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AbstractThe idea of writing computer programs in logic is an attractive one, for such pro-grams may be designed, veri�ed and implemented using a single formal language.This brings a number of practical bene�ts:1. There is no room for ambiguity in the relationship between speci�cation andimplementation, and no need to learn a di�erent language for each.2. It is easy to test out speci�cations from the earliest stages of development,which avoids attempting to implement or verify an inappropriate design.3. Computerised tools can be applied directly to transform and verify programs,using the established machinery of mathematical logic.4. Logic supports hierarchical design, so a large project can be divided intosmaller tasks which may be designed and veri�ed independently.Similar bene�ts are bestowed by any formal programming language, but the ideaonly works if the language suits the intended application. All too often the applica-tion is forced to �t the language.In this dissertation, I describe an approach that suits the development of par-allel and real-time systems. The approach is based on Tempura, a deterministicprogramming language developed by Moszkowski from his work on hardware speci-�cation using Interval Temporal Logic (ITL). I present the formal semantics of ITLin higher-order logic, and show how programs can be transformed and veri�ed us-ing the HOL theorem prover. Then, I show how to represent a number of familiarprogramming concepts in ITL. First, I show that the language of while-programscan be embedded in temporal logic; and that includes the destructive assignmentstatement with the usual inertial assumption. An interesting corollary is that asimple sequential program, written in Pascal say, becomes a logic program in Tem-pura. More advanced concepts include parallel processes and message passing, aswell as real-time phenomena such as timeouts, interrupts and traps. Each idea isexperimentally tested on a suitable example, using an interpreter for Tempura. Theexamples range frommatrix multiplication and parallel sorting, to a pipelined parserand a real-time lift-controller. i
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Chapter 1PrologueThis dissertation describes a rigorous approach to the design of computer programs,particularly those for parallel and real-time applications. The approach is basedon Tempura, a programming language developed by Moszkowski from his work onhardware speci�cation using Interval Temporal Logic [Mos86, Mos85]. Experimentswith an interpreter and veri�cation system for Tempura show that this is a realisticway to produce correct and e�cient programs.1.1 The ProblemAdvances in computer technology have consistently led to smaller and faster cir-cuitry, yet the law of diminishing returns applies as much here as anywhere else;at any time the cost of enhanced performance greatly exceeds the correspondingperformance gains. This pattern of development has had repercussions at both endsof the computing spectrum. On the one hand, more and more use is being madeof embedded control systems now that suitable processors can be built at an ac-ceptable price. On the other hand, it is more cost-e�ective to increase performanceby using many ordinary processors in parallel than by making special high speedsequential machines. Each of these developments brings the need for new ways todesign programs and new concerns over their correctness.1.1.1 Program DesignUnlike the von Neumann machines we are used to, the emerging generation of par-allel processors do not share a common style of hardware organisation. They rangefrom massively parallel synchronous machines to small collections of powerful au-tonomous processors, with many shades in between. There is very little under-standing of how to program, or even to think about, these machines in a generalway. Each new architecture seems to spawn its own set of algorithms and its ownprogramming discipline. 1



Meanwhile, at the other end of the computing spectrum, an increasing numberof control systems depend on digital computers. In these systems hardware andsoftware must work closely together. Indeed, many traditional software functionsare being taken over by hardware as, with the help of VLSI, it is becoming easierand cheaper to implement quite sophisticated algorithms in hardware. For example,an embedded control system might nowadays be implemented as a combination ofapplication-speci�c and o�-the-shelf hardware running real-time software. But theinitial design should not re
ect this choice, as the exact combination might not be�xed until the later stages of design.Here, then, is a situation that demands an e�ective way to design algorithms,one in which it is possible to represent the desired behaviour in a number of wayssuitable for di�erent implementation environments. Ideally it should be possible totransform between di�erent representations, or at least describe their relationship.1.1.2 CorrectnessThe application of rigorous methods to programming is always helpful, even whenit falls short of formal veri�cation. Complex programs, especially parallel and real-time programs, are notoriously di�cult to get right, and mistakes made during theearly stages of design can be very costly to correct later on. A combination of formalspeci�cation and prototyping can spot those early mistakes.But there are times when formal veri�cation is necessary. More and more safety-critical systems depend on the correct operation of computers. Examples include thereal-time controllers to be found in aircraft, cars, medical equipment and chemicalplants. These systems have in common that their malfunction could have catas-trophic consequences, resulting in enormous expense or perhaps even loss of life, yetthey (or at least the crucial parts of them) are simple enough to be amenable toformal analysis with the presently available tools.Such control systems typically have to perform under quite stringent time con-straints; timing behaviour is a part of their correctness. For instance, a 
ight controlsystem cannot be said to work correctly if it takes several seconds to respond to di-rections from the pilot. Whatever tools are used for system design must thereforebe based on a clearly de�ned model of time.1.2 Programming in Temporal LogicTemporal logic is an extension of classical logic especially designed for representingtime-dependent behaviour [Pri67]. It has proved to be an e�ective tool for spec-ifying and reasoning about parallel systems, both hardware [Boc82, HMM83] andsoftware [Pnu81, Lam83, Kro87]. My thesis is that temporal logic, through the pro-gramming language Tempura, is also a realistic way to design correct and e�cient2



programs.1.2.1 TempuraTempura embodies a synthesis of logic with the imperative style of programmingused in ordinary sequential languages like Pascal. It includes many familiar controlstructures from imperative programming, such as assignment and iteration, as wellas less familiar ones like parallel composition and delay. These constructs are not,as is so often the case, a pragmatic collection of useful ideas without proper formalfoundation; they are all derived from a handful of primitive operators in IntervalTemporal Logic (ITL); a Tempura program is just a deterministic formula in ITL.A computation in this model is a discrete sequence of states; think of it as aseries of \snapshots" taken over an interval of time. Three typical computations areillustrated in �gure 1.1. Figure 1.1(a) shows the values of two variables Y and N onan interval h0; 1; 2; 3; 4; 5; 6i during which Y is assigned the value 23 by repeated mul-tiplication. Figure 1.1(b) shows successive values of a list variable as it is sorted inparallel (using mergesort). Finally, �gure 1.1(c) shows an interval h0; 1; 2; : : : ; 21; 22ion which the expression \(1+ 2 )" is evaluated using a pipelined lexer, parser andevaluator. All of these computations are fully described in due course.In previous work Moszkowski and I have shown something of the versatility ofTempura [Mos86, Hal87, HM87], but in this dissertation it is extended in a numberof ways. Most importantly, it is extended to take inertial behaviour into account,and as a consequence the language of while-programs becomes a part of Tempura.This means that a simple sequential program, written in Pascal say, may also beregarded as a formula of ITL. Furthermore, I show how such programs may becombined in parallel, either at the level of individual statements or at the processlevel, or combined with real-time constructs, such as traps, timeouts and interrupts.1.2.2 AdvantagesThe strength of the approach derives from its ability to handle a wide range ofapplications in a formal and coherent way, as well as its inclusion of the imperativestyle, which is still used by the overwhelming majority of computer programs ineveryday use. Moreover, since Tempura is derived from a hardware speci�cationlanguage, it is naturally an appropriate language to use right down to the lowestlevels of implementation, including the hardware [Mos83, Hal85]. This makes itsuitable for discussing the details of implementation that are crucial to the designof e�cient programs. The scope of Tempura will be amply demonstrated in futurechapters with examples ranging from matrix multiplication and parallel sorting, toa pipelined parser and a real-time lift controller, but other bene�ts derive from itsmathematical origins. 3



time 0 1 2 3 4 5 6Y 1 2 2 4 4 8 8N 3 3 2 2 1 1 0(a) Calculation of 23 by repeated multiplication (time increases from left to right).time A0 [1; 0; 1; 1;0;1; 0; 0;1;0; 1; 0;0;1; 0; 1;1;0; 1; 0;1;1; 1; 1;0;1;0; 0;0;1;0; 0]1 [0; 1; 1; 1;0;1; 0; 0;0;1; 0; 1;0;1; 0; 1;0;1; 0; 1;1;1; 1; 1;0;1;0; 0;0;1;0; 0]2 [0; 1; 1; 1;0;0; 0; 1;0;0; 1; 1;0;0; 1; 1;0;0; 1; 1;1;1; 1; 1;0;0;0; 1;0;0;0; 1]3 [0; 0; 0; 0;1;1; 1; 1;0;0; 0; 0;1;1; 1; 1;0;0; 1; 1;1;1; 1; 1;0;0;0; 0;0;0;1; 1]4 [0; 0; 0; 0;0;0; 0; 0;1;1; 1; 1;1;1; 1; 1;0;0; 0; 0;0;0; 0; 0;1;1;1; 1;1;1;1; 1]5 [0; 0; 0; 0;0;0; 0; 0;0;0; 0; 0;0;0; 0; 0;1;1; 1; 1;1;1; 1; 1;1;1;1; 1;1;1;1; 1](b) Sorting a list in situ using a parallel mergesort (time increases down the page).time Characters Tokens Expression0 � � �1 "(" � �2 � � �3 "1" "(" �4 � � �5 "+" � �6 � � �7 "2" 1 �8 "2" � �9 "2" "+" 110 � � �11 " " � �12 � � �13 ")" 2 �14 � � �15 # ")" 216 � � �17 � # "+"18 � � �19 � � #20 � � #21 � � #22 � � �(c) A pipelined system for tokenising, parsing and evaluating simple arithmeticexpressions. The state of the communication streams is shown during evaluation ofthe expression: \(1+ 2 )".Figure 1.1: Three discrete-time computations.4



First, because programs and their speci�cations are written in the same language,the relationship between them is unambiguous. Furthermore, only one languageneed be used from the initial speci�cation right down to the �nal implementation.This makes it easier to produce prototype implementations from the earliest stagesof design, so reducing the likelihood of errors propagating to the later stages ofimplementation or veri�cation where they are much more expensive to put right.Second, because Tempura programs are formulae of temporal logic they maybe transformed and veri�ed using the established rules of mathematical logic, andexisting computerised theorem provers, such as the HOL system [Gor87], may beused to assist the processes of transformation and veri�cation. Another advantageof the logical approach is that speci�cations and programs are compositional, so alarge project can be hierarchically decomposed into a number of smaller tasks thatmay be designed and veri�ed independently.1.3 Other ApproachesMy thesis demonstrates that there is no need to throw out the whole imperativestyle in order to get a language with straightforward semantics, a rich syntax fordealing with parallel and temporal behaviour, and the ability to mix a wide rangeof programming techniques, uncommitted to any particular architectural paradigm.There are a number of other approaches to program development for which someof these bene�ts might be claimed. This section reviews some of them, and in sodoing it gives an informal introduction to some of the strengths and weaknesses ofTempura. In the course of this review, several new operators are presented withoutproper explanation. They will be properly de�ned later on; the aim here is just togive you a feel for the language and how it compares with other approaches.1.3.1 Imperative LanguagesConventional imperative languages, such as Fortran and Pascal, are designed aroundthe von Neumann architecture. Their control structures are just abstract represen-tations of what can easily be done with this architecture, so it is not surprising thatthey can be implemented very e�ciently, if only on conventional processors.Natural formal semantics, such as Hoare's logic [Hoa69], can be constructed forthe simpler sequential languages, but they quickly get out of hand as new constructsare added. Time-dependent behaviour is usually expressed with language extensionsfor which no precise meaning is given, and parallel constructs, when present, aregenerally best suited to some particular style of concurrency. For instance, thereare a number of parallel dialects of Fortran with control structures to exploit the�ne-grained concurrency of array processors, but not for concurrency at the processlevel. Similarly, there are a number of Pascal-like languages, such as Ada, which5



include features to assist the construction of co-operating sequential processes, butnot for parallelism at the level of individual statements.In chapter 6 I show that the basic sequential language constructs, includingthe usual destructive assignment statement, may be represented in Tempura. Forexample, the following Tempura program uses inertial variables Y and N to calculatethe value of xn by repeated multiplication:Y; N( 1; n;while N 6= 0 do fY := Y� x;N := N� 1g:Figure 1.1(a) shows how this program behaves for particular inputs; it is exactlyas you would expect by association with other imperative languages. The chopoperator (;) denotes sequential composition, and the operators ( and := denoteassignment; the former denotes initialisation, the latter unit-assignment.The only major imperative construct that does not seem to �t easily into Tem-pura is the goto statement.1 However, all the most common uses of the goto, forconditional branches, exception handling and so on, can be represented in Tempura.It is a great advantage of the language that a large body of existing software canbe run with only cosmetic changes. But do not be deceived by this similarity; theTempura program is also a formula in ITL, and may be transformed and veri�edaccordingly.1.3.2 Array ProcessingScienti�c programs often perform operations on large arrays, and such calculationsare often suitable for implementation on parallel computers. For this reason, a num-ber of parallel dialects of Fortran have been designed to enable whole vectors to beprocessed in parallel. In Tempura, parallel operations on vectors and arrays may beexpressed with the iterated parallel operator forall . This is like the sequential for-loop except that the iterations take place in parallel rather than one after another.For example, the assignment Y X� A of the product of an n-element vector X andan n� n matrix A to Y may be implemented as follows:forall i < n : Yi = 0 ^for j < n doforall i < n : Yi := Yi + Xj � Aji:Other formulations of this program are discussed in chapter 8.An alternative way to speed up repetitive array processing problems is throughthe use of systolic or pipelined algorithms. These algorithms have become popular in1The goto statement can, however, be represented in the standard way using continuations.6
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0 0 0A20 A21 A22A10 A11 A12A00 A01 A02������������������������ ������������������������???? ???? ????- - - -- - - -- - - - AijXi XiYj + Xi � AijYj- -??(a) (b)Figure 1.2: (a) A systolic array for multiplying a stream of vectors X by a constant3� 3 matrix A giving a stream of product vectors Y; and (b) a single cell, showinginputs and outputs.recent years because their regularity makes them easy to analyse and to implement,especially as VLSI arrays.Figure 1.2 represents a systolic array to multiply a stream X of vectors by aconstant matrix A, producing a stream Y of product vectors. This kind of arraymight be used to transform a large number of vector co-ordinates according to asingle transformation matrix. Such operations are commonplace in graphical displayterminals where transformation speed is of the utmost importance.The systolic algorithm in �gure 1.2 is represented in Tempura as an array of nodesoperating in parallel. Every node is connected to its neighbours in each direction(N, S, E and W), and has an additional connection Aij for loading an element of thematrix A. The node at position (i; j) holds Aij. Streams of elements of X pass fromW to E across the array, and streams of elements of the product vectors, Y, pass fromN to S accumulating terms as they go. At each step the product of Aij with Xi (fromthe W) is added into Yj (from the N). The sum is passed on to the S, and Xi is passedon to the E.The nodes are all identical; an individual node may be expressed in Tempura asfollows, using the operator gets, which denotes a repeated assignment from eachstate to the next:node(Aij; N; S; E;W) def= S gets (N+ W� Aij) ^ E gets W:This algorithm, which is typical of many systolic algorithms, is described in greater7



