndYieldsimp)
from 2 3 show ?thesis by auto
ged

lemma HaltAndChopAndHaltChoplmpHaltAndChopAnd-:
F o (Chalt (init w) A; ); f1 A; (Chalt (init w); g) D ( halt (init w) A; f); (f1 A; g)
proof —
have 1:FfI1 D;—; gVi (f1 N g)
by auto
hence 2:+ ( halt (init w) A; f); f1 D;
( halt (init w) A; £); =i g Vi ((halt (init w) A; f); (f1 Ni g))
by (rule ChopOrimpRule)
have 3:F (halt (init w) A; f); =i g Di halt (init w);, - g
by (rule AndChopA)
have 3I:+ ( halt (init w) A; f); f1 D;
halt (init w); = g Vi ((halt (init w) A; ); (f1 Aj g))
using 23 by auto
have 4:F halt (init w); g D; = ( halt (init w); =i g)
by (rule HaltChoplmpNotHaltChopNot)
hence 41: - ( halt (init w); = g) Di —i(halt (init w); g)
by auto
have 42:+ ( halt (init w) A; f); f1 D;
—i( halt (init w); g) Vi (( halt (init w) A; f); (f1 A g))
using 31 41 by auto
from 42 show ?’thesis by auto
ged

lemma HaltImpBoxYields:

o (Chalt (init w)); f D; (TO—; (init w)) yields (( halt (init w)); f)

proof —

have 1:F (O - (init w)); =i (‘halt (init w); f) D; di (O —; (init w))
by (rule ChoplmpDi)

have 2:+ 0O —; (init w) Dj = (init w)
by (rule BoxElim)

hence 3:+ di (D i (init W)) D di —; (init W)
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by (rule DilmpDi)
have 4:+ di (init = w) =; (init ~jw)
by (rule DiState)
have 41:+ (init -~ w) =; —; (init w)
by auto
have 42:+ di —; (init w) =; =i(init w)
using 4 41 by auto
have 5:+ ((O-; (init w)); =i ( halt (init w); f)) D; = ( init w)
using 1 2 42 using 3 itl-prop(31) prop02 by blast
hence 51: F ( halt (init w); f) A; ((O—; (init w)); = ( halt (init w); f)) D;
( halt (init w); f) Ai =i (init w)
using propl2 by blast
have 6: 1+ halt (init w); f =; if; (init w) then f else (O( halt (init w); f))
by (rule HaltChopEqv)
hence 61: - halt (init w); f A;j = (init w) =;
(ifi (init w) then f else (O( halt (init w); f))) Ai =i (init w)
using 6 by auto
have 62:+ (if; (init w) then f else (O( halt (init w); f))) A
= (init w) D (O( halt (init w); f))
by auto
have 63:F halt (init w); f A;j = ((init w) D; (O( halt (init w); f))
using 61 62 by auto
have 7:F (halt (init w); f) A; (O—; (init w)); —; (Chalt (init w); f) D;
O(( halt (init w)); f)
using 51 63 using prop02 by blast
have 8:F 0O —; (init W) D empty Vi O(D—!;( init W))
by auto
hence 9:+ ((O —j ( init w)); —; ( halt (init w); f)) D;
= ((halt (init w); £) Vi O((0—; (init w)); =i ( halt (init w); f))
by (rule EmptyOrNextChoplmpRule)
hence 10: - (( halt (init w)); f) Aj (O =i (init w)); = ( halt (init w); ) D;
O((o—; (init w)); =i ( halt (init w); f))
using propl3 by blast
have 1I:F ( halt (init w)); f A; (O =i (init w)); —; ( halt (init w); f) D;
O(( halt (init w)); £) Nj O((T—i (init w)); =i ( halt (init w); f))
using 7 10 by auto
have 12:+ O(( halt (init w)); f) Aj O((T—i (init w)); = ( halt (init w); f))
Di O((( halt (init w)); £) Ai (O (init w)); =i ( halt (init w); f)))
by auto
have 13:F ( halt (init w)); f A; (T =i (init w)); —; ( halt (init w); f) D;
O((( halt (init w)); ) Ai (=i (init w)); =i ( halt (init w); f)))
using 11 12 by auto
hence 14: = —; (( halt (init w)); f Aj (O = (init w)); —; ( halt (init w); f))
using NextLoop by blast
hence 15:  ( halt (init w)); f D; = ((Q =i (init w)); =i ( halt (init w); f))
by auto
from 15 show ?thesis by (simp add: yields-d-def)
ged
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5.10 Properties of Groups of chops

lemma NestedChoplmpChop:
assumes = init w A; f Dj g; (init wl A f1)
Foinit wl A; f1 D; g1; (init w2 A; 2)
shows | init w A; f D; g; (g1; (init w2 A; 12))
proof —
have I1:F initw A; f D; g; (init wl A; f1) using assms(1) by auto
have 2:F init wl A; f1 D; g1; (init w2 A; f2) using assms(2) by auto
hence 3: - g; (init wl A; 1) D; g; (g1; (init w2 A; 2)) by (rule RightChoplmpChop)
from 1 3 show ?thesis by auto
ged

5.11 Properties of Time Reversal

lemma RNot:
|— (—\if)r =; T fr
by simp

lemma RRNot:
F (_\i(f'r))r =i —\,'f
by (metis EqvReverseReverse not-d-def rev-d.simps(1) rev-d.simps(3))

lemma RTrue:
F (true;)" =i true;
by (simp add: not-d-def true-d-def)

lemma ROr:
F(fVig) =ifVvig'
by (simp add: not-d-def or-d-def)

lemma RROr:

H(frVvig =i fVig

proof —

have I:+ (f" V;g")" =i (f")" Vi (g")" using ROr by blast

have 2: - (f")" V; (g")" =i f Vi g using EqvReverseReverse by auto
from 1 2 show ?thesis by auto

ged

lemma RAnd:
F(fAig) =if"Nig
by (simp add: and-d-def not-d-def or-d-def)

lemma RRANd:
E(frAig) =ifAig
proof —
have 1:+ (f" A g")" =i (f")" Ai (g")" using RAnd by blast
have 2: - (f")" A (g")" =i f Ai g using EqvReverseReverse by auto
from 1 2 show ?thesis by auto
ged
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lemma REqvRule:

assumes - f =; g

shows F " =; g’

using assms

by (metis ReverseEqyv itl-prop(31) rev-d.simps(3))

lemma RimpRule:

assumes - f D; g

shows + " D; g"

using assms

by (metis ReverseEqv rev-d.simps(3))

lemma RNextEqvPrev:
F (O f) =; prev (f")
by (simp add: next-d-def prev-d-def)

lemma RRNextEqvPrev:

(O (f1)" =; prev (f)

proof —

have 1:+ (O (f"))" =; prev ((f")") using RNextEqvPrev by blast
have 2: - prev ((f")") =; prev f using EqvReverseReverse by auto
from 1 2 show ?thesis by auto

ged

lemma RWNextEqvWQPrev:
F (wnext f)" =; wprev(f")
by (simp add: next-d-def not-d-def prev-d-def wnext-d-def wprev-d-def)

lemma RRWNextEqvWPrev:

F (wnext (f"))" =i wprev(f)

proof —

have I:+ (wnext (f"))" =; wprev ((f")") using RWNextEqvWPrev by blast
have 2: - wprev ((f")") =; wprev f using EqvReverseReverse by auto

from 1 2 show ?thesis by auto

ged

lemma RPrevEqvNext:
F (prev ) =; O (f")
by (simp add: next-d-def prev-d-def)

lemma RRPrevEqvNext:

F (prev (f"))" =; O (f)

proof —

have 1:+ (prev (f"))" =; O ((f")") using RPrevEqvNext by blast
have 2: - O ((f")") =; O f using EqvReverseReverse by auto
from 1 2 show ?thesis by auto

ged

lemma RWPrevEqvWNext:
F (wprev f)" =; wnext(f")
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by (simp add: next-d-def not-d-def prev-d-def wnext-d-def wprev-d-def)

lemma RRWPrevEqvWNext:

F (wprev (f7))" =i wnext(f)

proof —

have 1:F (wprev (f"))" =; wnext ((f")") using RWPrevEqvWNext by blast
have 2: - wnext ((f")") =; wnext f using EqvReverseReverse by auto

from 1 2 show ?thesis by auto

ged

lemma RDiamondEqvDi:
F(OF)" =i di (")
by (metis RTrue RightChopEqvChop di-d-def rev-d.simps(5) sometimes-d-def)

lemma RRDiamondEqvDi:

F(O(fM) =i di (f)

proof —

have 1:+ (O (") =; di ((f")") using RDiamondEqvDi by blast
have 2: - di ((f")") =/ di f using EqvReverseReverse by auto
from 1 2 show ?thesis by auto

ged

lemma RBoxEqvBi:

F(a f) =; bi ()

using RDiamondEqvDi

by (simp add: always-d-def not-d-def sometimes-d-def true-d-def)

lemma RRBoxEqvBi:

F (o (f")" = bi (f)

proof —

have I:+ (O (f"))" =; bi ((f")") using RBoxEqvBi by blast
have 2: - bi ((f")") =, bi f using EqvReverseReverse by auto
from 1 2 show ?7thesis by auto

ged

lemma RDiEqvDiamond:
F(di )" =i <& (f")
by (metis RTrue LeftChopEqvChop di-d-def rev-d.simps(5) sometimes-d-def)

lemma RRDiEqvDiamond:

F(di (f7))" =i < ()

proof —

have 1:+ (di (f"))" =; < ((f")") using RDiEqvDiamond by blast
have 2: - O ((f")") =; © f using EqvReverseReverse by auto
from 1 2 show ?thesis by auto

ged

lemma RBiEqvBox:

F(bi f)" =; 0 (f")
using RDiEqvDiamond
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by (simp add: bi-d-def di-d-def not-d-def true-d-def)

lemma RRBiEqvBox:

= (bi (F7)" = O (f)

proof —

have 1:F (bi (f"))" =; O ((f")") using RBiEqvBox by blast
have 2: - 0O ((f")") =; O f using EqvReverseReverse by auto
from 1 2 show ?thesis by auto

ged

lemma RDaEqvDa:

F (da f)" =; da(f")

by (metis ChopAssoc da-d-def itl-prop(30) not-d-def rev-d.simps(1)
rev-d.simps(3) rev-d.simps(5) true-d-def)

lemma RRDaEqvDa:

F (da (f"))" =i da(f)

proof —

have I:+ (da (f"))" =; da ((f")") using RDaEqvDa by blast
have 2:  da ((f")") =; da f using EqvReverseReverse by auto
from 1 2 show ?thesis by auto

ged

lemma RBaEqvBa:

F (ba f)" =; ba(f")

using RDaEqvDa

by (metis ba-d-def itl-prop(33) not-d-def rev-d.simps(1) rev-d.simps(3))

lemma RRBaEqvBa:

F (ba (f"))" =i ba(f)

proof —

have 1:t+ (ba (f"))" =; ba ((f")") using RBaEqvBa by blast
have 2: - ba ((f")") =; ba f using EqvReverseReverse by auto
from 1 2 show ?thesis by auto

ged

lemma ChopCsImpCSChop:

E £ D 5 f

by (meson CSChopEqvChopOrRule CSChopEqvOrChopPlusChop ChopAssocB
ChopPlusElimWithoutMore EmptyYields propl9 prop21 prop28)

lemma CSChoplmpChopCS:

E 5 f D fif*

proof —

have I:+ (f7);(f")* Di (f")*;(f") using ChopCsImpCSChop by blast

hence 2: = ((F");(f")* D; (f")*;(f") )" using ReverseEqv by blast

have 3: = ((F7);(7) 2; (F7)(F") )" =i C((F):(F7)")" 2i ((F7)7:(F"))") by simp
have 4: b ((F):(F)") = ((F1)? ) (F7)" by simp

have 5: = ((Ff/)* )" (F")" =i (F")")*(f")" by simp

have 6: | (f")" =; f using EqvReverseReverse itl-prop(30) by blast
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have 7: = ((f")")*;(f")" =; f*;f using 6 CSEqvCS ChopEqvChop by blast

have 8: - ((f");(f")*)" = f* f using 7 5 by auto

have 9: = ((f")%(f"))" =i (f")"((F")*)" by simp

have 10: F (f")"((f")*)" =i (F")"; ((f")")* by simp

have 11:+ (f")"; ((f")")* =i f;f* using 6 ChopPlusEqvChopPlus by blast

have 12: - ((f");(f")*)" =; f,f* using 9 10 11

by (metis 2 ChopCsImpCSChop itl-prop(31) prop03 rev-d.simps(3) rev-d.simps(5) rev-d.simps(6))
from 2 3 8 12 show ?thesis by auto

ged

lemma CSChopEqvChop(CS:
E = 5 f
using ChopCslmpCSChop CSChoplmpChopCS using itl-prop(31) by blast

lemma TrueChopSkipEqvSkipChop True:

b truej;skip =; skip;true;

proof —

have 1: bskip;skip* =; skip*;skip using CSChopEqvChopCS by blast

have 2: | skip* =; true; using CSSkip by simp

have 3: - skip;skip* =; skip;true; using 2 using RightChopEqvChop by blast
have 4: - skip*;skip =; true;;skip using 2 using LeftChopEqvChop by blast
from 1 3 4 show ?thesis using itl-prop(30) prop03 by blast

ged

lemma RMoreEqvMore:
F more” =; more
by (metis TrueChopSkipEqvSkipChop True more-d-def next-d-def not-d-def rev-d.simps(1)
rev-d.simps(3) rev-d.simps(4) rev-d.simps(5) true-d-def)

lemma REmptyEqvEmpty:
F empty” =; empty
by (metis RMoreEqvMore empty-d-def not-d-def prop01 rev-d.simps(1) rev-d.simps(3))

lemma RinitEqvFin:
F (init )" =; fin(f")
proof —
have 1:F (init f)" =; ((f A; empty);true;)"
by (metis AndChopCommute REqvRule init-d-def)
have 2: = ((f N;i empty);true;)"” =; (true;;(f Ai empty)")
using RTrue by auto
have 3: |- true;;(f Ai empty)" =; true;;(f" N; empty)
by (meson ChopEqvChop RAnd REmptyEqvEmpty RTrue itl-prop(30) prop05 prop21)
have 4: - true;;(f" A; empty) =; fin(f")
using FinEqvTrueChopAndEmpty itl-prop(30) by blast
from 1 2 3 4 show ?thesis by auto
ged

lemma RRInitEqvFin:

F (init (f"))" =; fin(f)
proof —
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have 1:t+ (init (f"))" =; fin ((f")") using RInitEqvFin by blast
have 2: F fin ((f")") =; fin f using EqvReverseReverse by auto
from 1 2 show ?thesis by auto

ged

lemma RFinEgvinit:
= (fin )" =; init (")
proof —
have 1:+ fin f =; true;;(f A; empty)
using FinEqvTrueChopAndEmpty by auto
have 2: = (fin f)" =; (true;;(f A; empty))”
using 1 REqvRule by blast
have 3: = (true;;(f A; empty))” =; (fA\; empty)";true;
using RTrue by auto
have 4: - (fA; empty)";true; =; (f" A; empty);true;
using LeftChopEqvChop RAnd REmptyEqvEmpty prop03 prop05 by blast
have 5: = (f" A; empty);true; =; init(f")
by auto
from 1 2 3 4 5 show 7thesis by auto
ged

lemma RRFinEqvinit:

= (fin (f7))" =i init (f)

proof —

have 1:t+ (fin (f"))" =; init ((f")") using RFinEqvinit by blast
have 2: & init ((f")") =, init f using EqvReverseReverse by auto
from 1 2 show ?thesis by auto

ged

lemma NextDiamondEqvDiamondNext:

FO( < f) = O(0f)
proof —

have 1:t truej;skip =; skip;true; by (rule TrueChopSkipEqvSkipChop True)
hence 2: & (true;j;skip);f =;( skip;true;);f using LeftChopEqvChop by blast

have 3: b (truej;skip);f =; true;;(skip;f) using ChopAssoc itl-prop(30) by blast
have 4:+ ( skip;true;);f =; skip;(true;;f) using ChopAssoc itl-prop(30) by blast
from 2 3 4 show ?thesis by (simp add: next-d-def)
ged

lemma WeakNextBoxInduct:

assumes - wnext (O f) D; f

shows I f

proof —

have 1:F wnext (O f) D; f using assms by blast

hence 2:+ —; f D; = (wnext (O f)) using prop27 by blast
hence 3:+—; f D; O (- (Of)) bysimp

have 4:+—; (0 f)=; (¢ —if) by auto

hence 5:+ O(—; (O f)) =i O (¢ = ) by auto

have 6:F —;f D; O (¢ = f) using 35 by auto

have 7:+ 0O (¢ =i f)=; (O~ f) using NextDiamondEqvDiamondNext by blast
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have 8:F —;f D; (O - f) using 6 7 by auto

have 9:F O(= f) D O(O( O = f)) using 8 DiamondImpDiamond by blast

have 10:F O(O( O =i f)) =i O( O —j f) using DiamondDiamondEqvDiamond by blast
have 1I1:+ O(—if) Dj O( O —j f) using 9 10 by auto

have 12:F O(= f) D7 O (¢ = f) using 7 11 by auto

hence 13: - —;( ©(—j f)) using NextLoop by blast

hence 14: + Of by (simp add: always-d-def)

have 15:F Of D; f using BoxElim by blast

from 14 15 show ?thesis using MP by blast

ged

end

theory First
imports
Theorems
begin

6 The First Occurrence Operator in ITL

Runtime verification (RV) has gained significant interest in recent years. The behaviour of a program
can be verified in real time by analysing its evolving trace. This approach has two significant benefits
over static verification techniques such as model checking. Firstly, it is only necessary to verify actual
execution paths rather than all possible paths. Secondly, it is possible to react at runtime should the

program diverge from its specified behaviour. RV does not replace traditional verification techniques but
it does provide an extra layer of security.

Linear Temporal Logic (LTL) is a popular formalism for writing specifications from which RV monitors can
be derived automatically. By contrast, Interval Temporal Logic (ITL) has not been as widely represented
in this field despite being more expressive and compositional. The principal issue is efficiency. ITL
uses non-deterministic operators to construct sequential and iterative specifications (chop and chop-star,
respectively) and these introduce combinatorial complexity. Approaches to mitigate this include using
a deterministic subset of ITL or adapting the semantics to include a deterministic chop operator. This

thesis proposes an alternative approach, wholly within existing ITL, and based upon a new, derived operator
called “first occurrence”.

A theory of first occurrence is developed and used to derive an algebra of RV monitors.

6.1 Definitions
6.1.1 Definitions Strict Initial and Final

definition bs-d ((bs -) [88] 87)
where
bs f = (empty V; ((bi f) ; skip))

definition bt-d ((bt -) [88] 87)

where
bt f = (empty V; (skip;(0 f)))
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definition ds-d ((ds -) [88] 87)
where
dsf = - (bS (—|; f))

definition dt-d ((dt —) [88] 87)
where
dt f = —; (bt (—\,' f))

6.1.2 Definition First and Last Operators

definition first-d ((> -) [88] 87)
where
> f = (f Ni (bS (ﬁ,‘ f)))

definition /ast-d ((< -) [88] 87)
where
Qf = (f Ni (bt (—\,‘ f)))

6.2 First and Time Reversal

lemma BsEqgvRule:

assumes - f =; g

shows F bsf =; bsg

proof —

have 1: + f =; g using assms by auto

hence 2: F bi(f) =; bi(g) by simp

hence 3: & bi(f);skip =, bi(g);skip by auto
hence 4: - empty V; bi(f);skip =; empty V; bi(g);skip by auto
hence 5: F bs(f) =; bs(g) by (simp add: bs-d-def)
from 1 2 3 4 5 show ?7thesis by auto

ged

lemma BtEqgvRule:

assumes - f =; g

shows | btf =;btg

proof —

have 1: f =; g using assms by auto

hence 2: - O(f) =; O(g) by simp

hence 3: + skip;0(f) =; skip;0(g) using RightChopEqvChop by blast
hence 4: - empty V; skip;0(f) =; empty V; skip;0(g) by auto
hence 5: F bt(f) =; bt(g) by (simp add: bt-d-def)

from 1 2 3 4 5 show 7thesis by auto

ged

lemma FstEqvRule:

assumes - f =; g

shows + >f = >g

proof —

have 1: | f =; g using assms by auto
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hence 2: - —; f =; —; g by auto

hence 3: F bs(—; f) =; bs(—; g) by (simp add: bs-d-def)
hence 4: - f A; bs(—; f) =i g Aj bs(—; g) using 1 by auto
from 4 show ?thesis by (simp add:first-d-def)

ged

lemma LstEqvRule:

assumes - f =; g

shows F <f =; <g

proof —

have 1:+ f =; g using assms by auto

hence 2: - —; f =; = g by auto

hence 3:  bt(—; ) =; bt(—; g) by (simp add: bt-d-def)
hence 4: - f A; bt(—; f) =; g Ni bt(—; g) using I by auto
from 4 show ?thesis by (simp add:/last-d-def)

ged

lemma RBsEqvBt:

F (bs f)" =i (bt (f"))

proof —

have I1:+ (bs )" =; (empty V; ((bi f) ; skip))"
by (simp add: bs-d-def)

have 2: - (empty V; ((bi f) ; skip))" =; (empty" V; ((bi f) ; skip)")
using ROr by blast

have 3: - (empty” V; ((bi f) ; skip)") =; (empty V; (skip";(bi f)"))
using REmptyEqvEmpty by auto

have 4: - (empty V; (skip";(bi )")) =; (empty V; (skip;0 ("))
by (metis (no-types, lifting) NextEqvNext RBiEqvBox REmptyEqvEmpty next-d-def

or-d-def prop01 prop21 prop39 rev-d.simps(4))

have 5: - (empty V; (skip;0 (f"))) =i (bt ("))
by (simp add: bt-d-def)

from 1 2 3 4 5 show 7thesis by auto

ged

lemma RRBsEqvBt:

= (bs (f7))" =i (bt (f))

proof —

have 1:+ (bs (f"))" =; bt ((f")") using RBsEqvBt by blast

have 2: F bt ((f")") = bt f using EqvReverseReverse using BtEqvRule by blast
from 1 2 show “thesis by auto

ged

lemma RBtEqvBs:

F (bt )" =; (bs (f"))

proof —

have 1:+ (bt )" =; (empty V; (skip;0 f))"
by (simp add: bt-d-def)

have 2: - (empty V; (skip;0 )" =; (empty" V; (skip;0 f)")
using ROr by blast

have 3: = (empty” V; (skip;0 f)") =; (empty V; (O f)";skip”)
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using REmptyEqvEmpty by auto
have 4: - (empty Vv; (O f)";skip") =i (empty V; (bi (f"));skip)
by (metis (no-types, lifting) LeftChopEqvChop RBoxEqvBi REmptyEqvEmpty
or-d-def prop01 prop21 prop39 rev-d.simps(4))
have 5: - (empty V; (bi (f"));skip) =i (bs (f"))
by (simp add: bs-d-def)
from 1 2 3 4 5 show ?7thesis by auto
ged

lemma RRBtEqvBs:

= (bt (f7))" =i (bs (f))

proof —

have 1:F (bt (f"))" =; bs ((f")") using RBtEqvBs by blast

have 2: = bs ((f")") =; bs f using EqvReverseReverse using BsEqvRule by blast
from 1 2 show ?7thesis by auto

ged

lemma RFirstEqvLast:

= (> 1) =i (< ()

proof —

have I:+ (> ) i (f Nj bs(—j f))" by (simp add: first-d-def)

have 2: - (f A ( ) =i (f" Ni (bs (i f))") using RAnd by blast

have 3: - (f" A; (bs ( f))") =i (f" Ai bt ((—i f)")) using RBsEqvBt prop05 by blast
have 4: F (f" A; bt ((—|, f)7) =i (f" Ai bt (—|,(fr))) by (simp add: not-d-def)

have 5: = (f" A; bt (—i(f"))) =i (< (")) by (simp add: last-d-def)

from 1 2 3 4 5 show ?thesis by auto
ged

lemma RRFirstEqvLast:
= (> ()" =i (< ()
proof —
have I:F (> (")) =i < ((f")") using RFirstEqvLast by blast
have 2: - < ((f")") =; < f using EqvReverseReverse using LstEqvRule by blast
from 1 2 show ?thesis by auto
ged

lemma RLastEqvFirst:
(<) =i (> ()

proof —

have 1: F (< f)" =; (f A; bt(—; ))" by (simp add: last-d-def)

have 2: - (f A; bt ( f))" =i (f" Ni (bt (=if))") using RAnd by blast

have 3: F (f" A (bt ( ))r) i (f" Ai bs ( (—if)")) using RBtEqvBs prop05 by blast
have 4: = (f" A; bs ( (—=if)")) =i (f" Ni bs(—i(f"))) by (simp add: not-d-def)

have 5: - (f" A; bs(—\,(f’))) =; (D (")) by (simp add: first-d-def)

from 1 2 3 4 5 show ?thesis by auto
ged

lemma RRLastEqvFirst:

= (< (f)" =i (> ()

proof —
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have I:F (< (f"))" =i > ((f")") using RLastEqvFirst by blast

have 2: F > ((f")") =; > f using EqvReverseReverse using FstEqvRule by blast
from 1 2 show ?thesis by auto

ged

6.3 Semantic Theorems

6.3.1 Semantics First and Last Operators

lemma FstAndBisem:
(intlen o >0 A (o = f) A (o = bi =if;skip)) =
(intlen 0 >0 A (0 |= f) A (Via<intlen (o). (prefix ia o = —if)) )
apply simp-all
apply (simp add: interval-prefix-length interval-suffix-length)
proof —
have 1: (0 < intleno N (o E ) A
(3i. (i < intlen 0 — (Via<i. - (prefix ia (prefix i o) = f)) A
intlen o — i = Suc 0) A i < intlen o)
) =
(0 < intlen o N (o = f) A
(3i. (i < intlen 0 — (Via<i. - (prefix ia (prefix i o) = f)) A
i = intlen o — Suc 0) A i < intlen o)
)
by auto
also have ... =
(0 < intleno N (o0 = ) A
(Via<(intlen o — Suc 0). — (prefix ia (prefix (intlen o — Suc 0) o) = f) )
)
using diff-le-self by blast
also have ... =
(intlen o >0 A (0 =) A
(Via<intlen ( o). = (prefix ia (prefix (intlen ¢ — Suc 0) o) = f))
) by (metis Suc-pred less-Suc-eq-le)
also have ... =
(intlen o >0 A (0 =) A
(Via<intlen ( o). (prefix ia (prefix (intlen ¢ — Suc 0) o) = —if))
)
using not-defs by blast
also have ... =
(intlen o >0 A (0 |= ) A (Via<intlen ( ¢). = (prefix ia o |= f)))
by (simp add: interval-pref-pref-help)
finally show (0 < intlen o A (o = f) A
(3i. (i < intlen ¢ — (Via<i. - (prefix ia (prefix i o) = f)) A
intlen 0 — i = Suc 0) A i < intlen o)
) =

(0 < intlen o N (0 = f) A (Via<intlen o. = (prefix ia o = f))) .
ged

lemma Fstsem-0:

(0 | >f) =
(
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(o = f ANiempty) V (intlen o >0 A (o =) A (o = bi —if;skip))

)

apply (simp add: first-d-def bs-d-def) using neq0-conv by blast

lemma Emptysem:
(o = f Niempty) = ((0 = f) A intlen o = 0)
by simp

lemma Fstsem:

(0 b ) =
(

((c Ef) Aintleno = 0) Vv
(intlen o>0 A (o |= f) A (Via<intlen (o). (prefix ia o | —if)))
)

using Fstsem-0 Emptysem FstAndBisem by blast

lemma Lstsem:
(0 <f)=
(((o = f) Aintleno = 0)V
(intlen o >0 A (o = ) A (Via < intlen o. (suffix ((intlen o) —ia) o | —if)))
)

proof —

have (6 =< )= (o = (> (f")")
using RRFirstEqvLast iff-defs itl-valid by blast

also have ... = (intrev o = > ("))

by (metis TimeReverseSem interval-rev-rev-ident)
also have ... =
(

( (intrev o = f") A intlen (intrev o) = 0) V
(intlen (intrev 0)>0 A (intrev o |= f") A
(Via<intlen (intrev o). (prefix ia (intrev o) = —i(f"))))

)
using Fstsem by blast
also have ... =
(

((o = f) Aintlen (o) = 0) V
(intlen (6)>0 A (o =) A
(Via<intlen (intrev o). (prefix ia (intrev o) = (=i(f))")))
)
by (metis TimeReverseSem interval-intrev-intlen not-d-def rev-d.simps(1) rev-d.simps(3))
also have ... =
(
((o = f) Aintlen () = 0) Vv
(intlen (6)>0 A (o =1) A
(Via<intlen (intrev o). (intrev (prefix ia (intrev o)) = (—i(f)))))

)
using TimeReverseSem by (metis interval-rev-rev-ident)
also have ... =
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((o = f) Aintlen (o) =0) V
(intlen (6)>0 A (o =) A
) (Via<intlen (o). ( (suffix ((intlen o) — ia) (o)) = (-i(f)))))
by (simp add: interval-intrev-prefix)
finally show
(cE<f)=
(( (0 =f) Aintleno =0)V
(intlen o >0 A (0 = f) A
(Via < intlen o. (suffix ((intlen o) —ia) o | —if)))
) .
ged

6.3.2 Various Semantic Lemmas

lemma Dilensem:
(o = di (f Ailen(i))) =
( (prefix i o = f) A i<intlen o)
apply simp-all
using interval-prefix-length-good by auto

lemma PrefixFstsem:
( (prefix i o = >f) A i<intlen ¢) =
( i<intlen o N
(
((prefixio =f)Ni=0)V
(>0 A (prefix i o = f) A (Via<i. (prefix ia o = —if)))
)
)

proof —
have 1: ( ((prefixi o) | >f)) =
(
( ((prefix i o) = f) A intlen (prefix i o) = 0) V
(intlen (prefix i 0)>0 A ((prefix i o) = f) A
(Via<intlen (prefix i o). (prefix ia (prefix i o) = —if)))

)
using Fstsem by blast
hence 2: ( ((prefix i o) = >f) A i<intlen 0) =
( i<intlen o A (
( ((prefix i o) |= f) A intlen (prefix i o) = 0) V
(intlen (prefix i 0)>0 A ((prefix i o) = f) A
(Via<intlen (prefix i ). (prefix ia (prefix i o) = —if)) )

)

)
by auto
hence 3: ( ((prefix i o) = >f) A i<intlen o) =
( i<intlen o A (
( ((prefixio) =f)Ni=0)V
(i>0 A ((prefix i o) = ) A (Via<i. (prefix ia (prefix i o) = —if)))
)
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)
by auto
hence 4: ( ((prefix i ¢) = >f) A i<intlen o) =
( i<intlen o A (
( ((prefixio) =f)Ni=0)V
(>0 N ((prefix i o) = ) A (Via<i. (prefix ia o = —if)))
)
)
using interval-pref-pref-3 using less-imp-add-positive by fastforce
from 4 show ?thesis by auto
ged

lemma PrefixFstAndsem:
( (prefix i o |=f N g) A i<intlen o) =
( i<intlen o N
(
((prefixio=f N g)ANi=0)V
(>0 N (prefixi o = f AN g) A (Via<i. (prefix ia o = —if)))
)
)

using PrefixFstsem by (metis and-defs)

lemma Dil enFstsem:
(o = di (f Ajlen(i))) =
(i<intlen o A
(
((prefixio =f)Ni=0)V
(>0 A (prefix i o = f) A (Via<i. (prefix ia o = —if)))
)
)

using DilLensem PrefixFstsem by blast

lemma DilenFstAndsem:

(o Edi (>f Ai g A len(i)))
( i<intlen o A
(
((prefixio=f N g)Ni=0)V
(i>0 A (prefixi o = f AN g) N (Via<i. (prefix ia o = —if)))
)

)

proof —
have 1: (o |= di ((>f Ai g) Ai len(i))) =
( (prefix i o = (>f Ai g)) A i<intlen o)
using DilLensem by blast
have 2: ((prefix i o |= (>f A g)) A i<intlen o)=
( i<intlen o A
(
((prefixio=f Nig)ANi=0)V
(i>0 A (prefix i o = fA; g) A (Via<i. (prefix ia o |= —if)))

)
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)
using PrefixFstAndsem by blast

from 1 2 show ?thesis by auto
ged

lemma FstLenSamesem:
( (i<intlen o A
(
((prefixio=f)Ni=0)V
(i>0 A (prefixi o = f) A (Via<i. (prefix ia o = —if)))
)
) A
(j<intlen ¢ N
(
((prefixjo =f)ANj=10)V
(j>0 A (prefix j o = ) N (Via<j. (prefix ia o = —if)))
)
)

) — (i=))

using linorder-neqE-nat by (meson not-defs)

6.4 Theorems
6.4.1 Fixed length intervals

lemma LenZeroEqvEmpty:
F len(0) =; empty
by simp

lemma LenOneEqvSkip:
F len(1) =; skip
by (metis ChopEmpty One-nat-def len-d.simps(1) len-d.simps(2))

lemma LenNPlusOneA:
F len(n+1) =; skip;len(n)
by simp

lemma LenEqvlenChoplen:

- len(i+j) =; len(i);len())

proof

(induct i)

case 0

then show ?case using add.left-neutral by auto
next

case (Suc i)

then show Zcase

by (metis ChopAssoc NextEqvNext add-Suc len-d.simps(2) next-d-def prop03)
ged

lemma LenNPlusOneB:
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t len(n+1) =; len(n);skip

proof —

have I:+ len(n+1) =; len(n);len(1) by (rule LenEqvLenChopLen)

have 2:+ len(1) =; skip by (rule LenOneEqvSkip)

hence 3: & len(n);len(1) =; len(n);skip using RightChopEqvChop by blast
from 1 3 show ?thesis using prop03 by blast

ged

lemma LenCommute:
- (skip;(len n)) =; (len n);skip
proof
(induct n)
case 0
then show ?case using EmptyChop ChopEmpty
using LenNPlusOneA LenNPlusOneB prop21 by blast
next
case (Suc n)
then show ?case using ChopAssoc
using LenNPlusOneA LenNPlusOneB prop21 by blast
ged

lemma Skip TrueEqv TrueSkip:
F skip;true; =; true;;skip
using TrueChopSkipEqvSkipChop True itl-prop(30) by blast

lemma PowerCommute:
F (f;(power f n)) =; ((power f n);f)
proof
(induct n)
case 0
then show ?case using EmptyChop ChopEmpty pow-0 by fastforce
next
case (Suc n)
then show ?7case using ChopAssoc pow-Suc
by (metis RightChopEqvChop prop03)
ged

lemma PowerRev:

F (power skip n)" =; (power skip n)

proof

(induct n)

case 0

then show ?case using REmptyEqvEmpty by auto

next

case (Suc n)

then show ?case using PowerCommute rev-d.simps pow-Suc
proof —

have V p. (- (power (skip::'a pitl) n) " ; p =; power skip n ; p )
using LeftChopEqvChop Suc.hyps by blast

then show ?thesis
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by (metis (no-types) PowerCommute itl-prop(30) pow-Suc prop03 rev-d.simps(4) rev-d.simps(5))
ged
ged

lemma RlLenEqvlLen:
F (len k)" =; (len k)
proof
(induct k)
case 0
then show ?case using REmptyEqvEmpty by auto
next
case (Suc k)
then show ?case using LenCommute
by (metis NextEqvNext REqvRule len-d.simps(2) next-d-def prop03 rev-d.simps(4) rev-d.simps(5))
ged

lemma PowerSkipEqvLen:
F (power skip n) =; (len n)
proof

(induct n)

case 0

then show ?case by auto

next

case (Suc n)

then show ?case by simp
ged

lemma ExistsLen:
(Vo. 3 k. (o = len(k)))
using len-defs by simp

lemma AndExistsLen:

(Vo. (0 = 1) = ((of=F) A (3k. (0 |= len(k)))))

using ExistsLen by simp

lemma AndExistsLenChop:

(Vo. (0 = fig) = 3k (of= (f Ai len(k)):g )))

using AndExistsLen by auto

lemma AndExistsLenChopR:

(Vo. (0 = fig) = (Fk. (of= fi(g Ai len(k)))))
using AndExistsLen by auto

lemma LFixedAndDistr:

F (0 Ai len(k));g0 Ai (f1 A; len(k));g1 =i (f0 A; f1 A; len(k));(g0 Ni g1)
apply simp-all

by (metis interval-prefix-length-good)

lemma RFixedAndDistr:
F 70;(g0 A len(k)) Ai f1;(g1 Ai len(k)) =i (f0 A f1);(g0 Ni g1 A len(k))
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apply simp-all
apply (simp add: interval-prefix-length interval-suffix-length)
by (metis diff-diff-cancel)

lemma LFixedAndDistrA:

F (f0 Ai len(k));g0 N; (f1 i len(k));g0 =; (fO Nj f1 A len(k));g0

proof —

have I: (f0 A; len(k));g0 N;i (f1 A; len(k));g0 =i (f0 A; f1 A; len(k));(g0 Ai g0)
by (rule LFixedAndDistr)

have 2: - (f0 A; f1 Aj len(k));(g0 A g0) =i (f0 N; f1 A; len(k));g0
by auto

from 1 2 show ?thesis using prop03 by blast

ged

lemma LFixedAndDistrB:

F (0 Ai len(k));g0 Ai (fO A; len(k));gl =; (fO A; len(k));(g0 N g1)

proof —

have 1:+ (f0 A; len(k));g0 A; (fO A; len(k));g1 =; (f0 A; fO A; len(k));(g0 Ai g1)
by (rule LFixedAndDistr)

have 2: - (f0 A; fO A len(k));:(g0 N g1) =i (f0 A; len(k));(g0 A; g1)
by auto

from 1 2 show ?thesis using prop03 by blast

ged

lemma LFixedAndDistrB1:
F len(k);f A; len(k);g =i len(k);(f Ni g)

proof —

have I: I+ len(k);f =; (true; A; len(k));f
by auto

have 2: |- len(k);g =i (true; N; len(k));g
by auto

have 3: |- len(k);f N; len(k);g =i (true; A; len(k));f N; (true; A; len(k));g
using 1 2 by auto

have 4: - (true; A; len(k));f N; (true;j Aj len(k));g =i (true; A; len(k));(f Ni g)
using LFixedAndDistrB by blast

have 5: - (true; A; len(k));(f Ni g) =i (len(k));(f Ni g)
by auto

from 1 2 3 4 5 show ?7thesis by auto

ged

lemma RFixedAndDistrA:

F f0;(g0 A; len(k)) A;i f0;(g1 N; len(k)) =; f0;(g0 Ni g1 A; len(k))

proof —

have I: 1 f0;(g0 A; len(k)) A; f0;(g1 A; len(k)) =i (f0 A; 10);(g0 N;i g1 A len(k))
by (rule RFixedAndDistr)

have 2: - (f0 \; f0);(g0 Ni g1 A; len(k)) =; f0;(g0 Ni g1 A; len(k))
by auto

from 1 2 show ?thesis using prop03 by blast

ged
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lemma RFixedAndDistrB:

F f0;(g0 A len(k)) Ai f1;(g0 A; len(k)) =; (fO A f1);(g0 A; len(k))

proof —

have I: - f0;(g0 N; len(k)) A;i f1;(g0 A; len(k)) =i (fO A; f1);(g0 Ni g0 A len(k))
by (rule RFixedAndDistr)

have 2: F (f0 A; f1);(g0 Ai g0 A; len(k)) =; (fO A f1);(g0 Ai len(k))
by auto

from 1 2 show 7thesis using prop03 by blast

ged

lemma ChopSkipAndChopSkip:

- f0;skip Aj f1;skip =i (fO N f1);skip

proof —

have 1:+ f0;(true; A; len(1)) A; f1;(true; A; len(1)) =; (fO0 N; f1);(true; A; len(1))
by (rule RFixedAndDistrB)

have 2: F (true; A; len(1)) =; skip
using LenOneEqvSkip itl-prop(17) prop03 by blast

hence 3: - f0;(true; A; len(1)) =; f0;skip
using RightChopEqvChop by blast

have 4: - f1;(true; A; len(1)) =; f1;skip
using 2 RightChopEqvChop by blast

have 5: - f0;(true; A; len(1)) A; f1;(true; A; len(1)) =; f0;skip A f1;skip
using 3 4 by auto

have 6: - (f0 A; f1);(true; A; len(1)) =; (fO A f1);skip
using 2 RightChopEqvChop by blast

from 1 5 6 show ?thesis by auto

ged

lemma BiAndChopSkipEqv:

F (bi (f A;i g));skip =; (bi f);skip N; (bi g);skip

proof —

have 1:+ bi (f Nj g) =i (bif) A; (bi g)
by auto

hence 2: + (bi (f A g));skip =i (bi f A; bi g);skip
by (rule LeftChopEqvChop)

have 3: - (bi f A; bi g);skip =; (bi f);skip N; (bi g);skip
using ChopSkipAndChopSkip itl-prop(30) by blast

from 2 3 show ?thesis by auto

ged

lemma DiAndChopSkipEqv:

F (di (f Ai g));skip Di (di f);skip Ai (di g);skip

proof —

have I: - di (f Ni g) Di (dif) A (di g)
by auto

hence 2: = (di (f Ai g));skip D (di f A; di g);skip
by (rule LeftChoplmpChop)

have 3: = (di f A di g);skip =; (di f);skip A (di g);skip
using ChopSkipAndChopSkip itl-prop(30) by blast
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from 2 3 show ?thesis by auto
ged

lemma ChopEmptyAndEmpty:

Ff.g Aj empty =; f N\j g A\j empty

apply simp-all

by (metis interval-prefix-intlen interval-suffix-zero le-zero-eq)

lemma ChopSkiplmpMore:

F f;skip D; more

proof —

have 1:+ —(f;skip A; empty) by auto
hence 2: - —(f;skip) V; more by auto
from 2 show ?7thesis by auto

ged

lemma MoreEqvMoreChop True:
F more =; more;true;
proof —
have 1: - more =; skip;true;
using MoreEqvSkipChopTrue by blast
have 2: & true; =; true;;true;
by auto
hence 3: & skip;true; =; skip;(true;;true;)
using RightChopEqvChop by blast
have 4: |- skip;(truej;true;) =; (skip;true;);true;
using ChopAssoc by blast
have 5: |- (skip;true;);true; =; more;true;
using MoreEqvSkipChopTrue by (simp add: more-d-def next-d-def)
from 1 3 4 5 show ?thesis using prop03 by blast
ged

lemma NotNotChopSkip:
F —i(—i fskip) =i empty Vi (f;skip)
by (metis WprevEqvEmptyOrPrev prev-d-def wprev-d-def )

lemma NotChopFixed:
F=i(fi(g Ai len(k))) =i —i(O(g Ai len(k))) Vi (—if;(g Ai len(k)))
apply simp by (smt diff-diff-cancel interval-suffix-length-good)

lemma NotFixedChop:
F=i((g A len(k)):f) =i —i(di(g Ai len(k))) Vi ((g Ai len(k));—if)
apply simp by auto

lemma NotChopNotSkip:
F —i(f;skip) =; empty V; ((—; f);skip)
proof —
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have I:F —j(—i(—if);skip) =i empty V; ((—; f);skip) using NotNotChopSkip by blast
have 2: - ﬁ;(—\;(—\;f);skllp) =; —\,-(f;skip) by auto

from 1 2 show ?thesis by auto

ged

6.4.2 Additional ITL theorems

lemma BiOrBilmpBiOr:

F bi f Vi big D bi(f Vi g)

proof —

have 1:+ f D; f V; g by auto

hence 2: = bi f D; bi(f V; g) by (rule BilmpBiRule)
have 3:+ g D; f V; g by auto

hence 4: - bi g D; bi(f V; g) by (rule BilmpBiRule)
from 2 4 show ?thesis by auto

ged

lemma MoreAndBilmpBiChopSkip:

= more A; bi f D; (bi f);skip

proof —

have 1:+ (bif);skip =; —i(di —; f);skip by auto

have 2: = —;( —i(di = f);skip) =; empty V; (di —; f);skip by (rule NotNotChopSkip)
have 3: - empty D; empty V; di - f by auto

have 4: - (di —; f);skip Dj di —; f using ChoplmpDi DiEqvDiDi itl-prop(31) prop02 by blast
hence 5: - (di = f);skip D;j empty V; di —; f by (rule prop26)

have 6: - —;( —;(di —; f);skip) D; empty V; di —; f using 2 3 5 by auto

hence 7: - —j(empty V; di —; f) D; —i(=i( —i(di —; f);skip)) by (rule prop27)
have 8: - —|,'(—|,'( —|,'(di - f);Skip)) =i —|,'(di - f);skip by auto

have 9: - —j(empty V; di = f) =; more A; —i( di = f) by auto

have 10: - more N; —i( di —j f) =; more N\; bi f by auto

from 1 6 7 8 9 10 show ?thesis by auto

ged

lemma DiChoplmpDiB:

- di(fig) O di f

proof —

have 1:+ f ; (g;true;) D; di f by (rule ChoplmpDi)

have 2: - f ; (g;true;) =; (f;g);true; by (rule ChopAssoc)
from 1 2 show ?thesis by (simp add: di-d-def)

ged

lemma BiBiOrIimpBi:
Fbi (bif Vibig)DibifVbig
using BiElim by auto

lemma BilmpBiBiOr:

Fbif D bi ( bif V;big)

proof —

have 1:F bif D; bi f V; bi g by auto

hence 2: + bi (bi f) D; bi(bi f Vi bi g) using BilmpBiRule by blast
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have 3: - bi (bi f) =; bi f using BiEqvBiBi itl-prop(30) by blast
from 2 3 show ?thesis by auto
ged

lemma BilmpBiBiOrB:

Fbig D bi (bifVbig)

proof —

have 1:+ big D; bi f V; bi g by auto

hence 2: - bi (bi g) D; bi(bi f V; bi g) using BilmpBiRule by blast
have 3: - bi (bi g) = bi g using BiEqvBiBi itl-prop(30) by blast
from 2 3 show ?7thesis by auto

ged

lemma BiBiOrEqvBi:

- bi (bif Vi big) = bifV;big

proof —

have 1:F bi ( bif Vi big) Dj bi f V; bi g by (rule BiBiOrlmpBi)
have 2: F bif D; bi ( bi f Vi bi g) by (rule BilmpBiBiOr)

have 3: = big D; bi ( bif V; big) by (rule BilmpBiBiOrB)
have 4:+ bif V; big D; bi ( bi f V; bi g) using 2 3 by auto
from 1 4 show ?thesis using itl-prop(31) by blast

ged

lemma DiEqvOrDiChopSkipA:

Fdi f =; f V; di(f;skip)

proof —

have 1:+ di f =; f ;true; by (simp add: di-d-def)

hence 2: + di f =; f; ( empty V; more) by auto

hence 3: Hf; ( empty V; more) =; f;empty V; f;more using ChopOrEqv by blast
have 4: F f;empty =; f by (rule ChopEmpty)

have 5: - more =; skip;true; using MoreEqvSkipChopTrue by blast
hence 6: - f;more =; f;(skip;true;) using RightChopEqvChop by blast
have 7: = f;(skip;true;) =; (f;skip);true; by (rule ChopAssoc)

from 2 3 4 6 7 show ?thesis by auto

ged

lemma DiEqvOrDiChopSkipB:

Fdif =i fV;(dif)skip

proof —

have 1:+ (di f) =; f V; di(f;skip) by (rule DiEqvOrDiChopSkipA)
have 2: - di(f;skip) =; (f;skip);true; by (simp add: di-d-def)
have 3: - (f;skip);true; =; f;(skip;true;) by (rule ChopAssocB)
have 4: &= di(f;skip) =; f;(skip;true;) using 2 3 by auto

have 5: |- skip;true; =; true;j;skip by (rule Skip TrueEqv TrueSkip)
hence 6: & f;(skip;true;) =; f;(true;;skip) using RightChopEqvChop by blast
have 7: - di(f;skip) =; f;(true;;skip) using 4 6 by auto

have 8: & f;(truej;skip) =; (f;true;);skip by (rule ChopAssoc)
have 9: - (f;true;);skip =; (di f);skip by (simp add: di-d-def)
have 10 : F di(f;skip) =i(di f);skip using 7 8 9 by auto

hence 11: + f V; di(f;skip) =; f V; (di f);skip by auto
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from 1 11 show 7thesis using prop03 by blast
ged

lemma BiEqvAndEmptyOrBiChopSkip:

Fbi f =i f N (empty V; (bi f);skip)

proof —

have I:+ di —; f =; —; f V; (di —; f;skip) by (rule DiEqvOrDiChopSkipB)

have 2: - di —; f =; —j( bi f ) by (rule DiNotEqvNotBi)

have 3: - —;( bi f ) =; - f V; (di —; f;skip) using 1 2 using itl-prop(30) prop03 by blast
hence 4: + bi f =; —j(—; f V; (di = f;skip)) by (metis 1 bi-d-def prop01)

have 5: - —\,'(—\,' f Vi (d/ - f;Skip)) =, f A; —\,'(d/ = f;Skip) by auto

have 6: - di —; f;skip =; —j(bi f);skip by auto

hence 7: ﬁ,‘(dl' = f;Skip) =; —\,'(—|,'(bl' f);Skip) by auto

have 8: = —j(—i(bi f);skip) =; (empty V; (bi f);skip) using NotNotChopSkip by blast
hence 9: + f A; —i(di —; fiskip) =; f A (empty V; (bi f);skip) using 7 8 by auto
from 4 5 9 show ?thesis using prop03 by blast

ged

lemma DiDiAndEqvDi:
Fdi(dif \jdig)=idif N dg
proof —
have 1:+ bi ( bi —; f V; bi —; g) =; bi ~;f Vi bi - g
by (rule BiBiOrEqvBi)
have 2: - bi —\;f =; T (di f)
by auto
have 3: - bi g =i i (dig)
by auto
have 4: - bi —;f V; bi =j g = —j (di f) Vi T (di g)
using 2 3 by auto
have 5: - —; (di f) Vi T (dig) =; ﬁ,’(di f A dig)
by auto
have 6: - bi ( bi —; f V; bi —; g) =; —|,'(di f A dig)
using 1 5 by auto
hence 7: - —w,'(bl' ( bi —; f Vj bi —; g))E,' (di f A di g)
by simp
have 8 : - —|,'(bi ( bi —; f V; bi —; g)) =; di ( —|,'(bi —; £V bi = g))
using DiNotEqvNotBi itl-prop(30) by blast
have 9 : - —|,'(bi - £V bi g) = dif Nidig
by auto
hence 10: - di ( —|,'(bi —; f V; bi —; g)) =; di ( di f A; di g)
using DiEqvDi by blast
from 7 8 10 show ’thesis using itl-prop(30) prop03 by blast
ged

lemma Bilnduct:

F bi(f Dj wprev ) A £ D; bi f

proof —

have 1: F O((f") D; wnext(f")) A; f" D; O(f") using BoxInduct by blast
hence 2: - (O((f") D; wnext(f")) A; f" D; O(f"))" using ReverseEqv by blast
have 3: F ((f")" ) =; f using EqvReverseReverse itl-prop(30) by blast
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have 4: - (O (f"))" =; bi (f) using RRBoxEqvBi by blast
have 5: F ((f") D; wnext(f"))" =; ( (f")" D; (wnext(f"))" ) by simp
have 6: - (wnext(f"))" =; wprev(f) using RRWNextEqvWPrev by blast
have 7: = ( (f")" Di (wnext(f"))" ) =; ( f Di wprev(f) ) using 6 3 prop39 by auto
have 8: - bi( (f")" D; (wnext(f"))" ) =; bi( f D; wprev(f) ) using 7 3 BiEqvBi by blast
have 9: - (O((f") D; wnext(f")))" =i bi ( ((f") Di wnext(f"))" ) using RBoxEqvBi by blast
have 10: - (T((f") D; wnext(f")))" =; bi( f D; wprev(f) ) using 8 9 by auto
have 11:F (O((f") Dj wnext(f")) A; " D; O(f"))" =i
((O((f") Di wnext(f")))" Ai (f7)" Di (O (f’))’) using RAnd by auto
have 12: F ((T((f") Di wnext(f")))" Ai (f")" D;i (O(f"))") =i

(bi( f Di wprev(f) ) Aj f Dj bi f) using 8 34 10 by simp
from 2 11 12 show ?thesis using MP itl-prop(31) by blast
ged

lemma Prevloop:

assumes - f D; prev f

shows | - f

proof —

have 1:+ f D; prev f using assms by auto

hence 2: - f D; ( more A wprev f) by auto

hence 3: - f D; wprev f by auto

hence 4: - bi(f D wprev f) by (rule BiGen)

have 5:F bi(f D;j wprev f) Aj f Dj bi f by (rule Bilnduct)
hence 6: - bi(f Dj wprev f) D; (f Dj bi f) using prop36 by blast
have 7:F (f D; bi f) using 4 6 MP by blast

have 8:+ bif D; f by (rule BiElim)

have 9:+ f =, bi f using 7 8 itl-prop(31) by blast

have 10: - f D; more using 2 by auto

hence 11: F bi f D; bi more using BilmpBiRule by blast
have 12:F —j(bi more) using DiEmpty by auto

from 7 9 11 12 show ?thesis using MP prop27 by blast
ged

lemma PrevimpNotPrevNot:
F prev f D; —i(prev —j f)
by auto

lemma BiEqvAndWoprevBi:
F bi f =i f Aj wprev(bi f)
proof —
have 1: - 0O (f") =; f" A wnext(O (f"))
using BoxEqvAndWhextBox by blast
hence 2: - (O (") =; f" Ai wnext(O (f")))"
using ReverseEqv by blast
have 3: F (O (f"))" =; bi (f)
using RRBoxEqvBi by blast
have 4: - (f") =; f
using EqvReverseReverse itl-prop(30) by blast
have 5: - (wnext(O (f")))" =i wprev( (O(f"))")
using RWNextEqvWPrev by blast
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have 6: = wprev( (T( ((f"))))") =i wprev (bi(f))
using 3 5 by auto
have 7: - (wnext(O (f")))" =; wprev (bi (f))
using 5 6 by auto
have 8: + (O (f") =; " A wnext(O (f")))" =i
(0 (F)) =i ((F)) A (wnext(D) (F7)))")
by (meson 1 2 RAnd REqvRule iff-defs prop03 valid-def)
have 9: F ( (O ()" =i ((f")") Ai (wnext(D (f")))") =i
((bi f) =i f A; wprev(bi f))
using 7 3 4 prop40 by auto
from 9 8 2 show ?thesis by auto
ged

lemma DilntroLoop:

assumes - (f A\; —; g) Dj prev f

shows - f D; di g

proof —

have 1: - f Aj - g Dj prev f
using assms by auto

hence 2: - f A; —; g A; (bi =i g)D; (prev f) A; (bi —; g)
by auto

have 3:+ (bi —j g) Di —i &
by (rule BiElim)

hence 4: - bi —j g =; (bi =i g) N\i —i &
using prop38 by blast

have 5:F f A; (bi —=j g) Di prevf Aj bi - g
using 2 4 by auto

have 6:F bi =i g =i (- g) Ni wprev(bi —; g)
by (rule BiEqvAndWoprevBi)

have 7:F prevf A; bi =j g Di prev f Aj wprev(bi = g)
using 6 using it/-prop(31) itl-prop(32) propl2 by blast

have 8:+ f A; (bi =i g) Dj prev f Aj wprev(bi = g)
using 5 7 by auto

hence 9: - f A; (bi —j g) Dj more N; wprev f A wprev(bi —; g)
by auto

hence 10: - f A; (bi —j g) Dj wprev f A; wprev(bi —j g)
by auto

hence 11:+ f A; (bi —j g) Dj wprev (f Aj bi —j g)
by auto

hence 12: - bi(f Aj (bi = g) Di wprev (f Aj bi =i g) )
by (rule BiGen)

have 13:F bi(f Aj (bi = g) Di wprev (f Aj bi =j g) ) Ai £ Ai (bi =i g)

Dj bi(f Aj (bi —i g))

by (rule Bilnduct)

hence 14: F bi(f A (bi =i g) Di wprev (f Aj bi = g) ) Di

( (f Ai (bi =i g)) Di bi(f Ai (bi —i g)))

using prop36 by blast

have 15:F ( (f Nj (bi - g)) Dj bi(f Nj (bi = g)))
using 12 14 MP by blast

have 16:F bi(f N; (bi - g)) O f A (bi - g)
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by (rule BiElim)

have 17:F bi(f Ai (bi =i g)) =i (f Ai (bi —j g))
using 16 15 itl-prop(31) by blast

have 18:+ (f A; (bi = g)) D; more
using 9 by auto

hence 19: - bi (f A; (bi =i g)) Di bi more
using BilmpBiRule by blast

have 20: + —;(bi more)
using DiEmpty by auto

have 21:F+ —|,'(f Ni (bi - g))
using 17 19 20 by fastforce

hence 22: - —; f V; —; (bi - g)

by auto
have 23: F - (bi —j g) = dig
by auto
from 22 23 show ?thesis by auto
ged

lemma DiEqvOrChopMore:

Fdi f =; (f Vi f;more)

proof —

have 1: F di f =; f;true; by auto

hence 2: + di f =; f; (empty V; more) by auto

have 3:F f; (empty V; more) =; f;empty V; f;more by auto
have 4:+ f;empty =; f by (rule ChopEmpty)

from 2 3 4 show ?thesis by auto

ged

lemma DiAndDiEqvDiAndDiOrDiAndDi:
Fdif Aidig=;di(f N dig)Vidi(g Nidif)
proof —
have 1:+ di f =; (f V; f;more)
using DiEqvOrChopMore by blast
have 2: - dig =; (g Vi g;more)
using DiEqvOrChopMore by blast
have 3: - di f Aj dig =; (f Vi f;more) N (g Vi g;more)
using 1 2 by auto
have 4: - (f V; f;more) N; (g Vi g;more) =;
(f Ni g) Vi (f Nig;more) V(g Ai fimore) V; (f;more A; g;more )
by auto
have 5: - more =; true;;skip
using MoreEqvSkipChop True Skip TrueEqv TrueSkip prop03 by blast
hence 6: - f;more =; f;(true;;skip)
using RightChopEqvChop by blast
have 7:t f;(truej;skip) =; (f;true;);skip
by (rule ChopAssoc)
have 8:+ f;more =; prev (di )
using 6 7 by (simp add: prev-d-def)
have 9:+ g;more =; g;(true;;skip)
using 5 RightChopEqvChop by blast
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have 10: - g;(true;;skip) =; (g;true;);skip
by (rule ChopAssoc)
have 11: + g;more =; prev (di g)
using 9 10 by (simp add: prev-d-def)
have 12: = f;more \; g;more =; prev (di f) NA; prev (di g)
using 8 11 by auto
hence 13: + f;more N; g;more =; prev (di f A; di g)
by auto
have 14: + (di f A dig) =i
((f Ni g) Vi (f N g;more) Vi (g Ni f;more)) Vi (f;more N g;more)
using 3 4 by auto
have 15: - (di f N dig) =i
((f Ni g) Vi (f Nig;more) V(g Ai fimore)) Vi prev (di f \; di g)
using 13 14 prop28 by blast
hence 16: - (di f A; di g) D;
((f Ni g) Vi (f N g;more) V(g Ai fimore)) Vi prev (di f A; di g)
using itl-prop(31) by blast
hence 17:+ (di f A; dig) Ni —i((f Nig) Vi ( f Ai g;more) Vi (g Ai f;more)) Dj
prev (di f Aj di g)
using prop29 by blast
hence 18: + (di f Aj dig) Di di((f Ni g) Vi (f Ai g;more) Vi (g Ai f;more))
using DilntroLoop by blast
have 19:F di((f Ni g) Vi ( f A g;more) Vi (g Ai f;more)) =;
di(f Ni g) Vi di( f Ai g;more) V; di(g N;i f;more)
by auto
have 20:+f D;dif
using Dilntro by blast
hence 21: - f Njg Dig N di f
by auto
hence 22: - di(f N g) Di di(g Ni di f)
using DilmpDi by blast
hence 23: + di(f A;j g) Dj di(g Ni di f) V; di(f A di g)
by auto
have 24:+ g;more D; di g
by auto
hence 25: + f N\; g;more D; f Aj di g
by auto
hence 26: - di(f N; g;more) D; di(f A; di g)
using DilmpDi by blast
hence 27: - di(f Ai g;more) D;  di(f A dig) Vi di(g Ni dif)
by auto
have 28:F f:more D; di f
by auto
hence 29: - g A; fmore D; g Aj di
by auto
hence 30: + di(g Ni f;more) D; di(g N; di f)
using DilmpDi by blast
hence 31: F di(g Ni fymore) D; di(f N dig) Vi di(g Ni dif)
by auto
have 32:F di(f Ai g) Vi di( f A g;more) Vi di(g Ai f;more) D;
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di(f A; di g) Vi di(g A; di f)
using 23 27 31 by auto
have 33:F di((f Ni g) Vi ( f A g;more) Vi (g Ai f;more)) D;
di(f Ni dig) Vi di(g Ni dif)
using 19 32 by auto
have 34:F (dif Aj dig) Di di(f N dig) Vi di(g Nidif)
using 18 33 by auto
have 35:F f D;dif
using Dilntro by blast
hence 36: - f NjdigD;dif Njdig
by auto
hence 37: + di (f Ni dig) Dj di (di f N di g)
using DilmpDi by blast
have 38:F di (dif Nidig)=;dif A dig
using DiDiAndEqvDi by blast
have 39:F di (f N\jdig) Didif Nidig
using 37 38 using itl-prop(31) prop02 by blast
have 40:+ g Didig
using Dilntro by blast
hence 41: - g A;dif D;dif Ajdig
by auto
hence 42: - di (g Ni dif) D; di (di f A; di g)
using DilmpDi by blast
have 43: - di(dif Nidig)=idif Nidig
using DiDiAndEqvDi by blast
have 44:Fdi (g Nidif) Didif Nidig
using 42 43 using itl-prop(31) prop02 by blast
have 45:Fdi (f Nidig) Vidi (g Nidif)Didif A dig
using 39 44 prop30 by blast
from 34 45 show ?thesis using itl-prop(31) by blast
ged

lemma BoxStateEqvBiFinState:
F O (init w) =; bi (fin (init w))

proof —
have 1: - & (—|,' (init W)) =; true; ; —|,-(init W)
by simp
have 2: - & (init(—; w)) =; true; ; init (- w)
by simp

have 3: & di (true; A; fin (init (= w))) =; true; ; init (- w)
using DiAndFinEqvChopState by blast

have 4: - & (init(—; w)) =; di (true; A; fin (init (= w)))
using 1 2 3 by simp

have 5: = —; (O (init(=; w))) =; —; (di (true; A; fin (init (= w))))
using 4 by simp

have 6: - O (init W) = (di (true,- A; fin (init (ﬁ,’ W))))
using 5 by auto

have 7: - O (init W) =; bi (—\,' (fin (init (—\,' W))))
using 6 by auto

have 8: & init (= w) =; = (init w)
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by simp
have 9: & fin (init (= w)) =; fin (—; (init w))
using 8 FinEqvFin by blast
have 10: & fin (init (= w)) =; —; (fin (init w))
using 8 FinNotStateEqvNotFinState FinEqvFin by blast
have 11: F —; (fin (init (—=; w))) =; (fin (init w))
using 10 by simp
have 12: & bi (= (fin (init (= w)))) =; bi (fin (init w))
using 11 by simp
have 13: + O (init w) =; bi (fin (init w))
using 7 12 by simp
from 13 show 7thesis by simp
ged

lemma DiamondStateEqvDiFinState:
= < (init w) =i di (fin (init w))
proof —
have 1: + 0O (init (= w)) =;
have 2: - —; (O (/nlt (=i w))
have 3: - < (= (init (= w))
have 4: - < (init w) =; di

bi
)
) i (=i (fin (init (—=; w)))) using 2 by auto

(
= (6 (i (i (o w)) w1 by aue
i (it (o w))) nig 3 by 2t

(fin (/n/t - w))) using BoxStateEqvBiFinState by blast

(=
have 5: - < (init w) =; di (fin (init w)) using 4 FinNotStateEqvNotFinState by auto

from 1 2 3 4 5 show ?thesis by simp
ged

lemma OrDiEqvDi:
Ffvidif=idf
proof —
have 1: - f D; di f using Dilntro by blast
from 1 show ?thesis by auto
ged

lemma AndDiEqv:
Ffndif=f
proof —
have 1: - f D; di f using Dilntro by blast
from 1 show ?thesis by auto
ged

lemma BiEmptyEqvEmpty:

F bi empty =; empty

proof —

have 1: + bi empty =; —; (di = empty) by (simp add: bi-d-def)

have 2: - —; (di = empty) =; —; (- empty;true;) by (simp add: di-d-def)
have 3: - —; (- empty;true;) =; —; (more;true;) by auto

have 4: - more;true; =; more using MoreEqvMoreChop True by auto
hence 5: F —j(more;true;) =; —; more using prop0l by blast

from 1 2 3 5 show ?thesis by auto

ged
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lemma EmptyChopSkipInduct:
assumes - empty D; f
Fprevf D; f
shows F f
proof —
have 1:+ empty D; f using assms(1) by auto
have 2: - prev f D; f using assms(2) by blast
have 3: - (empty V; prev f) D; f using 1 2 prop30 by blast
have 4: - wprev f =; (empty V; prev f) by auto
hence 5: + wprev f D; f using 3 using itl-prop(31) prop02 by blast
hence 6: - —;f D; = (wprev f) using prop27 by blast
hence 7: + —;f D prev (= f) by auto
hence 8: + —; = f by (rule PrevLoop)
from 8 show ?thesis by auto
ged

lemma MorelmplmpChopSkipEqv:
F more D; ( (fDig);skip =; ((f;skip)Di(g;skip)) )
proof —
have 1:+ more A; (fDjg);skip =; more N; (i f Vi g);skip
by auto
have 2:  (—;  V; g);skip =i —j f;skip Vi g;skip
using OrChopEqv by auto
hence 3: = more A; (=i f Vi g);skip =; more Ni(—; f;skip Vi g;skip)
by auto
have 4: - —j(—; f;skip) =; empty V; (f;skip)
using NotNotChopSkip by blast
hence 5: - (= f;skip) =; —i(empty V; (f;skip))
using itl-prop(30) itl-prop(33) itl-prop(4) prop03 by blast
have 6: - —j(empty V; (f;skip)) =; (more A; —i(f;skip))
by auto
have 7: - (—; f;skip V; g;skip) =; ( (more N; —i(f;skip)) V; g;skip)
using 5 6 by auto
hence 8: - more Ni(—; fiskip Vi g;skip) =i more A; ( (more A; —i(f;skip)) Vi g;skip)

by auto

have 9: - more A; ( (more A; —i(f;skip)) Vi g;skip) =i more N; (—i(f;skip) Vi g;skip)
by auto

have 10: - more A; (—i(f;skip) Vi g;skip) =i more A; ((f;skip)Di(g;skip))
by auto

have 11: + more N; (fD;g);skip =; more A; ((f;skip)Di(g;skip))
using 1 2 3 8 9 10 by auto

from 11 show ?thesis using prop31 using MP itl-prop(31) by blast

ged

lemma MorelmplmpPrevEqv:

F more D; ( prev(fDig) =; (prev fD; prev g) )
using MorelmplmpChopSkipEqv by auto
lemma BiBoxNotEqvNot TrueChopChop True:

F bi(O —; f) =i —i((true;;f);true; )
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by auto

lemma DiAndEmptyEqvAndEmpty:

Fdi f A\j empty =; f N\;j empty

proof —

have 1 :+ dif =; (f V; di f;skip) using DiEqvOrDiChopSkipB by blast

hence 2: - di f Nj empty =; (f V; di f;skip) A empty using prop06 by blast

have 3 : I (f V; di f;skip) Nj empty =; (f Nj empty) V; (di f;skip Aij empty) by auto
have 4: - —;(di f;skip N\j empty) by auto

hence 5 : = (f Aj empty) V; (di f;skip \i empty) =; (f A; empty) by auto

from 2 3 5 show ?thesis by auto

ged

6.4.3 Strict initial intervals

lemma DsMoreDi:
F ds f =; more A; (di f);skip
proof —
have I:+ ds f =; —j(bs —j f)
by (simp add: ds-d-def)
have 2: - —j(bs —; ) =; —i(empty V; (bi = f);skip)
by (simp add: bs-d-def)
have 3: F—j(empty Vi (bi —; f);skip) =i mjempty A;j —i((bi —if);skip)

by auto

have 4: - —jempty A; —i((bi —if);skip) =; more A; —i((bi —;if);skip)
by auto

have 5: = more A; —i((bi —if);skip) =i more N; —i(—i(di f);skip)
by auto

have 6: - more Aj —i(—i(di f);skip) =; more N; (empty V; (di f);skip)
using NotNotChopSkip using prop05 by blast

have 7: = more A; (empty V; (di f);skip) =; more N; (di f);skip
by auto

from 1 23456 7 show 7thesis by auto

ged

lemma DsDi:

b ds f = (di f);skip

proof —

have I1:+ dsf =; more A; (di f);skip by (rule DsMoreDi)
have 2: |- (di f);skip D; more by auto

hence 3: = more A; (di f);skip =; (di f);skip by auto
from 1 2 show ?thesis by auto

ged

lemma BsEqvNotDsNot:

F bs f =; —i(ds —; )

proof —

have 1: F ds = f =; more A; (di —j f);skip by (rule DsMoreDi)
hence 2: + —j(ds —j f) =; —j(more N; (di = f);skip) by auto

145



have 3: = —j(more A; (di —; f);skip) =; empty V; —i((di —; f);skip) by auto
have 4: - empty V; —i((di = f);skip) =; empty V; —i(—i(bi );skip) by auto
have 5: = —j(=i(bi f);skip) =i empty V; (bi f);skip by (rule NotNotChopSkip)
hence 6: - empty V; —i(—i(bi );skip) =; empty V; (bi f);skip by auto

from 2 3 4 6 show ?thesis by (simp add: bs-d-def)

ged

lemma NotBsEqvDsNot:

H —\,'(bS f) = ds - f

proof —

have 1:+ bs f =; —j(ds - f) by (rule BsEqvNotDsNot)
hence 2: - —w,'( bs f) =; —|,'—|,'(dS = f) by auto

from 2 show ?thesis by auto

ged

lemma NotDsEqvBsNot:

F - (dS f) = bs - f

proof —

have I1:+ —j(ds f) =; =jni(bs —f) by (simp add: ds-d-def)
from 1 show ?thesis by auto

ged

lemma NotDsAndEmpty:

F =i(ds £ Ai empty)

proof —

have I1:+ dsf =; more A; (di f);skip by (rule DsMoreDi)
have 2: - more A; (di f);skip N; empty D; false; by auto
from 1 2 show ?thesis by auto

ged

lemma BsMoreEqvEmpty:

F bs more =; empty

proof —

have 1: - bs more =; empty V; (bi more);skip by (simp add: bs-d-def)
have 2: - bi more D; false; using DiEmpty by auto

hence 3: - (bi more);skip D; false; by auto

hence 4: - empty V; ((bi more);skip) =; empty using prop25 by blast
from 1 4 show ?thesis by auto

ged

lemma BsAndEqv:

k- bsf A; bsg =i bs(f A g)

proof —

have 1:+ bsf =; empty V; (bi f) ;skip
by (simp add: bs-d-def)

have 2: - bs g =; empty V; (bi g) ;skip
by (simp add: bs-d-def)

have 3: - bs f Aj bs g =; (empty V; (bi f) ;skip) N;i (empty Vi (bi g) ;skip)
using 1 2 by auto

have 4: = (empty V; (bi f) ;skip) A;i (empty V; (bi g) ;skip) =;
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empty V; ((bi f) ;skip Ai (bi g) ;skip)
by auto
have 5: - ((bi f) ;skip N; (bi g) ;skip) =i bi(f N; g);skip
using BiAndChopSkipEqv itl-prop(30) by blast
hence 6: - empty V; ((bi f) ;skip Aj (bi g) ;skip) =i empty V; bi(f A; g);skip
by auto
from 3 4 6 show ?thesis by (simp add: bs-d-def)
ged

lemma DsEqvRule:

assumes - f =; g

shows - dsf =; ds g

by (meson DiEqvDi DsDi LeftChopEqvChop assms itl-prop(30) prop03)

lemma DsOrEqv:

FdsfVidsg=;ds(fVg)

proof —

have I:+ dsf =; —j(bs —; ) by (simp add: ds-d-def)

have 2: - ds g =; —i(bs = g) by (simp add: ds-d-def)

have 3: - ds f V; ds g =; —i(bs —; f) V; —j(bs —j g) using 1 2 by auto
have 4: - —j(bs —; f) Vi —j(bs —j g) =i —i(bs =i f Aj bs —; g) by auto
have 5: + bs = f Aj bs =i g = bs( =i f N\;j —ig) by (rule BsAndEqv)
hence 6: - —w,'(bS - f Ni bs - g) = —|,'(b5( - f Ni —|,-g)) by auto
have 7: - —|;(b5( =i FA; —\;g)) =; ds (—|,'(—|,' f A; ﬁ;g)) by (ru/e NOtBSEqVDSNOt)
have 8: - —|,'(—|,' f A —|,-g) = (f Vi g) by auto

hence 9: & ds(—i(—; f Ai —ig)) =i ds (f Vi g) by (rule DsEqvRule)
from 3 4 6 7 9 show ?thesis by auto

ged

lemma BsOrimp:

b bsf Vibsg Dj bs(f Vi g)

proof —

have 1:+ bif V; big D; bi(f V; g)
by (rule BiOrBilmpBiOr)

hence 2: + (bi f V; bi g);skip D; (bi(f Vi g));skip
by (rule LeftChoplmpChop)

have 3: = (bi f);skip Vi (bi g);skip D; (bi(f Vi g));skip
using 1 OrChopEqv 2 itl-prop(31) prop02 by blast

hence 4: - empty V; (bi f);skip Vi (bi g);skip D; empty V; (bi(f V; g));skip
by auto

hence 5: - empty V; (bi f);skip Vi empty V; (bi g);skip D; empty V; (bi(f Vi g));skip
by auto

from 5 show 7thesis by (simp add: bs-d-def)

ged

lemma DsAndImp:

Fds (f A\jg)Didsf Aidsg

proof —

have 1:+ bs —if V; bs —jg Dj bs(—if Vi —ig) by (rule BsOrlmp)
have 2: - —;f V; -8 =i —w,'(f N; g) by auto
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hence 3:  bs(—;f V; —ig) =; bs —i(f Aj g) by (rule BsEqvRule)

have 4: - bs —f V; bs =jg D; bs —i(f Aj g) using 1 3 by auto

have 5: - bs —;f =; —i(ds f) using NotDsEqvBsNot by auto

have 6: - bs —jg =; —i(ds g) using NotDsEqvBsNot by auto

have 7: - bs —i(f Ai g) =i —i(ds (f Ai g)) using NotDsEqvBsNot by auto
have 8: - —j(ds ) V; —i(ds g) D;i —i(ds (f Aj g)) using 4 56 7 by auto
hence 9: - —j(ds f Aj dsg) D; —i(ds (f Aj g)) by auto

from 9 show ?7thesis by auto

ged

lemma DsAndImpElimL.:
Fds (f Nig)Didsf
using DsAndImp by auto

lemma DsAndImpElimR:
Fds(f Nig)Didsg
using DsAndImp by auto

lemma BilmpBs:

Fbif D bsf

proof —

have 1:+ empty D; empty V; (bi f);skip by auto

hence 2: F empty A; bi f D; empty V; (bi f);skip by auto
have 2: - more A; bi f D; (bi f);skip by (rule MoreAndBilmpBiChopSkip)
hence 3: = more A; bi f Dj empty V; (bi f);skip by auto

have 4: - bi f =; (bi f N\j empty) V; (bi f N\; more) by auto
have 5: - empty V; (bi f);skip =; bs f by (simp add: bs-d-def)
from 2 3 4 5 show ?thesis by auto

ged

lemma BsImpBsBs:

Fbsf Dj bs ( bsf)

proof —

have I: bif D; bs f by (rule BilmpBs)

hence 2: - bi (bi f) Dj bi(bs f) by (rule BilmpBiRule)

hence 3: F (bi f) D; bi(bs f) using BiEqvBiBi itl-prop(31) prop02 by blast
hence 4: + (bi f);skip D; (bi(bs f));skip by (rule LeftChoplmpChop)

hence 5: + empty V; (bi f);skip D; empty V; (bi(bs f));skip by auto

from 5 show ?thesis by (simp add: bs-d-def)

ged

lemma DsimpDi:

Fdsf D;dif

proof —

have 1:+ bi = f D; bs - f by (rule BilmpBs)

hence 2: + —j(bs —; f) Dj —j(bi = f) by (rule prop27)

from 2 show 7thesis using NotBsEqvDsNot DiEqvNotBiNot by (simp add: ds-d-def)
ged

lemma BsIimpBsRule:
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assumes - f D; g

shows - bs f D; bs g

proof —

have 1:+ f D; g using assms by auto

hence 2: + bi f D; bi g by (rule BilmpBiRule)

hence 3: & (bi f);skip D; (bi g);skip by (rule LeftChoplmpChop)
hence 4: - empty V; (bi f);skip D; empty V; (bi g);skip by auto
from 4 show ?thesis by (simp add: bs-d-def)

ged

lemma DsChoplmpDsB:

Fds (f;g) Didsf

proof —

have I: - di(f;g) Di di f by (rule DiChoplmpDiB)

hence 2: I (di(f;g));skip Di (di f);skip by (rule LeftChoplmpChop)
from 2 show 7thesis using DsDi by (metis itl-prop(31) prop02)
ged

lemma NotBsImpBsNotChop:

F bs = f Dj bs ( —i(f;g))

proof —

have 1: F ds (f;g) Di ds f by (rule DsChoplmpDsB)
hence 2: - —j(ds f) D; —i(ds (f;g)) by (rule prop27)
from 2 show ?thesis using NotDsEqvBsNot by auto
ged

lemma BsOrBsEqvBsBiOrBi:

Fbsf Vi bsg =i bs(bi f V;big)

proof —

have 1:+ bsf V; bs g =; empty V; (bi f);skip Vi empty V; (bi g);skip
by (simp add: bs-d-def)

have 2: - empty V; (bi f);skip VV; empty V; (bi g);skip =; empty V; (bi f);skip Vi (bi g);skip
by auto

have 3: & (bi f);skip Vi (bi g);skip =; (bi f V; bi g);skip
using OrChopEqv using itl-prop(30) by blast

hence 4: + empty V; (bi f);skip V; (bi g);skip =; empty V; (bi f V; bi g);skip
by auto

have 5: + bi ( bif V; big) =; bi f V; bi g
by (rule BiBiOrEqvBi)

hence 6: - bi ( bi f \V; bi g);skip =; (bi f \V; bi g);skip
using LeftChopEqvChop by blast

hence 7: + empty V; bi ( bi f V; bi g);skip =; empty V; (bi f V; bi g);skip
by auto

from 1 2 4 7 show ?thesis by (simp add: bs-d-def)

ged

lemma DiOrDsEqvDi:
FdifVvidsf=;df
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proof —

have 1: - dif D; di f V; ds f by auto

have 2: - di f D; di f by auto

have 3: F ds f D; di f by (rule DsImpDi)

have 4: - di f V; ds f D; di f using 2 3 by auto
from 1 4 show ?thesis by auto

ged

lemma DiAndDsEqvDs:

Fdif N\jdsf =;dsf

proof —

have 1: - di f A\j dsf D; ds f by auto

have 2: + ds f D; ds f by auto

have 3: - ds f D; di f by (rule DsImpDi)

have 4: + ds f D; di f N\; ds f using 2 3 by auto
from 1 4 show ’thesis by auto

ged

lemma OrDsEqvDi:

FfVvidsf=;df

proof —

have I:+ dsf =; (dif);skip by (rule DsDi)

hence 2: + f Vv; ds f =; f Vv, (di f);skip by auto

from 2 show ?thesis using DiEqvOrDiChopSkipB itl-prop(30) prop03 by blast
ged

lemma AndBsEqvBi:

Ff A bsf=;bif

proof —

have I: - f A; bsf =; f A; (empty V; (bi f);skip) by (simp add: bs-d-def)

from 1 show ?thesis using BiEqvAndEmptyOrBiChopSkip by (metis bs-d-def itl-prop(30))
ged

lemma BsEqvBsBi:

F bs f =; bs (bi f)

proof —

have I1:+ bsf =; empty V; (bi f);skip by (simp add: bs-d-def)

have 2: - bi f =; bi ( bi f) by (rule BiEqvBiBi)

hence 3: - (bi f);skip =; bi (bi f);skip using LeftChopEqvChop by blast
hence 4: = empty V; (bi f);skip =; empty V; bi (bi f);skip by auto
from 1 4 show ?thesis by (simp add: bs-d-def)

ged

lemma StatelmpBs:

= init w D; bs (init w)

proof —

have 1:t init w =; bi (init w) by (rule StateEqvBi)
have 2: = bi (init w) D; bs (init w) by (rule BilmpBs)
from 1 2 show 7thesis using StatelmpBi prop02 by blast
ged
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lemma DsAndDsEqvDsAndDiOrDsAndDi:
Fdsf Ajdsg=;ds (f AV dig) Vi dS(g A; di f)
proof —
have I: - dif A; dig =; di(f Ni dig) Vi di(g Ni dif)
by (rule DiAndDiEqvDiAndDiOrDiAndDi)
hence 2: - (di f A; di g);skip =i (di(f N di g) Vi di(g Ni di f));skip
by (rule LeftChopEqvChop)
have 3: - (di f A di g);skip =; (di f);skip N (di g);skip
using ChopSkipAndChopSkip using itl-prop(30) by blast
have 4: - (di f);skip Ai (di g);skip =; (di(f A; di g) Vi di(g N; di f));skip
using 2 3 by auto
have 5: - (di(f Nj di g) Vi di(g Ni di f));skip =; di(f A; di g);skip Vi di(g A di f);skip
using OrChopEqv by blast
have 6: - ds f =; (di f);skip
using DsDi by blast
have 7: + ds g =; (di g);skip
using DsDi by blast
have 8: = (di f);skip N; (di g);skip =; dsf N ds g
using 6 7 by auto
have 9: - ds(f N; di g) =i di(f A; di g);skip
using DsDi by blast
have 10: - ds(g A di f) = di(g N di f);skip
using DsDi by blast
have 11:+ di(f A; di g);skip Vi di(g N; di f);skip =; ds(f A; di g) Vi ds(g A;i di f)
using 9 10 by auto
from 4 5 8 11 show ?thesis by simp
ged

lemma BsEqvBiMorelmpChop:

t bs f =; bi(more Dj f;skip)

proof —

have 1:+ bs f =; empty V; (bi f;skip)
by (simp add: bs-d-def)

have 2: - —j(—;(bi f);skip) =; empty V; (bi f;skip)
using NotNotChopSkip by blast

have 3: - —j(—j(bi f);skip) =; —i(di —; f;skip)
by auto

have 4: - —;(di —; f;skip) =i —i((—; T ;true;);skip)
by (simp add:di-d-def)

have 5: = —;((—; f ;true;);skip) =; —i(—i f ;(true;;skip))
using ChopAssocB prop01 by blast

have 6: - —j(—; f ;(truej;skip)) =i —i(—i f ;(skip;true;))
using Skip TrueEqv TrueSkip using TrueChopSkipEqvSkipChop True RightChopEqvChop prop01 by blast

have 7: + —j(—; f ;(skip;true;)) =; —i((—i f ;skip);true;)
using ChopAssoc prop01 by blast

have 8: - —|;((—\,' f ;skip);true,-) =; —|;(di (—|,' f;Skip))
by (simp add: di-d-def)

have 9: - —|;(di (—w,' f;Skip)) =i bi (—|,'(—|,' f ;Skip))
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using NotDiEqvBiNot by blast
have 10: & bi (—i(—j f ;skip)) =i bi( empty V; (f;skip))
using NotNotChopSkip using BiEqvBi by blast
have 11: & bi( empty V; (f;skip)) =; bi( =i more V; (f;skip))
by auto
from 12345678910 11 show ?thesis by auto
ged

lemma BsFalseEqvEmpty:

F bs false; =; empty

proof —

have 1: - bs false; =; empty V; bi falsej;skip by (simp add: bs-d-def)
have 2: = —;(bi falsej;skip) by auto

from 1 2 show ?thesis by auto

ged

lemma BoxMoreStateEqvBsFinState:
F O(more D; = (init w)) =; bs(—;(fin(init w)))

proof —

have 1: F O(more D; —; (init w)) =; —;(<C(—i(more D = (init w))))
by auto

have 2: - —;(<(—j(more D —j (init w)))) =; —i(truei;(init w Aj more))
by auto

have 3: - more =; true;; skip
using MoreEqvSkipChop True Skip TrueEqv TrueSkip prop03 by blast
have 4: - init w A\j more =; init w A\ (true;; skip)
using 3 by auto
have 5: F init w A; (truej; skip) =; ((init w A; empty);(truej;skip))
using StateAndEmptyChop itl-prop(30) by blast
have 6: - init w A\; more =; ((init w A; empty);(true;j;skip))
using 4 5 by auto
have 7: - (truej;(init w Aj more)) =; (true;;((init w A; empty);(true;;skip)) )
using 6 RightChopEqvChop by blast
have 8: - (true;;((init w A; empty);(truej;skip)) ) =i
(((true;;(init w A; empty));(true;;skip)) )
using ChopAssoc by blast
have 9: = (((true;;(init w A; empty));(true;;skip)) ) =i
((((truej;(init w A; empty));true;);skip) )
using ChopAssoc by blast
have 10: & (true;;(init w A; more)) =;
((((truej;(init w N; empty));true;);skip) )
using 7 8 9 by auto
hence 11: F —(true;;(init w A; more)) =;
=i((((true;;(init w A; empty));true;);skip) )
by auto
have 12: - —;((((truej;(init w A; empty));true;);skip) ) =;
empty Vi (—i((truej;(init w A; empty));true;);skip)
using NotChopNotSkip by blast
have 13: - (—j((truej;(init w A; empty));true;)) =; bi(O —i(init w A; empty))
using BiBoxNotEqvNot TrueChopChop True itl-prop(30) by blast
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hence 14: - (—j((true;;(init w A; empty));true;));skip =;
(bi(O —i(init w A; empty)));skip
using RightChopEqvChop by auto
hence 15: F empty V; (—i((true;;(init w A; empty));true;));skip =;
empty Vi(bi(O —i(init w A; empty)));skip
by auto
have 16: b —;((((truei;(init w A; empty));true;);skip) ) =i
empty V; (bi(O —(init w Aj empty));skip)
using 12 15 by auto
have 17: empty V; (bi(O —i(init w A; empty));skip) =;
empty V; (bi(O (—i(init w) Vi ~jempty));skip)

by auto

have 18: + O (—\,'(init W) Vi —|,-empty) =, O (—\;empty Vi —|,-(init W) )
by auto

have 19: - O (—jempty V; —i(init w) ) =; O(empty D; —j(init w) )
by auto

have 20: + O(empty D; —i(init w) ) =; fin (=;(init w) )
by (simp add: fin-d-def)
have 21: & fin (—i(init w) ) =; =(fin (init w))
using FinEqvFin FinNotStateEqvNotFinState Initprop(2) prop03 by blast
have 22: - bi(O (—j(init w) V; —jempty)) =; bi (—i(fin (init w)))
using 18 19 20 21 BiEqvBi using prop03 by blast
hence 23: - (bi(O (—i(init w) V; ~jempty)));skip =; (bi (—i(fin (init w))));skip
using RightChopEqvChop by auto
hence 24: = empty V; (bi(O (—i(init w) Vi =jempty)));skip =;
empty V; (bi (—j(fin (init w))));skip
by auto
hence 25: = empty V; (bi (—i(fin (init w))));skip =; bs(—i(fin (init w)))
by (simp add: bs-d-def)
from 121116 17 24 25 show ?thesis by auto
ged

6.4.4 First occurrence

lemma FstWithAndImp:
F>fAigDi>(fAg)
proof —
have 1: - >f N g =i f A; (bs —if) Ai g
by (simp add: first-d-def)
have 2: - f A; (bS ﬂ,'f) N g =i f A —\;(ds f) Ni &
using NotDsEqvBsNot using itl-prop(30) prop05 prop06 by blast
have 3: —|;(d5 f) Dj —\,'(ds(f AV g))
using DsAndImpElimL using prop27 by blast
hence 4: - f A; —\,'(dS f) Nig Di fF A g N ﬁ,-(ds(f Nj g))
by auto
have 5:F f Aj g A; ﬁ,-(ds(f Nj g)) = fAig A (bS —|,'(f Nj g))
using NotDsEqvBsNot using prop05 by blast
have 6:F f N\; g A; (bS —\,'(f Ni g)) =; D(f N; g)
by (simp add: first-d-def)
from 1 2 45 6 show 7thesis by auto
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ged

lemma FstWithOrEqv:
(o D(f Vi g) =; (Df A; bs —\,'g) Vi (Dg N; bs —|,'f)
proof —
have I: - >(f Vi g) =i (f Vi g) N\i bs —i(f Vi g)
by (simp add: first-d-def)
have 2: - —|,'(f Vi g) =; (—|,'f Ni —|,~g)
by auto
hence 3: - bs —|,'(f Vi g) =; bs (—|,'f N; —|,-g)
using BsEqvRule by blast
have 4:+ bs (—|,'f Ni —|,-g) =; bs —; f N bs—;g
using BsAndEqv itl-prop(30) by blast
have 5:F (f Vi g) A; bs —|,'(f Vi g) =; (f Vi g) Aj bs —j f Nj bs - g
using 3 4 by auto
have 6: F (f Vi g) Ai bs =i f N\j bs -j g =;
(f/\ib5—|;f/\,' bs—|,-g)\/,'(g/\,-bs—\,-f/\,-bs—\,-g)
by auto
have 7: |—(f A; bs —; f N bs —\,-g) = >f A bs—jg
by (simp add: first-d-def)
have 8: F (g A; bs = f N\; bs —; g) =; (g Aj bs —j g Aj bs —; f)
by auto
have 9: - (g Aj bs =i g Aj bs —j f) = >g AN bs—jf
by (simp add: first-d-def)
have 10: + (f A;j bs =j f Nj bs —; g) Vi (g A; bs =j £ N; bs —; g) =
(Df A; bs —; g) Vi (Dg A; bs —; f)
using 7 8 9 by auto
from 1 56 10 show 7thesis by auto
ged

lemma FstFstAndEqvFstAnd:
H D(I>f N; g) = >fAg
proof —
have 1: - >f A;j g =i f N (bs —if) Ai g by (simp add: first-d-def)
hence 2: - >f A; g D; (bs —f) by auto
hence 3: - >f Nj g D; >f Aj g Ai (bs —jf) by auto
have 4: - —; f D; —; f V; —|;(b5 —|,'f) Vi - g by auto
hence 5: F bs (—j f) Dj bs(—; f Vi —j(bs —if) Vi = g) using BslmpBsRule by blast
have 6: - —; f V; —\,-(bs —|,'f) Vi 8 = —|,'(f A; bs —; F N; g) by auto
hence 7: - bS(—|,' fV; —|,'(bS —w,'f) Vi = g) =; bS(—w,'(f Aj bs =i f A; g)) using BsEqvRule by blast
have 8: = f Aj bs =i f N\ g=; >f Nj g by (simp add: first-d-def)
hence 9: - —;(f A; bs = f Aj g) =i —i(>f Aj g) by auto
hence 10: + bs —i(f Aj bs =i f Aj g) =; bs —j(>f A g) using BsEqvRule by blast
have 11: +1>f A g Di>f Aj g Ai bs —i(>f Aj g) using 35 7 10 by auto
hence 12: - >f A; g D; >(>f A; g) by (simp add: first-d-def)
have 13: + >(>f Aj g) =i >f Ai g A\i bs —i(>f A; g) by (simp add: first-d-def)
hence 14: + >(>f Aj g) Di >f A; g by auto
from 12 14 show ?thesis using itl-prop(31) by blast
ged

154



lemma FstTrue:

F > true; =; empty

proof —

have I:+ > true; =; true; \; bs —; true; by (simp add: first-d-def)

have 2: - bs —; true; =; empty V; (bi —j true;);skip by (simp add: bs-d-def)
have 3: - —;(bi —; true;) by auto

hence 4: - —;((bi —; true;);skip) by auto

have 5: I bs —; true; =; empty using 2 4 by auto

from 1 5 show 7thesis by auto

ged

lemma FstFalse:
= —|,'(> false,-)
proof —
have 1: - > false; =; false; A bs true; by (simp add: first-d-def)
from 1 show ?thesis by auto
ged

lemma FstChopFalseEqvFalse:
F —i(>f ; false;)
by auto

lemma FstEmpty:

F > empty =; empty

proof —

have I1:+ > empty =; empty A; bs —j empty by (simp add: first-d-def)

have 2: - bs —j empty =; empty V; bi —j empty;skip by (simp add: bs-d-def)
from 1 2 show ?7thesis by auto

ged

lemma FstAndEmptyEqvAndEmpty:

Fo>f Aj empty =; f A\; empty

proof —

have 1: - >f A; empty =; f Aj bs = f \;j empty by (simp add: first-d-def)
have 2: - bs - f =; empty V; bi —f;skip by (simp add: bs-d-def)

from 1 2 show ?thesis by auto

ged

lemma FstEmptyOrEqvEmpty:

F >(empty V; ) =; empty

proof —

have I1:+ >(empty V; ) =; (>empty A; bs —; f) Vi (>f A; bs = empty) using FstWithOrEqv by blast
have 2: - —; empty =; more by auto

hence 3: - bs —j empty =; bs more using BsEqvRule by blast

have 4: - bs more =; empty using BsMoreEqvEmpty by blast

have 5: - >f A; bs —; empty =; (> A; empty) using 3 4 by auto

have 6: F >empty =; empty using FstEmpty by blast

hence 7: + (>empty A; bs —; ) =; (empty A; bs = f) by auto

have 8: - empty A; bs —j f =; empty Ai(empty V; bi = f;skip) by (simp add:bs-d-def)
have 9: - empty Aij(empty V; bi = f;skip) =; empty by auto

155



have 10: - empty A; bs —; f =; empty using 8 9 by auto

have 11:+ (>empty Aj bs = f) Vi (>f A; bs = empty) =;
empty V; (>>f A;j empty) using 7 10 5 by auto

have 12: - empty V; (>f A; empty) =; empty by auto

from 1 11 12 show ?thesis by auto

ged

lemma FstChopEmptyEqvFstChopFstEmpty:

Fo>f,g Aj empty =; >f;i>g Aj empty

proof —

have 1:+ >f;g N empty =; >f N; g Aj empty using ChopEmptyAndEmpty by blast

have 2: - g A; empty =; >g A; empty using FstAndEmptyEqvAndEmpty using itl-prop(30) by blast
hence 3: + >f A; g Aj empty =; >f A; >g A; empty by auto

have 4: - >f;>g Aj empty =; >f A\j g Aj empty using ChopEmptyAndEmpty by blast

from 1 3 4 show ?thesis by auto

ged

lemma FstMoreEqvSkip:

F > more =; skip

proof —

have 1: - > more =; more \; bs —j more by (simp add: first-d-def)

have 2: - more A; bs —j more =; more A; (empty V; bi —; more;skip) by (simp add:bs-d-def)
have 3: - more A; (empty V; bi —j more;skip) =; more \; bi —=j more;skip by auto

have 4: = more A; ((bi —i more);skip) =; ((bi —; more);skip) using ChopSkipImpMore by auto
have 5: = ((bi —j more);skip) =; bi empty;skip by auto

have 6: - bi empty =; empty using BiEmptyEqvEmpty by auto

hence 7: = bi empty;skip =; empty;skip using LeftChopEqvChop by blast

have 8: - empty;skip =; skip using EmptyChop by blast

from 1 2 34 57 8 show ?thesis by (metis prop03)

ged

lemma FstEqvBsNotAndDi:

Fo>f=;bs—;fAdif

proof —

have I:+ bs = f =; —j(ds f) by (simp add: ds-d-def)
hence 2: + bs —; f A; di f =; —w,'(dS f) Aj di f by auto

have 3: F di f =; (ds f V; f) using OrDsEqvDi by auto
hence 4 : - —|,'(d5 f) A di f =; —|,'(d5 f) Ni (dS fV; f) by auto
have 5 : - —j(ds f) A (dsf Vi f)=; —i(dsf) A; f by auto
have 6 : - —j(ds f) A; f =; f A; bs = f using I by auto
from 2 4 5 6 show ?thesis by (simp add: first-d-def)

ged

lemma FstOrDiEqvDi:

Fo>fVvidif=df

proof —

have 1: - >f V; di f =; (f A\j bs —~if) V; di f by (simp add: first-d-def)

have 2: - (f Aj bs —if) Vi di f =; (f Vi dif) A;i (bs = f V; di f) by auto
have 3: - (f V; di f) =; di f by auto

hence 4: (f V; di f) Nj (bS —; fV;di f) =, dif A (bS —; f V;di f) by auto
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have 5: - di f Aj (bs —; f Vj di f) =; di f by auto
from 1 2 4 5 show ?thesis by auto
ged

lemma FstAndDiEqvFst:
F>f Adif = >f
proof —
have I: - >f Aj di f = f Aj bs =if Aj di f by (simp add: first-d-def)
have 2: - f A; di f =; f by auto
hence 3: = f Aj bs —;f Aj di f =; f N\; bs —;f by auto
from 1 3 show ?thesis by (simp add: first-d-def)
ged

lemma DiEqvDiFst:
Fdif=;di(>f)
proof —
have I: + di (> f) = di (f Ai bs —if)
by (simp add: first-d-def)
have 2: - di (f A; bs ﬁ,'f) D;di f A di (bS - f)
using DiAndImpAnd by auto
hence 3: - di (f A; bs —|,'f) D di f
by auto
have 4: - di (> f) D; di f using 1 3
by auto
have 5: - di f N\j empty =; f Aj empty
using DiAndEmptyEqvAndEmpty by blast
have 6: - 1> f A\j empty =; f A\j empty
using FstAndEmptyEqvAndEmpty by auto
have 7: - di f N\j empty D; D>f
using 5 6 by auto
have 8: F >f D; di (> f)
using Dilntro by auto
have 9: + di f A; empty D; di (> f)
using 7 8 using prop02 by blast
hence 10: - empty D; (di f D; di (>> f))
by auto
have 11:+ prev ( dif D di (> f))D; more
by auto
have 12: = more Dj( prev ( di f D di (> f)) = (prev(di f) D; prev(di (>f))))
using MorelmplmpPrevEqv by auto
have 13: - more A; prev ( di f D; di (> f)) =; more A; (prev(di f) D; prev(di (>f)))
using 12 prop31 by auto
have 14: - prev ( di f D di (> f)) =; more N; (prev(di f) D prev(di (>>f)))
using 11 by auto
have 15: - dif =; f V; ds f
using OrDsEqvDi by auto
have 16: F dif =; di f A; (bS —; fV; —|,'(b5 - f))
by auto
have 17:+ di f A; (bS - FV; —|,‘(b5 - f)) =; (di f NA; bs —; f) Vi (di fA; —w,'(bS mh f))
by auto

157



have 18: + (di f N; bs —; f) =; (f V; ds f) A;j bs = f
using 15 by auto
have 19: + (f V; ds f) Aj bs = f =; (f Aj bs —j f) Vi (dS f Ni bs —; f)
by auto
have 20: + —|,'(dS f N; bs —j f)
by (simp add: ds-d-def)
have 21: + (f A; bs = f) Vi (dsf/\,- bs —j f) =; (f A bs = f)
using 20 by auto
have 22: + (di f Aj bs —; f) =; (f N\j bs —; )
using 18 19 21 by auto
have 23: (f A; bs —; f) =, >f
by (simp add: first-d-def)
have 24: - (>f) D; di (>f)
using Dilntro by auto
have 25: + (f A; bs —; f) D di (Df)
using 23 24 by auto
have 26: + (df f N; bs —; f) D di (Df)
using 25 22 by auto
hence 27: - (di f N bs = f A; (prev (di fD;di (D f)))) D di (Df)
by auto
have 28: F di f A; ﬁ,-(bs - f) =;dif \jdsf
by (simp add: ds-d-def)
hence 29: - di f Aj =j(bs =i f) Ai (prev (di f D; di (> f))) =;
dif Nidsf A (prev (di f Dj di (> f)))
by auto
have 30: F ds f =; prev(di f)
using DsDi by (metis prev-d-def)
hence 31: - dif A; dsf A; (prev (di f D; di (> f))) =;
di f Ni prev(di f) Ai (prev (di f D; di (> f)))
by auto
have 32: & prev (di f Dj di (> f)) D;i (prev(di f) D prev(di (>f)))
using 14 by auto
hence 33: - di f A; prev(di f) A; prev ( di f D; di (> f)) D;
di f A prev(di f) A; (prev(di ) D; prev(di (>>f)))
by auto
have 34: - di f A; prev(di f) Ai (prev(di f) D prev(di (>f))) Di prev(di (>>f))
by auto
have 35: & prev(di (>f))=; (di (>f));skip
by (simp add: prev-d-def)
have 36: + (di (>f));skip D; di(di (>>f))
using ChoplmpDi by auto
have 37: F di(di (>f)) =; di (1)
using DiEqvDiDi using itl-prop(30) by blast
have 38: & di f Aj prev(di f) A; (prev(di f) D; prev(di (>>f))) Di di (>f)
using 37 36 35 34 itl-prop(31) prop02 by blast
have 39: F di f A; ﬁ,‘(bS - f) Ay (prev (di fO;di (D f))) D di (Df)
using 29 31 33 38 by (meson itl-prop(31) prop02)
hence 40: - —j(bs —; f) Ai (prev (di f D; di (>> f))) Dj (di f D di (>f))
using prop32 by blast
have 41: + bs —; £ Nj (prev (di f D; di (> f))) Di(di f D; di (>f))
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using 27 prop32 by blast

have 42: + (—\,'(bS - f) Vi bs - f) Ni (prev (di f Dj di (I> f))) D,’(di f Dj di (l>f))
using 40 41 prop33 by blast

have 43: + (—\,'(bS = f) V; bs —; f)
by auto

have 44: + (prev (di f D; di (> f))) Di(di f D; di (>f))
using 42 43 prop34 by blast

have 45: - di f D; di (>f)
using 10 44 EmptyChopSkipinduct by blast

from 4 45 show ?thesis by auto

ged

lemma FstDiEqvFst:

F(di f) = >f

proof —

have I: - >(dif) =; di f Nj bs —; (di f) by (simp add: first-d-def)

have 2: - —; (di f) =, bi —; f by auto

hence 3: + bs —; (di f) =; bs (bi —; f) using BsEqvRule by blast

have 4: - bs (bi = f) =; bs ( = f) using BsEqvBsBi using itl-prop(30) by blast
hence 5: - di f Aj bs - (di f) =; di f Aj bs ( —; f) using 3 by auto

have 6 : + di f =; f V; ds f using OrDsEqvDi using itl-prop(30) by blast

hence 7: - dif Aj bs (- f) =; (f Vi dsf) Ai bs (= f) by auto

have 8: - (f V; ds f) A; bs ( - f) =; (f Aj bs ( - f)) Vi (dS f N; bs ( - f)) by auto
have 9: + —j(ds f A; bs ( - f)) by (simp add: ds-d-def)

have 10: - (f Aj bs ( —j f)) =; >f by (simp add: first-d-def)

from 1 57 89 10 show ?thesis by auto

ged

lemma DiAndFstOrEqvFstOrDiAnd:

Fdif A (Df Vi g) =, >f V; (dif N; g)

proof —

have 1: - dif A; (>f Vi g) =i (f A; dif) Vi (di f A g) by auto
have 2:  (>f A; di f) =; >f using FstAndDiEqvFst by blast
from 1 2 show ?thesis by auto

ged

lemma DiOrFstAndEqvDi:

FdifVvi(>fAg)=idf

proof —

have 1: - dif Vi (>f Njg) =i (>f Vidif) A (dif Vig) by auto
have 2: - (>f V; di f) =; di f using FstOrDiEqvDi by blast

from 1 2 show ?thesis by auto

ged

lemma FstDiAndDiEqyv:

= I>(di f A di g) =; (Df Ni dig) Vi (I>g A; di f)

proof —

have I: - >(dif Nj dig) =i dif A dig Ai bs =i(di f \j di g) by (simp add: first-d-def)
have 2: - —|,'(di f A di g) =; bi —;f V; bi mjg by auto

hence 3: F bs —i(di f A di g) =; bs(bi —if Vi bi —jg) using BsEqvRule by blast
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hence 4: + dif N; dig N bs —|,'(di f N di g) =;
di f A; di g A bs(bi —if Vj bi —;g) by auto

have 5: - bs —;f V; bs —jg =; bs(bi —if V; bi —jg) using BsOrBsEqvBsBiOrBi by blast
hence 6: F di f A; di g A;i bs(bi —if Vi bi —jg) =;

di f Ni di g Ni(bs —if Vi bs —ig) by auto
have 7: - di f A; di g Ni(bs —if Vi bs —jg) =i

( bs —if N;di f A; dig) Vi (di f AN bs njg N dig ) by auto
have 8: + >f =; bs —jf A; di f using FstEqvBsNotAndDi by blast
hence 9: - bs —;f Aj di f N\; di g =; >f A; di g by auto
have 10: + >g =; bs —jg A; di g using FstEqvBsNotAndDi by blast
hence 11:+ di f N\; bs njg Nj dig =; di f Aj >g by auto
have 12: - dif N; di g /\,-(bs —;f V; bs —|,'g) =;

(>f Ni dig) Vi(dif Aj>g)using 79 11 by auto
from 1 4 6 12 show 7thesis by auto
ged

lemma BiNotFstEqvBiNot:

F bi —; (l>f) =; bi —; f

proof —

have 1: F di f =; di (>f) using DiEqvDiFst by blast

hence 2: - —;(di f) =;—;( di (>>f)) by auto

from 1 2 show ?thesis using NotDiEqvBiNot itl-prop(30) prop03 by blast
ged

lemma BsNotFstEqvBsNot:

F bs —; (Df) =; bs —; f

proof —

have 1: F bs —; (>f) =; empty V; bi = (i>f);skip by (simp add: bs-d-def)
have 2: + bi —; (>f) =; bi —; f using BiNotFstEqvBiNot by blast

hence 3: F bi —; (>>f);skip =; bi —; f;skip using LeftChopEqvChop by blast
hence 4: - empty V; bi —; (>f);skip =; empty V; bi —; f;skip by auto
from 1 4 show ?thesis by (simp add: bs-d-def)

ged

lemma FstState:

F > (init w) =; empty A; init w

proof —

have I:F > (init w) =; init w A; bs —j(init w) by (simp add: first-d-def)
hence 2: - > (init w) D; init w by auto

have 3: - init w D; bs (init w) using StatelmpBs by auto

have 4: - > (init w) D; bs (init w) using 2 3 by auto

have 5: - > (init w) D; bs —j(init w) using 1 by auto

have 6: - > (init w) D; bs (init w) A; bs —i(init w) using 4 5 by auto
have 7: - bs (init w) A; bs —;(init w) =; bs((init w) A; —i(init w)) using BsAndEqv by blast
have 8: - (init w) A; —j(init w) =; false; by auto

hence 9: - bs((init w) A; —i(init w)) =; bs false; using BsEqvRule by blast
have 10: F bs false; =; empty using BsFalseEqvEmpty by auto

have 11:+ > (init w) D; empty using 10 9 7 6 by auto

have 12: - > (init w) D; empty A; init w using 11 2 by auto

have 13: F empty A; init w D; empty by auto
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hence 14: + empty A; init w D; empty V; bi —;(init w);skip by auto
hence 15: - empty A; init w D; bs —;(init w) by (simp add: bs-d-def)
have 16: - empty A; init w D; init w by auto

have 17: + empty A init w D; init w A; bs —;(init w) using 16 15 by auto
hence 18: F empty A; init w D >(init w) by (simp add: first-d-def)

from 12 18 show ?thesis using itl-prop(31) by blast

ged

lemma FstStateAndBsNotEmpty:

F > (init w) A; bs = empty =; > (init w)

proof —

have 1:+ > (init w) A; bs —=j empty =; > (init w) A; bs more
using BsEqvRule NotEmptyEqvMore prop05 by blast

have 2: - > (init w) A; bs more =; > (init w) A; empty
using BsMoreEqvEmpty prop05 by blast

have 3: - > (init w) =; empty A; (init w)
using FstState by blast

hence 4: - > (init w) A; empty =; empty A; (init w) A; empty
by auto

have 5: - empty A; (init w) A; empty =; empty A; (init w)
by auto

have 6: - empty A; (init w) =; >(init w)
using FstState using itl-prop(30) by blast

from 1 2 4 5 6 show ?thesis by auto

ged

lemma FstStatelmpFstStateOr:
= >(init w) D; >(init w V; f)
proof —
have I:+ >(init w) =; empty A; init w
using FstState by blast
have 2: - empty A init w =; empty A; (empty V; bi = f;skip) A; init w
by auto
have 3: - empty A; (empty V; bi = f;skip) Aj init w =;
empty A;j bs —; f Aj init w
by (simp add: bs-d-def)
have 4: = empty A; bs = f A; init w =; empty A; init w A; bs = f
by auto
have 5: F empty A; init w =; > (init w)
using FstState itl-prop(30) by blast
hence 6: - empty A; init w Aj bs —; f =; &> (init w) Aj bs —; f
by auto
have 7: - > (init W) A; bs —; f D; (D (init W) A; bs —; f) Vi (I>f A; bs —|,-(init W))
by auto
have 8: - D(init w Vi f) =; ([> (init W) A; bs —; f) Vi (Df A; bs —|,-(init W))
using FstWithOrEqv by blast
from 123456 78 show 7thesis by auto
ged

lemma FstlLenSame:

161



(V o. (o | di (>f Ajlen(i)) Ai di (5 Ai len())) — (i=)))
using FstLenSamesem DilenFstsem by (metis and-defs)

lemma FstAndLenSame:
(Y o. (0 = di (>f Ni gl Ailen(i)) Ai di (f Nij g2 Aj len()))) — (i=)))
using DilenFstAndsem by (metis and-defs linorder-neqE-nat not-defs)

lemma FstLenSameChop:

(V o.(c = (>f Ni gl Ailen(i));hl A; (>F Ai g2 A len()j));h2) — (i=)))
proof

fix o

show (0 = (>f A; g1 Ailen(i));h1 A; (>f Ai g2 Ni len(j));h2) — (i=))

proof

assume 0: (o = (>f Nj gl A len(i));hI N; (>f Ni g2 A len(f));h2)

have I: (o = (>f Ai gl Ailen(i));h1) using 0 by auto

have 2: (¢ = (>f Ai g1 Aj len(i));hl) —
(o = (>f Ai gl Ailen(i));true;) by auto
i
)

have 3: (o = di(>>f Ai g1 Aj len(i))) using 1 2 by auto
have 4: (o = (>f Ai g2 Ai len(j));h2) using 0 by auto
have 5: (o = (>f A g2 A len(j));h2) —
(o E (>f Ai g2 A len(j));true;) by auto
have 6: (o = di(>f Ai g2 Aj len(j))) using 4 5 by auto
have 7: (o |= di(>f Ai gl Ajlen(i)) Ai di(>f Aj g2 Aj len(j))) using 3 6 by auto
thus (i=j) using FstAndLenSame by blast
qed
ged

lemma DilmpExistsOneDilLenAndFst:
(Vo. (o= dif) — (3! k. (o | di( >f Aj len(k)))))

proof
fix o
show (o= di f) — (3! k. (¢ = di( >f A; len(k))))
proof
assume 0: (o= di f)
have 1: (o |= di (> f)) using 0 DiEqvDiFst valid-def by auto
have 2: (c > ) = ( (c=> f) A (3 k. (o = len(k)))) using AndExistsLen valid-def by auto
have 3: ((c=> ) A (3 k. (0 = len(k)))) =
3k (o> f) A (o ): len(k))) by auto
have 4: (o ): di(> 1)) = (3 k. (o = di(>f Ai len(k)))) using 2 3 DiEqvDi by auto

d
have 5: (3 k. (o |= di(>f Aj len(k)))) using 1 by auto
then obtain / where 6: (0 = di(>f A; len(i))) by blast
from 5 obtain j where 7: (o = di(>>f A; len(j))) by blast
have 8: (o |= di(>f Aj len(i))) A (o = di(>>f A; len(j))) using 6 7 by auto
hence 9: (0 = di(>f A; len(i)) Ai di(>>f A; len(j))) by simp
hence 10: i=j using FstLenSame by blast
have 11: Aj. (o |= di(>f A;j len(j))) — (j=i) using 9 10 using FstLenSame and-defs by blast
thus (3! k. (o = di( >f Aj len(k) ))) using 11 5 by blast
qed
ged
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lemma LFstAndDist-help:

(o E((>f Ai g1) Ailen(k));h1 N ((>F Ai g2) Ai len(k));h2) =
(0 ):((Df AV gl) Ni (l>f Ni g2) Ni /en(k));(hl Ni h2) )

using LFixedAndDistr using itl-eq by blast

lemma LFstAndDist-help-1:
(3 k. (o E=((>f ANi g1) A len(k));h1 Ai (5 Ai g2) Ai len(k));h2)) =
(3 k. (¢ =((>f Ni gI) Ni (Ff Ai g2) A len(k));(h1 A h2))
proof
assume 0: 3k. o = ((> f AN gl) Ailen k) ; hI A; ((> f Ai g2) Ai len k) ; h2
obtain k where 1: o |= ((>> f Ai g1) Ai len k) ; h1 A; ((> f Ai g2) A len k) ; h2
using 0 by auto
hence 2: (o =((>>f Ai g1) Ai (>f Ai g2) Ai len(k));(h1 A; h2))
using LFstAndDist-help by blast
show (3 k. (0’ l:((Df Ni gl) Ni (I>f Ni g2) Ni /en(k));(hl Ni h2) ))
using 2 by auto
next
assume 3: (3 k. (o =((>F Ai g1) Ai (>F Ai g2) Ai len(k));(hI A h2)))
obtain k where 4: (o0 =((>>f A g1) Ni (>f N g2) Ai len(k));(h1 A; h2) )
using 3 by auto
hence 5: (o =((>f Ai g1) A len(k));h1 A; ((f Ai g2) A len(k));h2)
using LFstAndDist-help by blast
show (3 k. (o E=((>>f A g1) Aj len(k));hl N; ((>f Ai g2) Ai len(k));h2))
using 5 by auto
ged

lemma LFstAndDistrsem:
(V o. (0 =(>f Ai gl);hl N (> A g2);h2 =; (> Ai g1 Ai g2);(h1 A h2)))
proof
fix o
show (o |=(>f Aj gl);h1 N (F N g2);h2 =; (>f A g1 Ai g2);(h1 A;i h2))
proof —
have 1: (o =(>f Aj gl);h1) = (3 i. (o =(>f Ai g1 Aj len(i));h1))
using AndExistsLenChop by auto
have 2: (o E(>f Aj g2);h2) = (3 j. (0 E(>F Ai g2 A; len());h2) )
using AndExistsLenChop by auto
have 3: (o =(>f Aj g1);h1 A (>f A g2);h2) =
(3 ij. (o =(>f N gl Nilen(i));hI A;
(>f Ni g2 N len(j));h2) )
)

using 1 2 by auto
have 4: ( (3 ij. (o E(>f Ai g1 Ajlen(i));h1 Aj
(>f Ai g2 N len(j));h2))
) =

( (3 k. (0’ }:(l>f ANi gl A; /en(k));hl Ni
(>f Ai g2 A len(k));h2) )
)

using FstLenSameChop by blast

have 5: (3 k. (o0 =((>f Ai gI) Nilen(k));hl N ((>f Ai g2) Ai len(k));h2)) =
(3 k. (o E((>f Ni g1) Ni (f Ai g2) Ni len(k));(h1 A; h2)))
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using LFstAndDist-help-1 by blast

have 6 : (3 k. (o0 =(>f Ni g1 Ai > Ai g2 Aj len(k));(h1 Aj h2))) =
(o E(>f Ni gl Nj >f Nj g2);(h1 Aj h2))

using AndExistsLenChop by auto

have 7 : (o =(>f Ai gl Nj >f Aj g2);(h1 A; h2)) =
(0’ }:(l>f Ai gl A g2);(h1 Ni h2))

by auto

from 34 5 6 7 show 7thesis by auto

ged

ged

lemma LFstAndDistr:
F(>f Ai gl);hl A; (> Ai g2);h2 =; (>f A; g1 A g2);(h1 A; h2)
using LFstAndDistrsem by simp

lemma LFstAndDistrA:

F(>f Aigl);h Ai (> A g2);h =i (>f Ai gl N g2);h

proof —

have 1: F (>f Aj gI);h N (f Ni g2);h =i (>f Ai g1 A g2);(h A h) using LFstAndDistr by blast
have 2: - (>f Aj g1 A; g2);(h Ai h) =; (>f Aj g1 A g2);h by auto

from 1 2 show ?thesis by auto

ged

lemma LFstAndDistrB:

H (l>f Ni g);hl Ni (Df Ni g);h2 =; (Df Ni g);(hl Ni h2)

proof —

have I:F (>f Aj g);hl N (>f Ai g);h2 =; (>f Ni g Ni g)i(h1 A; h2) using LFstAndDistr by blast
have 2: F (>f Aj g Ni g)i(h1 A h2) =; (>f Aj g);(h1 A; h2) by auto

from 1 2 show ’thesis by auto

ged

lemma LFstAndDistrC:
F(>f );h1 Aj (>f );h2 =; (>1F);(h1 A; h2)
proof —
have 1:+ (>f A truej);hl A; (> Aj truej);h2 =; (> A; true; A true;);(h1 A; h2)
using LFstAndDistr by blast
have 2:  (>f Aj true;);hl =; (>f );hl

by auto

have 3: - (>f A; true;);h2 =; (>f );h2
by auto

have 4: - (>f A true; A; true;);(h1 A; h2) =; (>f);(h1 A; h2)
by auto

from 1 2 3 4 show ?thesis by auto

ged

lemma LFstAndDistrD:

H di(Df Nj gl) Ni di(l>f Ni g2) =; di(Df Ai g1 A; g2)

proof —

have 1:+ (>f A; gl);true; N\i (>f A; g2);true; =; (>f Aj g1 N g2);(true; A; true;)
using LFstAndDistr by blast
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have 2: - (>f A; gl);true; =; di(>f A gl)
by (simp add: di-d-def)

have 3: - (>f A; g2);true; =; di(>f A; g2)
by (simp add: di-d-def)

have 4: - (>f A; g1 Ni g2);(true; A true;) = di(>f N g1 Ni g2)
by (simp add: di-d-def)

from 1 2 3 4 show ?thesis by auto

ged

lemma LstAndDistr:
+ hl;(<l f A gl) AV h2;(<l f A g2) =; (hl Ni h2);(<1 f Agl A g2)

proof —
have 1. F (>(f") A g17):(h17) Ai (>(F7) A (827)):(h27) =

(>(f") Ni (g17) ANi (g27))i((h17) A (h2 )) using LFstAnlestr by blast
hence 2: = ((>(f7) A; g1” )( 1) A (e(F ) i (827))i(h27))" =

((>(f") Ni (g17) Ai (827)):((hI7) A ( 2")))" using 1 REquule by blast
have 3: = ((>(f") Ai g1” )(hl ) Ai (>(F7) i (827))i(h27))" =

((>(F7) Ai g17):(h17))" Ai (((F7) Ai (827)):(h27))

using RAnd by blast
have 4: - ((>(F7) A g17):(h17))" A ((B(F7) As (827)):(h2"))" =i
(h17)"(>(F7) Ai g17)" A (h2r)’:(>(f’) i (827))"
by simp
have 5:  (h1"
have 6: -

)" =i hl using EqvReverseReverse itl-prop(30) by blast
(h2")
have 7: F (gI1")"
(827)
(

(
i h2 using EqvReverseReverse itl-prop(30) by blast
i g1 using EqvReverseReverse itl-prop(30) by blast
i g2 using EqvReverseReverse itl-prop(30) by blast
=, fusing EqvReverseReverse itl-prop(30) by blast
/\, gl")" =i (>(f"))" Ai (g1")" using RAnd by blast
Ni g27) =i (>(f")" Ai (g2")" using RAnd by blast
"= (f) using RRFirstEqvLast by blast
i (g1")" =; < f Aj gl using 12 7 by auto
 (g2")" =i < f N g2 using 12 8 by auto
A gL A (h20)((F) A (827) =
Ai h2;(< f Ai g2) using 14 13 10 11 5 6 by auto
) s @201 (2 ) =
(5 (F) A (g17) A (g27)) by simp
(") i (81") Ni (82)" ) i (> (F7))" i (817)" i (g27)") using RAnd by auto
(F" )" Ni (g1")" AN (g27)") =i < f Ai gl A g2 using 12 7 8 by auto
1) A (h2’))r =; h1 A; h2 using RRAnd by auto
Y s (R (7)) A (817) A (82)) =
(h1 A; h2); (<1 f Ni gl Ai g2) using 19 17 18 by auto
from 20 15 1 2 3 4 show ?thesis by simp
ged

have 8: -
have 9: -
have 10: +
have 11:+
have 12: +
have 13: +
}_
}_
h
}_

have 14:
have 15:

\_/A’.\

have 16:

1

—
e
>
~
4
N—r
—_~ —

have 17: - ((
have 18: F ((
have 19: F ((
have 20: F ((

lemma LstAndDistrA:
Foh(< A gl) Aihi(< f A g2) =i hi(< F A gl A g2)
proof —
have 1:+ hy (< f Aj gl) Ai hi(Q f A g2) =i (h A h) (< f Aigl A g2)
using LstAndDistr by blast
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have 2: = (h A; h);(< f AN gl N g2) =i hi(< f A gl A g2)
by auto

from 1 2 show ?thesis by auto

ged

lemma LstAndDistrB:

H hl;(ﬁ f A g) Ni h2;(<] f A g) = (hl Ni h2);(<1 f A g)

proof —

have I:+ hl;(<f Ajg) Ai h2;(<f Aig)=i(hl A h2);(<f NigAig)
using LstAndDistr by blast

have 2: - (h1 A; h2);(< f Ni g Nig) =i (h1 A h2);(< f Ai g)
by auto

from 1 2 show ?thesis by auto

ged

lemma LstAndDistrC:

Fohl (< f) A h2)(<f) =i (h1 A h2)(< f)

proof —

have 1:+F hl;(< f A; truei) Ai h2;(< f A truej) =i (h1 A h2);(< f A truej A true;j )
using LstAndDistr by blast

have 2: = (h1 A; h2);(< f A true; A; true; ) =; (h1 Aj h2);(< )

by auto

have 3: F h1;(< f A truej) =; h1;(< f)
by auto

have 4: - h2;(< f A true;) =; h2;(< f)
by auto

from 1 2 3 4 show ?thesis by auto

ged

lemma LstAndDistrD:

= <>(< fA; gl) Ni <>(<] f A; g2) =; <>(<] fAgl A g2)

proof —

have 1:+ true;;(< f Aj gl) A; truei;(< f A g2) =i (true; A; true; );(< f Ai g1 Ni g2)
using LstAndDistr by blast

have 2: - (true; A; true; );(< f N gl A g2) =i O(< f Ai gl Ai g2)
by (simp add: sometimes-d-def)

have 3: | true;;(< f Aj gl) = O(< F A gl)
by (simp add: sometimes-d-def)

have 4: - true;;(< f N g2) =i O(< F A g2)
by (simp add: sometimes-d-def)

from 1 2 3 4 show ?thesis by auto

ged

lemma NotFstChop:

H —|,'(Df ;g) =; _\,'(di (l>f)) Vi (Df;—ug)

proof —

have 1:t g D; true; by auto

hence 2: - >f;g D; >f;true; using RightChoplmpChop by blast
hence 3: - >f;g D; di(>f) by (simp add:di-d-def)

hence 4: - —;(di(>f)) D; —i(>f;g) by auto
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have 5:F (>f; -ig Di ~i(>fig)) =i ((>f; —ig) Ni (>f;g) Di falsej ) by auto
have 6:F (>f; —ig) Ai (>f.g) =i Df;(—|,-g Ai g) using LFstAndDistrC by blast
have 7:F —i(>fi(—ig /\, g)) by auto

have 8:+ >f; =g D; —i(>>f;g) using 56 7 by auto

have 9: - —(di(>f)) Vi (>f; —ig) Di ni(>f;g) using 4 8 by auto

have 10: F di(>>f) V; —i(di(>>f)) by auto

hence 11: + (>f;true;) Vi —i(di(t>f)) by (simp add: di-d-def)

hence 12: - (>f;(g Vi —ig)) Vi —i(di(>>f)) by auto

have 13: + (>f;(g Vi —ig)) =i (>f;g) Vi (>>f;—jg)  using ChopOrEqv by auto
have 14: - ((>f;g) Vi (>f;-ig)) Vi —\,(d/( f)) using 12 13 by auto

hence 15: - —j(>>f;g) D; —i(di(>f)) Vi (>f; ig) by auto

from 9 15 show 7thesis using it/—prop(31) by blast

ged

lemma BsNotFstChop:
H bS(—|,'(I>f;g)) =; empty V; ﬁ,‘(di(Df)) Vi (Df;bs—',-g)
proof —
have 1:+ bs(—i(>f;g))=; empty V; bi—j(>f;g);skip
by (simp add:bs-d-def)
have 2: - empty V; bi—i(>>f;g);skip =; empty V; —i(di(>>f;g));skip
by auto
have 3: + empty V; —i(di(>>f;g));skip =; empty V; —i((>>f;g);true;);skip
by auto
have 4: - —((>f;g);true;);skip =; —i(>f;(g;true;));skip
using ChopAssocB using LeftChopEqvChop itl-prop(33) by blast
hence 5: F empty V; —i((>>f;g);true;);skip =; empty V; —i(>f;(g;true;));skip
by auto
have 6: - empty V; —i(>f;(g;true;));skip =; empty V; —i(>f;di(g));skip
by (simp add: di-d-def)
have 7: F empty V; —i(>f;di(g));skip =i empty Vi —i(—i(—i(>f;di(g));skip))
by auto
have 8: - —j(—i(—i(>f;di(g));skip)) =i —i(empty V; (>f;di(g));skip )
using NotNotChopSkip using prop01 by blast
hence 9: - empty V; —i(=i(—i(>f;di(g));skip)) =i empty Vi —i(empty V; (>fdi(g)):skip )

by auto

have 10: - empty V; —j(empty V; (>>f;di(g));skip ) =i empty V; (more N; —i((>>f;di(g));skip ))
by auto

have 11:+ empty V; (more N —i((>f;di(g));skip )) =i empty V; —i((>f;di(g));skip )
by auto

have 12: + empty V; —i((>>f;di(g));skip ) =i empty V; —i(>>f;(di(g);skip) )
using ChopAssocB 11 itl-prop(30) prop01 prop03 prop28 by blast
have 13: = —;(>f;(di(g);skip) ) =i —i(>f;(ds(g)) )
using DsDi using RightChopEqvChop itl-prop(30) itl-prop(33) by blast
hence 14: - empty V; —i(>f;(di(g);skip) ) =i empty V; —i(>f;(ds(g)) )
by auto
have 15: + empty V; —i(>f;(ds(g)) ) =i empty V; —i(di (>f)) V; (>f;-i(ds g))
using NotFstChop by auto
have 16: + (>f;-i(ds g))=i (>f;(bs —ig))
using NotDsEqvBsNot RightChopEqvChop by blast
hence 17: (empty Vi —|;(di (Df))) Vi (Df;—!,'(ds g))E,' (empty Vi —|,'(di (Df))) Vi (Df;(bs —|;g))
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by auto
from 1235679101112 14 15 17 show 7thesis by auto
ged

lemma FstFstChopEqvFstChopFst:
F>(>fig) =i >fi>g
proof —
have 1: F >(>f;g) =i (>f;g) Ai bs —i(>f;g)
by (simp add: first-d-def)
have 2: - bs —|,'(>f;g) =; empty V; ﬁ,‘(di(Df)) Vi (Df;bs—',-g)
using BsNotFstChop by auto
hence 3: F (>f;g) Ni bs —~i(>f;8) =i (>f;g) Ai (empty Vi —i(di(>f)) Vi (>f;bs—ig))
by auto
have 4: - (>f;g) Ni (empty Vi —i(di(>>f)) Vi (>f;bs—ig)) =i
((>f:g) Ai empty) Vi ((>f:g) Ai ni(di(>F))) Vi ((>f;8) Ai (>F;bsmig))
by auto
have 5: - —;((>f;g) Ai —i(di(>1)))
by auto
hence 6: + ((>f;g) Ai empty) V
((>f:g) Ni empty) Vi (
by auto
have 7: = ((>fig) Ai (>fi(bsmig))) =i ((>fi(g Ai (bsig))))
using LFstAndDistrC by blast
hence 8: - ((>f;g) Ai empty) V; ((>f:g) Ai (>f;(bs—ig))) =i
((>f:g) Ni empty) Vi ((>fi(g Ai (bsmig))))
by auto
have 9: - ((>f;g) Ai empty) Vi ((>>f;(g Ni (bs—ig)))) =i ((>f;g) Ai empty) Vi >f;>g
by (simp add: first-d-def)
have 10: + ((>>f;g) Ai empty) =; ((>f;>>g) Ai empty)
using FstChopEmptyEqvFstChopFstEmpty by blast
hence 11:F ((>f;g) Ai empty) V; >fi>g =; ((>F;>>g) Ai empty) V; >fi>g
by auto
have 12: F ((>f;>>g) Ai empty) Vi >f>g =i >fi>g
by auto
from 1 34689 11 12 show 7thesis by auto
ged

i (>fig) Ni —ildi(>f))) Vi ((>fig) Ai (>fibsmig)) =i
(>f;g) Ai (>f;bs—ig))

lemma FstFixFst:

F>(>f) =i >f

proof —

have I1: - >f =; (>f);empty using ChopEmpty using itl-prop(30) by blast

hence 2: F>( >f ) =; >((>>f);empty) using FstEqvRule by blast

have 3: - >((>f);empty) =; >f;>empty using FstFstChopEqvFstChopFst by auto
have 4: + >f;>>empty =; >f,empty using FstEmpty by auto

have 5: - >f;empty =; >>f using ChopEmpty by blast

from 2 3 4 5 show ?thesis by auto

ged

lemma FstCSEqvEmpty:
F>(f*) =i empty
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proof —

have 1: F >(f*) =; >(empty V; ((f Ai more);f*)) using ChopstarEqv FstEqvRule by blast
from 1 show ?thesis using FstEmptyOrEqvEmpty by auto

ged

lemma FstlterFixFst:
F power (> f) n =; >(power (> f) n)
proof
(induct n)
case 0
then show 7case
proof —
have 1: + power (> f) 0 =; empty by auto
have 2: - empty =; > empty using FstEmpty by auto
have 3: - > empty =; >>(power (>f) 0) by auto
from 1 2 3 show ?thesis by auto
ged
next
case (Suc n)
then show Zcase
proof —
have 4: + (power (> f) (Suc n)) =; (> f) ;(power (>>f) n)
using pow-Suc by simp
have 5: - (> f) ;(power (>>f) n) =; (> f) ; > (power (> f) n)
using RightChopEqvChop Suc.hyps by blast
have 6: - (> f) ; > (power (> f) n) =; >(>f;(power (> f) n))
using FstFstChopEqvFstChopFst by auto
have 7: - >(>f;(power (> f) n)) =; >(power (> f) (Suc n))
using pow-Suc by simp
from 4 5 6 7 show ?thesis by auto
ged
ged

lemma DsImpNotFst:

Fds f D; (—i(>f))

proof —

have I: - dsf Aj>f =; dsf A (f Ai bs = ) by (simp add: first-d-def)

have 2: - ds f N; (f Ai bs =i f) =j ds f A;j f Aj i(ds f) using NotDsEqvBsNot by auto
from 1 2 show ?thesis by auto

ged

lemma FstLenAndEqvlenAnd:

F >(len(k) A; f) =; len(k) A; f

proof —

have I: I len(k) N f Ai ds(len(k)A; f) Di ds (len(k))
using DsAndImpElimL by auto

hence 2: & len(k) A; £ N ds(len(k)A; f) D; (di(len(k)));skip
using DsDi itl-prop(31) prop02 by blast

hence 3: F len(k) A; £ A ds(len(k)N\; f) D ((len(k);true;));skip
by (simp add: di-d-def)
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hence 4: F len(k) A;i £ A ds(len(k)N\; f) Dj (len(k);(truei;skip))
using ChopAssocB itl-prop(31) prop02 by blast
hence 5: F len(k) A; £ A;i ds(len(k)N\; f) Dj (len(k);(skip;true;))
using Skip TrueEqv TrueSkip TrueChopSkipEqvSkipChop True RightChopEqvChop itl-prop(31)
prop02 by blast
hence 6: - len(k) Ai f N; ds(len(k)N\; ) Di (len(k);(skip;true;)) A; len(k)
by auto
hence 7: - len(k) Ai f A; ds(len(k)N; ) Di (len(k);(skip;true;)) A; len(k);empty
using ChopEmpty by (metis itl-prop(31) itl-prop(32) prop02)
hence 8: + len(k) N f N; ds(len(k)A\; f) Di (len(k);((skip;true;) A; empty))
using LFixedAndDistrB1 using itl-prop(31) prop02 by blast
have 9: = —;(len(k);((skip;true;) A; empty))
by auto
have 10: - len(k) N; f D —j(ds(len(k)A; ))
using 8 9 by auto
hence 11:F len(k) Ai f Dj bs =j(len(k)A; f)
using NotDsEqvBsNot by auto
hence 12: + len(k) Ai f Dj len(k) Ni f Ai bs —j(len(k)A; f)
by auto
hence 13: + len(k) A; £ D; >(len(k) A )
by (simp add: first-d-def)
have 14: F >(len(k) Ni ) Dji len(k) Ni f
by (simp add: first-d-def)
from 13 14 show ?thesis using itl-prop(31) by blast
ged

lemma FstAndElimL:
Fof D f
by (simp add: first-d-def)

lemma FstimpNotDiChopSkip:

F>f D —i(di f;skip)

proof —

have I: - >f D; bs —; f by (simp add: first-d-def)

hence 2: - >f D; —j(ds f) using NotDsEqvBsNot by auto
have 3: - ds f =; dif ; skip using DsDi by blast

hence 4: - —j(ds f) =; —i(di f;skip) by auto

from 2 4 show ?thesis by auto

ged

lemma FstimpNotDiChopSkipB:
F>f D; —i(di (f;skip))
proof —
have 1: - >f D; bs —; f
by (simp add: first-d-def)
hence 2: + >f D; —j(ds f)
using NotDsEqvBsNot by auto
have 3: - dsf =; dif ; skip
using DsDi by blast
have 4: - di f ; skip =; (f;true;);skip
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by (simp add: di-d-def)

have 5: (f;true;);skip =; f;(true;;skip)
using ChopAssocB by blast

have 6: - f;(true;;skip) =; f;(skip;true;)
using Skip TrueEqv TrueSkip using TrueChopSkipEqvSkipChopTrue RightChopEqvChop by blast

have 7: - f;(skip;true;) =; (f;skip);true;
using ChopAssoc by blast

have 8: |- (f;skip);true; =; di(f;skip)
by (simp add: di-d-def)

have 9: - —j(ds ) =; —i(di(f;skip))
using 34 56 7 8 by auto

from 2 9 show ?thesis by auto

ged

lemma FstimpDiEqv:

Fof D (dif =i f)

proof —

have I1:+ >f D; —;(di f;skip) using FstimpNotDiChopSkip by blast

have 2: - di f D; f V; (di f;skip) using DiEqvOrDiChopSkipB itl-prop(31) by blast
have 3: - >f A; di f D; (f Vi (di f;skip)) Ai —i(di f;skip) using 1 2 by auto
have 4: = (f V; (di f;skip)) Ai —i(di f;skip) =i f A; —i(di f;skip) by auto

have 5: = >f A;jdif D; f A; —i(di f;skip) using 3 4 using itl-prop(31) prop02 by blast
hence 6: - >f A; di f D; f using itl-prop(32) by blast

hence 7: + >f D; (di f D; f) using FstAndElimL propl3 prop26 prop32 by blast
have 8: - f D; di f using Dilntro by auto

hence 9: - >f D; (f D; (di f)) by auto

from 7 9 show ?7thesis by auto

ged

lemma FstAndDiFstAndEqvFstAnd:

F>f A; di(l>f Ni g) = >fA g

proof —

have 1: - >f A; di(>f Njg) Di> f
by auto

have 2: - >f A; di(>f A; g) D di(>f A; g)
by auto

have 3: - di(>f Aj g) =i (f A g) Vi di((>f Ai g);skip)
using DiEqvOrDiChopSkipA by blast

have 4: - di((>f A g);skip) =i ((>f Ai g);skip);true;
by (simp add: di-d-def)

have 5: - >f A di(>f Ai g) Di (f Ai g) Vi ((f A g);skip);true;
using 2 3 4 by auto

have 6: - >f N; g D; f
using FstAndElimL by auto

hence 7: - ((>>f A; g);skip);true; D; (f;skip);true;
by auto

hence 8: - ((>f A; g);skip);true; D; di(f;skip)
by auto

have 9:F >f D; —(di(f;skip))
using FstimpNotDiChopSkipB by blast
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have 10: - >f A; di(>f Ai g) Di (> Ai g) Vi di(f;skip))
using 5 8 prop35 by blast
have 11: F >f A; dl'(Df Ni g) Dij —|,-(di(f;skip)) Ni ((Df Nj g) Vi di(f;skip))
using 9 10 1 itl-prop(32) prop02 by blast
have 12: - —i(di(f;skip)) Ni ((>f Ai g) Vi di(f;skip)) =i —i(di(f;skip)) Ni ((>f Ai g))
by auto
have 13: - >f A; di(>f Aj g) Di (f Aj g)
using 11 12 by auto
have 14: - (>f Aj g) Dj >f
by auto
hence 15: - (>f Aj g) Di di(>f Ai g)
using Dilntro by auto
have 16: + (Df Nj g) O >Ff A di(Df Ni g)
using 14 15 by auto
from 13 16 show ?thesis using itl-prop(31) by blast
ged

lemma FstAndDilmpBsNotAndDi:

H (I>f Ni dig) D (bS —|,'(di f A g))

proof —

have 1:+ (I>f A; di g) N; ﬁ,-(bs —|,'(di f A g)) D dS(di f A g)
by (simp add: ds-d-def)

hence 2: - (Df Aj di g) Ni —|,'(b5 —|,'(di f A; g)) Dij ds(di f)
using DsAndImp by auto

hence 3: - (Df Aj di g) Ni —|,'(bS —|,'(di fA; g)) Dij di(di f);Skip
using DsDi using itl-prop(31) prop02 by blast

hence 4: - (l>f A; di g) Ni —|,'(bS —|,'(di f A g)) Dj di f;skip
using DiEqvDiDi using LeftChoplmpChop itl-prop(31) prop02 by blast

hence 5: - (I>f A di g) Ni —|,'(bS —|,'(df f A g)) Djdsf
using DsDi using itl-prop(31) prop02 by blast

hence 6: - (>f A; di g) Ai —i(bs —i(di f Aj g)) Dimi (> f)
using DsImpNotFst using itl-prop(31) prop02 by blast

from 6 show ?thesis by auto

ged

lemma FstFstOrEqvFstOrl:
(o I>(l>f Vi g) =; I>(f Vi g)
proof —
have I: - >(f Vi g) =; (f Vi g) Ai bs—i(f Vi g)
by (simp add: first-d-def)
have 2: - —|,'(f Vi g) =; (—|,'f Nj —j g)
by auto
hence 3: - b5—|,'(f Vi g) =; bs (—|,'f Nj 7 g)
using BsEqvRule by blast
have 4: - bs (—|,'f Ni g) =; bs —; f N bs—g
using BsAndEqv itl-prop(30) by blast
hence 5: - (f Vi g) Ni bs—w,'(f Vi g) =; (f Vi g) Aj bs —j fF N\j bs - g
using 4 3 by simp
have 6: - (f Vi g) Aj bs =j f Nj bs - g =;
((f A; bs —; f) Vi (g Aj bs —; f)) Ai bs - g
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by auto
have 7: - ((f Aj bs —; f) Vi (g A; bs —; f)) A bs 0 g =;
(Df Vi (g A; bs = f)) Aj bs - g
by (simp add: first-d-def)
have 8: - ([>f Vi (g Aj bs = f)) A bs i g =;
((Df Vi g) Ni (I>f Vi b5—|,'f)) Aj bs - g
by auto
have 9: - ((Df Vi g) Ni (Df Vi bS—|,'f)) Aj bs - g =;
((I>f Vi g) Ni ((f A; bs —; f) Vi bS—\,'f)) Aj bs - g
by (simp add: first-d-def)
have 10: + ((I>f Vi g) Ni ((f A; bs —; f) Vi bS—\,‘f)) Ai bs —j g =;
(Df Vi g) Aj bs = f Nj bs —; g
by auto
have 11:+ (Df Vi g) Aj bs —j f Nj bs - g =;
(l>f Vi g) Nj bS(ﬁ;(Df))/\,‘ bs - g
using BsNotFstEqvBsNot using itl-prop(30) prop05 prop06 by blast
have 12: + (Df Vi g) N; bS(ﬁ,’(Df))/\,’ bs - g =i
(>f Vi g) Ni bs (mi(>f) Ai —i g)
using BsAndEqv using prop05 by blast
have 13: + (ﬁ,’(Df) AY T g) =; ﬁ,'(l>f Vi g)
by auto
hence 14: - bs (ﬁ,’(l>f) N i g) =; bs —\;(Df Vi g)
using BsEqvRule by blast
hence 15: - (l>f Vi g) A; bs (—|,'(I>f) Nj T g) =; (l>f Vi g) A; bs —\,'(Df Vi g)
by auto
have 16: + (>f V; g) A bs =i(>f Vi g) =i >(>f Vi g)
by (simp add: first-d-def)
from 16 1512 111098 7 6 51 show ?thesis by auto
ged

lemma FstFstOrEqvFstOrR:

Fo(f Vi>g)=i >(f Vi g)

proof —

have I: (f V; >g)=; (>g V; f) by auto

hence 2: - > (f V; >g)=; >(>>g Vi f) using FstEqvRule by blast
have 3: - >(>g Vi f) =; >(g Vi f) using FstFstOrEqvFstOrL by blast
have 4: + (g Vv; f) =; (f Vi g) by auto

hence 5: + >(g V; f) =; >(f V; g) using FstEqvRule by blast

from 2 3 5 show ?thesis by auto

ged

lemma FstFstOrEqvFstOr:

Fo(>f Vi>g) = >(f Vig)

proof —

have 1: - >(>f V; >g) =; >(f V; >g) using FstFstOrEqvFstOrL by blast
have 2: - >(f V; >g) =i >(f V; g) using FstFstOrEqvFstOrR by blast
from 1 2 show ?thesis by auto

ged

lemma FstlLenEqvlen:
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F >( len(k)) =; len(k)

proof —

have I: >( len(k) A; truej) =; len(k) A; true; using FstLenAndEqvLenAnd by blast
have 2: & len(k) A; true; =; len(k) by auto

hence 3: - >( len(k) A; true;) =; >>(len(k)) using FstEqvRule by blast

from 1 2 3 show ?thesis by auto

ged

lemma FstSkip:

F > skip =; skip

proof —

have 1:+ skip =; len(1) using LenOneEqvSkip using itl-prop(30) by blast
hence 2: - >skip =; > (len(1)) using FstEqvRule by blast

have 3: - >( len(1)) =; len(1) using FstLenEqvLen by blast

from 1 2 3 show ?thesis using LenOneEqvSkip prop03 by blast

ged

lemma HaltStateEqvFstFinState:
F halt (init w) =; > (fin (init w))
proof —
have 1:+ halt (init w) =; O(empty =; (init w)) by (simp add: halt-d-def)
have 2: F O(empty =; (init w)) =; O((empty D; (init w)) A; ((init w) D empty)) by auto
have 3: - O((empty D; (init w)) A; ((init w) D; empty)) =;
O((empty D; (init w))) A;j O((init w) D; empty) by auto
have 4: - ((init w) D;j empty) =; (more D; —i(init w)) by auto
hence 5: - O ((init w) D; empty) =; O (more D; —;(init w)) using BoxEqvBox by blast
have 6: - 0O (more D; —i(init w)) =; bs(—j(fin(init w))) using BoxMoreStateEqvBsFinState by blast
have 7: - O((empty D; (init w))) =; fin(init w) by (simp add: fin-d-def)
have 8: = O((empty D; (init w))) A; O((init w) D; empty) =;
fin(init w) A; bs(=i(fin(init w))) using 5 6 7 by auto
from 1 2 3 8 show ?thesis by (simp add:first-d-def)
ged

lemma FstLenEqvLenFst:

F>(lenk; f)=;lenk ;> f

proof —
have 1:+ len k ; f =; >(len k) ; f using FstLenEqvLen LeftChopEqvChop by auto
have 2: - >(len k ; f) =; > (>(len k) ; f) using 1 FstEqvRule by blast
have 3: - > (>(len k) ; f) =; >(len k) ; >f using FstFstChopEqvFstChopFst by blast
have 4: + >(len k) ; >f =; len k ; >f using FstLenEqvLen LeftChopEqvChop by auto
from 2 3 4 show ?thesis by auto

ged

lemma FstNextEqvNextFst:
F>(O f) = O( > f)
proof —
have I: - (O f) =; >(skip ; f) using FstEqvRule by (simp add: next-d-def)
have 2: - skip ; f =; >skip ; f using FstSkip by auto
have 3: - >(skip ; f) =; > (>skip ; f) using 2 FstEqvRule LeftChopEqvChop by blast
have 4: - > (>skip ; f) = >skip ; >f using 3 FstFstChopEqvFstChopFst by blast
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have 5: F >skip ; >f =; skip ; >f using 4 FstSkip LeftChopEqvChop by blast
have 6: - skip ; >f =; O( > f) by (simp add: next-d-def)
from 1 234 5 6 show 7thesis by auto

ged

lemma FstDiamondStateEqvHalt:

> (O (init w)) =; halt (init w)

proof —
have 1:+ <& (init w) =; & ((init w) A; true;) by simp
have 2: = fin (init w) ; true; =; < ((init w) A; true;) using 1 FinChopEqvDiamond by blast
have 3: - fin (init w) ; true; =; di (fin (init w)) using di-d-def by simp
have 4: - (& (init w)) =; (di (fin (init w))) using 1 2 3 by auto
have 5: F > (O (init w)) =; > (di (fin (init w))) using 4 FstEqvRule by blast
hence 6: - > (<& (init w)) =; > (fin (init w)) using FstDiEqvFst by auto
hence 7: - > (< (init w)) =; halt (init w) using HaltStateEqvFstFinState by auto
from 7 show ?thesis by simp

ged

lemma FstBoxStateEqvStateAndEmpty:
F > (O (init w)) =; (init w) A; empty
proof —
have 1: (init w) A; (O (init w))* =; O (init w)
using BoxCSEqvBox by blast
have 2: - 0O (init w) =; (init w) A; (O (init w))*
using 1 by simp
hence 3: - O (init w) =; (init w) A; (O (init w))*
by blast
have 4: = ((init w) A;j empty) ; (O (init w))* =; (init w) A; (O (init w))*
using StateAndEmptyChop by blast
have 5: F (init w) A; (O (init w))* =; ((init w) A; empty) ; (O (init w))*
using 4 by simp
have 6: - 0O (init w) =; ((init w) A; empty) ; (O (init w))*
using 3 5 prop03 by blast
have 7: = ((init w) A;j empty) ; (O (init w))* =; > (init w) ; (O (init w))*
using FstState by auto
have 8: - 0O (init w) =; > (init w) ; (O (init w))*
using 6 7 prop03 by blast
have 9: - > (O (init w)) =; > (> (init w) ; (O (init w))*)
using 8 FstEqvRule by blast
have 10: F > (&> (init w) ; (T (init w))*) =; &> (init w) ; > ((T (init w))*)
using FstFstChopEqvFstChopFst by blast
have 11: F > (init w); > ((O (init w))*) =; > (init w) ; empty
using RightChopEqvChop FstCSEqvEmpty by blast
have 12: + > (init w) ; empty =; > (init w)
using RightChopEqvChop ChopEmpty by blast
have 13: F > (init w) =; (init w) A; empty
using FstState by auto
from 9 10 11 12 13 show ?thesis by auto
ged
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lemma FstAndFstStarEqvFst:
Ff A ()" =i >f

proof —
have I: - (>f)* =; empty V; (>f);(>f)* using CSEqvOrChopCS by simp
have 2: - (>f)* A; >f =; (empty V; (>f);(>f)*) Ai >f using 1 prop06 by blast
have 3: - (empty V; (>f);(>f)*) Ai >f =; (empty A; >f) Vi ((>F);(>f)* Ai >f) by auto
have 4: - (>f)* Aj >f =; (empty A; >f) Vi ((>F);(>f)* Aj >f) using 2 3 by simp
have 5: - (>f);(>f)* Ai >f = (>F);(>f)* Ai >f;empty using ChopEmpty by auto
have 6:  (>f);(>f)* Ai >fempty =; (>f);((>f)* A empty) using LFstAndDistrC by blast
have 7: - (>f)* A; empty =; empty using EmptylmpCS by auto
have 8: + (>f);((>f)* Ai empty) =; >f using 7 RightChopEqvChop ChopEmpty by auto
have 9: - (>f);(>f)* Aj >f =; >f using 5 6 8 by simp

have 10: F (>f)* Aj >f =; (empty A; >f) V; >f using 4 9 by simp
have 11:+ (empty A; >f) Vi >f =; >f by auto
have 12: + (>f)* A; >f =; >f using 10 11 by simp
from 12 show ?’thesis by auto

ged

lemma DiHaltAndDiHaltAndEqvDiHaltAndAnd:
F di(halt (init w) A; f) A; di(halt (init w) A; g) =; di(halt (init w) A;j f Ai g)
proof —
have 1:+ di(halt (init w) A; f) A; di(halt (init w) A; g) =i
di(>(fin (init w)) A; £) A di (>(fin (init w)) A; g)
using HaltStateEqvFstFinState by auto
have 2: = di(>(fin (init w)) A; £) A di(>(fin (init w)) A; g) =i
di(>(fin (init w)) Ai f A; g)
using LFstAndDistrD by simp
have 3: - di(>(fin (init w)) Aj f Ai g) =; di(halt (init w) Aj £ A; g)
using HaltStateEqvFstFinState by auto
from 1 2 3 show ?thesis by simp
ged

lemma HaltStateEqvFstHaltState:
F halt(init(w)) =; >(halt(init(w)))
proof —
have 1: + halt (init w) =; > (fin (init w))
using HaltStateEqvFstFinState by blast
have 2: + > (fin (init w)) =; > (> (fin (init w)))
using FstEqvRule FstFixFst using itl-prop(30) by blast
have 3: F > (> (fin (init w))) =; >(halt(init(w)))
using FstEqvRule HaltStateEqvFstFinState using itl-prop(30) by blast
from 1 2 3 show 7thesis by fastforce
ged

lemma counter-ex-Ihs:

F ((fD(/en(S)) Ai >(len(2))) ; (len(5) Vi len(2))) =; false;
proof —

have 0: - ((>(len(5)) Ni >(len(2))) ) =i
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(len(5) Ai len(2))
using FstLenEqvlLen by auto
have I:F ((>(len(5)) N >(len(2))) ; (len(5) Vi len(2))) =i
(len(5) Ai len(2)); (len(5) Vi len(2))
using 0 using LeftChopEqvChop by blast
have 2: | (len(5) A; len(2)) =; false;
by (simp)
have 3: = ((len(5) Ai len(2)); (len(5) Vi len(2))) =; (falsei;(len(5) Vi len(2)))
by (simp add: 2 LeftChopEqvChop)
have 4: |- (false;;(len(5) V; len(2))) =; false;
by (simp)
from 1 3 4 show ?thesis by fastforce
ged

lemma counter-extra:
assumes - f =; g
Ffl =gl
shows FfV;fl =igVgl
using assms(1) assms(2) by simp

lemma counter-ex-rhs:
F ((> (len(5)) ; (len(5) Vi len(2))) Ni (> (len(2)) ; (len(5) Vi len(2)))) =i len(7)
proof —
have 1:F (&> (len(5)) ; (len(5) Vi len(2))) =i
len(5);(len(5) Vi len(2))
using FstLenEqvlen LeftChopEqvChop by blast
have 2: - (> (len(2)) ; (len(5) Vi len(2))) =i
len(2) ;(len(5) Vi len(2))
using FstLenEqvlLen LeftChopEqvChop by blast
have 3: I len(5);(len(5) Vi len(2)) =;
((len(5);len(5)) Vi (len(5);len(2)))
using ChopOrEqv by blast
have 4: I ((len(5);len(5)) Vi (len(5);len(2))) =;
(len(10) V; len(7))
using LenEqvLenChoplLen
by (smt Suc-numeral add-2-eq-Suc' arith-simps(4) arith-simps(7) iff-defs itl-valid numeral-Bit0 numeral-nat(3)
or-defs)
have 5: |- len(2) ;(len(5) Vi len(2)) =;
((len(2);len(5)) Vi (len(2);len(2)))
using ChopOrEqv by blast
have 60: F ((len(2);len(5)) ) =i
(fen(7))
using LenEqvLenChoplen
by (smt Suc-numeral add-numeral-left itl-prop(30) numeral-One plus-1-eq-Suc semiring-norm(2)
semiring-norm(5) semiring-norm(8))
have 61: F ((len(2);len(2)) ) =i
(Jen(4) )
using LenEqvLenChoplLen
by (smt Suc-numeral add-numeral-left itl-prop(30) numeral-One plus-1-eq-Suc semiring-norm(2)
semiring-norm(5) semiring-norm(8))
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have 6: - ((len(2);len(5)) Vi (len(2);len(2))) =i
(len(7) Vi len(4))
using 60 61 counter-extra by blast
have 7: F ((len(10) Vi len(7)) Ai (len(7) Vi len(4))) =
((len(7) Vi len(10)) A; (len(7) Vi len(4)))
by fastforce
have 8: F ((len(7) Vi len(10)) Ai (len(7) Vi len(4))) =i
(len(7) Vi (len(10) A; len(4)))
by fastforce
have 9: - (len(10) A; len(4)) =; false;
by (simp)
have 10 : + (len(7) Vi (len(10) A; len(4))) =i len(7)
using 9 by auto
have 11:+F ((>> (len(5)) ; (len(5) Vi len(2))) Ai (> (len(2)) ; (len(5) Vi len(2)))) =i
(len(5);(len(5) Vi len(2)) A; len(2) ;(len(5) Vi len(2)))
using 1 2 by auto
have 12: F (len(5);(len(5) Vi len(2)) A; len(2) ;(len(5) V; len(2))) =i
(len 10 Vi len 7) Ai (len 7 V/; len 4)
using 4 6 by auto
have 13: F (len(5);(len(5) Vi len(2)) A; len(2) ;(len(5) V; len(2))) =i len(7)
using 12 10 3 5 8 7 using prop03 by blast
from 11 13 show ?thesis using prop03 by blast
ged

end

theory Monitor
imports First

begin

7 Monitors

The RV monitors language is introduced plus the algebraic properties of the monitor operators.

7.1 Syntax

datatype 'a monitor =

mFIRST-d 'a pitl ((FIRST -))
| mUPTO-d 'a monitor 'a monitor ((- UPTO -) [84,84] 83)
| mMTHRU-d 'a monitor 'a monitor ((- THRU -) [84,84] 83)
| mTHEN-d 'a monitor 'a monitor ((- THEN -) [84,84] 83)
| mMWITH-d 'a monitor 'a pitl  ((- WITH -) [84,84] 83)

7.2 Derived Monitors

definition mHALT-d ((HALT -) [84] 83)
where

178



HALT w = FIRST (fin (init w))

definition mLEN-d ((LEN -) [84] 83)
where
LEN k = FIRST (len k)

definition mEMPTY-d (EMPTY')
where
EMPTY = FIRST empty

definition mSKIP-d (SKIP)
where
SKIP = FIRST skip

definition mGUARD-d ((GUARD -) [84] 83)
where
GUARD w = EMPTY WITH ( (init w))

definition mFAIL-d (FAIL)
where
FAIL = GUARD false;

primrec mTIMES-d :: 'a monitor = nat = 'a monitor ((- TIMES -) [84,84] 83)
where

mTIMES-0 : a TIMES 0 = EMPTY
| mTIMES-Suc: a TIMES (Suc k) = a THEN (a TIMES k)

definition mALWAYS-d ((- ALWAYS -) [84,84] 83)
where
a ALWAYS (w) = a WITH (bi (fin (init w)))

definition mSOMETIME-d ((- SOMETIME -) [84,84] 83)
where
a SOMETIME (w) = a WITH (di (fin (init w)))

definition mlimit-d ((Limit -) [84] 83)
where
Limit f = (bs (—; f))

definition mWITHIN-d ((- WITHIN -) [84,84] 83)
where
a WITHIN (f) = a WITH (Limit f)

definition mUNTIL-d ((- UNTIL -) [84,84] 83)

where
wl UNTIL w2 = (HALT w2) WITH (bm wl)

7.3 Semantics

fun semantics-monitor :: 'a monitor = 'a pitl ((M -) [80] 80)
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where
(M (FIRST 3)) =1> a

| (M (a UPTO b)) = >( (M a) V; (M b))

| (M (a THRU b)) = >( di(M a) A; di(M b))
| (M (a THEN b)) = (M a);(M b))

| (M (aWITHf)) =( (M a) A; )

definition eg-d :: 'a monitor = 'a monitor = bool ((- ~ -) [84,84] 83)
where

eg-dab=(-(Ma)=; (M b))

lemma MonEqRefl:
a~a

by (simp add: eq-d-def)

lemma MonEqSym:

assumes a ~ b

shows b~ a

using assms eq-d-def itl-prop(30) by blast

lemma MonEqTrans:
assumes a ~ b
b~c
shows a~ ¢
using assms(1) assms(2) using eq-d-def prop03 by blast

lemma MonEgq:
(a~b)=(F(Ma)=; (M b))
by (simp add: eq-d-def)

lemma MonEqSubstWith:

assumes a >~ b

shows (a WITH f) ~ (b WITH f)
using assms by (simp add: eq-d-def)

lemma MonEqSubstThen:
assumes al ~ bl
a2 ~ b2
shows (al THEN a2) ~ (bl THEN b2)
using assms(1) assms(2) by (simp add: eq-d-def)

lemma MonEqSubstUpto:
assumes al ~ bl
a2 ~ b2
shows (al UPTO a2) ~ (b1 UPTO b2)
using assms(1) assms(2)
proof —
have 1: al ~ bl using assms(1) by blast
have 2: a2 ~ b2 using assms(2) by blast
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have 3: ((al UPTO a2) ~ (b1 UPTO b2)) =
(F (M al UPTO a2) =; (M b1 UPTO b2)) by (simp add: eq-d-def)
have 4: F (M al UPTO a2) =; >( (M al) V; (M a2)) by simp
have 5: - (M bl UPTO b2) =; >( (M b1) V; (M b2)) by simp
have 6: - ( (M al) V; (M a2)) =; ( (M bl) V; (M b2)) using I 2 eq-d-def by auto
have 7: - >( (M al) vV; (M a2)) =; >( (M bl1) Vi (M b2)) using 6 FstEqvRule by blast
have 8: (F (M al UPTO a2) =; (M b1 UPTO b2)) using 7 6 5 by auto
from 3 7 show ?thesis by auto
ged

lemma MonEqSubstThru:
assumes al ~ bl
a2 ~ b2
shows (al THRU a2) ~ (b1 THRU b2)
using assms(1) assms(2)
proof —
have 1: al ~ bl
using assms(1) by blast
have 2: a2 ~ b2
using assms(2) by blast
have 3: ((al THRU a2) ~ (b1 THRU b2)) =
(F (M al THRU a2) =; (M bl THRU b2))
by (simp add: eq-d-def)
have 4: - (M al THRU a2) =; >( di(M al) A; di(M a2))
by simp
have 5: - (M bl THRU b2) =; >( di(M b1) A; di(M b2))
by simp
have 6: - ( (M al) A; (M a2)) =; ( (M bl) A; (M b2))
using 1 2 eg-d-def by auto
have 7: - ( di(M al) A di(M a2)) =; ( di(M bl) A; di(M b2))
using 6 by (meson 1 2 DiEqvDi eq-d-def itl-prop(31) prop22)
have 8: - >( di(M al) A; di(M a2)) =; >( di(M bI) A; di(M b2))
using 7 FstEqvRule by blast
have 9: (F (M al THRU a2) =; (M bl THRU b2))
using 8 5 4 by auto
from 3 9 show ?7thesis by auto
ged

definition mAND-d ((- AND -) [84,84] 83)
where
a AND b = a WITH (M b)

definition m/ITERATE-d ((- ITERATE -) [84,84] 83)
where
a ITERATE b = a WITH (M b)*

definition mSTAR-d ((- STAR -) [84,84] 83)

where
a STAR f = (FIRST (< f)) ITERATE (a)
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definition mREPEAT-d ((- REPEATUNTIL -) [84,84] 83)
where

a REPEATUNTIL w = ( (HALT w) ITERATE (a WITH (keep(—; (init w)))))

7.4 Monitor Laws

lemma MFixFst:
F(Ma)= > (M a)
proof
(induct a')
case (mMFIRST-d x)
then show Zcase
proof —
have 1: - (M FIRST x) =; > x by simp
have 2: F > x =; > (> x) using FstFixFst by auto
have 3: + > (> x) =; (M FIRST x) by simp
from 1 2 3 show 7thesis by auto
qged
next
case (mUPTO-d al a2)
then show Zcase
proof —
have 1: + (M (al UPTO a2)) =; >( (M al) V; (M a2)) by simp
have 2: - >( (M al) Vi (M a2)) =; >(>((M al) V; (M a2))) using FstFixFst by auto
have 3: - >(>((M al) V; (M a2))) =; >(M (al UPTO a2)) by simp
from 1 2 3 show ?thesis by auto
ged
next
case (mMTHRU-d al a2)
then show Zcase
proof —
have 1: - (M (al THRU a2)) =; >( di (M al) A; di(M a2)) by simp
have 2: F >( di (M al) A; di(M a2)) =; >(>(di(M al) Aj di(M a2))) using FstFixFst by auto
have 3: F >(>( di (M al) A; di(M a2))) =; (M (al THRU a2)) by simp
from 1 2 3 show ?thesis by auto
ged
next
case (mMTHEN-d al a2)
then show Zcase
proof —
have I:+ (M (al THEN a2)) =; (M al) ; (M a2)
by simp
have 2: + (M al); (M a2) =, >(M al) ; >(M a2)
using ChopEqvChop mTHEN-d.hyps(1) mTHEN-d.hyps(2) by blast
have 3: F >(M al) ; >(M a2) = >(>(M al) ; (M a2))
using FstFstChopEqvFstChopFst itl-prop(30) by blast
have 4: - >(>(M al) ; (M a2)) =, >((M al) ; (M a2))
using FstEqvRule LeftChopEqvChop itl-prop(30) mTHEN-d.hyps(1) by blast
have 5: + >((M al) ; (M a2)) =; (M (al THEN a2))
by simp
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from 1 2 3 4 5 show ?thesis by auto
ged
next
case (mMWITH-d a x2)
then show 7case
proof —
have 1: - (M (a WITH x2)) =; (M a) A; ( x2)
by simp
have 2: - (M a) Ai ( x2) =i (M a) Aj ( x2)
using mWITH-d.hyps by auto
have 3: F >(M a) A; ( x2) = >(>(M a) A; ( x2))
using FstFstAndEqvFstAnd itl-prop(30) by blast
have 4: F >(>(M a) A ( x2)) =i (M a) A; ( x2))
using 2 FstEqvRule itl-prop(30) by blast
have 5: - >((M a) A ( x2)) =i >(M (a WITH x2))
by simp
from 1 2 3 4 5 show ?thesis by auto
ged
ged

lemma MGuardFalseEqvFalse:

F M (GUARD false;) =; false;

proof —
have 1: - M(GUARD false;) =; M(EMPTY WITH (init false;)) by (simp add: mGUARD-d-def)
have 2: - M(EMPTY WITH (init false;)) =; M(EMPTY) A; (init false;) by simp
have 3: |- false; =; (init false;) by simp
have 4: = M(EMPTY) A; (init false;) =; M(EMPTY') A; false; using 3 by simp
have 5: - M(EMPTY) A; false; =; false; by simp
have 6: FM(EMPTY) A; (init false;) =; false; using 4 5 by simp
have 7: FM(EMPTY WITH (init false;j)) =; false; using 2 6 by simp
have 8: FM(GUARD false;) =; false; using 1 7 by simp

from 8 show 7thesis by auto

ged

lemma MFirstFalseEqvFalse:
F M (FIRST falsej) =; false;
proof —
have 1: - M(FIRST false;) =; > false; by simp
have 2: = M(FIRST false;) =; false; using FstFalse by simp
from 2 show ?7thesis by auto
ged

lemma MFailAlt:
F M FAIL =; false;
proof —
have 1: - M FAIL =; M (GUARD (false;)) by (simp add: mFAIL-d-def)
have 2: - M (GUARD (false;)) =; false; using MGuardFalseEqvFalse by auto
from 1 2 show ?thesis by auto
ged
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lemma MFailEqvFirstFalseWithinEmpty:
(FAIL) ~ ((FIRST false;) WITHIN ( empty ))
proof —
have 1: = M( (FIRST false;) WITHIN ( empty )) =; M ((FIRST false;) WITH (Limit empty) )
by (simp add: mWITHIN-d-def)
have 2: = M ((FIRST false;) WITH (Limit empty) ) =; M (FIRST false;) A; (Limit empty )
by simp
have 3: = M ((FIRST false;) WITH (Limit empty) ) =; false;
using MFirstFalseEqvFalse by auto
have 4: = M( (FIRST false;) WITHIN ( empty )) =, false;
using 1 3 by auto
have 5: - (M FAIL) =; false;
using MFailAlt by simp
from 4 5 show 7thesis by (metis eq-d-def itl-prop(30) prop21)
ged

lemma MEmptyAlt:

F (M EMPTY) =; empty

proof —
have 1: + (M EMPTY) =; (M (FIRST empty)) by (simp add: mEMPTY-d-def)
have 2: - (M (FIRST empty)) =; > empty by simp
have 3: - > empty =; empty using FstEmpty by auto

from 1 2 3 show ?thesis by auto

ged

lemma MSkipAlt:

F M SKIP =; skip

proof —
have 1: - M SKIP =; M(FIRST skip) by (simp add: mSKIP-d-def)
have 2: = M(FIRST skip) =; > skip by simp
have 3: + > skip =; skip using FstSkip by simp

from 1 2 3 show ?’thesis by auto

ged

lemma MGuardAlt:

F M (GUARD(w)) =; empty A; init w

proof —
have 1: - M (GUARD(w)) =; M(EMPTY WITH ( (init w))) by (simp add:mGUARD-d-def)
have 2: = M(EMPTY WITH ( (init w))) =; (M EMPTY) A; ( init w) by simp
have 3: = (M EMPTY) A; ( init w) =; empty A; (init w) using MEmptyAlt prop06 by blast
have 4: = empty A; ( init w) =; empty A; init w by simp

from 1 2 3 4 show ?thesis by auto

ged

lemma MLengthAlt:

FM(LEN(K)) =; len(k)

proof —
have 1: - M(LEN(k)) =i M(FIRST (len(k))) by (simp add:mLEN-d-def)
have 2: = M(FIRST (len(k))) =; >(len(k)) by simp
have 3: - >(len(k)) =/ len(k) using FstLenEqvLen by blast
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from 1 2 3 show ?thesis by auto
ged

lemma MAlwaysAlt:
F M(a ALWAYS w) =; M(a) A; O (init w)
proof —
have 1: - M(a ALWAYS w) =; M(a WITH (bi (fin (init w))))
by (simp add: mALWAYS-d-def)
have 2: = M(a WITH (bi (fin (init w)))) =; M(a) A; (bi (fin (init w)))
by simp
have 3: = M(a) A; (bi (fin (init w))) =; M(a) A; O (init w)
using BoxStateEqvBiFinState by auto
from 1 2 3 show ?thesis by simp
ged

lemma MSometimeAlt:
F M(a SOMETIME w) =; M(a) A; < (init w)
proof —
have 1: - M(a SOMETIME w) =; M(a WITH (di (fin (init w))))
by (simp add: mSOMETIME-d-def)
have 2: FM(a WITH (di (fin (init w)))) =; M(a) A; (di (fin (init w)))
by simp
have 3: FM(a WITH (di (fin (init w)))) =; M(a) A;i < (init w)
using DiamondStateEqvDiFinState by auto
from 1 2 3 show ?thesis by simp
ged

lemma MWithinAlt:
F M(a WITHIN f) =; M(a) A; (bs (—; ))
proof —
have 1: - M(a WITHIN f) =; M(a WITH (bs (—; f)))
by (simp add: mWITHIN-d-def mlimit-d-def)
have 2: = M(a WITH (bs (—; f))) =i M(a) A; (bs (i ))
by simp
from 1 2 show ?thesis by simp
ged

lemma MTimesAlt:

= M(a TIMES k) =; power (M a) k

proof

(induct k)

case 0

then show 7case
proof —
have I: F M a TIMES 0 =; M EMPTY by simp
have 2: F M EMPTY =; empty using MEmptyAlt by simp
have 3: - empty =; power (M a) 0 by simp
from 1 2 3 show ?thesis by auto

qged

next
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case (Suc k)
then show 7case

proof —

have 1: - M a TIMES Suc k =; M(a THEN (a TIMES k) )
by simp

have 2: - M(a THEN (a TIMES k) ) =; (M a);(M(a TIMES k))
by simp

have 3: - (M a);(M(a TIMES k)) =; (M a);(power (M a) k)
using RightChopEqvChop Suc.hyps by blast
have 4: - (M a);(power (M a) k) =; power (M a) (Suc k)
by simp
from 1 2 3 4 show ?thesis by auto
ged
ged

lemma MUptoAlt:
(o ./\/l(a UPTO b) =; ( (M a) A; bi —\,'(M b)) Vi ((M b) A; bi —\,'(M a)) Vi ((M a) Ni (M b))
proof —
have 1: - M(a UPTO b) =; >((M a) V; (M b))
by simp
have 2: - >((M a) vV; (M b)) =; (>(M a) A; (bs —=i(M b))) Vi (>(M b) A; (bs —i(M a)))
using FstWithOrEqv by blast
have 3: - (D(M a) Ni (bs _\i(M b))) Vi (D(M b) Ni (bs —|,'(M a))) =;
(M a) Aj (M b) Vi =i(M b)) Ai (bs =i(M b))) Vi
(M b) Ai (M a) Vi =i(M a)) A (bs (M a)))
using MFiszt by auto
have 4: - (M a) Aj (M b) Vj =i(M b)) Aj (bs —i(M b))) Vi
((M b) Ni ((M a) Vi —|,'(M a)) Ni (bS —|,'(M a))) =;
(M a) Ai ( (M b) Ai bs=i(M b)) Vi (mi(M b) Aj bs=i(M b))) ) Vi
((M b) Ni ( ((M a) Ni bS—\,'(M a)) Vi (—\,'(M a) Ni bSﬁ,’(M a))) )

by auto
have 5: - (M a) Aj ( (M b) Aj bs—i(M b)) Vi (=i(M b) A; bs—i(M b))) ) V
(M b) Ai (M a) A bs=i(M a)) Vi (mi(M a) Ai bSW(M a))) ) =i
(M a) Ai (((=(M b)) Vi (mi(M b) Ai bs=i(M b))) ) V
(M b) Ai ((>(M a)) Vi (mi(M a) Aj bs=i(M a))) )

by (simp add: first-d-def)
have 6: - (M a) A ( (>(M b)) Vi (—mi(M b) Aj bs=i(M b
(M b) A ( (D( a)) Vi (mi(M a) Ai bs=i(M a)))
(M a) Ai (M b))V (W(M b) Ai bs=i(M b))) )
(M b) Ai (M ) Vi (mi(M a) Ai bs=i(M a))) )
using I\/IFiszt by auto
have 7: F (—=;(M b) A; bs—;(M b)) =; bi(—;(M b))
using AndBsEqvBi by blast
have 8: F (—i{(M a) Aj bs—i(M a)) = bi(—i(M a))
using AndBsEqvBi by blast
have 9: = (M a) Ai ( (M b)) Vi ((mi(M b)) A

) )
)

\/,

(M b) Aj (M a)) Vi ((mi(M a)) Aj bs(—i(M a)))) ) =i
(Ma) Ai (M b)) Vi ( bi(=i(M b)))) ) Vi
(M b) Aj (M a)) Vi ( bi(=i(M a)))) )

using 7 8 by auto
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have 10: H((M a) A; ( (M b)) Vi ( bi(=i(M b)))) ) v
(M b) A ( ((M a)) Vi ( bi(=i(M a)))) ) =i
(( (M a) Aj (M b)) Vi (M a) Aj bi(=i(M b)))) Vi
) (( (M b) Aj (M a)) Vi (M b) Ai bi(=i(M a))))
y auto
have 11: + (( (M a) A; (M b)) Vi ( (M a) A; bi(=i(M b)))) Vi
(( (M b) Ai (M a)) Vi (M b) Ai bi(=i(M a))))
X ( (M a) A; bi —|,'(M b)) Vi ((M b) A; bi —|,'(M a)) Vi ((M a) Ni (M b))
auto
from }/2 345691011 show ?thesis by auto
ged

lemma MThruAlt:
F M(a THRU b) =; (M a) A; di(M b)) Vi (M b) A; di(M a))
proof —
have 1: - M(a THRU b) =; >(di(M a) A; di(M b))
by simp
have 2: - >(di(M a) A; di(M b)) =; (>(M a) A; di(M b)) Vi (>(M b) A; di(M a))
using FstDiAndDiEqv by auto
have 3: + (>(M a) A; di(M b)) V; (>(M b) A; di(M a)) =
(M a) Aj di(M b)) Vi (M b) A; di(M a))
using MFixFst by auto
from 1 2 3 show ?thesis by auto
ged

lemma MHaltAlt:

F M(HALT w) =; halt(init w)

proof —
have 1: - M(HALT w) =; M(FIRST (fin (init w))) by (simp add: mHALT-d-def)
have 2: = M(FIRST (fin (init w))) =; > (fin (init w)) by simp
have 3: + > (fin (init w)) =; halt(init w) using HaltStateEqvFstFinState by auto
from 1 2 3 show ?7thesis by simp

ged

lemma MFailUpto:

( (FAIL UPTO a)) ~ (a)

proof —
have I: + (M (FAIL UPTO a)) =; >((M FAIL) v; (M a)) by simp
have 2: - M FAIL v; M a =; false; V; M a using MFailAlt by auto
have 3: F >((M FAIL) v; (M a)) =; >(false; V; (M a)) using 2 FstEqvRule by blast
have 4: - false; V; (M a) =; M a by simp
have 5: F >(falsej Vi (M a)) =; >(M a) using 4 FstEqvRule by blast
have 6: F >(M a) =; M a using MFixFst by auto

from 1 2 34 5 6 show ?thesis by (simp add: eq-d-def)

ged

lemma MFailThru:
(FAIL THRU a) ~ FAIL
proof —
have 1: - M(FAIL THRU a) =; >(di (M FAIL) A; di(M a))
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by simp
have 2: F >(di (M FAIL) A; di(M a)) =; >(di (falsej) A; di(M a))
using MFailAlt DiEqvDi FstEqvRule prop06 by blast
have 3: & di false; =; false;
by simp
hence 4: - >(di (falsej) A;i di(M a)) =; >( (falsej) Ai di(M a))
using FstEqvRule prop06 by blast
have 5: - >( (false;) A; di(M a)) =, >false;
using FstEqvRule itl-prop(19) by blast
have 6: - >false; =; false; using FstFalse
by auto
have 7: |- false; =; M FAIL
using MFailAlt by auto
from 12456 7 show ?thesis by (metis eq-d-def prop03)
ged

lemma MFailAnd:
(FAIL AND a) ~ FAIL
proof —
have 1: = M (FAIL AND a) =; (M FAIL) A; (M a) by (simp add: mAND-d-def)
have 2: = (M FAIL) N; (M a) =, false; Aj (M a) using MFailAlt by auto
have 3: | false; \; (M a) =; false; by auto
have 4: = M (FAIL AND a) =; false; using 1 2 3 by auto
have 5:  false; =; M FAIL using MFailAlt by auto
from 1 2 3 4 5 show 7thesis by (metis eq-d-def itl-prop(30) prop21)
ged

lemma MThenFail:
(a THEN FAIL) ~ FAIL
proof —
have 1: - M (a THEN FAIL) =; (M a);(M FAIL) by simp
have 2: - (M a);(M FAIL) =; (M a);false; using MFailAlt by auto
have 3: - (M a);false; =; false; by auto
have 4: | false; =; M FAIL using MFailAlt by auto
from 1 2 3 4 show ?thesis by (metis eq-d-def itl-prop(30) prop21)
ged

lemma MFailThen:
(FAIL THEN a) ~ FAIL
proof —
have 1: - M (FAIL THEN a) =; (M FAIL);(M a) by simp
have 2: - (M FAIL);(M a) =; false;;(M a) using MFailAlt by auto
have 3: - false;;(M a) =; false; by auto
have 4: + false; =; M FAIL using MFailAlt by auto
from 1 2 3 4 show 7thesis by (metis eq-d-def itl-prop(30) prop21)
ged

lemma MFailWith:

(FAIL WITH f) ~ FAIL
proof —
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have 1: - M (FAIL WITH f) =; (M FAIL) A; f by simp
have 2: - (M FAIL) N; f =, false; Aj f using MFailAlt by auto
have 3: - false; N;j f =; false; by simp
have 4: - false; =; M FAIL using MFailAlt by auto
from 1 2 3 4 show ’thesis by (metis eq-d-def itl-prop(30) prop21)
ged

lemma MWithFalse:
(a WITH ((false;))) ~ FAIL
proof —
have 1: - M (a WITH (false;)) =; (M a) A; false;) by simp
have 2: - ((M a) A; false;) =; M FAIL using MFailAlt by auto
from 1 2 show ?thesis by (simp add: MonEq)
ged

lemma MWithTrue:
(a WITH ((truej))) ~ a

proof —
have 1: - M (a WITH true;) =; (M a) A; true;) by (simp)
have 2: (M a) A; truej) =; M a by simp

from 1 2 show ’thesis by (simp add: MonEq)

ged

lemma MEmptyUpto:
(EMPTY UPTO a) ~ EMPTY

proof —
have 1: - M (EMPTY UPTO a) =; >((M EMPTY) V; (M a)) by simp
have 2: - (M EMPTY) =; empty using MEmptyAlt by auto

hence 3: - (M EMPTY) Vi (M a) =; empty V; (M a) by auto

hence 4: - >((M EMPTY) Vi (M a)) =; >(empty V; (M a)) using FstEqvRule by blast
have 5: - >(empty V; (M a)) =; empty using FstEmptyOrEqvEmpty by blast
have 6: - empty =; (M EMPTY) using MEmptyAlt by auto

from 1 4 5 6 show ?thesis by (simp add: eq-d-def)

ged

lemma MEmptyThru:
(EMPTY THRU a) ~ (a)
proof —
have I: - M (EMPTY THRU a) =; >(di(M EMPTY') A; di(M a)) by simp
have 2:  di(M EMPTY) =; di empty using MEmptyAlt DiEqvDi by blast
hence 3: - di(M EMPTY) A; di(M a) =; di empty A; di(M a) by auto
hence 4: - di empty A; di(M a) =; di(M a) by auto
have 5: - di(M EMPTY) A; di(M a) = di(M a) using 3 4 by auto
hence 6: - >(di(M EMPTY) A; di(M a)) =; >(di(M a)) using FstEqvRule by blast
have 7: F >(di(M a)) =; (M a) using FstDiEqvFst by blast
have 8: - >(M a) =; (M a) using MFixFst by auto
from 1 6 7 8 show 7thesis by (simp add: eq-d-def)
ged

lemma MThenEmpty:
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(a THEN EMPTY') ~ (a)
proof —
have 1: - M (a THEN EMPTY) =; (M a);(M EMPTY) by simp
have 2: - (M a);(M EMPTY) =; (M a); empty using MEmptyAlt by auto
have 3: - (M a); empty =; (M a) using ChopEmpty by auto
from 1 2 3 show 7thesis by (simp add: eq-d-def)
ged

lemma MEmptyThen:
(EMPTY THEN a) ~ (a)
proof —
have 1: - M (EMPTY THEN a) =; (M EMPTY);(M a) by simp
have 2: - (M EMPTY);(M a) =; empty; (M a) using MEmptyAlt by auto
have 3: - empty;(M a) =; (M a) using ChopEmpty by auto
from 1 2 3 show 7thesis by (simp add: eq-d-def)
ged

lemma MEmptylterate:
(EMPTY ITERATE b) ~ (EMPTY)
proof —
have 1: - M (EMPTY ITERATE b) =; M (EMPTY WITH (M b)*)
by (simp add: mITERATE-d-def)
have 2: - M (EMPTY WITH (M b)*) =; M EMPTY A; (M b)*
by simp
have 3: - M EMPTY A; (M b)* =; empty N;j (M b)*
using MEmptyAlt by auto

have 4: - empty A; (M b)* =; empty A; (empty V; (M b) A; more);(M b)*))

using ChopstarEqv by auto
have 5: - empty A; (empty Vi (((M b) Aj more);(M b)*)) =; empty
by auto
have 6: - M (EMPTY ITERATE b) =; M EMPTY
using 1 2 34 5 MEmptyAlt by auto
from 6 show ?thesis by (metis eq-d-def)
ged

lemma Miterateldemp:
(a ITERATE a) ~ a
proof —

have 1: - M (a ITERATE a) =; M (a WITH (M a)*) by (simp add: mITERATE-d-def)

have 2: - M (a WITH (M a)*) =; M a A; (M a)* by simp
have 3: - M a Aj (M a)* = >(M a) A; (>(M a))* using MFixFst by auto

have 4: - >(M a) A (>(M a))* =; >(M a) using FstAndFstStarEqvFst by simp

have 5: F >(M a) =; M a using MFixFst by auto
from 1 2 3 4 5 show ?thesis using prop03 by (metis eq-d-def)
ged

lemma MUptoldemp:
(aUPTO a) ~ a
proof —
have 1: - M (a UPTO a) =; >((M a) V; (M a)) by simp
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have 2: F >((M a) V; (M a)) =; (M a) using FstEqvRule itl-prop(27) by blast
have 3: - >(M a) =; (M a) using MFixFst by auto

from 1 2 3 show ?thesis by (simp add: eq-d-def)

ged

lemma MThruldemp:
(a THRU a) ~ (a)
proof —
have 1: - M ( a THRU a) =; >( di(M a) A; di(M a)) by simp
have 2: - >( di(M a) A; di(M a)) =; >(di (M a)) using FstEqvRule itl-prop(20) by blast
have 3: - >(di (M a)) =; >(M a) using FstDiEqvFst by blast
have 4: - >(M a) =; (M a) using MFixFst by auto
from 1 2 3 4 show ?thesis by (simp add: eq-d-def)
ged

lemma MAndIldemp:

(a AND a) ~ (a)

proof —
have I: - M(a AND a) =; (M a) A; (M a) by (simp add: mAND-d-def)
have 2: - (M a) Aj (M a) =; (M a) by auto

from 1 2 show ?thesis by (simp add: eq-d-def)

ged

lemma MWithldemp:
((a WITH f) WITH f) ~ (a WITH f)
proof —
have I: - M ( (a WITH f) WITH ) =; (M a) A; ( f)) Ai ( f) by simp
have 2: = (M a) Ai (f)) Ni () =i (M a) A; () by auto
have 3: - (M a) A; ( ) = M(a WITH f) by simp
from 1 2 3 show 7thesis by (simp add: eq-d-def)
ged

lemma MUptoCommut:

(a UPTO b) ~ (b UPTO a)

proof —
have 1: - M(a UPTO b) =; >((M a) Vi (M b)) by simp
have 2: - (M a) Vi (M b)) =i (M b) v; (M a)) by auto

hence 3: - >((M a) Vi (M b)) =i >((M b) Vi (M a)) using FstEqvRule by blast
have 4: - >((M b) Vi (M a)) = M(b UPTO a) by simp

from 1 3 4 show 7the515 by (simp add: eq-d-def)

ged

lemma MThruCommut:

(a THRU b) ~ (b THRU a)

proof —

have 1: - M(a THRU b) =; >(di(M a) A; di(M b)) by simp

have 2: - (di(M a) Aj di(M b)) =; (di(M b) A; di(M a)) by auto

hence 3: - >(di(M a) A; di(M b)) =; >(di(M b) A; di(M a)) using FstEqvRule by blast
have 4: - >(di(M b) A; di(M a)) =; M(b THRU a) by simp

from 1 3 4 show 7thesis by (simp add: eq-d-def)
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ged

lemma MAndCommut:
(a AND b) ~ (b AND a)
proof —
have I: - M(a AND b) =; (M a) A; (M b) by (simp add: mAND-d-def)
have 2: - (M a) A; (M b) =; (M b) A; (M a) by auto
have 3: F (M b) Aj (M a) =; M(b AND a) by (simp add: mAND-d-def)
from 1 2 3 show ?thesis by (simp add: eq-d-def)
ged

lemma MWithCommut:
((a WITH f) WITH g) ~ ((a WITH g) WITH f)
proof —
have I: - M((a WITH f) WITH g) =; (M a) A; (f) Ai (g) by simp
have 2: = (M a) A; (f) Ai (g) =i M((a WITH g) WITH f) by auto
from 1 2 show ?thesis by (simp add: eq-d-def)
ged

lemma MWithAbsorp:

((a WITH f) WITH g) ~ (a WITH (f N; g))

proof —
have 1: - M((a WITH f) WITH g) =; (M a) A; (f) A;i (g) by simp
have 2: - (M a) A; (f) Ai (g) =i (M a) A; (f A; g) by auto

from 1 2 show 7thesis by (simp add: MonEq)

ged

lemma MUptoAssoc:
((a UPTO b) UPTO ¢) ~ (a UPTO (b UPTO ¢))

proof —
have 1: - M((a UPTO b) UPTO ¢) =; >(M(a UPTO b) V; (M ¢))
by simp
have 2: - >(M(a UPTO b) V; (M ¢)) =; >(>((M a) Vi (M b)) V; (M ¢))
by simp

have 3: F >(>((M a) Vi (M b)) Vi (M ¢)) =i >(((M a) Vi (M b)) Vi (M ¢))
using FstFstOrEqvFstOrL by blast

have 4: F (M a) Vi (M b)) Vi (M ¢)) =i (M a) Vi (M b) Vi (M ¢)))
by auto

hence 5: - >(((M a) Vi (M b)) Vi (M ¢)) =i (M a) Vi (M b) Vi (M ¢)))
using FstEqvRule by blast

have 6: F >((M a) V; (M b) Vi (M ¢))) =i >((M a) Vi >((M b) Vi (M ¢)))
using FstFstOrEqvFstOrR itl-prop(30) by blast

have 7: - >((M a) Vi >((M b) V; (M ¢))) =i >((M a) Vi M(b UPTO c))

by simp

have 8: + >((M a) v; M(b UPTO ¢)) =; M(a UPTO (b UPTO ¢))
by simp

from 12356 7 8 show ?thesis by (simp add: eq-d-def)

ged

lemma MThruAssoc:
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((a THRU b) THRU c) ~ (a THRU (b THRU c))
proof —
have I: - M((a THRU b) THRU c) =; >(di(>(di(M a) A; di(M b))) A; di(M ¢))
by simp
have 2: - di(>(di(M a) A; di(M b))) =; di((di(M a) A; di(M b)))
using DiEqvDiFst itl-prop(30) by blast
have 3: F di((di(M a) A; di(M b))) =i di(M a) A; di(M b)
using DiDiAndEqvDi by blast
have 4:  di(>(di(M a) Aj di(M b))) =; di(M a) Aj di(M b)
using 2 3 by auto
hence 5: - di(>(di(M a) A; di(M b))) Ai di(M ¢) =; di(M a) A;j di(M b) A; di(M c)
by auto
have 6: - di(M b) A; di(M c) =; di (di(M b) A; di(M c))
using DiDiAndEqvDi itl-prop(30) by blast
have 7: + di (di(M b) A; di(M ¢)) =; di (>(di(M b) Aj di(M ¢)))
using DiEqvDiFst by blast
have 8: - di(M b) A; di(M c) =; di (>(di(M b) A; di(M ¢)))
using 6 7 using prop03 by blast
hence 9: F di(M a) A; di(M b) A; di(M c) = di(M a) A; di (>(di(M b) Aj di(M c)))
by auto
have 10: + di(>(di(M a) A; di(M b))) A; di(M c) =;
di(M a) A; di (>(di(M b) Aj di(M ¢)))
using 5 9 by auto
hence 11: F >(di(>(di(M a) A; di(M b))) A; di(M c)) =;
>(di(M a) A; di (>(di(M b) A; di(M ¢))))
using FstEqvRule by blast
have 12: - >(di(M a) A di (>(di(M b) A; di(M ¢)))) =i M(a THRU (b THRU c))
by simp
from 1 11 12 show ?thesis by (simp add: eq-d-def)
ged

lemma MAndAssoc:
((a AND b) AND ¢) ~ (a AND (b AND c))
proof —
have 1: - M((a AND b) AND c) =; (M a) Aj (M b) Aj (M ¢) by (simp add: mAND-d-def)
have 2: - (M a) Aj (M b) Aj (M ¢) =; M(a AND (b AND c)) by (simp add: mAND-d-def)
from 1 2 show ?7thesis by (simp add: eq-d-def)
ged

lemma MThenAssoc:

((a THEN b) THEN c) ~ (a THEN (b THEN c))

proof —
have 1: - M((a THEN b) THEN c) =; ((M a);(M b));(M c) by simp
have 2: F (M a);(M b));(M ¢) = (M a);((M b);(M c)) using ChopAssocB by blast
have 3: - (M a);((M b);(M ¢)) =; M(a THEN (b THEN c)) by simp

from 1 2 3 show ?thesis by (simp add: eq-d-def)

ged

lemma MUptoThruAbsorp:
(a UPTO (a THRU b)) ~ a
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proof —
have 1: - M(a UPTO (a THRU b)) =; >((M a) V; >(di(M a) A; di(M b)))
by simp
have 2: - >((M a) V; >(di(M a) A di(M b)) =
>((M a) Vi (di(M a) A; di(M b)))
using FstFstOrEqvFstOrR by auto
have 3: + ((M a) Vi (di(M a) Aj di(M b))) =i
X (M a) Vi di(M a)) Ai (M a) Vv, di(M b)))
y auto
have 4: - (((M a) Vv; di(M a)) A; (M a) Vi di(M b))) =;
((di(M a)) Ai (M a) Vi di(M b)))
using OrDiEqvDi by auto
have 5: + (M a) V; (di(M a) A; di(M b))) =;
((di(M a)) Ar (M a) Vi di(M b)))
using 3 4 by auto
hence 6: - > ((M a) V; (di(M a) Aj di(M b))) =;
> ((di(M a)) Ai (M a) Vi di(M b)))
using FstEqvRule by blast
have 7: F > ((di(M a)) Ai (M a) V; di(M b))) =
(di(M a)) Ai (M a) Vi di(M b)) A;
bs —i( (di(M a)) Ai (M a) Vi di(M b)))
by (simp add: first-d-def)
have 8: - (di(M a)) Ai (M a) Vi di(M b)) =
(di(M a) Aj (M a)) Vi (di(M a) A; di(M b))
by auto
hence 9: - —;((di(M a)) Ai (M a) V; di(M b))) =
—i((di(M a) Aj (M a)) Vi (di(M a) Aj di(M b)))
using prop01 by blast
have 10: F —;((di(M a) Aj (M a)) Vi (di(M a) Aj di(M b))) =;
=i((M a)) Vi (di(M a) A; di(M b)))
using AndDiEqv by auto
have 11:F —;(((M a)) Vv; (di(M a) A; di(M b))) =,
—\;(M a) Ni —\;(di(M a) Ni di(M b))
by auto
have 12: - —;((di(M a)) A; (M a) V; di(M b))) =;
—|,'(M a) Ni ﬁ,‘(di(M a) Ni dl(M b))
using 9 10 11 by auto
hence 13: F bs —;((di(M a)) A; (M a) Vi di(M b))) =;
bs (—|;(M a) Ni ﬁ,‘(di(M a) N; di(M b)))
using BsEqvRule by blast
have 14: + bs ((—|,'(M a)) Nj ﬁ,’(dl'(./\/l a) Nj di(M b))) =;
bs ((—i(M a))) A; bs(—i(di(M a) A; di(M b)))
using BsAndEqv using itl-prop(30) by blast
have 141: F bs —i((di(M a)) A; (M a) V; di(M b))) =;
bs ((~i(M 2))) A7 bs(~(di(M a) A7 di(M b))
using 13 14 by auto
hence 15: F (di(M a)) Aj (M a) V; di(M b)) A;
bs =i((di(M a)) Ai (M a) Vi di(M b))) =;
(di(M a)) A;j (M a) Vi di(M b)) A;
bs ((—|,'(M a))) Ni bS(ﬁ,‘(di(M a) Ni di(./\/l b)))
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by auto
have 16: + (di(M a)) Ai (M a) Vi di(M b)) A;
bs ((—i(M a))) A; bs(—i(di(M a) A; di(M b))) =;
(bs ((mi(M a))) Ai di(M a)) A (M a) Vi di(M b)) A
bs(—i(di(M a) A; di(M b)))
by auto
have 17: F (bs ((—i(M a))) Ai di(M a)) Ai (M a) Vi di(M b)) A
bs(=i(di(M a) A; di(M b))) =i
(>(M a)) Ai (M a) Vi di(M b)) A
bS(—u(dl(M a) Aj di(M b)))
using FstEqvBsNotAndDi itl-prop(30) prop06 by blast
have 18: F (>(M a)) A; (M a) V; di(M b)) A;
bS(ﬁ,'(di(M a) Ni di(M b))) =;
(M a)) A (M a) Vi di(M b)) A
bs(—i(di(M a) A; di(M b)))
using MFixFst itl-prop(30) prop06 by blast
have 19: - (M a)) A;i (M a) V; di(M b)) A;
bS(ﬁ,‘(di(M a) Ni dl(M b))) =;
((M a)) Ni bS(ﬁ,’(di(M a) Ni di(M b)))
by auto
have 20: = (=j(di(M a) A; di(M b))) =i (—i(di(M a)) Vi —i(di(M b)) )
by auto
hav::) 21+ (ﬁ,’(di(M a)) Vi —|,'(dl'(M b)) ) =; ((bl —|,'(M a)) Vi (biﬁ,‘(M b)) )
y auto
have 22: (ﬁ,’(di(M a) Ni dI(M b))) = ((bl —|,'(M a)) Vi (biﬁ,’(M b)))
using 20 21 by auto
hence 23: + bs (ﬁ,’(di(M a) Ni dI(M b))) =; bs ((bl —|,'(M a)) Vi (biﬁ,‘(M b)))
using BsEqvRule by blast
have 24: = bs ((bi =i(M a)) V; (bi=j(M b))) =i bs (=i(M a)) Vi bs (=j(M b))
using BsOrBsEqvBsBiOrBi itl-prop(30) by blast
have 25: F bs (—i(di(M a) A di(M b))) = bs (=i(M a)) V; bs (=i(M b))
using 23 24 by auto
hence 26: - (M a) A; bs (—i(di(M a) A; di(M b))) =
(M 3) Aj (bs (~(M a)) Vi bs (~(M b))
by auto
have 27: H(M a) A (bs (—i(M a)) Vi bs (=i(M b))) =i
>(M a) A; (bs (—i(M a)) Vi bs (—i(M b)))
using MFixFst prop06 by blast
have 28: + D(M a) Ni (bS (—|,'(M a)) V; bs (—|,'(M b))) =;
(M a) A; bs =j(M a) Aj (bs (—i(M a)) Vi bs (=i(M b))
by (simp add: first-d-def)
have 29: F (M a) A; bs =i{(M a) Aj (bs (mi(M a)) V; bs (=i(M b))) =;
(M a) A; bs —|,'(M a)
by auto
have 30: F (M a) A; bs —i{(M a) =; >(M a)
by (simp add: first-d-def)
have 31: - >(M a) =; (M a)
using MFixFst by auto
have 32: - M(a UPTO (a THRU b)) =;
(di(M a)) Ai (M a) Vi di(M b)) A
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bs —i( (di(M 2)) A (M a) Vi di(M b))
using 1 2 6 7 by auto
have 33: - (di(M a)) A; (M a) V; di(M b)) A
bs —i( (di(M a)) Ai (M a) Vi di(M b))) =;
(M a) Ai bs(~i(di(M a) A di(M b)))
using 15 16 17 18 19 by auto
have 34: F (M a)) A; bs(—i(di(M a) A; di(M b))) =; (M a)
using 26 27 28 29 30 31 using prop03 by blast
from 32 33 34 show ?thesis by (simp add: eq-d-def)
ged

lemma MThruUptoAbsorp:
(a THRU (a UPTO b)) =~ (a)
proof —
have 1: - M(a THRU (a UPTO b)) =; >(di(M a) A; di(>((M a) V; (M b))))
by simp
have 2: - >(di(M a) Aj di(>((M a) Vi (M b)))) =i
>(di(M a) A; di((M a) Vi (M b))))
using DiEqvDiFst using FstEquule itl-prop(30) prop05 by blast
have 3: F >(di(M a) A; di(((M a) Vi (M b)))) =i
>(di(M a) Aj (di(M a) V; di(M b)))
using DiOrEqv using FstEqvRule prop05 by blast
have 4: - (di(M a) A; (di(M a) Vi di(M b))) = (di(M a))
by auto
hence 5: F >(di(M a) Aj (di(M a) Vi di(M b))) =; >(di(M a))
using FstEqvRule by blast
have 6: - >(di(M a)) = >(M a)
using FstDiEqvFst by blast
have 7: - >(M a) =; (M a)
using MFixFst by auto
from 1235 6 7 show ?thesis by (simp add: eq-d-def)
ged

lemma MUptoThruDistrib:
(a UPTO (b THRU ¢)) ~ ((a UPTO b) THRU (a UPTO c))
proof —
have 1: - M((a UPTO b) THRU (a UPTO c)) =
. .>( di(>((M a) Vi (M b))) A;i di(>((M a) Vi (M «c))))
y simp
have 2: F ( di(>((M a) Vi (M b))) Ai di(>((M a) Vi (M c)))) =i
(di((M a) Vi (M b))) A di((M a) Vi (M <))))
using DiEqvDiFst by (metis itl-prop(31) prop22)
have 3: - ( di(((M a) V; (M b)) A; di((M a) Vi (M ¢c)))) =i
(di(M a) Vi di(M b)) Aj (di(M a) Vi di(M c))
using DiOrEqv by auto
have 4: F ( di(M a) V; di(M b)) Aj (di(M a) V; di(M ¢)) =;
di(M a) Vi (di(M b) N; di(M c))
by auto
have 5: + ( di(>((M a) Vi (M b)) A; di(>((M a) Vi (M <)) =i
di(M a) Vi (di(M b) NAj di(M ¢))
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using 2 3 4 by auto
hence 6: - >( di(>((M a) Vi (M b))) Ai di(>((M a) Vi (M c))) ) =i
>( di(M a) Vi (di(M b) N di(M ¢)))
using FstEqvRule by blast
have 7: - >( di(M a) V; (di(M b) A; di(M ¢)) ) =
>( >(di(M a)) Vi >(di(M b) A; di(M c)))
using FstFstOrEqvFstOr by auto
have 8: F >(di(M a)) =; >((M a))
using FstDiEqvFst by blast
have 9: - >((M a)) = (M a)
using MFixFst by auto
have 10: - >(di(M a)) =; (M a)
using 8 9 by auto
hence 11: F >(di(M a)) V; >(di(M b) A di(M ¢)) =;
(M a) Vi >(di(M b) Aj di(M ¢))
by auto
hence 12: F >(>(di(M a)) V; >(di(M b) A; di(M ¢))) =i
>((M a) Vi >(di(M b) A;i di(M c)))
using FstEqvRule by blast
have 13: F>((M a) V; >(di(M b) A; di(M ¢))) =i M(a UPTO (b THRU ¢))
by simp
from 1 6 7 12 13 show ?thesis by (simp add: eq-d-def)
ged

i

lemma MThruUptoDistrib:
(a THRU (b UPTO ¢)) ~ ((a THRU b) UPTO (a THRU c))
proof —
have 1: - M((a THRU b) UPTO (a THRU ¢)) =
>(>(di(M a) A di(M b)) Vi D(di(M a) Aj di(M c))) by simp
have 2: F >(>(di(M a) Aj di(M b)) Vi >(di(M a) A; di(M c))) =
>((di(M a) Ai di(M b)) V; (d (M a) Aj di(M c))) usmg FsthtOrEqustOr by auto
have 3: - ((di(M a) Aj di(M b)) Vi (di(M a) A; di(M c))) =
(di(M a) Aj (di(M b) V; di(M c))) by auto
have 4: + (di(M a) i (di(M b) Vi di(M c))) =;
(di(M a) A d/( (M b) Vi (M ¢))) using DiOrEqv by auto
have 5: - (di(M a) A; di( (M b) Vi (M ¢))) =
(di(M a) Aj di(>( (M b) Vi (M ¢)))) usmg D/EqulFst prop05 by blast
have 6: - ((di(M a) A; di(M b)) Vi (di(M a) A; di(M ¢))) =
(di(M a) A dI(D( (M b) Vi (M c)))) using 3 4 5 by auto
hence 7: - >((di(M a) Aj di(M b)) Vi (di(M a) A; di(M ¢))) =i
>(di(M a) A d/( ( (M b) Vi (M c)))) using FstEqvRule by blast
have 8: F >(di(M a) A; di(>( (M b) Vi (M ¢)))) =i
M(a THRU (b UPTO c)) by simp
from 1 2 7 8 show ?thesis by (simp add: eq-d-def)

ged

M
M

lemma MThruUptoRDistrib:
((a THRU b) UPTO ¢) ~ ((a UPTO c) THRU (b UPTO c))

proof —
have 1: ((a THRU b) UPTO ¢) ~ (c UPTO (a THRU b))

197



using MUptoCommut by auto

have 2: (c UPTO (a THRU b)) ~ ((c UPTO a) THRU (c UPTO b))
using MUptoThruDistrib by auto

have 3: (c UPTO a) ~ (a UPTO ¢)
using MUptoCommut by auto

have 4: (c UPTO b) ~ (b UPTO c)
using MUptoCommut by auto

have 5: ((c UPTO a) THRU (c UPTO b)) ~ ((a UPTO ¢) THRU (c UPTO b))
using 3 by (simp add: MonEqRefl MonEqSubstThru)

have 6: ((a UPTO ¢) THRU (c UPTO b)) ~ ((c UPTO b) THRU (a UPTO c¢))
using MThruCommut by auto

have 7: ((c UPTO b) THRU (a UPTO c)) ~ ((b UPTO ¢) THRU (a UPTO ¢))
using 4 by (simp add: MonEqRefl MonEqSubstThru)

from 1 25 6 7 show 7thesis using MThruCommut by (metis MonEqTrans)

ged

lemma MUptoThruRDistrib:
((a UPTO b) THRU ¢) ~ ((a THRU c) UPTO (b THRU c))
proof —
have 1: ((a UPTO b) THRU ¢) ~ (c THRU (a UPTO b))
using MThruCommut by auto
have 2: (¢ THRU (a UPTO b)) ~ ((c THRU a) UPTO (c THRU b))
using MThruUptoDistrib by auto
have 3: (¢ THRU a) ~ (a THRU ¢)
using MThruCommut by auto
have 4: (¢ THRU b) ~ (b THRU ¢)
using MThruCommut by auto
have 5: ((c THRU a) UPTO (c THRU b)) ~ ((a THRU c) UPTO (c THRU b))
using 3 by (simp add: MonEqRefl MonEqSubstUpto)
have 6: ((a THRU ¢) UPTO (c THRU b)) ~ ((c THRU b) UPTO (a THRU c))
using MUptoCommut by auto
have 7: ((¢ THRU b) UPTO (a THRU ¢)) ~ ((b THRU ¢) UPTO (a THRU c¢))
using 4 by (simp add: MonEqRefl MonEqSubstUpto)
from 1 2 56 7 show 7thesis using MUptoCommut by (metis MonEqTrans)
ged

lemma MWithAndDistrib:
((a AND b) WITH f) ~ ((a WITH f) AND (b WITH f))
proof —
have 1: - M((a AND b) WITH f) =; M(a AND b) A;
by simp
have 2: = M(a AND b) =; M(a WITH (M b))
by (simp add: mAND-d-def)
have 3: - M(a AND b) A; f =; M(a WITH (M b)) A; f
using 2 prop06 by simp
have 4: - M(a WITH (M b)) A; f =; M(a) Aj M(b) A; f
by simp
have 5: - M(a) Aj M(b) A; £ =; (M(a) Ai £) Ai (M(b) A; f)
by auto
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have 6: - (M(a) A; £) A (M(b) A; F) =i M(a WITH f) A; M(b WITH f)
by simp

have 7: - M(a WITH f) A; M(b WITH f) =; M((a WITH f) WITH (M(b WITH f)))
by simp

have 8: - M((a WITH f) WITH (M(b WITH £))) =; M((a WITH ) AND (b WITH f))
by (simp add: mAND-d-def)

from 1 23456 7 8 show ?thesis by (simp add: eq-d-def)

ged

lemma MHaltWithAndDistrib:
(((HALT w) WITH f) AND ((HALT w) WITH g)) ~ ((HALT w) WITH (f A; g))
proof —
have 1: - M(((HALT w) WITH f) AND ((HALT w) WITH g)) =;
M(((HALT w) WITH f) WITH (M((HALT w) WITH g)))
by (simp add: mAND-d-def)
have 2: - M(((HALT w) WITH f) WITH (M((HALT w) WITH g))) =
M(HALT w) A; f A; M(HALT w) A g
by (simp add: mHALT-d-def)
have 3: = M(HALT w) A; f Ai M(HALT w) A; g =i M(HALT w) A; f N g
by auto
from 1 2 3 show 7thesis by (simp add: eq-d-def)
ged

lemma MHaltWithUptoHaltWithEqvHaltWithOr:
(((HALT w) WITH f) UPTO ((HALT w) WITH g)) ~ ((HALT w) WITH (f V; g))
proof —
have 1: - M(((HALT w) WITH f) UPTO ((HALT w) WITH g)) =;
>(M((HALT w) WITH f) Vi M((HALT w) WITH g))
by simp
have 2: - >(M((HALT w) WITH f) vi M((HALT w) WITH g)) =;
>((M(HALT w) A; f) Vi (M(HALT w) A; g))
by simp
have 3: - (M(HALT w) A f) Vi (M(HALT w) A; g) =i (M(HALT w) A; (f Vi g))
by auto
have 4: - >((M(HALT w) A ) Vi (M(HALT w) A; g)) =i (M(HALT w) A; (f Vi g))
using 3 FstEqvRule by blast
have 5: - >(M(HALT w) A; (f Vi g)) =i >(M((HALT w) WITH (f V; g)))
by simp
have 6: - (M((HALT w) WITH (f V; g))) =i >(M((HALT w) WITH (f V; g)))
using MFixFst by blast
from 1 2 34 5 6 show ?thesis by (simp add: eq-d-def)
ged

lemma MHaltWithThruHaltWithEqvHaltWithAndHaltWith:
(((HALT w) WITH f) THRU ((HALT w) WITH g)) ~ (((HALT w) WITH f) AND ((HALT w) WITH g))
proof —
have 1: - M(((HALT w) WITH f) THRU ((HALT w) WITH g)) =;
>( di( M(HALT w) A; £) Ai di( M(HALT w) Aj g) )
by simp
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have 2: - di(M(HALT W) Nj f) Nj di(M(HALT W) Ni g) =;
di(halt(init w) A; f) A; di(halt(init w) A; g)
using MHaltAlt DiEqvDi by auto
have 3: = di(halt(init w) A; ) A; di(halt(init w) A; g) =i
di(halt(init w) Ni f A g)
using DiHaltAndDiHaltAndEqvDiHaltAndAnd by simp
have 4: & di( halt(init w) Ai £ N g) =i di(M(HALT w) A; f Ai g)
using MHaltAlt by auto
have 5: b di(M(HALT w) A f) Aj di( M(HALT w) A; g) =i di( M(HALT w) A; f Ai g)
using 2 3 4 by simp
have 6: - >(di(M(HALT w) A; f) Ai dil M(HALT w) A; g)) =i >(di(M(HALT w) A £ Aj g))
using 5 FstEqvRule by blast
have 7: D(di(M(HALT W) A £ A; g)) =; D(M(HALT W) A FA; g)
using FstDiEqvFst by simp
have 8: - >(M(HALT w) A £ N g) =i >(M((HALT w) WITH (f Ai g)))
by simp
have 9: - M((HALT w) WITH (f A; g)) =i >(M((HALT w) WITH (f Ai g)))
using MFixFst by blast
have 10: - M(((HALT w) WITH f) THRU ((HALT w) WITH g)) =; M((HALT w) WITH (f A; g))
using 123456789 by simp
have 11: - M(((HALT w) WITH f) AND ((HALT w) WITH g)) =; M((HALT w) WITH (f A; g))
using MHaltWithAndDistrib using eq-d-def by blast
have 12: - M((HALT w) WITH (f A; g)) =i M(((HALT w) WITH f) AND ((HALT w) WITH g))
using 11 by simp
from 10 12 show ?thesis by (simp add: eq-d-def)
ged

lemma MThenAndDistrib:
(a THEN (b AND c)) ~ ((a THEN b) AND (a THEN c))
roof —
p:a(:/e 1: = M(a THEN (b AND c¢)) =; (M(a)) ; (M(b AND ¢))
by simp
have 2: - (M(a)) ; (M(b AND ¢)) =; (M(a)) ; (M(b) A; M(c))
by (simp add: mAND-d-def)
have 3: - (M(a)) ; (M(b) Ai M(c)) =i > (M(a)) ; (M(b) Ai M(c))
using MFixFst LeftChopEqvChop by blast
have 4: F > (M(a)) ; (M(b) Ai M(c)) =i ((> (M(a)) ; (M(b))) Ai (> (M(a)) 5 (M(c))))
using LFstAndDistrC by fastforce
have 5: F((> (M(a)) ; (M(b))) Ai (> (M(a)) 5 (M(c)))) =i
(( (M(a)) : (M(b))) Ai (((M(a)) : (M(c))))
using MFixFst by auto
have 6: F (( (M(a)) ; (M(b))) Ai ((M(a)) ; (M(c)))) =i
(M(a THEN b) N M(a THEN c))
by sim
havey7: I—?M(a THEN b) A; M(a THEN c)) =; M((a THEN b) AND (a THEN c))
by (simp add: mAND-d-def)
from 123456 7 show ?thesis using MonEq by (simp add: eq-d-def)
ged
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lemma MThenUptoDistrib:

(a THEN (b UPTO ¢)) ~ ((a THEN b) UPTO (a THEN c))

proof —

have 1: + (M (a THEN (b UPTO ¢))) =; (M a);(>((M b) Vi (M ¢))))
by simp

have 2: - (M a);(>((M b) Vi (M ¢)))) =i (M a);(>((M b) Vi (M ¢))))
using MFixFst LeftChopEqvChop by blast

have 3: - (>(M a);(>((M b) Vi (M c)))) =i ((>(>(M a);((M b) vi (M ¢)))))
using FstFstChopEqvFstChopFst by fastforce

have 4: - >(M a);(M b) Vi (M ¢)) =i (M a);(M b) Vi (M ¢))
using MFixFst LeftChopEqvChop itl-prop(30) by blast

have 5: - (M a);((M b) Vi (M ¢)) =i (M a);(M b) Vi (M a);(M ¢))
using ChopOrEqv by blast

have 6: - (M a);(M b) Vi (M a);(M c)) =i (M(a THEN b) V; M(a THEN c))
by simp

have 7: + >(M a);(M b) Vi (M ¢)) =; (M(a THEN b) V; M(a THEN c))
using 6 5 4 by fastforce

have 8: F >(>(M a);((M b) V; (M ¢))) =; >(M(a THEN b) V; M(a THEN c))
using 7 FstEqvRule by blast

have 9: - >(M(a THEN b) V; M(a THEN c)) =; M((a THEN b) UPTO (a THEN c))
by simp

from 9 7 1 2 3 show ?thesis by (meson 8 eq-d-def prop03)

ged

lemma MThenThruDistrib:

(a THEN (b THRU c)) ~ ((a THEN b) THRU (a THEN c))

proof —

have 1: - M(a THEN (b THRU c)) =; (M a);>(di(M b) A; di(M ¢))
by simp

have 2: - (M a);>(di(M b) A; di(M ¢)) = >(M a);>(di(M b) A;i di(M c))
using MFixFst LeftChopEqvChop by blast

have 3: - >(M a);>(di(M b) Aj di(M ¢)) =i >(>(M a);(di(M b) A; di(M c)))
using FstFstChopEqvFstChopFst by fastforce

have 4: F >(M a);(di(M b) A; di(M ¢) ) =; (>(M a);di(M b) A; >(M a);di(M ¢))
using LFstAndDistrC using itl-prop(30) by blast

have 5: - (>(M a);di(M b) Aj >(M a);di(M ¢)) =i (M a);di(M b) Aj (M a);di(M c))
using MFixFst by auto

have 6: - (M a);di(M b) =; (M a);((M b);true;)
by (simp add: di-d-def)

have 7: - (M a);((M b);true;) =; (M a);(M b));true;
using ChopAssoc by blast

have 8: F (M a);(M b));true; =; di(M a);(M b))
by (simp add: di-d-def)

have 9: - (M a);di(M b) =; di((M a);(M b))
using 8 7 6 by fastforce

have 10: F (M a);di(M ¢) =; (M a);((M c);true;)
by (simp add: di-d-def)

have 11: F (M a);((M c);true;) =; (M a);(M c));true;
using ChopAssoc by blast

have 12: F (M a);(M c));true; = di((M a);(M ¢))
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by (simp add: di-d-def)

have 13: F (M a);di(M c¢) =; di((M a);(M ¢))
using 12 11 10 by fastforce

have 14: + (M a);di(M b) A; (M a);di(M ¢)) =i (di(M a);(M b)) A; di((M a);(M ¢)))
using 13 9 by fastforce

have 15: F (di((M a);(M b)) A; di((M a);(M ¢))) =i (di(M(a THEN b)) A; di(M(a THEN c)))
by simp

have 16: - >(M a);(di(M b) Aj di(M ¢c) ) = (di(M(a THEN b)) A; di(M(a THEN c)))
using 15 14 4 5 by fastforce

have 17: F >(>(M a);(di(M b) A; di(M ¢))) =; >(di(M(a THEN b)) A; di(M(a THEN c)))
using 16 FstEqvRule by blast

have 18: - >(di(M(a THEN b)) A; di(M(a THEN c))) =; M((a THEN b) THRU (a THEN c))
by simp

from 18 16 1 2 3 show 7thesis by (meson 17 eq-d-def prop03)

ged

end

theory /TA
imports /TL

begin

8 Interval Temporal Algebra

8.1 Definition of fuse operator

The fuse operation corresponds to the chop operation of ITL at semantic level. Although fuse is not
needed to define the semantics of the ITL fusion/chop operation, it is introduced to link with the work of
[1]. The ITL proof system is derived from a collection of algebraic laws. This work is a continuation of

[2].

primrec fuse :: 'a interval = 'a interval = 'a interval where
fuse-St : fuse (St x) ys = ys

| fuse-Cons : fuse (x ® xs) ys = x ® (fuse xs ys)

8.1.1 Fuse lemmas

lemma interval-fuse-leftneutral :
fuse (St (intfirst xs)) xs = xs
by simp

lemma interval-fuse-rightneutral :
fuse xs (St (intlast xs)) = xs

by (induct xs) simp-all

lemma interval-intfirst-fuse :
assumes intlast xs =intfirst ys
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shows intfirst (fuse xs ys) = intfirst xs
using assms by (induct xs) simp-all

lemma interval-intlast-fuse :

assumes intlast xs = intfirst ys

shows intlast (fuse xs ys) = intlast ys
using assms by (induct xs) simp-all

lemma interval-FusionAssoc :

assumes (intlast xs) = (intfirst ys) A (intlast ys) = (intfirst zs)
shows (fuse xs (fuse ys zs)) = (fuse (fuse xs ys) zs)

using assms by (induct xs) simp-all

lemma interval-fuse-intlen :

assumes intlast xs = intfirst ys

shows intlen (fuse xs ys) = (intlen xs) + (intlen ys)
using assms by (induct xs) simp-all

lemma interval-intlast-intfirst:
(intlast (prefix i xs)) = (intfirst (suffix i xs))
by (induct xs arbitrary: i, simp, simp add: Nitpick.case-nat-unfold)

lemma interval-fuse-pref-suf:
( fuse (prefix i xs) (suffix i xs)) = xs
by (induct xs arbitrary: i, simp, simp add: Nitpick.case-nat-unfold)

lemma interval-prefix-fuse :

assumes intlast xs = intfirst ys

shows  (prefix (intlen xs) (fuse xs ys)) = xs
using assms by (induct xs arbitrary: ys, simp, simp)

lemma interval-suffix-fuse :

assumes intlast xs = intfirst ys

shows  (suffix (intlen xs) (fuse xs ys)) = ys
using assms by (induct xs arbitrary: ys, simp, simp)

lemma chop-fuse-1 :
(3 01 02.0="fusecl o2 A
(c1 Ef)AN(c2 Eg) A
(intlast 01 = intfirst 02)) +—
(Fi.0<inNi<intleno A ( prefixi o = f) A (suffixio = g))
by (metis interval-fuse-intlen interval-fuse-pref-suf interval-intlast-intfirst
interval-intlen-gr-zero interval-prefix-fuse interval-suffix-fuse le-add-same-cancell)

lemma chop-fuse-2 :
(3 0102 0=fuseol o2 N
(cleX)N(c2€Y)A
(intlast 01 = intfirst 02)) +—
(3 i< intlen o. (prefix i o)eX A (suffix i 0)€Y)
by (metis interval-fuse-intlen interval-fuse-pref-suf interval-intlast-intfirst
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interval-prefix-fuse interval-suffix-fuse le-add1)

lemma chop-fuse:
(3 0102 0=fuseol o2 N
(c1 Ef)AN(c2 E=g) A
(intlast 01 = intfirst 02)) «—

(0 = fig)
using chop-fuse-1 by (simp add: chop-fuse-1)

8.2 Definition of Set of intervals and Operations on them

type-synonym 'a intervals = 'a interval set

definition /an:: ‘a pitl = 'a intervals
where lanf ={ o .(c = f) }

definition fusion :: 'a intervals = 'a intervals = 'a intervals (infixI - 70)
where XY = {fuse 01 02| 01 62. 01 € X AN o2 € Y A intlast 01 = intfirst 02}

definition reverse :: 'a intervals = 'a intervals ((SRev -) [85] 85)
where (SRev X) = {intrev o |0. 0 € X }

definition sempty :: 'a intervals (SEmpty)
where
SEmpty = range St

definition smore :: ‘a intervals (SMore)
where
SMore = — SEmpty

definition sskip :: ‘a intervals (SSkip)
where

SSkip = —(SEmpty U (SMore-SMore))

definition sfalse :: 'a intervals (SFalse)

where

SFalse = {}
definition strue :: ‘a intervals (STrue)
where

STrue = —{}

definition sinit :: 'a intervals = 'a intervals ((Sinit -) [85] 85)
where
Sinit X = (X N SEmpty)-STrue

definition sfin :: 'a intervals = 'a intervals ((SFin -) [85] 85)

where
SFin X = STrue:(X N SEmpty)
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definition ssometime :: 'a intervals = 'a intervals ((SSometime -) [85] 85)
where
SSometime X = STrue-X

definition salways :: ‘a intervals = 'a intervals ((SAlways -) [85] 85)
where
SAlways X = —(SSometime (—X))

definition sdi :: 'a intervals = 'a intervals ((SDi -) [85] 85)
where
SDi X = X-STrue

definition sbi :: 'a intervals = 'a intervals ((SBi -) [85] 85)
where
SBi X = —(SDi (—X))

definition sda :: 'a intervals = 'a intervals ((SDa -) [85] 85)
where
SDa X = STrue-X-STrue

definition sha :: 'a intervals = 'a intervals ((SBa -) [85] 85)
where
SBa X = —(SDa (—X))

definition snext :: ‘a intervals = 'a intervals ((SNext -) [85] 85)
where

SNext X = SSkip-X

definition swnext :: 'a intervals = 'a intervals ((SWhext -) [85] 85)
where

SWhext X = (—(SSkip-(—X)))

definition sprev :: 'a intervals = 'a intervals ((SPrev -) [85] 85)
where

SPrev X = X-SSkip

definition swprev :: 'a intervals = 'a intervals ((SWprev -) [85] 85)
where
SWprev X = (—((—X)-SSkip))

primrec spower :: 'a intervals = nat = 'a intervals ((SPower - -) [88,88] 87)
where

pwr-0 : SPower X 0 = SEmpty
| pwr-Suc: SPower X (Suc n) = ((X N SMore)-(SPower X n))

definition sstar :: 'a intervals = 'a intervals ((SStar -) [85] 85)

where
SStar X = (U n. SPower X n)
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8.3 Simplification Lemmas

lemma snot-elim :
xe-X+—x¢gX
by simp

lemma sor-elim :
x€ (X UY)+— (x € XV x€Y)
by simp

lemma sand-elim :
x€ (X NY)+— (x € X Ax€eY)
by simp

lemma sfalse-elim :
o ¢ SFalse
by (simp add: sfalse-def)

lemma strue-elim :
o € STrue
by (simp add: strue-def)

lemma sempty-elim :
o € SEmpty «<— intlen 0 = 0
by (simp add: image-iff interval-st-intlen sempty-def)

lemma smore-elim :
o € SMore +— intlen o > 0
by (simp add: sempty-elim smore-def)

lemma fusion-iff:
o0€ XY — (ol o2 0=fusecl c2 Nol € X ANco2ecY Aintlast 01 = intfirst 02)
by (unfold fusion-def) auto

lemma fusion-iff-1:
o€ XY «— (3 i< intlen o. (prefix i o)eX A (suffixi c)€Y )
by (simp add: chop-fuse-2 fusion-iff)

lemma smore-fusion-smore :
o € (SMore-SMore) <— intlen o > 1
using fusion-iff-1
by (metis interval-prefix-length-good interval-suffix-length-good less-one
not-less not-less-iff-gr-or-eq smore-elim zero-less-diff)

lemma sskip-elim :
o € SSkip «— intlen o = 1
using sskip-def smore-fusion-smore
by (metis One-nat-def Suc-lessl Un-iff less-numeral-extra(4) sempty-elim smore-def smore-elim
snot-elim zero-neg-one)

lemma spower-elim-zero :
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o € SPower X 0 +— o € SEmpty
by simp

lemma spower-elim-suc :
o € SPower X (Suc n) «+— o € (X N SMore)-(SPower X n)
by simp

lemma spower-elim-suc-1 :
o € (X N SMore)-(SPower X n) «—
(o1 02.0 = fuse 01 62 N ol € X A intlen d1 >0 A 62 € (SPower X n) A
intlast 01 = intfirst 02)
by (meson IntD1 IntD2 Intl smore-elim fusion-iff)

lemma sstar-elim :
o € SStar X «— (3 n. 0 € SPower X n)
by (simp add: sstar-def)

lemma sstar-elim-1 :

(3 n.o € SPower X n) «—

(o € SPower X 0 V (3 n. o € SPower X (Suc n)))
by (metis notO-implies-Suc)

lemma spower-suc :

(3 n. o € SPower X (Suc n)) «—

(3 n. o € (X N SMore)-(SPower X n))
by simp

lemma spower-suc-1 :
(3 n. o € (X N SMore)-(SPower X n)) «—
o € (X N SMore)-(SStar X)

by (metis fusion-iff sstar-elim)

lemma sstar-eqv :
o € SStar X +—
(o € SEmpty V o € (X N SMore)-(SStar X))
by (metis spower.simps(1) spower-elim-suc spower-suc-1 sstar-elim sstar-elim-1)

lemma spower-sskip-elim :

(o € SPower SSkip n) <— intlen o = n

by (induct n arbitrary: o, simp add: sempty-elim, smt chop-fuse diff-Suc-1 interval-fuse-intlen
more-d-def more-defs next-d-def plus-1-eq-Suc skip-defs spower-elim-suc
spower-elim-suc-1 sskip-elim zero-less-Suc zero-less-one)

lemma srev-elim:

o € (SRev X) «— intrev 0 € X
by (smt interval-rev-rev-ident mem-Collect-eq reverse-def)
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8.4 Algebraic Laws
8.4.1 Commutative Additive Monoid

lemma UnionCommute:
(X:'aintervals) U Y = Y U X
by (simp add: Un-commute)

lemma UnionSFalse:
X U SFalse = X
by (simp add: sfalse-def)

lemma UnionAssoc:
(X:'aintervals) U (Y U Z) = (XUY)UuZ
by (simp add: sup-assoc)

8.4.2 Boolean algebra

lemma Huntington:
(X:'a intervals) = —(=X U =Y) U —(=X U Y)
by auto

lemma Morgan:
(X:'aintervals) NY = —(—=X U =Y)
by auto

— identities

lemma STrueTop:
STrue = X U =X
by (simp add: strue-def)

lemma SFalseBottom:
SFalse = X N =X
by (simp add: sfalse-def)

8.4.3 multiplicative monoid

lemma FusionSEmptyl :
SEmpty - X = X
using fusion-iff-1 set-eql[of SEmpty-X X]
by (metis interval-intlen-gr-zero interval-prefix-length-good interval-suffix-zero sempty-elim)

lemma FusionSEmptyR :
X - SEmpty = X
using fusion-iff-1 set-eql[of X-SEmpty X]
by (metis add-cancel-right-right fusion-iff interval-fuse-intlen interval-fuse-pref-suf
interval-intlast-intfirst interval-prefix-fuse interval-prefix-intlen sempty-elim)

lemma FusionAssoc :
X(Y-Z2)=(XY)Z
using set-eql[of X-(Y-Z) (X-Y)-Z]
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by (smt fusion-iff interval-intfirst-fuse interval-FusionAssoc interval-intlast-fuse)
— left and right distributivity

lemma FusionUnionDistL:
(XUY)Z=(X2Z)Uu(Y-2)

using fusion-iff set-eql[of (X U Y)-Z (X-Z) U (Y-Z)]

by (metis (no-types, lifting) sor-elim)

lemma FusionUnionDistR:
X(YUZ)=(XY)U(X-2Z)

using fusion-iff set-eql[of X-(Y U Z) (X-Y) U (X-Z)]

by (metis (no-types, lifting) sor-elim)

— left and right annihilation
lemma SFalseFusion:

SFalse - X = SFalse
by (simp add: fusion-def sfalse-def)

lemma FusionSFalse:
X-SFalse = SFalse
by (simp add: fusion-def sfalse-def)

— idempotency
lemma Unionldem:

(X::'a intervals) U X = X
by simp

8.4.4 Subsumption order

lemma Subsumption:
((X :: 'aintervals) CY)=(XUY =Y)
by auto

8.4.5 Helper lemmas

lemma FusionRuleR:

assumes X C Y

shows 7 - XCZ-Y

using assms FusionUnionDistR by (metis Subsumption)

lemma FusionRulel:

assumes X C Y

shows X - ZCY.Z

using assms by (metis FusionUnionDistL subset-Un-eq)

lemma spower-commutes:
(X N SMore)-(SPower X n) = (SPower X n)-(X N SMore)
by (induct n, simp add: FusionSEmptyl FusionSEmptyR, simp add: FusionAssoc)

lemma fusion-inductl:
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assumes Y U X-ZC Z

shows (SPower X n)-Y C Z

using assms

by (induct n, simp add: FusionSEmptyL, smt IntD1 Unl2 FusionAssoc fusion-iff pwr-Suc subset-eq )

lemma fusion-inductr:

assumes YU Z- X CZ

shows Y:(SPower X n) C Z

using assms

by (induct n, simp add: FusionSEmptyR, smt abel-semigroup.commute FusionAssoc FusionUnionDistL
FusionUnionDistR le-iff-sup pwr-Suc spower-commutes sup.abel-semigroup-axioms sup-assoc
sup-inf-absorb)

lemma sstar-contl:

Y - (S8Star X) = (Un. Y - (SPower X n))
using set-eql[of Y - (SStar X) (Un. Y - (SPower X n))]
by (smt UN-iff fusion-iff sstar-def)

lemma sstar-contr:

(SStar X)-Y = (Un. (SPower X n)-Y)
using set-eql[of (SStar X)-Y (U n. (SPower X n)-Y)]
by (smt UN-iff fusion-iff sstar-def)

8.4.6 Kleene Algebra

— left unfold

lemma UnfoldL:

SEmpty U X-(SStar X) = (SStar X)

proof —

have 1: (SStar X) = SEmpty U (X N SMore)-(SStar X)
by (meson Un-iff set-eql sstar-eqv)

have 2: (X N SMore)-(SStar X) C X-(SStar X)
by (simp add: FusionRulel)

have 3: (SStar X) C SEmpty U X-(SStar X)
using 1 2 by blast

have 4. SEmpty C (SStar X)
using 1 by auto

have 5: X C SEmpty U (X N SMore)
by (simp add: Un-Int-distrib smore-def)

have 6: X-(SStar X) C (SStar X) U (X N SMore)-(SStar X)
using 5 by (metis FusionRuleL FusionUnionDistL FusionSEmptyL)

have 7: (SStar X) C SEmpty U (X N SMore)-(SStar X)
using 1 by auto

have 8: X:(SStar X) C SEmpty U (X N SMore)-(SStar X)
using 6 7 by blast

hence 9: X:(SStar X) C (SStar X)
using 1 by auto

have 10: SEmpty U X-(SStar X) C (SStar X)
using 9 4 by simp

from 3 10 show ?thesis by auto
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ged

— Left induction

lemma SStarinductL:

assumes Y U X-Z C Z

shows (SStar X)-Y C Z

by (metis UN-least assms fusion-inductl sstar-contr)

— Right induction

lemma SStarinductR:

assumes YU Z- X CZ

shows Y. (SStar X) C Z

using sstar-contl assms fusion-inductr by blast

8.4.7 ITL specific Laws

lemma PwrFusioninterL:
((((SPower SSkip n) N X)-V) N (((SPower SSkip n) N Y)-W)) =
(((SPower SSkip n) N X N Y)-(V N W))
using set-eql[of ((((SPower SSkip n) N X)-V) N (((SPower SSkip n) N Y)-W))
(((SPower SSkip n) N X N Y)-(V N W)) |
using fusion-iff
by (smt interval-prefix-fuse interval-suffix-fuse sand-elim spower-sskip-elim)

lemma PwrFusioninterR:
((V-((SPower SSkip n) N X)) N ((W-((SPower SSkip n) N Y)))) =
((V N W)-((SPower SSkip n) N X N Y))
using set-eql[of ((V-((SPower SSkip n) N X)) N ((W-((SPower SSkip n) N Y))))
((V N W)-((SPower SSkip n) N X N Y)) ]
using fusion-iff
by (smt add-right-imp-eq interval-fuse-intlen interval-prefix-fuse
interval-suffix-fuse sand-elim spower-sskip-elim)

lemma SSkipFusionlmpSMore:
SSkip-STrue C SMore
by (metis fusion-iff grOl interval-fuse-intlen nat.distinct(1) plus-1-eq-Suc
smore-elim sskip-elim subsetl)

lemma SStarSkip:
(SStar SSkip) = STrue
using set-eql[of (SStar SSkip) STrue]
by (simp add: strue-def spower-sskip-elim sstar-elim)

8.5 Derived Laws
8.5.1 Helper Lemmas

lemma B01:
assumes (X:: a intervals) C Y
shows —-Y C —X
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using assms by auto

lemma B04:
((X:: ‘aintervals) = Y ) «+— (X C Y) A (Y C X)
by auto

lemma B09:

assumes —X U Y = STrue

shows (X:: ‘aintervals) C Y
using assms using strue-def by auto

lemma B20:
(X:: ‘aintervals) CYUZ+— XN-YCZ
by auto

lemma B28:
((X:: 'aintervals) N Y)U (XNZ)=XnN(YU2Z)
by auto

lemma CHOI:
STrue-STrue = STrue
by (metis FusionSEmptyR FusionUnionDistR Int-commute SStarSkip STrueTop UnfoldL inf-sup-absorb )

lemma CHO7:

(((SSkip N X)-V) N ((SSkip N Y)-W)) = ((SSkip n X N Y)-(V N W))
using PwrFusioninterL[ of 1 X V'Y W]

by (simp add: FusionSEmptyR inf-commute smore-def sskip-def)

lemma CHOS:

((V-(SSkip 0 X)) N ((W-(SSkip N Y)))) = ((V N W)-(SSkip N X N Y))
using PwrFusioninterR[of V 1 X W Y]

by (simp add: FusionSEmptyR inf-commute smore-def sskip-def)

lemma CHO09:

(((X N SEmpty)-V) N ((Y N SEmpty)-W)) = (((X N Y) N SEmpty)-(V N W))
using PwrFusioninterL[ of 0 X V'Y W]

by (metis (no-types, lifting) inf-assoc inf-commute pwr-0)

lemma CHIO0:

((V-(X 1 SEmpty)) 0 (W-(Y N SEmpty)))) = ((V 0 W)-((X N Y) N SEmpty))
using PwrFusioninterR[of V 0 X W Y]

by (metis (no-types, lifting) inf-assoc inf-commute pwr-0)

lemma ST13:
(X N SEmpty)-Z) N ((Y N SEmpty)-Z) = (X N Y) N SEmpty)-Z
by (simp add: CH09)

lemma ST15:

(SStar (X N SEmpty)) = SEmpty
by (metis FusionSEmptyL inf .right-idem inf-le2 UnfoldL

212



SStarInductR sup.orderE sup-inf-absorb)

lemma ST21:
((=X) N SEmpty) U (X N SEmpty) = SEmpty
by blast

lemma ST724:
(Sinit X) N (Shnit Y) = (Slnit (X N Y))
by (simp add: ST13 sinit-def)

lemma ST25:
(SInit STrue) = STrue
by (simp add: sinit-def strue-def FusionSEmptyL)

lemma S5T26:
(SInit (—X)) U (SInit X) = STrue
by (metis Compl-disjoint2 ST21 ST25 Un-Int-distrib compl-bot-eq FusionUnionDistL
sinit-def strue-def sup-bot.right-neutral sup-top-right)

lemma ST28:
(SDi (SInit X)) = (Sinit X)
by (metis compl-bot-eq FusionAssoc FusionUnionDistR FusionSEmptyR sdi-def
sinit-def strue-def sup-top-right UnionCommute)

lemma ST33:
(STrue N SEmpty)-SEmpty = SEmpty
by (simp add: strue-def FusionSEmptyl)

lemma ST36:
(Sinit (—X)) € —(SInit X)
by (metis Compl-disjoint ST24 compl-bot-eq disjoint-eq-subset-Compl double-complement
inf .coboundedI2 inf.orderE sfalse-def SFalseFusion sinit-def strue-def)

lemma ST37:
—(SInit X) C (SInit (—X))
using B09 ST26 by auto

lemma ST38:
—(SInit X) = (SInit (—X))
using ST37 5T36 by auto

lemma ST47:
X UY-X = (SEmpty U Y)-X
by (simp add: FusionUnionDistL FusionSEmptyL)

lemma SStar01:

assumes X-(SStar Y) U SEmpty C (SStar Y)
shows (SStar X) C (SStar Y)

using assms

by (metis Un-commute FusionSEmptyR SStarInductl)
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lemma SStar03:
(SStar X)-(SStar X) C (SStar X)
by (metis SStarInductlL Un-absorb UnfoldL sup.absorb-iff1 sup.right-idem)

lemma SStar05:

assumes ((SStar X)-(SStar X)) U SEmpty C (SStar X)
shows  (SStar (SStar X)) C (SStar X)

using assms

by (simp add: SStar01)

lemma SStar12:
(SEmpty U (X-(SStar X))) C (SStar X)
using UnfoldL by blast

lemma SStar06:
((SStar X)-(SStar X)) U SEmpty C (SStar X)
using SStar03 SStar12 by force

lemma SStar07:
(SStar X) C (SStar (SStar X))
by (metis FusionUnionDistR FusionSEmptyR Subsumption Un-commute UnfoldL ST47 sup.right-idem)

lemma SStar08:
(SStar X) = (SStar (SStar X))
by (meson B04 SStar05 SStar06 SStar07)

lemma SStarl5:
SEmpty C (SStar SSkip)
by (simp add: SStarSkip strue-def)

lemma SStarl6:
SSkip C (SStar SSkip)
by (simp add: SStarSkip strue-def)

lemma SStar22:
(SEmpty N X)-(SStar (SEmpty N X)) = (SEmpty N X)
by (metis ST15 FusionSEmptyR inf-commute)

lemma SStar23:
(SStar (SEmpty N X)) = SEmpty
using SStar22 UnfoldL by auto

lemma SStar25:
(SStar STrue) = STrue
by (metis SStar08 SStarSkip)

lemma SStar28:

(SStar X)-X C X-(SStar X)
by (metis B04 FusionUnionDistR FusionSEmptyR UnfoldL SStarinductL)
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lemma S5tar29:
X-(SStar X) C (SStar X)-X
by (metis B04 SStar28 SStarlnductR UnfoldL FusionRuleL ST47 sup.mono)

lemma SStarl7:
(SStar SSkip)-SSkip C SSkip-(SStar SSkip)
by (simp add: SStar28)

lemma SStarl8:
SSkip-(SStar SSkip) C (SStar SSkip)-SSkip
by (simp add: SStar29)

lemma SStar19:
(SStar SSkip)-SSkip = SSkip-(SStar SSkip)
using SStarl17 SStar18 by auto

lemma SStar30:
X-(SStar X) = (SStar X)-X
using SStar28 SStar29 by auto

lemma SStar34:

assumes SEmpty U (X U Y)-((SStar X)-(SStar (Y-(SStar X))) ) C (SStar X)-(SStar (Y-(SStar X)))
shows (SStar (X U Y)) C (SStar X)-(SStar (Y-(SStar X)))

by (metis assms FusionSEmptyR SStarInductl)

lemma SStar35:
SEmpty U (X U Y)-((SStar X)-(SStar (Y:(SStar X))) ) C (SStar X)-(SStar (Y-(SStar X)))
by (smt B04 FusionAssoc FusionUnionDistL FusionSEmptyl UnfoldL UnionAssoc UnionCommute)

lemma SStar36:
(SStar (X U Y)) C (SStar X)-(SStar (Y-(SStar X)))
using SStar34 SStar35 by blast

lemma SStar46:
(SStar X)-(SStar (Y-(SStar X))) C (SStar (X U Y))
proof —
have (SEmpty U SStar (X U Y) - Y) - SStar X C SStar (X U Y)
by (metis (no-types) FusionUnionDistR SStar12 SStar30 SStarlnductR sup.bounded-iff)
then show ?thesis by (simp add: SStarinductR ST47 FusionAssoc)
ged

lemma SStar47:
(SStar Z) = (SStar (Z N SMore))

proof —
have 1: (SStar Z) = (SStar ((SEmpty N Z) U (SMore N Z)))

by (metis Int-Un-distrib2 compl-bot-eq inf-top.left-neutral smore-def strue-def STrueTop)
have 2: (SStar ((SEmpty N Z) U (SMore N 2))) =

(SStar (SEmpty N Z))-(SStar ((SMore N Z)-(SStar (SEmpty N Z))))
by (simp add: SStar36 SStar46 subset-antisym)
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have 3: (SStar (SEmpty N Z))-(SStar ((SMore N Z)-(SStar (SEmpty N Z)))) =
(SStar (Z N SMore))
by (simp add: FusionSEmptyL FusionSEmptyR SStar23 inf-commute)
from 1 2 3 show ?thesis by auto
ged

lemma SStar48:
(SStar SMore) = STrue
by (metis Compl-Un Compl-disjoint2 SStar25 SStar47 ST21 ST33 FusionSEmptyR
inf .right-idem smore-def strue-def)

lemma SStar50:
assumes SSkip-((—X) U ((SStar SSkip)-(X N (SSkip-(—X))))) U (—=X)
C (—=X) U (SStar SSkip)-(X N (SSkip-(—X)))
shows ((SStar SSkip)-(—X)) C ((—X) U ((SStar SSkip)-(X N (SSkip-(—X)))))
using SStarinductL assms by blast

lemma SStar51:
SSkip-((—X) U ((SStar SSkip)-(X N (SSkip-(—X))))) U (—=X)
C (—X) U (SStar SSkip)-(X N (SSkip-(—X)))
by (smt B20 double-compl FusionAssoc FusionUnionDistR inf-commute le-sup-iff
UnfoldL ST47 Subsumption sup-ge2)

lemma SStar52:
(SStar X) C SEmpty U (X N SMore)-(SStar X)
by (metis B04 SStar47 UnfoldL)

lemma SStar53:
SEmpty U (X N SMore)-(SStar X) C (SStar X)
by (metis SStar12 SStar47)

lemma BD45:
(SBi ((-X) U X1)) N (X-Y) C X1Y
proof —
have 1: (SBi ((—X) U X1)) = —(—((—=X) U X1)(Y U (=Y)))

by (metis sbi-def sdi-def STrueTop)
have 2: —(—((—X) U XI)-(Y U (=Y))) N (X-Y) C

—(—((=X) U X1)-(Y)) N (X-Y)

by (smt BOI B28 FusionUnionDistR inf-commute sup.absorb-iffl sup-gel)
have 3: —(—((—X) U XI)(Y)) N (X:Y) C (((-X) U X1) N X)Y

by (smt B09 Compl-disjoint2 FusionUnionDistL Huntington Morgan STrueTop UnionAssoc

UnionCommute compl-inf sup-bot.left-neutral)

have 4: (((—X)U X1) N X)-Y C X1-Y

by (metis B20 double-compl FusionRuleL inf .right-idem inf-lel)
from 1 2 3 4 show ?thesis by blast
ged

lemma BD46:

(SAlways ((—Y) U YI)) N (X1-Y) C (X1-YI)
proof —
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have 1: (SAlways ((-Y)U Y1)) = —((XI U (—=X1))(—((-Y)U Y1)))
by (metis salways-def ssometime-def STrueTop)

have 2: —((XI U (—XI))(—((=Y)U Y1 )))Nn(X1'Y)C

~(XL(~((=Y)U Y1))) N (XI-Y)

by (smt BOI B28 FusionUnionDistL inf-commute sup.absorb-iff2 sup-gel)

have 3: —(XI-(—((-Y)UYI)))n (XI-Y)C XI(((-Y)U YI)NnY)
by (metis (no-types, lifting) B20 B04 compl-inf FusionUnionDistR Huntington

Morgan Subsumption sup-gel UnionCommute)

have 4: XI1-(((-Y)U YI)nY) C (X1-Y1)
by (metis B20 double-compl FusionRuleR inf .right-idem inf-lel)

from 1 2 3 4 show ?thesis by blast

ged

8.5.2 ITL Axioms derived

lemma SBoxGen:

assumes X=STrue

shows (SAlways X) = STrue

using assms

by (metis double-compl FusionSFalse salways-def sfalse-def ssometime-def strue-def)

lemma SBiGen:

assumes X=STrue

shows (SBi X) = STrue

using assms

by (metis double-compl sbi-def sdi-def sfalse-def SFalseFusion strue-def)

lemma SMP:

assumes X C Y
assumes X=S5True
shows Y=STrue
using assms(1) assms(2)
using strue-def by blast

lemma SChopAssoc:
X(Y-Z) = (X-Y)Z
by (simp add: FusionAssoc)

lemma SOrChoplmp:
(XUY)ZC(XZ)Uu(Y-2)
by (simp add: FusionUnionDistL)

lemma SChopOrimp:
X(YUZ)C(X-Y)U(X-2)
by (simp add: FusionUnionDistR)

lemma SEmptyChop:

SEmpty-X = X
by (simp add: FusionSEmptyl)
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lemma SChopEmpty:
X-SEmpty = X
by (simp add: FusionSEmptyR)

lemma SStatelmpBi:
(Slnit X) C (SBi (Shnit X))
by (simp add: ST28 ST38 sbi-def)

lemma SNextImpNotNextNot:

(SNext X) C —(SNext (—X))

proof —

have I: ((SNext X) C —(SNext (—X))) = (((SNext X) N (SNext (—X))) C SFalse)
by (simp add: disjoint-eq-subset-Compl sfalse-def)

have 2: ((SNext X) N (SNext (—X))) = SSkip-(X N (—=X))
by (metis CHO7 SStar16 inf.orderE snext-def)

have 3: (SSkip)-(X N (—X)) = SSkip-SFalse
by (simp add: sfalse-def)

have 4: SSkip-SFalse = SFalse by (simp add: FusionSFalse)

from 1 2 3 4 show ?thesis by auto

ged

lemma SBiBoxChoplmpChop:
(SBi ((—X) U X1)) N (SAlways ((=Y) U Y1)) N (X-Y) C(X1-Y1)
using BD45 BD46 by blast

lemma SBoxInduct:
(SAlways (—X U (SWhext X))) N X C (SAlways X)
proof —
have 1: ((SAlways (—X U (SWhnext X))) N X C (SAlways X)) =
((SSometime (—X)) C ((—X) U (SSometime (X N (SNext (—X))) )))
by (smt Compl-subset-Compl-iff compl-sup double-compl! inf-commute
salways-def snext-def swnext-def )
have 2: ((SSometime (—X)) C ((—X) U (SSometime (X N (SNext (—X))) ))) =
( ((SStar SSkip)-(—X)) C ((—X) U ((SStar SSkip)-(X N (SSkip-(—X))))) )
by (simp add: SStarSkip snext-def ssometime-def)
have 3: ( ((SStar SSkip)-(—X)) C ((—X) U ((SStar SSkip)-(X N (SSkip-(—X))))) )
using SStar51 SS5tar50 by blast
from 1 2 3 show ?thesis by auto
ged

lemma SChopstarEqv:
(SStar X) = SEmpty U (X N SMore)-(SStar X)
using SStar52 SStar53 by blast

8.6 Extra Laws

8.6.1 Boolean Laws

lemma B02:
assumes —Y C —X
shows (X:: ‘aintervals) C Y
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using assms by auto

lemma BO03:

((X:: ‘aintervals) = Y ) +— (=X = =Y)

by auto

lemma B05:

assumes (X:: ‘a intervals) U Y C Z
shows X CZAY C/Z

using assms by auto

lemma B06:

assumes X CZANY C/Z

shows (X:: ‘aintervals)UY C Z
using assms by auto

lemma B07:

(X:: 'aintervals) U Y C Z +—
XCZANYCZ

by auto

lemma B08:

assumes (X:: a intervals) C Y
shows —X U Y = STrue
using assms

using strue-def by auto

lemma B10:

(X:: 'aintervals) C Y «+— —X U Y = STrue

using strue-def by auto

lemma BI11:

assumes (X:: ‘a intervals) C Y
shows X N —Y = SFalse
using assms sfalse-def by auto

lemma B12:

assumes X N —Y = SFalse
shows (X:: ‘aintervals) C'Y
using assms sfalse-def by auto

lemma B13:

(X:: 'aintervals) C Y +— X N —Y = SFalse

using sfalse-def by auto

lemma B14:

assumes (X:: a intervals) C Y
shows X NY =X

using assms by auto
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lemma B15:

assumes (X:: ‘a intervals) C Y N Z
shows X CYAXCZ

using assms by auto

lemma B16:

assumes X C YA X CZ

shows (X:: ‘aintervals) CY NZ
using assms by auto

lemma BI17:
(X::'aintervals) CYNZ+— XCYANXCZ
by auto

lemma BI18:

assumes (X:: ‘a intervals) C Y U Z
shows X N-Y C/Z

using assms by auto

lemma B19:

assumes X N —-Y C 7

shows (X:: ‘aintervals) C Y U Z
using assms by auto

lemma B21:

(X:: ‘a intervals) U (Y
XU(Ynz)yc(xu

by auto

NZ)C(XUY)n(Xu2Z) «—
Y)ANXU(YNZ)C(XU2Z)
lemma B22:

(X:: 'aintervals) U (Y NZ)C XUY
by auto

lemma B23:
(X:: ‘aintervals) U (Y NZ)C XUZ
by auto

lemma B24:

((X:: ‘aintervals) U Y) N (XU Z)CXU(YNZ)+—
(Xuy)nXuz))n-xcvynz

by auto

lemma B25:

((X:: "aintervals) U Y) N (XU Z)N-XCYNZ+—
(Xuy)n(Xuz)n-XcCYA
(XuyY)yn(Xuz)n-xXxcz

by auto

lemma B26:
(((X:: "aintervals) U Y) N (XU Z)N=-XCY
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by auto

lemma B27:
(((X:: "aintervals) U Y) N (XU Z))N-XC Z
by auto

lemma B29:
(X:: ‘aintervals) U (Y NZ)=(XUY)N(XU2Z)
by auto

8.6.2 Chop

lemma CHO2:
XYn—(X2zZ)cXxX(¥yn-2)
by (metis B20 FusionRuleR FusionUnionDistR inf .right-idem inf-lel)

lemma CHO3:
XYN—(ZY)C(XN-2)Y
by (metis B20 FusionRuleL FusionUnionDistL inf .right-idem inf-lel)

lemma CHO04:
XYn—(X-2)CX(Yn2
using CHO2 by fastforce

lemma CHO5:
XYn—(-2ZY)C(Xn2)Y
using CHO3 by fastforce

lemma CH06:
assumes XCX1
YCVYI
shows X-YCXI1.YI
using assms(1) assms(2)
by (smt FusionUnionDistL FusionUnionDistR UnionAssoc le-iff-sup)

lemma CHI1I:
((X N (SPower SSkip n))-STrue) N ((SPower SSkip n)-Y) = (X N (SPower SSkip n))-Y
by (smt PwrFusioninterL compl-bot-eq inf.absorb2 inf-commute strue-def top-greatest)

lemma CHI12:
(STrue-(X N (SPower SSkip n))) N (Y-(SPower SSkip n)) = (Y-(X N (SPower SSkip n)))
by (metis PwrFusioninterR compl-bot-eq inf-commute inf-top.right-neutral strue-def)

lemma CHI3:
(SPower SSkip n) - (SPower SSkip m) = (SPower SSkip (n+m))
proof
(induct n arbitrary: m)
case 0
then show Zcase by (simp add: FusionSEmptyl)
next
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case (Suc n)
then show 7case
by (metis FusionAssoc add-Suc pwr-Suc)

ged
8.6.3 Next
lemma NOI:

(SNext SEmpty) = SSkip
by (simp add: FusionSEmptyR snext-def)

lemma NO2:
(SNext SFalse) = SFalse
by (simp add: FusionSFalse snext-def)

lemma NO3:
(SNext X)-Y = (SNext (X-Y))
by (simp add: snext-def FusionAssoc)

lemma NO04:
(SNext (X U Y)) = (SNext X) U (SNext Y)
by (simp add: FusionUnionDistR snext-def)

lemma NO5:
(SNext (X N'Y)) = (SNext X) N (SNext Y)
by (metis CHO7 SStar16 inf.orderE snext-def )

lemma NO06:

assumes X C Y

shows (SNext X) C (SNext Y)

using assms

by (metis FusionUnionDistR Subsumption snext-def)

lemma NO7:
(SNext ((—X) U Y)) = (SNext (—X)) U (SNext Y)
by (simp add: N04)

lemma NO8:
SMore C SSkip-STrue
by (smt BO9 Morgan SStar15 SStarSkip UnfoldL compl-inf inf.absorb2 smore-def)

lemma N23:

(SWprev X) C (SEmpty U (SPrev X))

by (metis BO9 FusionUnionDistL SStar30 SStarSkip STrueTop UnfoldL UnionAssoc
abel-semigroup.commute double-compl sprev-def sup.abel-semigroup-axioms swprev-def)

lemma N24:
(SEmpty) C (SWprev X)
by (metis B10 B02 FusionRuleL SSkipFusionlmpSMore SStar30 SStarSkip UnfoldL
compl-bot-eq double-compl smore-def strue-def subset-antisym swprev-def top-greatest)
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lemma N25:
(SPrev X) C (SWprev X)

proof —

have I: ((SPrev X) C (SWprev X) ) = (((SPrev X) N (SPrev (—X)))C SFalse )
by (simp add: B10 sfalse-def sprev-def swprev-def )

have 2: ((SPrev X) N (SPrev (—X))) = (X N (—X))-SSkip
by (metis CH0O8 SStar16 inf .orderE sprev-def)

have 3: (X N (—X))-SSkip = SFalse-SSkip
by (simp add: sfalse-def)

have 4: SFalse-SSkip = SFalse
by (simp add: SFalseFusion)

from 1 2 3 4 show ?thesis by auto

ged

lemma N26:
(SWprev X) = (SEmpty U (SPrev X))
using N23 N24 N25 by blast

lemma NO09:
SSkip U SMore-SSkip C SMore
proof —
have 1: SSkip C SMore by (simp add: smore-def sskip-def)
have 2: SMore-SSkip C SMore
by (metis N26 UnionCommute compl-le-swapl smore-def sup-ge2 swprev-def )
from 1 2 show ?thesis by auto
ged

lemma N10:

assumes SSkip U SMore-SSkip C SMore
shows SSkip-(SStar SSkip) C SMore
using assms

using SStarinductR NO9 by blast

lemma NI11I:
SSkip - STrue C SMore
by (metis SStarSkip N09 N10)

lemma NI12:
(SNext X) = —(SWhext (—X))
by (simp add: snext-def swnext-def)

lemma N13:
SMore-STrue = SMore
by (metis FusionAssoc N11 NO8 SStar48 SStarSkip ST47 UnfoldL subset-antisym sup.right-idem)

lemma N14:

STrue-SSkip C SMore
by (metis N11 SStar19 SStarSkip)
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lemma N15:
SMore C STrue-SSkip
by (metis NO8 SStar19 SStarSkip)

lemma N19:

(SWhext X) C (SEmpty U (SNext X))

by (smt B02 B20 B09 FusionUnionDistR Morgan SStarSkip STrueTop UnfoldL compl-inf
inf-sup-absorb snext-def swnext-def)

lemma N20:
(SEmpty ) C (SWhext X)
proof —
have 1: ((SEmpty ) C (SWhnext X) ) = (—(SWhext X) C SMore)
by (simp add: smore-def)
have 2: (—(SWhext X) C SMore) = ((SNext (—X)) C SMore)
by (simp add: snext-def swnext-def)
have 3: (SNext (—X)) C SSkip-STrue
by (metis FusionUnionDistR STrueTop snext-def sup.orderl sup.right-idem)
hence 4: (SNext (—X)) C SMore using SSkipFusionlmpSMore by auto
from 1 2 4 show ?thesis by auto
ged

lemma N21I:
(SEmpty U (SNext X)) C (SWhext X)
using N20
by (metis BO6 SNextImpNotNextNot snext-def swnext-def)

lemma N22:
(SWhnext X) = (SEmpty U (SNext X))
using N21 N19 by blast

lemma N16:
(SNext X) = SMore N (SWhext X)
using N12 N22 smore-def by blast

lemma NI17:
(SWhext (X N'Y)) = (SWhnext X) N (SWhnext Y)
by (simp add: N05 N22 Un-Int-distrib)

lemma N18:
(SWhext (X U Y)) = (SWhnext X) U (SWhext Y)
by (smt CHO7 SStar16 compl-sup double-compl inf.orderE swnext-def)

lemma N27:
(SNext ((—X) U Y)) C (—(SNext X) U (SNext Y))
by (metis N12 N16 N18 Un-Int-distrib double-compl sup-ge2 sup-left-idem)

lemma N28:

(SPrev ((=X) U Y)) C ( —(SPrev X) U (SPrev Y))
by (metis BOI B05 B06 FusionUnionDistL Huntington N25 double-compl sprev-def sup-ge2 swprev-def )
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lemma N29:
(SPrev X) = —(SWprev (—X) )
by (simp add: sprev-def swprev-def)

8.6.4 Sinit

lemma ST01:
(X N SEmpty)-Y C Y
by (metis Int-commute FusionUnionDistL FusionSEmptyL le-iff-sup sup-inf-absorb UnionCommute)

lemma ST02:
(X N SEmpty)-Y C (X N SEmpty)-STrue
by (simp add: FusionRuleR strue-def)

lemma ST03:
(X N SEmpty)-(X N SEmpty) C (X N SEmpty)
using ST0I by auto

lemma ST04:

(X N SEmpty) C (X N SEmpty)-(X N SEmpty)

by (metis B04 Int-commute FusionSEmptyl FusionSEmptyR inf .right-idem
inf-top.right-neutral CH10)

lemma ST05:
(X N SEmpty) C —((—X) N SEmpty)
by blast

lemma ST06:
((=X) N SEmpty) C —(X N SEmpty)
by auto

lemma ST07:
(X N SEmpty) N (Y N SEmpty) C (X N SEmpty)-STrue
using ST02 FusionSEmptyR by blast

lemma ST08:
(X N SEmpty) N (Y N SEmpty) C (STrue N SEmpty)-(Y N SEmpty)
by (metis FusionSEmptylL FusionSEmptyR ST33 inf.cobounded?2)

lemma ST09:

((X N SEmpty)-STrue) N (STrue N SEmpty)-(Y N SEmpty) C (X N SEmpty)-(Y N SEmpty)

by (metis compl-bot-eq eq-refl FusionAssoc FusionSEmptyR inf.commute inf-top.left-neutral
CHO9 strue-def)

lemma S5T10:
(X N SEmpty)-(Y N SEmpty) C (X N SEmpty)
by (metis FusionRuleR FusionSEmptyR inf-le2)

lemma ST11:
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(X N SEmpty)-(Y N SEmpty) C (Y N SEmpty)
using ST0I by blast

lemma S5T12:
(X N SEmpty) N (Y N SEmpty) = (X N SEmpty)-SEmpty N (Y N SEmpty)-SEmpty
by (simp add: FusionSEmptyR)

lemma ST14:
((X N'Y) N SEmpty)-SEmpty = ((X N Y) N SEmpty)
by (simp add: FusionSEmptyR)

lemma ST16:
(X N SEmpty) N (Y N SEmpty) C SEmpty
by (simp add: le-infl2)

lemma ST17:
(X N SEmpty)-(Y N SEmpty) C SEmpty
using ST10 by auto

lemma ST18:
—((X N SEmpty) U (Y N SEmpty)) = —(X N SEmpty) N —(Y N SEmpty)
by auto

lemma S5T19:
(X N SEmpty)-((—=X) N SEmpty) C (X N SEmpty)
using ST10 by blast

lemma ST20:
(X N SEmpty)-((—X) N SEmpty) C ((—X) N SEmpty)
using ST0I by auto

lemma ST22:
((X N SEmpty)-SSkip)-(Y N SEmpty) C (X N SEmpty)-SSkip
using FusionRuleR FusionSEmptyR by blast

lemma ST23:
((X N SEmpty)-SSkip)-(Y N SEmpty) C SSkip-(Y N SEmpty)
by (simp add: STO1 FusionRulel)

lemma ST27:
(Shit X) N (Y-Z) C ((Shit X)nY)-Z
by (metis B04 compl-bot-eq FusionAssoc FusionSEmptyl inf-commute inf-top.left-neutral
CHO9 sinit-def strue-def)

lemma ST29:

(Slnit X)-Y C (SInit X)
using ST02 FusionAssoc sinit-def by fastforce
lemma ST30:

(SInit X) N (SDi Y) = (SDi ( (SInit X) N'Y))
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by (metis FusionAssoc FusionSEmptyl CHO09 compl-bot-eq inf-top.left-neutral
sdi-def sinit-def strue-def)

lemma ST31:
(X:(STrue N SEmpty)) N (STrue-(Y N SEmpty)) = X-(Y N SEmpty)
by (metis Int-commute compl-bot-eq inf-top.right-neutral CH10 strue-def)

lemma 5T732:

(STrue N SEmpty)-SEmpty N (Sinit X) = (X N SEmpty)

by (metis Compl-empty-eq Int-commute CH09 ST14 inf-top.right-neutral
sinit-def strue-def)

lemma ST734:
(X N SEmpty)-Y) = (Shit X) N Y
by (metis FusionSEmptyL Int-commute CHO9 compl-bot-eq inf-top-right sinit-def strue-def’)

lemma ST35:
((Sinit X) N Y)-Z C (Shnit X) N (Y-2)
by (metis B04 ST34 FusionAssoc)

lemma ST39:
SEmpty N (Sinit X) C (X N SEmpty)
using ST32 by blast

lemma ST40:
(X N SEmpty) C SEmpty N (Sinit X)
using ST32 by auto

lemma ST41:
SEmpty N (Sinit X) = (X N SEmpty)
using ST40 ST39 by auto

lemma ST42:
(X N SEmpty) C ((X U Y) N SEmpty)
by blast

lemma 5T743:
(Y N SEmpty) C ((X U Y) N SEmpty)
by blast

lemma ST44:
(X N SEmpty) N ((—=X) N SEmpty) = SFalse
by (simp add: sfalse-def)

lemma ST45:
((X U Y) N SEmpty) C (X N SEmpty) U (Y N SEmpty)
by auto
lemma ST46:
(SInit X) U (Sinit Y) = (Slnit (X U Y))
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by (simp add: Int-Un-distrib2 FusionUnionDistL sinit-def)

lemma S5T48:
—(STrue-(X N SEmpty)) C STrue-((—X) N SEmpty)
by (metis BO9 FusionSEmptyR FusionUnionDistR ST21 double-compl)

lemma ST49:

STrue-((—X) N SEmpty) C —(STrue-(X N SEmpty))

by (metis CH10 Compl-disjoint2 FusionSEmptyR FusionSFalse ST33 disjoint-eq-subset-Compl
inf-compl-bot-left2 sfalse-def strue-def)

lemma ST50:
—(STrue:(X N SEmpty)) = STrue-((—X) N SEmpty)
using ST48 5T49 by blast

8.6.5 SStar

lemma S5tar02:

assumes X C Y

shows X.(SStar Y) U SEmpty C (SStar Y)

using assms

by (smt FusionUnionDistL semigroup.assoc UnfoldL Subsumption
sup.semigroup-axioms sup-left-idem UnionCommute)

lemma SStar04:
(SStar X) C (SStar X)-(SStar X)
by (metis Un-absorb UnfoldL UnionAssoc ST47 sup.absorb-iff2)

lemma SStar09:

assumes (X-(SEmpty U (X:(SStar X)))) U SEmpty C (SEmpty U (X-(SStar X)))
shows (SStar X) C SEmpty U (X-(SStar X))

using assms

by (simp add: UnfoldL)

lemma SStar10:
(X-(SEmpty U (X-(SStar X)))) C (SEmpty U (X-(SStar X)))
by (metis UnfoldL sup-ge2)

lemma SStarll:
SEmpty C (SEmpty U (X-(SStar X)))
by auto

lemma SStarl3:
(SStar SSkip) = STrue
by (simp add: SStarSkip)

lemma SStarl4:

(SSometime X) = (SStar SSkip)-X
by (simp add: SStarSkip ssometime-def’)
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lemma SStar20:
(SStar SEmpty) = SEmpty
by (metis FusionSEmptyR ST15 ST33)

lemma SStar21:
(SStar (SEmpty N X))-(SEmpty N X) = (SEmpty N X)
by (metis ST15 FusionSEmptyl inf-commute)

lemma SStar24:
(SStar SFalse) = SEmpty
by (metis SStar20 SStar47 inf-compl-bot sfalse-def smore-def)

lemma SStar26:
X C (SStar X)
by (smt FusionUnionDistR FusionSEmptyR SStar03 SStar04 Subsumption UnfoldL UnionAssoc UnionCommute)

lemma SStar27:
SEmpty C (SStar X)
using UnfoldL by blast

lemma SStar31:

assumes X U (X-Y):(X:(SStar (Y-X))) C X:(SStar (Y-X))
shows (SStar (X-Y))-X C X-(SStar (Y-X))

using assms SStarInductL by blast

lemma SS5tar32:
X U (X-Y)-(X:(SStar (Y-X))) C X-(SStar (Y-X))
by (metis BO6 SStar10 SStar11 FusionAssoc FusionRuleR FusionSEmptyR UnfoldL)

lemma S55tar33:
(SStar (X-Y))-X C X-(SStar (Y-X))
using SStar31 SStar32 by blast

lemma SStar37:

assumes X-Z C Z-Y

shows (SStar X)-Z C Z-(SStar Y)

by (smt Un-commute assms FusionAssoc FusionUnionDistL FusionUnionDistR FusionSEmptyR
semigroup.assoc UnfoldL SStarInductl Subsumption sup.right-idem sup.semigroup-axioms)

lemma SStar38:

assumes Z- X CY-Z

shows Z-(SStar X) C (SStar Y)-Z

by (smt SStar30 assms FusionAssoc FusionUnionDistL FusionUnionDistR FusionSEmptylL
semigroup.assoc UnfoldL SStarinductR Subsumption sup.right-idem
sup.semigroup-axioms UnionCommute)

lemma SStar39:

Y-(SStar ((SStar X)-Y)) C (SStar (Y-(SStar X)))-Y
by (simp add: SStar38 FusionAssoc)
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lemma SStar40:
(SStar (Y-(SStar X)))-Y C Y-(SStar ((SStar X)-Y))
by (simp add: SStar33)

lemma SStar41:
Y-(SStar ((SStar X)-Y)) = (SStar (Y-(SStar X)))-Y
using SStar39 SStar40 by blast

lemma SStar42:
Z-(SStar (Y-Z)) C (SStar (Z-Y))-Z
by (simp add: SStar38 FusionAssoc)

lemma SStar43:
(SStar (Z-Y))-Z C Z-(SStar (Y-2))
by (simp add: SStar33)

lemma SStar44:
Z-(SStar (Y-Z)) = (SStar (Z-Y))-Z
using SS5tar42 SStar43 by blast

lemma SStar49:
(SStar X) = SEmpty U (SStar X)-X
using SStar30 UnfoldL by blast

8.6.6 Box and Diamond

lemma BDO01:
(SSometime SEmpty) = STrue
by (simp add: ssometime-def FusionSEmptyR)

lemma BDO02:
X C (SSometime X)
by (metis FusionUnionDistL SEmptyChop STrueTop Subsumption Un-absorb semigroup.assoc
ssometime-def sup.semigroup-axioms)

lemma BDO03:
(SNext (SSometime X)) C (SSometime X)
by (metis FusionUnionDistL NO3 SStar16 SStar03 SStar04 SStarSkip snext-def ssometime-def
sup.absorb-iff2 sup.orderE)

lemma BD04:
(SSometime (SNext X)) C (SSometime X)
by (metis CHOI FusionAssoc FusionUnionDistL FusionUnionDistR SStar16 SStarSkip
snext-def ssometime-def sup.absorb-iff2)

lemma BDO05:
(SSometime X) U (SSometime Y') = (SSometime (X U Y))
by (simp add: FusionUnionDistR ssometime-def)

lemma BDO06:

230



(SSometime STrue) = STrue
by (simp add: CHO1 ssometime-def)

lemma BDO07:
(SSometime (X N Y)) C (SSometime X) N (SSometime Y')
by (simp add: FusionRuleR ssometime-def)

lemma BDO08:
(SAlways STrue) = STrue
by (simp add: SBoxGen)

lemma BDO09:
—(SAlways X) = (SSometime (—X))
by (simp add: salways-def)

lemma BDI10:
(SAlways X) C (SSometime X)
by (metis B02 BD02 BDO09 set-rev-mp subsetl)

lemma BDI11I:
(SSometime (SSometime X)) = (SSometime X)
by (simp add: CHO1 ssometime-def FusionAssoc)

lemma BDI12:
(SAlways X) C X
by (simp add: B02 BD02 BD09)

lemma BD13:
(SDi STrue) = STrue
by (simp add: CHO1 sdi-def)

lemma BD14:
(SDi SEmpty) = STrue
by (simp add: sdi-def FusionSEmptyl)

lemma BD15:
(SBi STrue) = STrue
by (simp add: SBiGen)

lemma BD16:
(SDi (X U Y)) = (SDi X) U (SDi Y)
by (simp add: FusionUnionDistL sdi-def)

lemma BD17:

assumes X C Y

shows (SDi X) C (SDiY)

using assms

by (metis FusionUnionDistL Subsumption sdi-def)

lemma BDI18:
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(SDi (SDi X)) = (SDi X)
by (metis CHO1 FusionAssoc sdi-def)

lemma BDI19:
(SDa SEmpty) = STrue
by (simp add: CHO1 sda-def FusionSEmptyR)

lemma BD20:
(SDa STrue) = STrue
by (simp add: CHOI sda-def)

lemma BD21I:
(SBa STrue) = STrue
by (metis BD15 BD08 BDO09 sba-def sbi-def sda-def sdi-def ssometime-def)

lemma BD22:
(SDa (X U Y)) = (SDa X) U (SDa Y)
by (simp add: FusionUnionDistL FusionUnionDistR sda-def)

lemma BD23:

assumes X C Y

shows (SDa X) C (SDa Y)
using assms

by (metis BD22 Subsumption)

lemma BD24.:

assumes X C Y

shows (SDa (—Y)) C (SDa (—X))
using assms

by (simp add: BD23)

lemma BD25:
(SDi X) C (SDa X)
by (metis BD02 FusionAssoc sda-def sdi-def ssometime-def )

lemma BD26:
(SSometime X) C (SDa X)
by (metis BDO1 BD02 FusionSEmptyR FusionUnionDistR SStar14 le-iff-sup sda-def)

lemma BD27:
(SBa X) C (SBi X)
by (simp add: BD25 sba-def sbi-def)

lemma BD28:
(SBa X) C (SAlways X)
by (simp add: B02 BD26 BD09 sba-def)

lemma BD29:

(SAlways X) N (SAlways Y) = (SAlways (X N'Y))
by (metis BDO5 BD09 Morgan compl-inf salways-def)
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lemma BD30:

(SAlways X) U (SAlways Y) C (SAlways (X U Y))
using BD07
by (metis B02 BD09 compl-sup)

lemma BD31I:
(SDi (X N Y)) C (SDi X) N (SDi Y)
by (simp add: BD17)

lemma BD32:
(SBi X) U (SBiY) C (SBi (X UY))
using BD31
by (metis (mono-tags, lifting) B02 compl-sup double-compl sbi-def)

lemma BD33:
(SDa (X N'Y)) C (SDa X) N (SDa Y)
by (simp add: BD23)

lemma BD34:
(SBa X) U (SBa Y) C (SBa (X UY))
using BD33
by (metis (mono-tags, lifting) B02 compl-sup double-compl sba-def)

lemma BD35:
(SAlways SEmpty) = SEmpty
by (metis N13 SStar14 SStar30 SStar48 SStarSkip double-complement salways-def smore-def)

lemma BD36:
(SBi SEmpty) = SEmpty
using N13 sbi-def sdi-def smore-def by fastforce

lemma BD37:
(SBa SEmpty) = SEmpty
by (metis N13 SStar30 SStar48 double-complement sba-def sda-def smore-def)

lemma BD38:

assumes X C Y

shows (SAlways X) C (SAlways Y)
using assms

by (simp add: BD29 inf .absorb-iff2)

lemma BD39:

assumes X C Y

shows (SBi X) C (SBi Y)
using assms

by (simp add: BD17 sbi-def)

lemma BDA40:
assumes X C Y
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shows (SBa X) C (SBa Y)
using assms
by (simp add: BD24 sba-def)

lemma BD41:
(SBi (SBi X)) = (SBi X)
by (simp add: BD18 sbi-def)

lemma BD42:
(SAlways (SAlways X)) = (SAlways X)
by (simp add: BD11 salways-def)

lemma BD43:
(SDa (SDa X)) = (SDa X)
by (metis CHO1 FusionAssoc sda-def)

lemma BD44:
(SBa (SBa X)) = (SBa X)
by (simp add: BD43 sba-def)

lemma BD47:
(SAlways ( (—=X) U Y)) C ( —(SAlways X) U (SAlways Y))
by (metis B20 BD12 BD29 BD38 BD42 double-compl)

lemma BD48:
(SAlways X) C X N (SWhext (SAlways X))
by (metis B02 B16 BD03 BD09 BD12 N12 salways-def)

lemma BDA49:
(SBi ((=X)UY)) C(—(SBi X)U(SBiY))
by (smt B20 FusionUnionDistL Huntington Subsumption compl-inf double-compl
inf-commute sbi-def sdi-def sup-ge2 sup-left-commute)

lemma BD50:
(SPrev (SDi X)) C (SDi X)
by (metis BD13 FusionAssoc FusionUnionDistR SStar16 SStarSkip Subsumption sdi-def sprev-def)

lemma BD51:
—(SBi X) = (SDi (—X))
by (simp add: sbi-def)

lemma BD52:
X C (SDi X)
by (metis FusionSEmptyR FusionUnionDistR ST33 Subsumption UnionCommute sdi-def sup-inf-absorb)
lemma BD53:
(SBi X) C X
by (simp add: B02 BD51 BD52)

lemma BD54:

234



(SBi X) € X N (SWprev (SBi X))
by (metis B02 B16 BD50 BD51 BD53 N29 sbi-def )

lemma BD55:
(SBi (SMore U X)) = (Sinit X)
by (smt FusionSEmptyR Morgan ST33 ST38 UnionCommute compl-inf compl-sup sbi-def sdi-def
sinit-def smore-def)

lemma BD56:
(SAlways (SMore U X)) = STrue-(X N SEmpty)
by (simp add: SStar14 SStarSkip ST50 UnionCommute salways-def smore-def)

8.7 Time Reversal
8.7.1 Time Reversal Axioms

lemma SRevSEmpty:

(SRev SEmpty) = SEmpty

using set-eql[of (SRev SEmpty) SEmpty]|
by (simp add: sempty-elim srev-elim)

lemma SRevSNot:

(SRev (— X)) = (— (SRev X))

using set-eql[of (SRev (— X)) (— (SRev X))]
by (simp add: srev-elim)

lemma SRevFusion:

(SRev (X-Y)) = (SRev Y)-(SRev X)

using set-eql[of (SRev (X-Y)) (SRev Y)-(SRev X) |

using fusion-iff-1

by (smt interval-intrev-intlen interval-intrev-prefix interval-intrev-suffix
interval-prefix-length interval-suffix-length-good order-refl srev-elim)

lemma SRevUnion:

(SRev (X U Y)) = (SRev X) U (SRev Y)

using set-eql[of (SRev (X U Y)) (SRev X) U (SRev Y) |
using srev-elim by auto

lemma SRevSPower:
(SRev (SPower X n)) = (SPower (SRev X) n)
by (induct n, simp add: SRevSEmpty, smt Morgan SRevFusion SRevSEmpty SRevSNot SRevUnion
pwr-Suc smore-def spower-commutes)

lemma SRevSStar:
(SRev (SStar X)) = (SStar (SRev X))
proof —
have I: (SRev (SStar X)) = (SRev (U n. SPower X n)) by (simp add: sstar-def)
have 2: (SRev (U n. SPower X n)) = (U n. SPower (SRev X) n)
using set-eql[of (SRev (U n. SPower X n)) (U n. SPower (SRev X) n) ]
by (metis (mono-tags, lifting) SRevSPower UN-iff srev-elim)
have 3: (U n. SPower (SRev X) n) = (SStar (SRev X)) by (simp add: sstar-def)
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from 1 2 3 show ?thesis by auto
ged

lemma SRevSRev:

(SRev (SRev X)) = X
using set-eql[of (SRev (SRev X)) X]
by (simp add: srev-elim)

8.7.2 Time Reversal Laws

lemma TROI:
(SRev SMore) = SMore
by (simp add: SRevSEmpty SRevSNot smore-def )

lemma TRO02:
(SRev SSkip) = SSkip
by (metis SRevFusion SRevSEmpty SRevSNot SRevUnion TRO1 sskip-def)

lemma TRO03:
(SRev STrue) = STrue
by (metis SRevSStar SStarSkip TR02)

lemma TRO04:
(SRev SFalse) = SFalse
by (metis Compl-eq-Compl-iff SRevSNot TR03 sfalse-def strue-def)

lemma TRO05:
(SRev (SSometime X)) = (SDi (SRev X))
by (simp add: SRevFusion TRO03 sdi-def ssometime-def)

lemma TRO06:
(SRev (SAlways X)) = (SBi (SRev X))
by (simp add: SRevSNot TR05 salways-def sbi-def)

lemma TRO7:
(SRev (SDi X)) = (SSometime (SRev X))
by (simp add: SRevFusion TR03 sdi-def ssometime-def)

lemma TROS:
(SRev (SBi X)) = (SAlways (SRev X))
by (metis SRevSRev TR06)

lemma TR09:
(SRev (SNext X)) = (SPrev (SRev X))
by (simp add: SRevFusion TR02 snext-def sprev-def)

lemma TRI0:

(SRev (SWhext X)) = (SWprev (SRev X))
by (simp add: SRevFusion SRevSNot TR02 swnext-def swprev-def)
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lemma TRI1I:
(SRev (SPrev X)) = (SNext (SRev X))
by (simp add: SRevFusion TR02 snext-def sprev-def)

lemma TRI2:
(SRev (SWprev X)) = (SWhext (SRev X))
by (metis SRevSRev TR10)

lemma TRI3:
(SRev (SDa X)) = (SDa (SRev X))
by (simp add: SRevFusion TRO3 sda-def FusionAssoc)

lemma TRI14:
(SRev (SBa X)) = (SBa (SRev X))
by (simp add: SRevSNot TR13 sba-def)

lemma TRI15:
(SRev (SPower SSkip n)) = (SPower SSkip n)
by (simp add: SRevSPower TR02)

lemma TRI6:

assumes X C Y

shows (SRev X) C (SRev Y)

using assms by (metis SRevUnion le-iff-sup)

lemma TRI17:

assumes X = Y

shows (SRev X) =(SRev Y)
using assms TR16 by auto

8.8 Link between Set of Intervals and ITL

lemma interval-lan [simp]:
oe(lanf)— (o0 =)
by (simp add: lan-def)

lemma valid-lan-eqv :
((lanf)y=(lang) ) +— (Ff=;g)
using interval-lan lan-def by force

lemma valid-lan-imp :
((lanf)C (lang) ) +— (F f Di g)
by (meson implies-defs interval-lan subset-eq valid-def)

lemma valid-strue :
( (fan f) = STrue) «— (F f)

using strue-def by fastforce

lemma strue-true:
o € STrue «— (o = true;)
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by (simp add: strue-elim)

lemma strue-true-1:
STrue = (lan true;)
using /an-def strue-true by fastforce

lemma sfalse-false:
o € SFalse «— (o = false;)
by (simp add: sfalse-def)

lemma sfalse-false-1:
SFalse = (lan false;)
using sfalse-false using lan-def by fastforce

lemma not-negation:
g€ (—(lanf))+— (c E i 1)
by simp

lemma not-negation-1:
—(lan ) = (lan (—; 1))
using interval-lan lan-def by fastforce

lemma inter-and:
(c€((lanf)yn(lang))) «— (c Ef Ai g)
by (simp add: lan-def)

lemma inter-and-1:

((fan )N (lan g) ) = (lan (f Ni g))
using inter-and lan-def by fastforce

lemma union-or:
(ce((lanf)U(lang))) «— (c Ef Vig)
by (simp add: lan-def)

lemma union-or-1:

((fan fYU (lan g) ) = (lan (f Vi g))
using union-or lan-def by fastforce

lemma subset-impl:
(c € (—(lanf)U (lan g))) +— (c E f Di g)
by simp

lemma subset-impl-1:

( —(lan ) U (lan g)) = (lan (f D;i g))
using subset-impl lan-def by fastforce

lemma fusion-chop:

(o € ((fan f)-(lan g))) «— (o E f;g)
by (simp add: chop-fuse fusion-iff)
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lemma fusion-chop-1:

(lan £)-(lan g)) = (lan (f:g))
using fusion-chop lan-def by blast

lemma sempty-empty:
o € SEmpty «— (o = empty)
by (simp add: sempty-elim)

lemma sempty-empty-1:
SEmpty = (lan empty)
using sempty-empty lan-def by fastforce

lemma smore-more:
o € SMore «— (o |= more)
by (simp add: smore-elim)

lemma smore-more-1:
SMore = (lan more)
using smore-more lan-def by fastforce

lemma sskip-skip:
o € SSkip = (o = skip)
by (simp add: sskip-elim)

lemma sskip-skip-1:
SSkip = (lan skip)
using sskip-skip lan-def by fastforce

lemma snext-next:
o € (SNext (lan f)) «— (o = O f)
by (metis snext-def fusion-chop next-d-def sskip-skip-1)

lemma snext-next-1:
(SNext (lan f)) = (lan (O f))
using snext-next lan-def by fastforce

lemma swnext-wnext:
o € (SWhext (lan f)) «— (o |= wnext f)
by (simp add: swnext-def fusion-chop-1 next-d-def not-negation-1 sskip-skip-1 wnext-d-def)

lemma swnext-wnext-1:
(SWhext (lan f)) = (lan (wnext f))
using swnext-wnext lan-def by fastforce

lemma sprev-prev:
o € (SPrev (lan f)) «<— (o = prev )
by (metis fusion-chop prev-d-def sprev-def sskip-skip-1)

lemma sprev-prev-1:
(SPrev (lan f)) = (lan (prev f))
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using sprev-prev lan-def by fastforce

lemma swprev-wprev:
o € (SWprev (lan f)) «— (o |= wprev f)
by (simp add: fusion-chop-1 not-negation-1 prev-d-def sskip-skip-1 swprev-def wprev-d-def)

lemma swprev-wprev-1:
(SWhprev (lan f)) = (lan (wprev f))
using swprev-wprev lan-def by fastforce

lemma sinit-init:
o € Shnit (lan f) «— (o [= init f)
by (simp add: Int-commute fusion-chop-1 init-d-def inter-and-1 sempty-empty-1 sinit-def strue-true-1)

lemma sinit-init-1:
Sinit (lan f) = (lan (init f))
using sinit-init lan-def by fastforce

lemma and-inter-more:
o € (((fan f) N SMore)) «— (o = (f Ai more) )
using smore-more inter-and by auto

lemma and-inter-more-1:
o € (((fan f) N SMore)) +— (o € (lan (f A; more)))
using and-inter-more lan-def by fastforce

lemma and-inter-more-2:
((lan f) 0 SMore) = (lan (f A; more) )
using and-inter-more-1 by blast

lemma and-chop:
o € (((fan f) N SMore)- (lan g)) «+— (o = (f A more);g)
by (metis fusion-chop inter-and-1 smore-more-1)

lemma and-chop-1:
(((fan f) N SMore)- (lan g)) = (lan ((f Ni more);g))
using and-chop lan-def by blast

lemma spower-chop-power:
(SPower (lan f) n) = (lan (power-chop-d f n))
by (induct n, simp add: sempty-empty-1, simp add: and-chop-1)

lemma sstar-spower:
o € SStar (lan f) «— (3 n. ¢ € SPower (lan ) n)
by (simp add: sstar-def)

lemma sstar-chopstar:

o € (SStar (lan f)) «— o € (lan (f*))
using chopstar-eqv-power-chop sstar-spower interval-lan spower-chop-power by blast
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lemma chopstar-sstar-1:
(SStar (lan £)) = (lan (™))
using sstar-chopstar lan-def by blast

lemma chopstar-seqv:
o € (lan (f*)) «— o € (lan (empty V; (f A;i more); f*))
using ChopstarEqv valid-lan-eqv by blast

lemma chopstar-seqv-1:
(lan (f*)) = (lan (empty V; (f A;j more); f*))
using chopstar-seqv lan-def by blast

lemma srev-rev:
o € (SRev (lan f)) «— o € (lan (f"))
by (metis TimeReverseSem interval-lan interval-rev-rev-ident srev-elim)

lemma srev-rev-1:
(SRev (lan f)) = (lan (f"))
using srev-rev lan-def by blast

end
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