detail in chapter 2.1.3.3 Functional LanguagesFunctional languages provide an abstract way to escape dependency on conven-tional architectures [Bac78]. These languages have simple and elegant semantics;a functional program, written in \pure" Lisp [MAJ62] or ML [Mil84] say, is just amathematical function whose execution is an application of this function to partic-ular arguments.Functional languages are basically static, for they exclude the notions of stateand change; dynamic variables can only be represented indirectly by means of listsof values or as higher-order functions. Whilst this is mathematically acceptable,it obscures the intended meaning. One can write an expression such as A + B inTempura to represent the changing sum of two values, but in a functional languageone is forcibly reminded that A and B are actually lists or functions.Functional languages are certainly not committed to any particular architecturebecause they do not contain any mechanisms to govern the 
ow of control. Theymay take advantage of parallel execution, but can equally well be implementedsequentially. However, this generality means that functional programs do not alwaysmake the best use of the special features of conventional processors, and there areparticular ine�ciencies associated with maintaining large data structures by purelyfunctional means. The naive strategy for updating large data structures entailscopying the whole structure, with the consequent garbage collection overhead; moresophisticated strategies introduce a higher access overhead. These problems haveled to the introduction of imperative constructs into functional languages, examplesbeing prog, setq and replaca in Lisp.Recursive functions can be de�ned in Tempura, but they are evaluated on asingle state and are to be viewed as static expressions, not dynamic programs. Forexample, the following ITL speci�cation asserts that the list A ends up with a sortedversion of its initial value,A sort(A);but this is seen as a property which a sorting program ought to have, rather thana complete program. It uses the function sort, which works by recursively mergingthe left and right halves of A (denoted by lt(A) and rt(A)).sort(A) def= if jAj � 1 then Aelse merge(sort(lt(A)); sort(rt(A))):A mergesort program may be derived from this function by adding operationaldetails which have no analogue in a functional language. In particular, the 
owof control must be de�ned using the parallel and sequential composition operators.A suitable program to sort a list A of length 2n is given below. The two recursive8



sorts are combined in parallel with logical \and" (^), then in sequence (;) the twohalves of the list are merged. An e�cient way to perform the merge is explained inchapter 7.mergesort(n; A) def= if n = 0 then emptyelse fmergesort(n� 1; A0::2n�1) ^ mergesort(n� 1; A2n�1::2n);A := merge(A0::2n�1; A2n�1::2n)g:The behaviour of this algorithm on a particular list is illustrated in �gure 1.1(b).Observe that the list is sorted in situ, something which cannot be expressed in afunctional programming language.1.3.4 Data
ow ProgrammingThe data
ow approach, embodied in the programming language Lucid [WA85], issimilar to the functional approach, but represents dynamic behaviour by taking thearguments and values of functions to be (in�nite) streams which represent sequencesof values over time. As a program executes, successive values of these sequences aregenerated, and special functions are provided to refer to values at other pointsin time, such as next to access the value at the next time instant. Like functionalprograms, data
ow programs have elegant mathematical properties, but they do notmake e�cient use of conventional processors, and this has led several researchers toinvestigate the potential of special-purpose data
ow computers.However, there seem to be several obstacles that must be overcome if such ma-chines are to succeed. One of these is the ine�ciency of maintaining large datastructures, which is as much a problem for the data
ow approach as for the func-tional approach. Other problems concern the long instruction execution cycle ofdata
ow computers and the lack of instruction pipelining. Perhaps these problemswill be overcome, but after more than a decade of research into data
ow, not onecommercial machine has been built.Some aspects of Tempura are reminiscent of the data
ow approach. For example,the Tempura predicate tot(X; S) below maintains a running total of the values ofX in the variable S. The sum S is initially 0 and thereafter is incremented by X oneach state.tot(X; S) def= S = 0 ^ S gets S+ X:However, it is possible to write \non-causal" programs in Lucid,2 and these will notexecute in Tempura, though they are still acceptable formulae of ITL. For example,2By this I mean non-causal in the synchronous interpretation taken in Tempura.9



the predicate diff(X; D) below speci�es that D holds the di�erence between the nextand the current value of X,diff(X; D) def= D is (next (X)� X):This form of expression is not acceptable in Tempura because the value of D mustbe determined before the next value of X is known. On the other hand, ordinaryimperative constructs, such as assignment and iteration, are present in Tempura buthave no analogue in Lucid.1.3.5 Logic ProgrammingLogic programs3 written in languages such as \pure" Prolog are collections of asser-tions in �rst-order logic. The assertions, which are cast in the form of Horn clauses,represent the speci�cation of the problem to be solved. The solution is deducedfrom this speci�cation using techniques designed for automated theorem-proving.The goal of logic programming, as expressed by Kowalski [Kow79], is that aprogrammer should only need to supply the speci�cation of a problem, leaving thecomputer to determine how to actually solve it. If achieved, this goal would lead toa particularly straightforward semantics, but in practice logic programs use controloperators, such as cut, and an operational version of negation that is not the normallogical one.Logic programs can be very e�cient in certain kinds of application, especiallythose which involve deduction from a set of rules, such as expert systems, and thishas led to enormous interest in special-purpose logic programmingmachines, notablyin the Japanese �fth-generation project. Nevertheless, Prolog is not a good languagein which to express algorithmic or real-time programs, which make no use at all ofits theorem-proving features.Prolog programs, like functional programs, are essentially static, but can rep-resent dynamic systems implicitly in similar ways. Recent extensions to Prolog,such as Parlog [Gre87] and Concurrent Prolog [Sha86], allow the programmer totake advantage of concurrent execution, though still within a static framework. Torepresent dynamic behaviour directly requires a more powerful logic, such as tem-poral logic, and logic programming languages based on temporal logic have indeedbeen proposed. Examples include Gabbay's Temporal Prolog [Gab87], and Abadi'sTemplog [AM87].Although there are signi�cant di�erences between these two languages, theyare united in their general approach. Both are based on linear-time (not interval)3The term \logic programming" has come to be synonymous with programming in the Hornclause or Prolog style, usually in �rst-order logic. The work described below is also, in a sense,logic programming since it uses temporal logic as a programming language, but the style is moreconventional and the use of problematic features (like negation) is avoided.10



temporal logic and therefore do not have the sequential composition operator, andboth follow the mainstream of logic programming. It may therefore be appreciatedthat the aims of these languages di�er greatly from those of Tempura; they arecertainly not intended for writing e�cient deterministic programs.Unlike Tempura, it is the predicates that are temporal in these languages; vari-ables are static. For instance, Abadi gives an example program to calculate theFibonacci sequence, which is expressed by the ITL formula below. The predicateFib(x) holds for di�erent values of x at di�erent times; the �rst Fibonacci numberis 0, the next one is 1, and thereafter the one after next is the sum of the currentand the next.Fib(0) ^ next Fib(1) ^always8x; y; z : ffFib(y) ^ (next Fib(z)) ^ (x = y+ z)g � fnext next Fib(x)gg:This program cannot be expressed directly in Tempura, but the following programuses dynamic variables to do the same job:F = 0 ^ next (F = 1) ^9F0; F00 : fF0 gets F ^ next (F00 gets F0 ^ next (F is F0 + F00))g:Successive Fibonacci numbers are assigned to F on each step. The local variable F0holds the value of F on the previous state, and F00 holds its value on the state beforethat.1.3.6 TokioThe language Tokio, designed by Fujita and his colleagues at Tokyo University [FKTM86],is an alternative executable subset of ITL. It is similar in many respects to Tempura,particularly in the use of temporal constructs to describe control mechanisms, butincorporates the uni�cation and backtracking features of Prolog, and can thereforeexecute a wider class of programs. It seems to be an appropriate language for proto-typing more abstract speci�cations than Tempura can handle, but complexity issuesmake the execution of truly abstract speci�cations impractical. Tokio does not seemcapable of e�cient implementation on conventional architectures.A Tokio program which uses backtracking is the parallel quicksort program be-low. The predicate qs(L) sorts the list L by �rst partitioning L into two sublists,L0::pivot and Lpivot::jLj, so that every element of the �rst is less than every element ofthe second, and then sorting the two sublists in parallel. If L contains fewer thantwo elements there is nothing to do, and L is kept stable.qs(L) def= if jLj � 1 then stable (L)else 9pivot : fpartition(L; pivot);qs(L0::pivot) ^ qs(Lpivot::jLj)g: 11



The parallel recursive calls to qs may take di�erent amounts of time to complete,but by backtracking the Tokio system is able to choose a computation length whichallows both to �nish. This is possible since no computation length is speci�ed forthe base case, when jLj � 1. However, if a particular computation is chosen in thisway one cannot identify the behaviour of the program with its logical interpretationbecause an in�nity of other computations of di�erent lengths would also satisfyqs(L), but they would not be discovered by the Tokio interpreter.In Tempura the quicksort program can be written in much the same way, ei-ther by introducing explicit 
ags to decide termination, or by using the parallelcomposition operator (see chapter 8) as follows:qs(L) def= if jLj � 1 then emptyelse local pivot : fpartition(L; pivot);qs(L0::pivot) k qs(Lpivot+1::jLj)g:The Tempura program is deterministic; it maintains the equivalence between pro-gram and logical interpretation; and it can be executed much more e�ciently thanthe Tokio version. The two programs produce exactly the same result; indeed,the Tokio program is a speci�cation of the Tempura one. Nevertheless, there areexamples that can be executed in Tokio but not at all in Tempura.1.3.7 Communicating Sequential ProcessesThe language CSP [Hoa85] is a development of the traditional sequential approachfor describing networks of communicating sequential processes, each with its ownthread of control. Related approaches include the programming language Occam [Inm84],which incorporates most of the ideas of CSP, and object-oriented languages. Allof these languages are founded on a coarse-grained view of parallel processing to-gether with a particular discipline for interprocess communication. They can beimplemented e�ciently on any architecture that supports concurrent processes andmessage passing.These languages have well-de�ned semantics, and have the advantage that theyencode a number of decisions about message passing and information sharing thatmust be made explicit in Tempura, where they are not a part of the language.However, they seem less suitable for the description of �ne-grained concurrency.Furthermore, since they also abstract from timing details, including the mechanismby which interprocess communication is actually achieved, they do not seem to o�erthe same potential as Tempura for general real-time applications.In chapter 10, I show how to de�ne a stream-based communication mechanismin Tempura. Operations put(A; X) and get(A; X) may be used to send and receivedata X on the stream A; they are similar to the operations A!X and A?X in CSP. With12



CS =====) LEXER =====) PARSER =====)EVALUATOR=====) answerTS PSFigure 1.3: A pipelined evaluator for arithmetic expressionsthese operators it is possible to construct networks of communicating processes, justas in CSP. Figure 1.3 shows a pipelined system, comprising a lexical analyser, parserand evaluator, for evaluating simple arithmetic expressions which are input in theform of character arrays. It is expressed as the parallel composition of the threeprocesses communicating via the streams CS, TS and PS,lexer(CS; TS) k parser(TS; PS) k evaluator(PS; answer):The characters of the initial expression are fed into the lexical analyser on thestream CS. Tokens output from the lexical analyser on the stream TS are parsedinto reverse polish form, output on the stream PS, and evaluated to give the �nalresult in answer.1.3.8 Synchronous LanguagesReal-time programs require features for timing, exception handling, and so on thatare ill-de�ned in most conventional languages, and synchronous languages have beenproposed as a way to handle these concepts in a rigorous way. Two examples,Esterel [BC84] and Lustre [CPHP87], cover much the same ground, but Esterel isimperative whereas Lustre is declarative. Both languages may be compiled into theform of �nite automata, which execute e�ciently, and both languages have well-de�ned semantics. Lustre is closely related to the data
ow language Lucid, whichwas described in section 1.3.4, and su�ers from similar problems in the e�cientrepresentation of data structures.Each of these languages has a formally de�ned notion of time, just as Tempuradoes. For instance, Caspi et al. de�ne a simple process that counts in steps ofincr from the initial value init; but when Reset is signalled, the counter is resetto the value init. They then show how this process can be clocked according to aboolean signal Ck, so that the counter is only incremented when Ck is true. The samething can be done in Tempura using temporal projection, which will be describedin chapter 9. The clocked counter might then be expressed in Tempura as follows:count(T; init; incr; Reset) when Ck:The variable T holds the value of the counter.13



Caspi et al. go on to describe how to build a simple stopwatch program usingtheir counter, and the stopwatch can be implemented in the same way in Tempura.However, let us take a di�erent line and present a simple stopwatch in the imperativestyle, closer to the way it might be done in Esterel.This stopwatch is controlled by a single boolean signal Run. When Run becomestrue the stopwatch starts running and the time T is initialised to zero. The time T isthen incremented by one on every hsec time steps (corresponding to one hundredthof a second) until Run becomes false. The operator trap is used terminate thetiming as soon as Run becomes false.while true do fhalt (Run) ^ T 0;trap :Run : fwhile Run do flen (hsec) ^ T T+ 1ggg:The operators halt and len are used to indicate when to terminate; the formertakes a boolean condition, the latter an integer length.An important di�erence between Esterel and Tempura has to do with the dura-tion of actions. In Esterel it is assumed that actions take no time to perform, so forexample, an assignment is supposed to happen instantaneously, and Lustre is basedon a similar assumption. But in Tempura every action has an associated duration,which may be zero but usually is not.1.3.9 Restricted Instruction Set LanguagesInstead of attempting to formulate ever more complex proof rules to handle the in-tricate and sometimes badly thought out constructs which appear in many program-ming languages, it has been suggested by Tang [Tan83], Chandy and Misra [CM88]and Pnueli [Pnu83] that we adopt a simpler low-level programming notation with afew elegant proof rules.Tang proposes a language (called XYZ/E) based on linear-time temporal logicin which programs are essentially of the formalways fif c0 then a0 k : : : k if cn then ang;where each ci is a boolean expression, and the ai are multiple assignments of theformv0; : : : ; vn := e0; : : : ; en;and the operator k denotes parallel composition. Initialisation and termination arehandled by special constructs. 14



Tang does not propose that his language be used directly for high-level program-ming, but suggests that it may be used as a common base language into which otherlanguages are compiled. To assist the compilation a special program counter is used.This may appear in conditions and in assignments. For example, assigning the valuen to the program counter is rather like the directive goto n in an ordinary sequentiallanguage. Tang describes a mapping from Algol-like notation into his language.The languages proposed by Chandy and Pnueli are similarly based on parallelmultiple assignment statements, but provide a more delicate treatment of variables,and handle termination di�erently. Also, their parallel composition operator has aninterleaving semantics, since several assignments may be enabled at once and havecontradictory e�ects. Pnueli describes the semantics in linear-time temporal logic.Each of these languages o�ers a possible way to unify various styles of program-ming in a single framework by providing a mapping from a higher-level languageinto the parallel assignment form. I believe that Tempura could be used in thesame way; at least it is certainly possible to represent repeated multiple assignmentprograms in Tempura. However, the approach taken in Tempura has been to de�nethe higher-level constructs directly in temporal logic.The restricted instruction set languages have the advantage of the less complexsemantics of linear-time temporal logic (without the chop operator), but they sac-ri�ce the power and clarity of expression that can be achieved with sequential com-position. Moreover, Moszkowski has given a translation from ITL into linear-timetemporal logic [Mos83], which means that one can, in principle, eliminate sequentialcomposition from Tempura programs if desired.1.4 My ContributionMuch of this research was done jointly with Ben Moszkowski, and as with nearly alljoint research, it is di�cult to pinpoint who was responsible for each and every idea.Clearly all the early ideas were due to Moszkowski. The use of ITL for specifyinghardware, and the idea of using it as a programming language were entirely his. Inthis area I have only formalised ITL in a di�erent way and clari�ed some of theideas (chapters 3 and 4). Moszkowski also wrote the �rst interpreter for Tempurain Lisp, but I have since written a much faster interpreter in C, and have made anumber of improvements to the original design.The main contribution of this thesis is the introduction of inertial variables intothe language, using the technique described in chapter 6. Not only does this makethe description of sequential systems very much easier, it also makes possible the useof a new operator for coarse-grained parallel composition, as described in chapter 8.Apart from one example, which was originally done by Moszkowski and laterimproved by me, all of the experimental work described in this dissertation is entirely15



my own. In particular, much of the treatment of real-time time systems in chapter 9is completely new.My preliminary attempts at using the HOL theorem prover to verify Tempuraprograms were at the suggestion of Mike Gordon, who also helped me to get going.Other than that, all the work on veri�cation and transformation is my own. Thistopic is introduced in chapter 5. In later chapters I state several theorems aboutprograms, but in order to avoid misleading the reader I should point out here thatmost of them have not been rigorously proved.
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Chapter 2A Practical IntroductionThis chapter provides an informal introduction to the temporal logic programming language, Tem-pura. The introduction is based on an interpreter for Tempura. All the main language constructsare described, and each is illustrated with a small example. The chapter ends with a completedescription of two parallel matrix multiplication programs. The purpose of this chapter is to giveyou an intuitive understanding of Tempura in preparation for the theoretical work that follows.Tempura is a computer programming language that is especially good at express-ing temporal behaviour. Suitable applications for Tempura include the design ofparallel algorithms and real-time systems. But Tempura is doubly useful when pro-gram correctness is important, because it is a language with strong mathematicalfoundations.Later on I will give more substance to this claim, but �rst I want to give a feelingof how Tempura looks in practice. I will show how Tempura handles a number ofdi�erent styles of programming. I shall also try to convey how its mathematicalorigins manifest themselves. This will be seen, for example, in the way that allTempura operators are de�ned in terms of just a handful of primitive ones; thatthere is a precise notion of program equivalence; and that strict checks can be madeto ensure a variable is uniquely de�ned before it is used.This introduction is based on an existing Tempura interpreter which runs on auniprocessor; and the examples described below form a single continuous sessionwith the interpreter. Used in this way Tempura is best regarded as a simulation orprototyping language, but its potential as an honest-to-goodness parallel program-ming language ought not to be in doubt. This will anyway be enlarged upon insubsequent chapters. 17



2.1 The InterpreterThe interpreter prompts the user for a command with a message indicating thecurrent global state number, which is initially 0.Tempura 0>Possible responses include commands for de�ning and executing programs, as wellas various assertions about the current state. An example of the latter kind wouldbe to assert that the variable A has value 99.Tempura 0> A=99.(user input is always followed by a full stop, \."). This assertion can be checked byasking for the value of A:Tempura 0> output(A).A=99Consistency is enforced. An attempt to assert that A is also a �ve-element list elicitsthe following error messageTempura 0> list(A,5).***Tempura error: found expression of type integer when expecting listEvaluating: list(A,5)since a variable cannot have two values at once. But it is possible to imagine adi�erent variable, also called A, which is a list. In other words there does exist an Awhich designates a �ve-element list.Tempura 0> exists A: list(A,5).Of course, this version of A only exists for the duration of the command. It is, inother words, a local variable.The following command introduces a list A, sets each of its elements, and printsit out. The logical conjunction operator and (also written \^") combines the oper-ations in parallel.Tempura 0> exists A:{> list(A,5) and> forall i<5:(A[i] = i mod 2) and> output(A)> }.A=[0,1,0,1,0]But the top-level version of A retains its original value.Tempura 0> output(A).A=99The operator exists denotes existential quanti�cation (also written \9"), which isthe logical way to declare local variables. The other quanti�cation operator, forallasserts its argument for all values of the index variable in the given range, in thiscase 0 � i < 5. It is a bounded form of the usual universal quanti�er, \8".18



2.2 Predicates, Functions and MacrosPredicates in Tempura take the role of procedures in ordinary imperative languages.Logically, they are just boolean-valued functions, but they are distinguished fromordinary functions by their manner of use; the interesting thing about a function isthe value it returns, whereas the interesting thing about a predicate is the patternof behaviour it de�nes. Functions and predicates are de�ned in exactly the sameway.New de�nitions may be introduced by the command define , whose syntax is:define object = de�nition . For instance, the command below de�nes a function totest whether a list is sorted in ascending order (the notation jlj denotes the lengthof the list l).Tempura 0> define ordered(l) = forall i<|l|-1 : l[i] <= l[i+1].That is, a list l is ordered if each element is less than or equal to the next.An alternative form of de�nition uses the command defmacro . For instance, thefollowing predicate asserts its second argument (itself a predicate) for all elementsof a list l:Tempura 0> defmacro forallin(l,p) = forall i<|l| : p(l[i]).This predicate is just an alternative form of universal quanti�cation, and is equiva-lent to a conjunction of terms. For instance,forallin([1; 3; 5];p) = p(1) ^ p(3) ^ p(5):It is prede�ned in the more general form forall x 2 l : p.A function or predicate de�ned in the �rst way, using define , is like a normalprocedure and calls its arguments by reference in much the same way as a Fortransubroutine would; when called, it is supplied with a list of pointers to the actualarguments. On the other hand, a de�nition made with defmacro is expandedtextually where it is used, in a similar way to macros in other languages. De�nitionsmade with define are generally more economical of resources than those made withdefmacro , but do not always work as required.For instance, suppose that you want to de�ne a predicate tri(b; p; p0; p00) whichis to execute p if b is 1, p0 if b is 0 or p00 if b has some other value. This predicatemay be de�ned using defmacro as follows:Tempura 0> defmacro tri(b,p,p0,p00) => if b=1 then p else if b=0 then p0 else p00.where the conditional if b then p else p 0 has its usual meaning; that is, if b istrue do p, otherwise do p 0. When tri is called it expands in-place. Thus, in thefollowing test,Tempura 0> tri(1,output("hi"),output("lo"),output("error")).Output="hi" 19



it expands to the formulaif 1 = 1 then output(\hi")else if 1 = 0 then output(\lo")else output(\error"):If it had been de�ned with define the system would have attempted to evaluateall arguments before executing the body of tri, and this would not have worked, ofcourse. However, this example does not really justify the need for macros; for thatwe must wait until section 2.4.4.De�nitions of either form may be recursive. A mergesort, for example, is de�nedbelow. It sorts a list by recursively merging the left and right halves of the list.Tempura 0> define sort(l) = {> if |l|<=1 then l> else merge(sort(lt(l)),sort(rt(l)))> }.Tempura 0> define merge(l,l0) = {> if |l|=0 or |l0|=0 then l^l0> else if hd(l) <= hd(l0)> then cons(hd(l),merge(tl(l),l0))> else cons(hd(l0),merge(l,tl(l0)))> }.The functions lt(l) and rt(l) denote the left and right halves of l; that is, lt(l) =l0::jlj=2 and rt(l) = ljlj=2::jlj. The function hd(l) = l0, the �rst element of the listl, and tl(l) = l1::jlj, the list comprising every element of l except the �rst. Theother function, cons(x; l), denotes the list [x]^l, whose head is x and whose tail isl. The mergesort is exercised below.Tempura 0> exists l,l0: {> input(l) and l0=sort(l) and output(l0,ordered(l0))> }.l=[6,3,2,0,7,1,4,5].l0=[0,1,2,3,4,5,6,7] ordered(l0)=trueIt can be tested on a few lists in this way, but to really be sure that sort will sortany list of integers one must formally prove it. Chapter 5 explains how.Functions and predicates are stored internally as anonymous functions, knownas lambda expressions (as in LISP, for example). Here is the de�nition of sort:Tempura 0> output(sort).sort=lambda(l): if |l| <= 1 then l else merge(sort(lt(l)),sort(rt(l)))Lambda expressions are sometimes useful in their own right. Consider the predicatefsum(n; f) below, which sums the �rst n values of the function f (starting from 0).Tempura 0> define fsum(n,f) = if n=0 then 0 else f(n-1)+fsum(n-1,f).Tempura 0> output(fsum(4,lambda(i): i)).fsum(4,lambda (i):{i})=6 20



time Y N0 1 n1 x n� 12 x2 n� 2... ... ...n xn 0Figure 2.1: Calculation of xn.Use of a lambda expression in such situations avoids having to de�ne a new namedfunction.Both define and defmacro are system (meta-level) commands. A new de�ni-tion simply replaces an old de�nition of the same name without checking whetherthe name was previously de�ned. They should not be used to simulate dynamicbehaviour, and as we shall see they need not be.2.3 ProgramsSo far, all assertions have referred to a single point in time, whereas interesting com-putations generally involve quantities that change with time. One of the strengths ofTempura is its ability to talk about evolving computations in a precise way. Mostly,it does this with just three new primitive operators: empty, next and chop (writ-ten \;"). These will be described shortly, but �rst some general comments aboutvariables and programs.Tempura variables come in two 
avours: state variables which change with time,and static variables which do not; once assigned, the value of a static variable is�xed. By convention, names beginning with an upper case letter are state variables,all others are static. It is very important to remember this convention.A program describes how the state of a particular system changes over an in-terval of time. Time is measured on a virtual timescale whose units correspond tocomputational steps; they could relate directly to real time units, but need not. Thelength of a computation is simply the number of steps it takes (one less than thenumber of states).Take the computation shown in �gure 2.1, for example. This shows how thevalues of two variables, Y and N, change during a calculation of xn. Initially Y = 1and N = n, and on each unit of time Y is multiplied by x and N is decremented until�nally N = 0 and Y = xn. The whole computation takes n steps.21



There are two ways of viewing this computation which give rise to two corre-sponding ways to program the calculation in Tempura.1. The computation is composed of n unit steps, one after the other. On eachstep Y is multiplied by x and N is decremented.2. The value of Y on the next state is always x times its value on the currentstate, and the value of N is one less than its current value. The computationterminates when N = 0.Naturally, these two views are logically equivalent, and in Tempura this can be for-mally proved. But before getting too far ahead, I need to introduce some operatorswhich will be needed later on.2.4 OperatorsTempura provides several built-in operators for constructing programs. Some ofthem have been encountered already, others are described below. Only the oper-ators =, and, if : : : then : : :else : : :, exists, empty, next, chop and prefix areprimitive, the rest can be de�ned in terms of these.2.4.1 EmptyThe predicate empty is used to mark termination, in other words it is true on (andonly on) the last state of a computation. It can be tested to see if a computationhas entered its �nal state, or it can be asserted in which case it forces termination.The programempty and output("hello world")outputs the string \hello world" and terminates straight away. It can be executedwith the commandTempura 0> run {empty and output("hello world")}.State 0: Output="hello world"Done! Computation length: 0.The command run is another system command. The e�ect of running a program isto generate the output that it de�nes. Notice I said the output because Tempuraprograms must be deterministic. Any two runs of the same program will producethe same output. The following examples will not execute even though they contain22



no errors of syntax.Tempura 0> run {empty and if X then output("hello world")}.***Tempura error: state #0 is not completely defined.Evaluating: if X then {output("hello world")} else {true}Undefined: { X }Tempura 0> run {output("hello world")}.***Tempura error: the interval length is undefined.Evaluating: run output("hello world")The �rst examplemakes an attempt to use an unde�ned variable; the second containsno indication of when to terminate. A termination statement, or an indication ofcomputation length, is an essential part of every Tempura program.2.4.2 NextThe operator next is used to describe what happens next, where \next" means\after one unit of virtual time". For example, the programA=0 and next{A=1 and next{A=2 and empty}}gives A the values 0, 1 and 2 on successive states of a computation of length two.Thankfully, there are more concise ways to write programs such as this.2.4.3 Computation LengthPart of the e�ect of next is to ensure that something does happen next, and con-sequently that empty is false. This condition means that the length of any com-putation can be de�ned in terms of next and empty. For example the unit-lengthcomputation is given by next empty,Tempura 0> run{next empty}.Done! Computation length: 1.but there is a built-in operator, skip, with this de�nition. A more general predicatelen (n), to specify a computation length of n, can be de�ned as next applied toempty n times,Tempura 1> define len(n) = if n=0 then empty else next{len(n-1)}.though again it is prede�ned. 23



2.4.4 AlwaysSomething is considered to happen always if it happens immediately and then againafter each successive step. As a �rst attempt at de�ning this, one might try:Tempura 1> defmacro always(p) = {p and next always(p)}.but this is wrong because at the end of an interval, when empty is true, there is nonext step. This version of always will therefore overrun the end of the interval.Tempura 1> run {skip and always(A=0 and output(A))}.State 0: A=0State 1: A=0***Tempura error: attempt to re-assign interval length.Evaluating: next always((A = 0) and output A)An error is signalled when the next operator tries to make empty false.A correct de�nition checks for termination before asserting always (p) on thenext state.Tempura 2> defmacro always(p) = {p and if ~empty then next always(p)}.Tempura 2> run {skip and always(A=0 and output(A))}.State 0: A=0State 1: A=0Done! Computation length: 1.The operator always is one of the most important temporal operators, and is there-fore built into the interpreter.A number of new operators can be de�ned in terms of always . For instancetemporal equality, which asserts that A and B are equal throughout the computation,Tempura 3> defmacro is(A,B) = always(A=B).and the predicate halt (A), which de�nes a termination condition, A.Tempura 3> defmacro halt(A) = always(if A then empty else ~empty).This de�nition says that empty is true exactly when the condition A holds, which isanother way of saying that the computation terminates as soon as A becomes true.For instance, the following program inputs successive values of the variable X, andterminates when X < 0. The values of X are input by the user (terminated by a fullstop \.").Tempura 3> run exists X:{always(input(X)) and halt(X < 0)}.State 0: X=1.State 1: X=2.State 2: X=3.State 3: X=-1.Done! Computation length: 3. 24



Both halt and is are prede�ned, the latter being one of many binary in�x operators;that is, it may be written: A is B.2.4.5 AssignmentAnother useful binary in�x operator is temporal assignment. The temporal assign-ment A B is another way of writing assign(A; B), where the predicate assign(A; B)is de�ned below. It asserts that the �nal value of A is equal to the initial value ofB. Tempura 6> define assign(A,B) => exists x:{x = B and always(if empty then A = x)}.This de�nition works by storing the initial value of B in a local variable x and thenat the end of the interval, when empty is true, assigning the stored value to A. Notethat x is a static variable, and therefore retains its value.Consider, again, the computation in �gure 2.1. This forms the nth power of x inthe variable Y by repeated multiplication, using an auxiliary variable N to count thesteps. The overall e�ect is that Y is assigned xn in n steps and N �nishes up withthe value 0. This is speci�ed by the predicate exp spec(x; n; Y;N), whereTempura 6> define exp_spec(x,n,Y,N) = {> Y = 1 and N = n and> len(n) and> Y <- x**n and N <- 0> }.The assignments take place in parallel. For example,Tempura 6> run exists Y,N: {exp_spec(2,3,Y,N) and always output(Y,N)}.State 0: Y=1 N=3State 1: Y=? N=?State 2: Y=? N=?State 3: Y=8 N=0A question mark, \?", indicates that the corresponding variable is unde�ned.2.4.6 Sequential BehaviourIt is possible to build quite sophisticated programs using only next and empty, andsome examples are presented later on, but the sequencing operator, chop, gives evengreater capabilities. Chop, which is written \;", breaks a single computation intotwo subcomputations and describes what happens on each.The two subcomputations intersect at a single state, so the length of the com-bined computation is equal to the sum of their individual lengths.Tempura 9> run {len(2);skip}.Done! Computation length: 3. 25



Each of the subprograms references its own local version of empty so that it knowswhen to �nish, as may be seen in the following program:Tempura 12> run exists E,E0: {show_empty(E,E0) and always output(E,E0)}> where> define show_empty(E,E0) = {> len(2) and E is empty;> skip and E0 is empty> }.State 0: E=false E0=?State 1: E=false E0=?State 2: E=true E0=falseState 3: E=? E0=trueDone! Computation length: 3.On the second state the �rst subprogram ends and the second begins. The operatorwhere in this program means the same as and, but limits the scope of the secondde�nition to the body of the �rst.Super�cially, chop behaves like a statement terminator in a conventional imper-ative language (the semicolon in Pascal, for example). A simple example is thefollowing program which increments I twice.Tempura 15> run exists I: {I=0 and inc2(I) and always output(I)}> where> define inc2(I) = {> skip and I <- I+1;> skip and I <- I+1> }.State 0: I=0State 1: I=1State 2: I=2Done! Computation length: 2.Assignment on the unit interval, such as skip ^ I I+1 in the de�nition of inc2,turns out to be a very common operation. So much so that it is worth de�ning aspecial version of assignment, called unit-assignment, to handle this case.2.4.7 Unit-Assignment and InitialisationUnit-assignment is an assignment from one state to the next. It is another binaryin�x operator, with the syntax A := B, and de�ned simply as:Tempura 17> defmacro uassign(A,B) = {skip and A <- B}.26



Of course, an implementation of unit-assignment can be much more e�cient thanthe above de�nition might suggest (which is the main reason for giving it specialsyntax).Another kind of assignment that occurs frequently is initialisation; that is, theassignment of an initial value to a variable. This is easily achieved in zero-time usingequality,Tempura 17> defmacro iassign(A,B) = {empty and A = B}.but, as with unit-assignment, it is convenient to have a special operator, A ( B,with the execution time built in. This may also be written A == B in programs.2.4.8 Multiple AssignmentsMultiple parallel assignments can be written in an abbreviated syntax. For instance,the assignmentsA := 0 and B := 1 and C := 2may be writtenA,B,C := 0,1,2and similarly in the general case for an arbitrary number of assignments. In fact,all the assignment operators, =, :=, ( and  may be abbreviated in this way (asmay the operators gets and stable , which will be encountered shortly).2.4.9 IterationIteration can easily be expressed as a recursive application of chop. For example,the familiar while-loop behaves as follows:Tempura 17> defmacro whiledo(b,p) => if b then {p;whiledo(b,p)} else empty.That is, if b is false the loop reduces to empty, otherwise p is executed and thenb is tested again. However, this de�nition must be used with care, for if p is azero-length computation b is repeatedly tested on the same state, which means thatit cannot possibly change between successive tests. Thus, if b is initially true theprogram will loop forever. A correct logical de�nition of the while-loop is given inchapter 3.The loop whiledo(b; p) is, of course, prede�ned with the time-honoured syntax,while b do p, and a number of other iterative operators are also prede�ned:1. repeat p until b, where b is a boolean expression.27



2. for i < n do p, where i is a variable and n an integer expression.3. for i 2 l do p, where i is a variable and l a list expression.4. for n times do p, where n is an integer expression.Hopefully, the intended meanings of these loops are clear, but they will anyway bediscussed again later. They can all be expressed in much the same way as whiledo.The following little iterative program computes xn in n unit steps using thepredicate whiledo.Tempura 17> define exp_pgm(x,n,Y,N) = {> Y,N == 1,n; whiledo(N~=0, Y,N := Y*x,N-1)> }.A test run shows that this program meets its speci�cation, exp spec(x; n; Y; N), forx = 2 and n = 3,Tempura 17> run exists Y,N: {exp_pgm(2,3,Y,N) and always output(Y,N)}.State 0: Y=1 N=3State 1: Y=2 N=2State 2: Y=4 N=1State 3: Y=8 N=0Done! Computation length: 3.and it can be proved that the speci�cation is met in the general case, in other words,if the program exp pgm(x; n; Y; N) executes on a given interval, then the speci�cationexp spec(x; n; Y; N) is also true on the interval. This is discussed in more detail inchapter 5.2.4.10 GetsAn alternative approach to the computation of xn is to treat each variable separately,observing how its value changes from each state to the next, so that N is decrementedfrom state to state and Y is always multiplied by x. The predicate gets expressesthis kind of repeated assignment.Tempura 20> define gets(A,B) => always> if ~empty then> exists x: {x=B and next(A=x)}.It is another binary in�x operator, A gets B, and may take lists of arguments in thesame way as the other assignment operators.If an expression is repeatedly assigned to itself, A gets A for example, its valuedoes not change, and it is said to be stable.Tempura 20> defmacro stable(A) = A gets A.28



Similarly, stable (A; B; C) denotes that variables A, B and C are all stable, and likewisein the general case.You might not think that this operator is much use, but as things stand onemust actively ensure that a variable remains stable when one doesn't want its valueto change. For instance, in section 2.4.5 we saw that temporal assignment has nobuilt-in assumption about stability. However, in many situations storage is assumedto remain stable unless explicitly changed, and stability can then be implementedat no cost.In chapter 6 I discuss a way to eliminate the need for stable altogether byintroducing a new operator which automatically maintains stability. The constructlocal v : pintroduces a new variable which behaves just like an ordinary program variable.However, the additional checking enforced by stable is sometimes useful.Using gets it is possible to come up with another program, exp pgm0(x; n; Y; N),to calculate xn.Tempura 20> define exp_pgm0(x,n,Y,N) = {> Y,N = 1,n and halt(N=0) and Y,N gets Y*x,N-1> }.This program has exactly the same behaviour as the previous version, which ishardly surprising because the two programs are logically equivalent. That is,exp pgm(x; n; Y;N) = exp pgm0(x; n; Y; N):You can see that this is true for x = 2 and n = 3 by simply executing the programs.Tempura 20> run exists Y,N: {exp_pgm0(2,3,Y,N) and always output(Y,N)}.State 0: Y=1 N=3State 1: Y=2 N=2State 2: Y=4 N=1State 3: Y=8 N=0Done! Computation length: 3.More generally, the equivalence can be formally proved. In fact, any occurrence ofgets can be replaced by an equivalent while-loop.2.4.11 Extended and Pre�x ComputationsWhen two processes are combined in parallel with the logical \and" operator, theremust be a single interval on which they both execute without error. In particular,this means that they must run for exactly the same number of steps. For instance,the conjunction len (3) ^ len (5) cannot be executed satisfactorily. Often, however,29



one wants to run a number of processes in parallel and simply wait until they allhave �nished. This is achieved in Tempura by \extending" the shorter processesusing a new operator extend . A process is extended by composing it in sequencewith true (which executes on any interval).Tempura 23> defmacro extend(p) = {p; true}.For example, a process that takes three steps may be extended to wait for one thattakes �ve, so the programextend(len(3)) and len(5)would run for �ve units of time. A more relaxed form of parallel composition can bede�ned in a similar way to extend . The construction p k p0 combines two processesp and p0 in parallel so that the shorter is extended until both have �nished. It maybe de�ned in Tempura by introducing 
ags E and E0 to mark when each process�nishes. The parallel composition �nishes when both 
ags are true.Tempura 23> defmacro par(p,p0) = exists E,E0: {> {p and E is empty; stable(E)} and> {p0 and E0 is empty; stable(E0)} and> halt(E and E0)> }.There is a corresponding iterative construct forpar i < n : p for combining anumber of processes in parallel.In some circumstances, however, one wants the parallel composition to terminateas soon as the �rst of the individual processes �nishes. This might be the case whenone of the processes has the task of monitoring for exceptions and terminating theothers when something is amiss. For instance, a timeout can be e�ected by runninga timer in parallel with another process in this way.Thus, there is an alternative kind of parallel composition that meets this require-ment. Instead of extending the shorter process, it takes the pre�x of the longer one,using the operator prefix . The pre�x of a program, prefix p, runs successfullyon any pre�x of any interval that satis�es p. For instance, a �ve-unit computationmay be pre�xed to stop after three steps, so the programlen(3) and prefix(len(5))�nishes after three steps. However, prefix cannot be de�ned in terms of the oper-ators we have so far. It is another primitive operator of ITL.With prefix , any two processes, p and p0, may be combined so that both areterminated as soon as the �rst of them �nishes. This is de�ned in much the sameway as par above, but takes the pre�x of the longer process rather than extending30



the shorter.Tempura 23> defmacro bar(p,p0) = exists E,E0: {> prefix {p and E is empty} and> prefix {p0 and E0 is empty} and> halt(E or E0)> }.The symbolic form of bar(p; p0) is p p0.Suppose, for example, that one wants to search two strings s and s0 in parallelfor occurrences of the word w. The search may be implemented as a for-loop.Tempura 23> define search(w,s,P) => for i<|s|-|w| do> if s[i..i+|w|] = w then P := cons(i,P) else P := P.It returns in P a list of the positions of occurrences of w. Suppose also that the mostimportant thing is to locate one occurrence of w as quickly as possible, so the searchmay terminate when w is �rst encountered. The parallel search of two strings s ands0 may then be done as follows, using both forms of composition:Tempura 23> define par_search(w,s,s0,P,P0) => bar(halt(|P| > 0 or |P0| > 0),> par(search(w,s,P), search(w,s0,P0))).Shown below is a test run to search the stringss = "but thought's the slave of life, and life's time's fool"s0 = "and time, that makes survey of all the world, must have a stop"for the �rst occurrence of the word \time".Tempura 23> run local P,P0: {> P,P0 = [],[] and par_search("time",s,s0,P,P0) and> always output(P,P0)> }.State 0: P=[] P0=[]State 1: P=[] P0=[]State 2: P=[] P0=[]State 3: P=[] P0=[]State 4: P=[] P0=[]State 5: P=[] P0=[4]Done! Computation length: 5.On the �nal state P0 holds the position of the �rst occurrence of the string \time"in s0. 31



2.4.12 Other OperatorsThere is, of course, no limit to the number of useful operations that can be de�nedin terms of the primitive ones, and a few more will be introduced in due course.But some concepts cannot be expressed in this way. One example is the idea ofseparate processes having di�erent rates of progress. This gives rise to the conceptof temporal projection, which will be discussed in chapter 9.2.5 A Complete ExampleFinally, let us consider a complete example. The example to be tackled is matrixmultiplication, a problem that crops up in numerous applications, and one that givesconsiderable scope for parallelism. The problem is speci�ed as follows: Given ann�n matrix A and an n element vector X, calculate the vector Y such that Y X�A,that isforall i < n : Yi  n�1Xj=0XjAji:Here is a Tempura representation of the speci�cation, using the usual programmingnotation, A[i; j] to denote the list element Aij:define mult_spec(n,A,X,Y) =forall i<n:Y[i] <- fsum(n,lambda(j): X[j]*A[j,i]).where the summation function fsum(n; f) is de�ned as abovedefmacro fsum(n,f) = if n=0 then 0 else f(n-1)+fsum(n-1,f).The speci�cation can be implemented in a straightforward way by forming all theinner products in parallel, and computing each one by sequential addition, as below.define mult(n,A,X,Y) =forall i<n: {Y[i] == 0;for j<n do {Y[i] := Y[i]+X[j]*A[j,i]}}.The following program tests the multiplication predicate, mult, and combines thespeci�cation in parallel to check the result. The variables are all local, and so32



automatically remain stable between assignments.define mult_test(n) =local A,X,Y,Y0: {input(A,X) andmult(n,A,X,Y) andmult_spec(n,A,X,Y0) andalways output(Y,Y0)}where array(A,n,n)and list(X,n)and list(Y,n)and list(Y0,n).Here array(A; m; n) de�nes A to be a �xed m� n array, which is actually representedas a list of lists. For instance, the matrix a below is a 3� 3 array.define a = [[ 1, 2, 3],[ 4, 5, 6],[ 7, 8, 9]].If all of the above de�nitions are stored in the �le \matrix-mult.t", then thefollowing sequence of commands cause the test program to be run.Tempura 28> load "matrix-mult".[Reading file matrix-mult.t]Tempura 28> run mult_test(3).State 0: A=a.State 0: X=[1,2,3].State 0: Y=[0,0,0] Y0=[?,?,?]State 1: Y=[1,2,3] Y0=[?,?,?]State 2: Y=[9,12,15] Y0=[?,?,?]State 3: Y=[30,36,42] Y0=[30,36,42]Done! Computation length: 3.It can be seen that the program correctly calculates the product of X with A, sinceY = Y0 in the �nal state.This algorithm takes n steps. However, the inner product calculation is alsoopen to parallel attack. It can be performed in log(n) steps by doing the additionspairwise in parallel using the \divide and conquer" approach. This method will befurther discussed in chapter 7.Let us look instead at a completely di�erent approach to computing the product.In our �rst stab at the problem the data remained static throughout the calculation,witness the assertion stable (A; X). But for a real application this may not be thebest way to proceed. For instance, if each inner product calculation were to be33
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Figure 2.2: A systolic array for calculating a stream of product vectors Y from astream of vectors X and a �xed matrix A.performed on its own processor, then each processor in the preceding algorithmwould need the same element of X at each step; and if a stream of vectors were to bemultiplied in turn by the same matrix, then the output would be produced at a raten times less than the rate of input. The algorithm above does not perform well undereither of these conditions. An application in which both conditions apply is imagetransformation, where a large number of vector co-ordinates must be transformedin the same way.If execution speed is important a number of parallel processors may be usedto boost performance, and a better way to perform the multiplication is to keepthe transformation matrix �xed in an array of cells and have the streams of inputand output vectors 
ow through this array accumulating product terms as they go.Eventually a new output vector will appear on every step. The method is illustratedin �gure 2.2.Really, of course, the problem speci�cation has been changed slightly. What is34



asked for now is an algorithm that always produces a new output vector, Y, some�xed time after being supplied with a new input, X. The new speci�cation uses thepredicate delay(n; A; B) which speci�es that the value of A appears at B after �xeddelay, n. A list is used locally to hold the delayed values.defmacro delay(n,A,B) =exists C: {C[0] is A andforall i<n: {C[i+1] = B and C[i+1] gets C[i]} andB is C[n]}where list(C,n+1).Notice that B retains its initial value over the �rst n states whilst values of A arepercolating through.The stream multiplication algorithm is then speci�ed in much the same wayas the one-shot multiplication algorithm above, with the assignment replaced by adelay.define stream_mult_spec(n,A,X,Y) =forall i<n: delay(d(n),fsum(n,lambda(j): X[j]*A[j,i]),Y[i]).The required values of Y begin to emerge after some �xed delay, d(n).The �nal program takes the form of an n � n array of nodes interconnected inboth the north-to-south and west-to-east directions to form a square grid, as shownin �gure 2.2. Elements of the matrix A are stored one per node, and elements of theinput vector X are supplied, appropriately delayed, at the western edge. On eachstep node (i; j) adds the term Xi� Aij into Yj and passes Yj on to the south and Xion to the west. However, a node does not need to know its position in the array, soall nodes are identical.define node(Aij,N,S,E,W) = S gets N+W*Aij and E gets WAfter a delay of 2 � n + 1 steps the corresponding output vector Y appears at thesouthern edge. Thus, for this algorithm d(n) = 2� n+ 1.The whole array is the parallel composition of the n � n nodes, together withdelays at the eastern and southern edges to synchronise the elements of X and Y,and a source of zeroes at the northern edge to initialise the elements of Y. Nothing35



is connected to the western edge; the elements of X are simply discarded.define stream_mult(n,A,X,Y) = {exists NS,WE: {forall i<n: {NS[0,i] is 0 anddelay(i+1,X[i],WE[i,0]) anddelay(n-i,NS[n,i],Y[i]) andforall j<n:node(A[i,j],NS[i,j],NS[i+1,j],WE[i,j+1],WE[i,j])}}where zero_array(NS,n+1,n) and zero_array(WE,n,n+1)}.The arrays NS and WE denote north-to-south and west-to-east connections. Thereare n sets of n+1 node-to-node connections in each direction, the end connections ineach set being used for input and output. All of these connections are initialised tozero by the predicate zero array (there is a corresponding initialisation predicatezero list for lists).The test harness takes successive values of X from an input list xlist, and againexecutes the speci�cation in parallel with the program to check results.define stream_mult_test(n) =local A,X,Y,Y0: {generate_inputs(n,A,X) andstream_mult(n,A,X,Y) andstream_mult_spec(n,A,X,Y0) andalways output(Y,Y0)}wheredefine generate_inputs(n,A,X) = {exists xlist: {input(A,xlist) andfor x in xlist do {skip and X = x};len(d(n)-1) and X is xlist[0]}}and array(A,n,n)and list(X,n)and zero_list(Y,n)and zero_list(Y0,n).It is necessary to wait for 2 � n steps after the �nal input before the �nal outputappears. 36



A test run using the input listdefine xl =[[0,0,0],[0,0,1],[0,1,0],[0,1,1],[1,0,0],[1,0,1],[1,1,0],[1,1,1]].goes as follows:Tempura 31> run stream_mult_test(3).State 0: A=a.State 0: xlist=xl.State 0: Y=[0,0,0] Y0=[0,0,0]State 1: Y=[0,0,0] Y0=[0,0,0]State 2: Y=[0,0,0] Y0=[0,0,0]State 3: Y=[0,0,0] Y0=[0,0,0]State 4: Y=[0,0,0] Y0=[0,0,0]State 5: Y=[0,0,0] Y0=[0,0,0]State 6: Y=[0,0,0] Y0=[0,0,0]State 7: Y=[0,0,0] Y0=[0,0,0]State 8: Y=[7,8,9] Y0=[7,8,9]State 9: Y=[4,5,6] Y0=[4,5,6]State 10: Y=[11,13,15] Y0=[11,13,15]State 11: Y=[1,2,3] Y0=[1,2,3]State 12: Y=[8,10,12] Y0=[8,10,12]State 13: Y=[5,7,9] Y0=[5,7,9]State 14: Y=[12,15,18] Y0=[12,15,18]Done! Computation length: 14.This con�rms that the algorithm works on the given inputs with a throughput delayof 2� n+ 1.
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Chapter 3Interval Temporal LogicThis chapter describes the syntax and semantics of ITL as an embedded theory in higher-orderlogic. Section 3.1 describes the syntax, section 3.2 describes the semantics of expressions andprimitive formulae, and section 3.3 introduces a number of useful derived operators. This chapteris an essential reference for the remainder of the dissertation, but it is short on motivation so youmight not want to read it right through at one go.Let us now turn our attention to the mathematical theory underlying Tempura.The theory in question is Interval Temporal Logic (ITL), a system of temporallogic used by Moszkowski in his work on hardware speci�cation [Mos83]. Unlikeordinary �rst-order logic where the truth of a statement is decided once and for all,a statement of ITL depends on time. But ITL also di�ers from classical linear-timetemporal logic [Pri67] because the truth of every ITL formula is decided relative to aninterval of time, rather than just to a point in time; that is, the starting and endingpoints are both considered. In order to speak about whole computations, ratherthan about points within computations, it seems that the interval is a more naturalstarting point than the individual state. In particular, ITL includes the so-calledchop operator1 from process logic [HKP82] for composing formulae in sequence. ITLextends �rst-order logic with a small number of temporal operators, and for mostpurposes just two of these su�ce. One is next , a unary operator which intuitivelymeans \after one unit of time : : :", the other is the chop operator, written \;", whichcorresponds to the notion \: : : and then : : :". The other primitive operators, prefixand projection will be described in subsequent chapters.The model of behaviour used in ITL is quite natural. The idea is to describethe computation of interest by taking a number of \snapshots" at various pointsin time, ti for i ���� n say, and linking these snapshots together to form a \motionpicture" which shows the whole behaviour on an interval ht0; : : : ; tni. Except, ofcourse, it doesn't quite show the whole behaviour. No matter how close togetherare the sample points t0; : : : ; tn a continuous picture will never emerge. It is a basic1It chops an interval into two pieces. 38



assumption of ITL that an adequate picture can be formed by sampling often enough(but see the discussion of temporal projection in chapter 9).Shown below are some simple formulae of ITL together with their intended mean-ings.Formula MeaningN = 5 N has the value 5N := N� 1 N is decremented in one unit of timenext (empty) Terminate in one unit of timealways (M < N) M is always less than Nhalt (N = 0) ; stable (N) Terminate when N = 0, then keep N constant(B := A ; C := B) � (C A) Assigning A to B then B to C results in A beingassigned to CAs you will see, all of these formulae are de�ned in terms of the two primitivetemporal operators, next and chop, together with the usual classical ones.The remainder of this chapter presents the syntax and semantics of ITL. This canbe done in a number of ways. A conventional treatment is given in previous workby Moszkowski [Mos86], but I have chosen here to present ITL as an embeddedtheory within higher-order logic (HOL). The principal reason for this choice is apractical one, for it provides a direct route to machine-assisted veri�cation usingGordon's HOL proof system [Gor87]. But there are a number of other advantages.Higher-order logic is a mathematical system of equivalent power to set theory, andlike set theory can be used to formalise mathematical reasoning. HOL thus providesa framework for unifying ITL with other mathematical theories, such as numbersand lists, which are so necessary for proving properties of real programs. It is alsoan advantage because it avoids the wasted e�ort of proving a number of theoremsspeci�c to ITL which are in fact just particular instances of more general theorems(temporal induction, for example). The general theorems can just be subsumed intothe theory of ITL.3.1 Syntax3.1.1 ExpressionsExpressions (sometimes called terms) are built inductively from variables, constantsand functions.Variables These are sequences of letters, digits, underscores and primes, beginningwith a letter. Some examples are: X, a0, In1 and A long name. Subscripts maybe used to denote elements of list-valued variables.39



A naming convention separates variables into two classes. Those beginningwith a lower case letter, such as x and in1, are static, whereas those beginningwith a capital letter, such as X and In1, are state variables. These classes willbe de�ned below, but the idea is that state variables change over time andstatic variables do not. Notwithstanding this convention, the letter v is usedin de�nitions as a meta-variable to range over all variables.Constants These are �xed values, for example the truth values true and false,the numbers 0, 1, 2, : : :, lists such as [5; 4; 3; 2; 1], and functions such as +.Many constants have special syntax; others conform to the syntax of variables.Function applications These have the form e(e1; : : : ; en), where 0 ���� n and e, e1,: : :, en are expressions (e should be a function of arity n). Numerous specialsyntactic forms are permitted, and in particular many binary functions may beused as in�x operators. For example, the addition of two numeric expressionsmay be written e1 + e2.Lambda-expressions These have the form �(v 1; : : : ; vn) : e, where 0 ���� n, v 1; : : : ; vnare variables and e, the function body, is an expression. Lambda-expressionsdenote functions. The de�nition f(v 1; : : : ; vn) def= e is another way of writingf def= �(v 1; : : : ; vn) : e.3.1.2 FormulaeFormulae are built inductively from predicates and logical connectives. Two tem-poral connectives, next and chop, are de�ned in addition to the familiar classicalones.Predicates \the property p is true of expressions e1; : : : ; en": p(e1; : : : ; en), where0 ���� n and e1; : : : ; en are expressions. Many familiar predicate symbols, suchas the relation �, have special syntactic forms.Equality \e and e0 are equal": e = e0, where e and e0 are expressions.Negation \not p": :p, where p is a formula.Conjunction \p and p0": p ^ p0, where p and p0 are formulae.Existential quanti�cation \there exists a v such that p": 9v : p, where v is avariable (either state or static) and p is a formula.Next \after one unit of time p holds": next p, where p is a formula.Chop \p followed by p0": p ; p0, where p and p0 are formulae.40



Note that although many interval operators have the same intuitive meanings astheir classical counterparts, they are not the same objects. To distinguish the two, Ishall use emboldened forms of operators and roman typeface constants, such as ����,++++, ^̂̂̂ and 0, to denote the classical versions, whereas the forms, �, +, ^ and 0, willbe used to denote the interval representations. This distinction should not interferewith a natural reading of the following material. In fact, you may just ignore thedistinction and suppose that operators are overloaded.3.2 SemanticsThe semantics of ITL will be described by providing a mapping from expressionsand formulae of ITL to terms of HOL. The HOL translation, denoted by [[p]], ofan ITL formula p gives its meaning explicitly as a function from intervals of timeto truth values. Similarly, the meaning, [[e]], of an ITL expression e is given as afunction from temporal intervals to values of the appropriate type. First, therefore,a brief description of the HOL logic seems in order; a fuller account may be foundin [Gor87].3.2.1 HOLHOL is based on the typed lambda-calculus. Every term in HOL has an associatedtype which denotes a set of values that the term itself may denote. I shall usuallywrite t 2 ty to mean that the term t is of type ty, but may omit type informationwhen it can be deduced from the situation.2 For example, t 2 N means that theterm t denotes a member of the set of natural numbers, f0; 1; 2; : : :g.HOL terms are built inductively from variables (ranged over by v, possibly sub-scripted), constants (such as 0, T and the addition function +), lambda-terms andfunction applications.A lambda-term of the form �(v 1; : : : ; vn) : t, where v i 2 ty i for each i ���� n arevariables and t 2 ty is a term, denotes a function of type ty1 � � � � � tyn ! ty. Forexample, the term �(x; y) : x+ y denotes the addition function.A function application of the form t(t1; : : : ; tn), where t, t1; : : : ; tn are terms,denotes the meaning of t applied to the meanings of its arguments. Therefore, ift1 2 ty1,: : :, tn 2 tyn then t must denote a function of the form ty1�� � �� tyn ! ty,and the whole term is of type ty. Only well-typed terms are considered meaningful.For example: (�(x; y) : x+ y)(1; 2) denotes the constant 3.All the usual connectives of �rst-order logic are prede�ned in HOL. In otherwords, if t; t0 2 B are formulae (boolean terms) of HOL and v is a variable, then the2I am being imprecise here in order (hopefully) to make terms easier to read. In the HOL logictypes are part of the syntax of terms, so t : ty is used to denote a term t of type ty.41



following are also formulae (recall that the emboldened forms of the connectives areused to distinguish the HOL connectives from those of ITL):Equality : t ==== t0Negation : :::: t.Conjunction : t ^̂̂̂ t0.Disjunction : t ____ t0.Implication : t ���� t0.Existential quanti�cation : 9999 v : t.Universal quanti�cation : 8888 v : t.Many standard predicates, such as ����, will also be assumed.3.2.2 IntervalsThe meaning of an expression or formula of ITL is only de�ned relative to an intervalof time. Consequently, the semantics of expressions and formulae may be representedin HOL as functions of intervals. For instance, a formula is represented by a functionfrom intervals to booleans.Let us introduce a new type I to denote the set of all intervals. An interval �is a non-empty sequence of time points, such as h�0; : : : ; �ni, where �i 2 N for eachi ���� n, and I therefore denotes the set of all such sequences. The length of an intervalis the number of time steps, not the number of time points,jh�0; : : : ; �nij ==== n;so a zero length interval contains one time point. Note that an interval may be ofin�nite length, denoted by an in�nite sequence beginning at time �0.The temporal operators next and chop are concerned with the structure ofintervals, and they may be de�ned in terms of two functions: pre�x and su�x . Thefunction pre�x (i; � ) denotes the i-th pre�x of the interval � , which is the subsequencefrom element 0 up to and including element i; and the function su�x (i; � ) denotesthe i-th su�x of � which is the subsequence from element i onwards. If � 2 I andi � j� j, thenpre�x (i; � ) = h�0; : : : ; �ii;su�x (i; � ) = h�i; : : : ; �j� ji:For example:pre�x (3; h0; 1; 2; 3; 4; 5i) = h0; 1; 2; 3isu�x (3; h0; 1; 2; 3; 4; 5i) = h3; 4; 5i:42



For most purposes you may assume that the time points in an interval form acontiguous increasing sequence of values, so that �i+1 ==== �i ++++ 1. However, this neednot be so when pre�x and projection are used (see chapters 6 and 9).We are now in a position to describe the semantic function sem which gives thesemantic representation in HOL of each expression and formula in ITL.3.2.3 ExpressionsExpressions involve variables, constants and functions. The HOL translation, [[e]], ofan ITL expression e is a function of the form I! ty for some type ty . For example,the translation of a numeric expression has type I! N, that of a string expressionhas type I! S (where S denotes the set of strings) and that of a list expression hastype I! ty list (where ty list denotes the set of lists of elements taken from the setdenoted by ty).Variables : There are two kinds of temporal variables: state and static. Statevariables are conventionally represented by names starting with an upper caseletter, whereas names starting with lower case letters represent static variables.State variables depend on time (but not on intervals). The meaning of a statevariable v on an interval is given by taking its value on the �rst state of theinterval; that is,[[v]] = mk state(v̂);where v is a state variable andmk state(v̂) def= �� : v̂(�0) where � 2 I and v̂ 2 N! ty:3For example, [[X]] = �� : X̂(�0).Static variables stand for constant values. The meaning of a static variable vis simply a function from intervals to its value, v̂; that is,[[v]] = mk static(v̂);where v is a static variable andmk static(v̂) def= �� : v̂ where � 2 I and v̂ 2 ty:For example, [[x]] = �� : x̂.Constants : Constants are treated in the same way as static variables. For eachconstant c there is a corresponding constant ĉ in HOL such that[[c]] = mk static(ĉ):For instance, [[0]] = mk static(0), the function that evaluates to 0 on anyinterval. 43



v = v0 vv 0 t t t t tt0 t1 t2 tn�1 tnt t t t t?:p t t t t tt0 t1 t2 tn�1 tn ����������������:p����������������!p ^ p0 t t t t tt0 t1 t2 tn�1 tn ���������������p ^ p0���������������!9v : p t t t t tt0 t1 t2 tn�1 tn ���������������9v : p���������������!next p t t t t tt0 t1 t2 tn�1 tn �������������p�������������!p ; p0 t t tt0 ti tntt1 ���������p���������! �����p0�����!Figure 3.1: The primitive operators.Function application : The meaning of a function application is the meaning ofthe function applied to the meanings of its arguments; that is, if e1; : : : ; en areexpressions[[f(e1; : : : ; en)]] = �� : [[f ]](� )([[e1]](� ); : : : ; [[en]](� )) where � 2 I:Only static functions appear in the following, so [[f ]](� ) = f̂ for some functionf̂ of type ty1 � � � � � tyn ! ty. For example, [[X+ Y]] = �� : X̂(�0) ++++ Ŷ(�0).3.2.4 FormulaeThe meaning, [[p]], of an ITL formula p is given by a HOL term of type I! B, whereB denotes the set of (classical) truth values fT;Fg. There are six primitive formulaeout of which more complex formulae and predicates may be built inductively.44



The semantics of the elementary ITL formulae are de�ned below. You may �ndthat the pictures in �gure 3.1 help to explain the meanings of the operators.Predicates The meaning of a predicate is given by the meaning of the predicatesymbol applied to the meanings of its arguments. If e1; : : : ; en are expressions,then[[p(e1; : : : ; en)]] = �� : [[p]](� )([[e1]](� ); : : : ; [[en]](� )) where � 2 I:Predicate symbols, like function symbols, are generally static, so [[p]](� ) = p̂for some function p̂ of type ty1 � � � � � tyn ! B. For example, [[X � Y]] = �� :X̂(�0) ���� Ŷ(�0).Equality Two expressions e and e0 are equal if their values are equal.[[e = e0]] = �� : [[e]](� ) ==== [[e0]](� ) where � 2 I:For example, two state variables are equal on an interval � if they have thesame value on the initial state,[[X = Y]] = �� : X̂(�0) ==== Ŷ(�0):Negation The negation of a formula p is true on an interval if p evaluates to false.[[:p]] = �� ::::: [[p]](� ) where � 2 I:For example:[[:(X = 1)]] = �� : X̂(�0) 6==== 1:Conjunction The conjunction of two formulae p and p0 is true on an interval ifboth of them evaluate to true.[[p ^ p0]] = �� : ([[p]](� ) ^̂̂̂ [[p0]](� )) where � 2 I:For example:[[(X = 1) ^ (Y = 1)]] = �� : (X̂(�0) ==== 1) ^̂̂̂ (Ŷ(�0) ==== 1):Existential quanti�cation The formula 9v : p is true on an interval if there is av that makes p evaluate to true. For a variable v and formula p[[9v : p]] = �� :9999 v̂ : [[p]](� ) where � 2 I:For example:[[9X : X = 1]] = �� :9999 X̂ : X̂(�0) ==== 1:45



Next The formula next p is true on an interval if p evaluates to true on the tail ofthe interval (which must have length greater than zero).[[next p]] = �� : (j� j >>>> 0 ^̂̂̂ [[p]](su�x(1; � ))) where � 2 I:For example, the formula next (X = 1) asserts that X has the value 1 after onestep,[[next (X = 1)]] = �� : (j� j >>>> 0 ^̂̂̂ X̂(�1) ==== 1):Chop The sequential composition of two formulae p and p0 is true on an interval ifthere is a way to divide the interval into two pieces such that p is true on the�rst and p0 is true on the second.[[p ; p0]] = �� :9999 i : (i ���� j� j ^̂̂̂ [[p]](pre�x(i; � )) ^̂̂̂ [[p0]](su�x(i; � )))where � 2 I:For example, the formula (X = 0) ; (X = 1) asserts that X = 0 and sometimelater X = 1,[[(X = 0) ; (X = 1)]] = �� :9999 i : (i ���� j� j ^̂̂̂ X̂(�0) ==== 0 ^̂̂̂ X̂(�i) ==== 1):Note that the next operator requires the interval to be of non-zero length (so thatit has a tail), and that the two parts of a chopped interval have a state in common.3.3 Some Derived OperatorsMany useful operations can be de�ned in terms of the basic ones. They can bede�ned as predicates, but the most useful ones are prede�ned, often with specialsyntax.3.3.1 Classical OperatorsAll the usual logical connectives (disjunction, implication, etc. ), quanti�ers andtruth values can be de�ned in interval form. Their meanings are the same as if theyhad been lifted from the standard theory of booleans. Some examples are:Truth values The constants true and false are the interval forms of the classicaltruth values T and F.false def= p ^ :p for any formula p,true def= :false:Disjunction The disjunction of two formulae is true if they are not both false.p _ p0 def= :(:p ^ :p0): 46



Implication The implication p � p0 is true if p0 is a consequence of p. An alternativenotation is the familiar programming construct if b then p, which is used totest the value of a boolean expression b. Two formulae are logically equivalent,p � p0, if each implies the other.p � p0 def= :p _ p0p � p0 def= (p � p0) ^ (p0 � p)if b then p def= b � pif b then p else p0 def= (b � p) ^ (:b � p0)Universal quanti�cation The universal quanti�cation 8v : p is true if there is nov that makes p false.8v : p def= :9v : :pBounded forms of both existential and universal quanti�ers are also used asabbreviations:9i < n : p ) 9i : (i < n ^ p)8i < n : p ) 8i : (i < n � p):Bounded universal quanti�cation will usually be written forall i < n : p. Forexample, the formula forall i < n : Ai = 0 denotes that every element of thelist A is initially zero.Cascades of quanti�ers are abbreviated in the usual way: 9v 1; v 2; : : : ; vn : p isshorthand for 9v 1 : 9v2 : : : :9vn : p, and similarly for universal quanti�ers.3.3.2 Temporal OperatorsA number of useful operators can be de�ned in terms of the operators next andchop. Their de�nitions are illustrated in �gures 3.2{3.4.Modal operators The operators always and sometime are characteristic of tem-poral logics, and are often written2 and 3, respectively. The formula sometime pholds if the interval can be divided into two parts so that p holds on the second;that is, if p holds on some su�x subinterval. The dual construct, always p,holds if the formula p holds on all su�x subintervals; in other words there isno such subinterval on which p does not hold. These operators are illustratedin �gure 3.2.sometime p def= true ; p;always p def= : sometime :p:47



sometime p t t tt0 ti tntt1  ������p������!
always p t t t t tt0 t1 t2 tn�1 tn�!p � ��p��! ���������p���������! �������������p�������������! �����������������p�����������������!Figure 3.2: The modal operators sometime and always .len (n) t t t t tt0 t1 t2 tn�1 tn�! �empty �skip�! ��������������len (n)��������������!Figure 3.3: The length operators len , skip and empty.For example, the formula always (X+ Y = 1) tests whether the sum of X andY is 1 on every state of the interval. It is also useful to divide the interval inother ways. For instance, the construct extend p holds if p is true on somepre�x subinterval. It is de�ned as p ; true in the same way as sometime .Computation length The formula len (n) is true on an interval of length n. Itcan be used to de�ne any interval length, but intervals of length zero andone occur so frequently that special operators empty and skip are used todenote these values. An interval is empty if there is no next subinterval, andis of length one if the next subinterval is empty. Figure 3.3 illustrates thesede�nitions.empty def= : next true;skip def= next empty: 48



halt b t t t t tt0 t1 t2 tn�1 tn:b :b :b :b bfin b t t t t tt0 t1 t2 tn�1 tn? ? ? ? bkeep b t t t t tt0 t1 t2 tn�1 tnb b b b ?Figure 3.4: The operators halt , fin and keep for a boolean expression b. Theexpression b is true on the states marked b, false on those marked :b, and may beeither true or false elsewhere.The operator len itself is de�ned using primitive recursion.len (0) = empty;len (n + 1) = next len (n);where n 2 I ! N. This de�nition is not in classical primitive recursive formbecause the argument of len is actually an interval function, not a naturalnumber. However, the fault is easily recti�ed by de�ning a primitive recursivepredicate len 2 N ! (I ! B) (in just the same way as above), and thentaking len (n) = �� : len(n(� )). Since this can be done automatically, letus just accept ITL de�nitions in the form above as primitive recursive in thissense.Termination and the �nal state The formula halt p is true if p is true on, andonly on, the �nal state. In other words the computation terminates as soonas the formula p becomes true. Related operators are fin and keep . Theformula fin p is true if p is true on the �nal state, and keep p is true if p istrue on every state except the last. Thus halt p � (keep :p) ^ (fin p).halt p def= always (empty � p);fin p def= always (empty � p);keep p def= always (:empty � p):For example, halt (A < 1) asserts that the computation terminates as soon asA < 1. Figure 3.4 shows how these de�nitions work out for a boolean expressionb, though the de�nitions apply more generally to arbitrary formulae.49



v  v0 vv 0 t t t t tt0 t1 t2 tn�1 tnt t t t t?" �v �= v0 vv 0 t t t t tt0 t1 t2 tn�1 tnt t t t tZZZZZ~v is v0 vv 0 t t t t tt0 t1 t2 tn�1 tnt t t t t? ? ? ? ?v gets v0 t t t t tt0 t1 t2 t3 tnt t t t tvv 0ZZZZZ~ZZZZZ~ZZZZZ~ ZZZZZ~Figure 3.5: The assignment operations v  v0, v �= v0, v is v0 and v gets v0 forstate variables v and v0.It is also possible to de�ne an operator to look at the initial stateinit p def= (empty ^ p) ; true;but because of the conventional interpretation of state variables, it is hardly everneeded unless one really needs to ensure that p only refers to the initial state.3.3.3 Assignment OperatorsA number of assignment operators can be de�ned in ITL. In these de�nitions e ande0 stand for expressions of arbitrary types: e 2 I ! ty, e0 2 I ! ty 0. Figure 3.5shows what these operators mean for state variables v and v 0.Temporal Assignment Three forms of assignment in time have been found useful.The simplest, equality, is true if two values are equal at the same point in time.It has already been de�ned. The next-assignment A0 �= A is true if the next50



value of A0 equals the current value of A; and the temporal assignment A0 Aholds if the �nal value of A0 equals the initial value of A.e e0 def= 9v : (v = e0 ^ fin (e = v));e �= e0 def= 9v : (v = e0 ^ next (e = v ));where v is a static variable which is not free in either e or e0. Temporalassignment is most useful for specifying the functional behaviour of a program.For instance, A sort(A) might be the speci�cation of a program to sort thelist A.In practice, assignment is most commonly used on a unit- or zero-length in-terval, and two special operators have been de�ned to incorporate the lengthinto the assignment. The assignment A0 ( A ensures that A and A0 are equalon a zero-length interval, whereas the unit-assignment A0 := A asserts that thenext value of A0 is the same as the initial value of A on a unit-interval.4 Unit-assignment is similar to ordinary assignment in an imperative programminglanguage.e( e0 def= empty ^ e = e0;e := e0 def= skip ^ e �= e0:For example, if a variable is initially zero and is incremented by one then its�nal value is one, (A ( 0 ; A := A + 1) � (A  1). Note that the formulaskip ^ A0  A is equivalent to A0 := A, and that empty ^ A0  A is the sameas A0( A.Repeated assignment The formula A0 is A denotes that the variables A and A0are equal throughout time; and the formula A0 gets A is true if A is alwaysassigned to A0 from one state to the next. If something is always assigned toitself from one state to the next it remains stable, denoted by stable A.e is e0 def= always (e = e0);e gets e0 def= keep (e �= e0);stable e def= e gets e:For example, the formula A = n ^ A gets A� 1 asserts that A is initially n andis decremented from state to state. Note that one cannot use next-assignmenton an empty subinterval, hence the use of keep rather than always in thede�nition of gets.4Note that Moszkowski de�nes the unit-assignment operator := to be what I have called next-assignment �=, i.e. without the associated skip [Mos86].51



Multiple parallel assignments, including equality, may be abbreviated in the form:e0; : : : ; en op e00; : : : ; e0n;where ei and e0i are arbitrary expressions and op is an assignment operator. Thisform is equivalent toe0 op e00 ^ : : : ^ en op e0n:The operator stable with multiple arguments keeps each of its arguments stable.3.3.4 Iterative OperatorsA number of ITL operators resemble those of ordinary imperative programminglanguages. Some, such as assignment and chop, have already been encountered, butanother important class is that containing the iterative operators, such as the for-and while-loops.For-loops A particularly simple form of loop is for n times do p which just denotesn iterations of p; that is, p ; : : : ;p (n times). It is, of course, de�ned recursively,for 0 times do p = empty;for n+ 1 times do p = for n times do p ; p;where n 2 I! N. Loops with control variables can also be de�ned.for i < 0 do p = empty;for i < n+ 1 do p = for n times do p ; p[n=i]:where n 2 I! N and i is static, and the formula p[n=i] denotes p with all freeoccurrences of i replaced by n. If n is bound at any point in p where thereis a free i then the variables of p are \systematically renamed" to remove thecon
ict.While-loops The loop while b do p denotes a number of iterations of p on each ofwhich the boolean expression b is initially true. At the end of the last iterationb is false.while b do p def= 9n : (fin (:b) ^ for n times do (b ^ p));where n 2 I ! N and b 2 I ! B. For example, while A 6= 0 do A := A � 1asserts that A is decremented until it reaches zero.Finally, a repeat-loop is de�ned in terms of the while-loop in the usual way,and the straightforward loop p denotes an arbitrary number of repetitions ofp. repeat p until b def= p ; while :b do p;loop p def= while :empty do p:52



Other loops can be de�ned in a similar way. For example, in the loop for v 2 l do pthe control variable v takes successive values from the list l.3.3.5 MarkersA number of ITL operators are de�ned using marker variables to mark the occur-rence of some event. For instance, the de�nition of the until operator below usesa marker � to watch for p0 becoming true. The formula p until p0 is true if p holdsuntil p0 is true.p until p0 def= 9� : f� ^ alwaysf� � (p0 _ (p ^ next (�)))gg:Marker variables are really just ordinary state variables, of course, but they mustnot occur freely in the program they are \marking". For instance, � must not befree in either p or p0 in the de�nition of until . Conventionally, I shall use greekletters for markers.3.3.6 Omitting ParenthesesWith just the above de�nitions, parentheses are needed to delimit the argumentsof each operator. Even a relatively modest formula can need a large number ofparentheses, and this detracts from its readability. Therefore, it seems a good ideato adopt some conventions to eliminate parentheses. The following precedence hier-archy is used; the operators at level i apply to as little as possible without violatingthe constraints placed on those at levels less than i.1. The negation operator, :.2. The assignment operators =, is,  , �=, :=,( and gets.3. The unary operators next , always , sometime , keep , halt and stable , thequanti�ers 9 and 8, the �nal branch of the conditional (then or else), andthe body of a loop.4. The conjunction and disjunction operators, ^ and _ .5. The implication operator, �.6. The chop operator, ;.For example, the formula9v : next p ^ :p0 ; p00should be read((9v : (next p)) ^ (:p0)) ; (p00): 53



The fact that conjunction, disjunction and chop are all associative operators mayalso be used to avoid writing parentheses, since the form p op p0 op p00 is unambigu-ous for these operators.The usual precedence relations apply to expressions, for instance A+B�C denotesA+(B�C). Parentheses may also be omitted when a formula only makes sense witha particular grouping, for example A gets B + C is only well typed when read asA gets (B+ C).3.4 DiscussionGiven that ITL is easily expressed as an embedded theory within HOL, the questionnaturally arises: Why is ITL needed at all? Why not, for instance, simply repre-sent every variable as a function of time? Aside from the obvious but importantpoint that ITL avoids the consequent proliferation of time variables, I think thatthe answer to this question is much the same as the answer to the question: Whybother with high-level programming languages when all problems can be tackled inmachine code? Both questions have the same answer. The higher-level language isuseful precisely because it addresses a restricted, but useful, class of problems. It issu�cient to express any problem in its domain, whilst keeping the complexity of ex-pression to a minimum. Hopefully, this leads to a richer set of laws for manipulatingspeci�cations.One is also entitled to question the assumed model of time. Is it reasonableto suppose that real computing systems can be described within a discrete-timeframework using shared variables? Although it may be a fairly good approximationto the way synchronous parallel hardware works, many concurrent systems do notoperate in step with some global clock. Nevertheless, so long as the behaviour ofinterest can accurately be re
ected by a discrete sequence of states (possibly withrepetitions), time points may simply be identi�ed with these states. Techniques fordescribing explicit synchronisation will be introduced in chapters 10.If the model is adequate, is it abstract enough? Use of the operator next hasbeen criticised for forcing too much irrelevant detail into speci�cations [Lam83]. Themain reason for this criticism, it seems, is that this operator permits (not compels)one to distinguish between repetitions of the same state or between computationsof di�erent lengths. For example, one might say that the behavioursX := 0 ; X := 1andstable (X) ; X := 0 ; stable (X) ; X := 1should be indistinguishable in a speci�cation language. But, of course, the secondformula is simply a speci�cation of the �rst (i.e. the �rst logically implies the second),54



and the very purpose of this work is to express speci�cations and programs in thesame framework.Other researchers use a dense model of time (one in which any two points areseparated by another) to get abstract speci�cations [BKP86]. Temporal projection,which is discussed in chapter 9, produces a similar e�ect in ITL. For example,projecting the formula stable (X) ; skip onto the �rst of the formulae above resultsin the second.
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Chapter 4TempuraThis chapter clari�es the relationship between Tempura and ITL. Section 4.1 de�nes the syntax ofthe primitive language; section 4.2 sketches its computational semantics; and section 4.3 discusseswhich derived operators of ITL are executable. The main point of this chapter is the reductionmechanism presented in section 4.2.2.The programming language Tempura was introduced informally in chapter 2. Tem-pura is not the same as ITL, but is an executable sublanguage of it. The principalrestriction is that Tempura programs must be deterministic. This means that noarbitrary choices (either of computation length or variable assignment) can be madeduring execution, so it will be appreciated that many speci�cations are not exe-cutable. For example, neither the formula :skip nor the formula (I = 0) _ (I = 1)is executable, as both are non-deterministic. The former describes any interval oflength other than one, the latter gives a choice of values for the variable I.In order to exclude formulae such as the two above, the syntax of Tempura isrestricted. The negation of a program is not syntactically permitted, and in itsplace the conditional and the termination statement, empty, are taken as primitive.This means that some of the derived operators of ITL cannot be de�ned at all inTempura, and that some others can only be de�ned in a restricted form.This chapter does not describe in detail how to execute Tempura programs;Moszkowski does that admirably in his book on the subject [Mos86]. Its purpose israther to clarify the relationship between Tempura and ITL, and to outline the com-putational semantics in a way that is not constrained by the details of a particularimplementation.Only the basic language is described. This language contains seven elementaryoperators | equality, conjunction, conditional, existential quanti�cation, termina-tion, next and chop | and the operators that can be de�ned in terms of these, Thepre�x and temporal projection operators are not considered here (see [Mos86]).56



4.1 SyntaxThis section describes the syntax of the basic language: �rst the primitive operators,then the expressions.4.1.1 ProgramsPrograms are formed from seven elementary operators, �ve of those used to de�neformulae (all except negation) and two which are derived operators of ITL. As usual,the symbol e stands for an arbitrary expression, b stands for a boolean expressionand p and p0 stand for programs. The symbol l stands for an \L-expression", whichmay be a simple variable (v ), a suscripted variable (v i or v i::j) or the size of a list-valued variable (jv j). These values correspond to regions of computer memory whena program is executed.Equality: l = e.Parallel composition: p ^ p0.Conditional: if b then p else p 0.Local variables: 9v : p.Termination: empty.Next: next p.Sequential composition: p ; p0.The absence of the negation operator is explained by the fact that a negated programwould, in general, be non-deterministic. This has a number of repercussions. Itmeans that the conditional and empty must be taken as primitive, since they arede�ned (logically) in terms of negation. It also means that certain other operatorscannot be derived in the way they were before. For example, universal quanti�cation(8) and arbitrary choice (_) cannot be de�ned in full generality, though a restrictedform of universal quanti�cation can be de�ned, as will be shown.4.1.2 ExpressionsVariables in Tempura have the same syntax as in ITL (characters, underscores andprimes) with the capitalised names for state variables and lower case for staticvariables.As before, the choice of permissible expressions is largely arbitrary, but onlyboolean, integer, string and list expressions are used in the following.57



Booleans are just the truth values true and false. They may be combined withall the usual logical connectives.Integers are the numbers : : : ;�2;�1; 0; 1; 2; : : :. They may be combined with allthe usual arithmetic operators.Lists are sequences of elements separated by commas and enclosed in square brack-ets, such as [1; 3; 5; 7]. The notation [i::j] denotes the list of numbers from ito j� 1 inclusive, so [0::4] = [0; 1; 2; 3]. The number of elements in a list A isdenoted by jAj, the ith element by Ai, the sublist from element i to elementj� 1 by Ai::j, and the concatenation of two lists A and A0 by A^A0. No distinc-tion is made between lists and arrays in Tempura; arrays, or rather vectors,are just special kinds of lists, and their elements are directly accessible.Strings are surrounded by double quotation marks, like \a string". They maybe indexed and manipulated in the same way as lists.Tempura could be extended to include real numbers, bit vectors, and so on.4.2 SemanticsThe aim of executing a Tempura program is to discover an interval on which theprogram viewed as an ITL formula is true. In other words, for a program p withfree variables v1; : : : ; vn, the goal is to show that the formula9999 � : (9v1; : : : ; vn : p)(� )is true by �nding a particular interval � on which the program holds. This sectionoutlines a technique for generating such an interval from a program. The idea is toreduce the program to an equivalent canonical form from which the desired intervalis immediately apparent.4.2.1 Canonical FormThe canonical form of a program p may be represented as a conjunction of \stateformulae", pi, as followsp � n̂i=0 next i pi;where pi speci�es the ith state and next i pi denotes i applications of the operatornext to the formula pi. The whole formula therefore speci�es a sequence of n states.58



The state formula pi, which speci�es the ith state, is a conjunction of terms ofthe form lj = ej in which lj is an L-expression and ej is an arbitrary expression;that is,pi � mîj=0 lj = ej:Thus, pi speci�es the values of the expressions lj (for all j < mi) on the ith state.A boolean variable ", corresponding to the predicate empty, is used to markwhere the sequence terminates; it is true on the last state and false elsewhere. Thevalue of " is set by the operators next and empty. For instance, the programskip ^ A = 0 generates an interval of two states. On the �rst, A is 0 and thetermination 
ag " is false; on the second, " is true. Thus, if p is the programskip ^ A = 0, thenp0 � (" = false) ^ (A = 0)p1 � (" = true):The interval length is 1 since val (") = true on the second state.4.2.2 Reduction of ProgramsLet us now introduce a technique for reducing simple programs to canonical form.The technique involves unfolding the program step-by-step until the canonical formis discovered. This technique suggests a way to execute Tempura programs on acomputer. Each equation of the form l = e might cause the value of the expressione to be stored in a particular memory location designated by l, and each stateformula would then de�ne a state of the computer's memory. Successive stateswould be generated as the program unfolds.This section describes the main part of the transformation to canonical form.Section 4.2.3 describes how to eliminate existential quanti�ers, and predicates arebrie
y discussed in section 4.2.5.The main part of the transformation of program p with respect to termination
ag " is given by reduce(p; "). The idea is that the program is equivalent to itstransformation with termination 
ag replaced by empty,p � reduce(p; empty):This transformation does not yield the canonical form directly, but something fromwhich it is easily derived. The transformation is de�ned inductively in terms of itse�ect on the elementary operators.Equality The statement l = e is left alone by the transformation; that is,reduce(l = e; ") = l = e: 59



However, the statement may be further simpli�ed (see below) by replacing theexpression e and any subscript expression in l with its (constant) value.Parallel composition The statement p ^ p0 is reduced by reducing p and p0 to-gether.reduce(p ^ p0; ") = reduce(p; ") ^ reduce(p0; "):For example,reduce(A = 0 ^ B = A; ") = A = 0 ^ B = A:This may be further simpli�ed to the equivalent form A = 0 ^ B = 0.Conditional The statement if b then p else p0 is executed by transforming p orp0 according to the value of b (which must be de�ned).reduce(if b then p else p0; ") = ( reduce(p; ") if b = true;reduce(p0; ") if b = false:For example,reduce(A = 0 ^ if A = 1 then B = 0 else B = 1; ") = A = 0 ^ B = 1:Note that the value of the boolean expression b must be known before thetransformation can take place.Existential quanti�cation The statement 9v : p is reduced by reducing p withinthe scope of the local variable v .reduce(9v : p; ") = 9v : reduce(p; "):For example,reduce(9A : A = 0; ") = 9A : A = 0:Existential quanti�cation is further discussed in section 4.2.3, where it is shownthat the scope of the local variable can be increased to the outermost level.Termination The statement empty simply sets the termination 
ag ".reduce(empty; ") = " = true:Note that empty may also be used as a boolean expression, in which case itmay be replaced by ".Next The statement next p does two things. It asserts that the execution has notyet terminated and also that p happens next.reduce(next p; ") = " = false ^ next reduce(p; "):For example,reduce(next (A = 0); ") = " = false ^ next (A = 0):60



Sequential composition The statement p ; p0 is executed by �rst executing p andthen executing p0. A new 
ag "0 must be introduced to mark the terminationof p (see also section 4.2.3).reduce(p ; p0; ") = 9"0 : freduce(p; "0) ^(" = false) until "0 ^reduce(p0; ") atnext "0g;where the operators until and atnext satisfy the following expansion prop-erties:p until b = ( truep ^ next (p until b)p atnext b = ( pnext (p atnext b) if b = true;if b = false;if b = true;if b = false:For example,reduce(empty ; next empty; ") = 9"0 : f"0 = true ^" = false ^next (" = true)g:Notice that when the above technique is used to execute a program the order inwhich reductions are carried out may be important. For example, if the programA = B ^ B = 0 is reduced in left-to-right order the value of B will not be de�nedwhen it is required for the assignment A = B. There are various ways to dealwith this situation. The simplest is to regard the program as erroneous. Moresophisticated approaches involve either transforming the program into the equivalentform B = 0 ^ A = B prior to execution, or postponing reduction of the troublesomestatement until the value of B is de�ned. The latter approach is used in the Tempurainterpreter. This may, of course, result in deadlock if the program really is erroneousand the required value is not de�ned at all, but there are straightforward ways todetect the deadlock and take appropriate action.As already observed, the transformation reduce(p; ") does not generally reducethe program p to canonical form, but a number of further transformations may beused to remedy this. First, all existential quanti�ers must be moved to the outermostlevel, and then the conjuncts of the transformed program must be rearranged intothe desired �nal form. The next two sections describe how to do this.61



4.2.3 Local VariablesThe transformation above leaves existential quanti�ers alone. This section describeshow programs containing local variables may be transformed so that all variablesare declared at the outermost level. Hence, all internal declarations may be removedfrom a program.Local variables are introduced either by means of existential quanti�cation or asformal parameters of a function or predicate. They are statically bound; that is, thescope of a particular instance of a variable is determined by where it occurs in theprogram text rather than by where it is used, and in the usual way, each occurrenceof a variable is bound to the smallest enclosing declaration of the same name. Forinstance, the following program fragment contains two quite separate instances ofthe variable X. The scope of one is con�ned to the inner existential quanti�cation,the other's scope covers everywhere that is within the outer but outside the innerquanti�cation.9X; Y : fX" = 1 ^ f = (�() : X") ^ 9X : fX = 2 ^ Y = f()gg:The reference to X within the function f is bound to the outer instance of X.1 Thus,Y is set to 1.The scope of a local variable may be increased provided that it is renamed asnecessary to avoid name clashes. If v0 does not occur freely in either p or p0 thenp ^ (9v : p0) � 9v0 : fp ^ p0[v0=v]g(9v : p) ^ p0 � 9v0 : fp[v0=v] ^ p0gand similarly for the other primitive operators. For instance, the program fragmentabove is equivalent to the following fragment in which the inner instance of X hasbeen renamed and moved outwards.9X; Y; X0 : fX = 1 ^ f = (�() : X) ^ X0 = 2 ^ Y = f()g:In this way all existential quanti�ers may be moved to the outermost level of a pro-gram. In practice, of course, explicit renaming is not needed to execute a program,it is su�cient to ensure that each variable corresponds to a unique storage location.4.2.4 Final TransformationHaving moved all existential quanti�ers outwards, the conjuncts of the transformedprogram must be regrouped into the state formulae described in section 4.2.1 above.This is easily achieved since conjunction is both commutative and associative, and1This, incidentally, shows how lambda expressions may be used to de�ne pointers in Tempura.62



since the operator next distributes through conjunction. In other words, the pro-gram may be rewritten according to the following equivalences:p ^ p0 � p0 ^ p(p ^ p0) ^ p00 � p ^ (p0 ^ p00)(next p) ^ (next p0) � next (p ^ p0):Thus, the canonical form is obtained.4.2.5 PredicatesFinally, consider the semantics of a predicate invocation. In ITL the application ofa predicate de�ned byp(v 1; : : : ; vn) def= bodyto arguments arg1; : : : ; argn denotes the formula or expression gained by substitutingarg i for all free occurrences of v i in the body of the predicate,body[arg1=v 1; : : : ; argn=vn](renaming bound variables as necessary). This expansion takes place each time thepredicate is encountered, so a recursively de�ned predicate is unfolded one step ata time.The argument-passing semantics described above are assumed in all the followingprograms; they are the semantics of call-by-name. However, an implementation ofTempura would probably need to use a more e�cient argument passing mechanismthan this. Indeed, I indicated in chapter 2 that the Tempura interpreter uses acall-by-reference mechanism by default. In most common cases the semantics ofcall-by-name and call-by-reference are identical (when the arguments are simplereferences or static expressions). When they are not, the call-by-name semanticsmay be simulated using either the macro facility or by introducing an extra variableand using call-by-reference, which may be done automatically.4.3 Derived OperatorsMost of the derived operators that were de�ned in section 3.3 can also be de�nedin Tempura, but some of those which were de�ned in terms of negation are not sogeneral as in ITL. 63



4.3.1 Classical OperatorsOf the classical operators, conjunction and the conditional (itself in restricted form)are taken as primitive in Tempura, andif b then p � if b then p else true:The remaining boolean connectives may only be used in boolean expressions.Universal quanti�cation (8) cannot be de�ned as it was in full ITL, but boundeduniversal quanti�cation can be expressed as a �nite conjunction of terms. It maybe expressed inductively:forall i < 0 : p � trueforall i < n+ 1 : p � (forall i < n : p) ^ p[n=i]:Other forms, such as forall v 2 l : p for a list l, are de�ned similarly.4.3.2 Temporal OperatorsThe operator empty has been taken as primitive, but the unit-length construct, skip,can be de�ned as before, as can the length operator, len . The operator always ,de�ned in terms of negation, is expanded as follows in Tempura,always (p) � p ^ if :empty then next always (p):The operator sometime is of little use operationally except perhaps for checking aspeci�cation. It can be executed by expanding in a similar way to always .The operators halt , which de�nes a termination condition, keep , which is likealways on all but the last state, and fin which asserts its argument on the laststate, are all de�ned as before.4.3.3 Assignment OperatorsUnit-assignment can be de�ned in Tempura as it was in ITL, but that de�nition israther ine�cient in practice, and such assignments are so common that it is desirableto build in a more e�cient form which by-passes the elementary operations. Indeed,I show in chapter 6 that it is sometimes more natural to regard unit-assignment asprimitive.Stability can also be de�ned in a much more e�cient form than its original de�-nition. On conventional processors it can just be ignored if no checking is required.In chapter 6 I show that the need for stable can be eliminated by using framevariables.The other assignment operators, is,  , (, and gets, are de�ned as before.64



4.3.4 Iterative OperatorsThe iterative constructs for n times do p and for i < n do p may be de�ned asbefore, but the following expansion property of the while loop is used operationally:while b do p = if b then (p ; while b do p) else empty;but this does not behave in quite the way desired because if p is empty when bis true the computation never terminates. Further iterative constructs, such asrepeat p until b, are expanded in a similar way.4.3.5 Input and OutputA real Tempura program must be given the means to communicate with the outsideworld through input and output. Useful input and output facilities may need to bequite sophisticated, but for the purposes of this discussion two naive functions willsu�ce. The function input reads input from some device, such as a keyboard, andthe function output produces output on another device, maybe a terminal. Bothof these functions take a variable number of (zero or more) arguments whose valuesare read from the input device or written to the output device. Absence of inputor output is denoted by a call of the corresponding function with no arguments:input() or output().Informally, input and output devices may be thought of as list-valued state vari-ables, Input and Output say. Then a call of input(X; Y; Z) sets X, Y and Z to theappropriate elements of the input listinput(X; Y; Z) � X = Input[0] ^ Y = Input[1] ^ Z = Input[2];and a corresponding call of the output function constructs an output list from itsargumentsoutput(X; Y; Z) � Output = [X; Y; Z](with some syntactic sweetening). By convention, if no output assertion is made ata particular point in time, then the assertion output() is assumed. This preventsany output from appearing by outputting the empty list of values, Output = [ ].Later, in section 6.3.1, I discuss how the same e�ect might be achieved semantically,without the need for this convention.Although these input and output operations need to be extended to handle allthe options required in a usable system, they can be explained within the semanticsof Tempura. They are not \side-e�ects".65



4.4 DiscussionAlthough the decision to restrict Tempura to a deterministic subset of ITL was madefor sound engineering reasons (such as e�ciency of execution), there is every reasonto expect that other executable subsets of temporal logic might be equally usefulin di�erent problem domains. For executing abstract speci�cations it may be thata language with conventional \logic programming" features is more appropriate.For instance, language Tokio [FKTM86] makes use of the uni�cation and resolutionmechanisms of Prolog (see section 1.3.6). On the other hand, it is possible to de�ne a\stripped down" language for (say) real-time programming. Such a language wouldnot perform run-time checks, and statements would be executed strictly in order ofoccurrence. The existing interpreter is something of a compromise between the two.
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Chapter 5Veri�cation and TransformationThis chapter discusses how to verify that a Tempura program meets its speci�cation, and how totransform it into another program with the same essential properties. Veri�cation and transfor-mation can both be done using a computerised theorem prover such as HOL. Programs may beveri�ed either directly by natural deduction, or by using proof rules. A program may be trans-formed using either logical equivalence to get a new program with identical behaviour, or usingfunctional equivalence to get a di�erent program that computes the same function.Even in the early days of computing it was considered that complex programs some-times need to be formally checked. In 1949 Turing introduced the idea by show-ing how to demonstrate the correctness of a small program for computing factori-als [Tur49]. However, systematic attempts at program veri�cation really began withFloyd's technique for verifying 
owchart programs [Flo67], and Hoare's well-knownaxiomatic method for proving the correctness of simple sequential programs [Hoa69].Since then Hoare's logic has been extended to handle a wider class of programs,including parallel programs [Lam80], and has remained one of the most widely ac-cepted methods for verifying imperative programs.Mathematically-inspired programming languages, such as Tempura and func-tional languages, raise the possibility of more direct methods of veri�cation, since inthese languages the programs are themselves mathematical formulae. This means,for example, that the notion of equivalence between two programs is just the usuallogical equivalence, and that the idea of a program implementing a speci�cation maybe reduced to logical implication.However, formal veri�cation remains a very expensive activity and it will not beused on a large scale unless the cost of proving real programs is reduced by severalorders of magnitude. Despite this, there are already some areas of design wherethe potential cost of mistakes exceeds the cost of veri�cation. Examples include thesafety-critical control systems used in areas such as medical monitoring, 
y-by-wireaircraft systems, railway signalling and nuclear reactor control, and the crucial partsof larger systems such as operating system kernels, communications protocols andsecurity systems. A great deal depends on systems such as these, so it is essential67



that they do function properly. Furthermore, these systems are often small andrelatively simple compared to most commercial computing systems, so they presentan easier target for the veri�er.There are basically two ways to guarantee that a program meets its speci�cation.One is to verify the program after it has been written and tested, to give a �nalseal of approval. The other is to design the program by transformation, either fromanother program which is known to be correct, or directly from its speci�cation.Each approach has its place, and Tempura adapts well to either. Not only doesTempura have a direct mathematical interpretation, but the same formalism (ITL)is also used for speci�cation.5.1 Veri�cationA promising approach to veri�cation, and one which seems to o�er the most hopewhen faced with real programs, uses the embedding of ITL in higher-order logicdescribed in chapter 3. It is a promising approach because higher-order logic providesa foundation for integrating ITL with other mathematical theories, and also becausea number of powerful theorem proving systems for higher-order logic already exist.One of these, Gordon's HOL system [Gor87], forms the basis of this discussion.5.1.1 Natural DeductionITL, as presented in chapter 3, is a conservative extension of the primitive HOL logictogether with whatever theories are needed to construct expressions (numbers, listsand so on). The only axioms are the de�nitions of the operators; no new inferencerules are axiomatised. Theorems of ITL can be proved by natural deduction from thede�nitions, using the usual inference rules of logic, such as substitution of equality,modus ponens and induction.For example, the meaning of empty is stated in the following theorem, whichasserts that empty is true on any interval � of length zero. The turnstile symbol (`)denotes that what follows is a theorem.` empty ==== �� : j� j ==== 0 [empty semantics]This theorem is easily proved by expanding the de�nition of empty, substituting thede�nitions of negation, next and true, simplifying the result, and then using thefact that zero is the least natural number.11Recall that the emboldened forms denote classical operators.68



TO PROVE empty ==== �� : j� j ==== 0empty ==== : next true [de�nition of empty]==== �� ::::: (j� j >>>> 0 ^̂̂̂ T) [expanding de�nitions]==== �� ::::: (j� j >>>> 0) [since p ^̂̂̂ T ==== p]==== �� : j� j ���� 0 [since :::: (n >>>> m) ==== n ���� m]==== �� : j� j ==== 0 [since :::: (n <<<< 0) for n 2 N]A semantic theorem of this kind can be obtained for each of the derived operatorsof ITL. Here are some examples in which v and v0 are state variables, which, as youwill recall from section 3.2.3, denote the functions mk state(v̂) and mk state(v̂0).` p � p0 ==== �� : p(� ) ���� p0(� ) [� semantics]` skip ==== �� : j� j ==== 1 [skip semantics]` v := v0 ==== �� : j� j ==== 1 ^̂̂̂ v̂(�1) ==== v̂0(�0) [:= semantics]` v  v0 ==== �� : v̂(�j� j) ==== v̂0(�0) [ semantics]The �rst example states that implication is just a lifted form of classical implication,the second that skip is true on any unit-length interval, the third that the unit-assignment v := v0 is true on an interval of unit-length if the next value of v equalsthe initial value of v0, and the last one states that the temporal assignment v  v0holds whenever the �nal value of v equals the initial value of v0. Theorems such asthese greatly simplify the task of proving properties of programs.5.1.2 Properties of ProgramsA program p is said to satisfy the speci�cation s if any execution of p results in abehaviour for which the speci�cation is also true; that is, if it can be proved that pimplies s on every interval:` 8888 � 2 I : (p � s)(� ):Formulae such as this, which are true on all intervals, are said to be valid in ITL;and the double turnstile symbol (j=) is used to denote a valid formula. Thus,j= p � sis another way of writing the theorem above.A trivial example of a valid property is the following theorem, which asserts thatif the variable Y is initially one, and it is multiplied by x on a single step, then thee�ect is to set the �nal value of Y to x.j= (Y = 1 ^ Y := Y� x) � (Y x):The proof of this theorem in HOL comes in a straightforward way from substitutingthe de�nitions of the operators and simplifying the result. Each step in the prooffollows from the previous one by elementary rules of logic.69



TO PROVE 8888 � : ((Y = 1 ^ Y := Y� x) � (Y x))(�)1. (Y = 1 ^ Y := Y� x)(�) [program]2. (Y = 1)(�) ^̂̂̂ (Y := Y� x)(�) [^ semantics]3. (Ŷ(�0) ==== 1) ^̂̂̂ (j� j ==== 1) ^̂̂̂ (Ŷ(�1) ==== Ŷ(�0) ���� x̂) [=, := semantics]4. (Ŷ(�0) ==== 1) ^̂̂̂ (j� j ==== 1) ^̂̂̂ (Ŷ(�1) ==== 1 ���� x̂) [substituting Ŷ(�0)]5. (Ŷ(�0) ==== 1) ^̂̂̂ (j� j ==== 1) ^̂̂̂ (Ŷ(�1) ==== x̂) [since 1 ���� x̂ ==== x̂]6. (Ŷ(�0) ==== 1) ^̂̂̂ (j� j ==== 1) ^̂̂̂ (Ŷ(�j� j) ==== x̂) [substituting j� j]7. (Ŷ(�j� j) ==== x̂) [since (p ^̂̂̂ p0) ���� p0]8. (Y x)(�) [ semantics]This sort of proof can be extremely tedious; it is neither mathematically interesting(because it is shallow), nor computationally interesting (because you already \knew"the result to be true). Large examples are also error-prone because of the hugenumbers of logical inferences required to prove even the simplest results. It is mainlyfor these reasons that proofs are better done with a computerised tool, such as HOL,to take care of all the trivial steps.5.1.3 Mathematical InductionAn important technique in program veri�cation is mathematical induction. Forinstance, the following valid property states that if Y is initially one, and is multipliedn times by x, then it ends up with the value xn:j= (Y = 1 ^ for n times do Y := Y� x) � (Y xn):To prove this result for general n requires induction. The proof is in two parts, the�rst of which is a proof that the result holds in the base case, when n = 0, and thesecond that if it holds for some n then it must hold for n+1. From these two proofsone may conclude that the result holds for any value of n.BASE CASE 8888 � : ((Y = 1 ^ for 0 times do Y := Y� x) � (Y x0))(�)1. (Y = 1 ^ for 0times do Y := Y� x)(�) [base case]2. (Y = 1 ^ empty)(�) [for de�nition]3. (Ŷ(�0) ==== 1) ^̂̂̂ (j� j ==== 0) [empty, = semantics]4. (Ŷ(�j� j) ==== 1) [substituting j� j]5. (Y x0)(�) [since x0 = 1]70



INDUCTIVE STEP 8888 � : ((Y = 1 ^ for n+ 1times do Y := Y� x) � (Y xn+1))(�)ASSUMING 8888 � : ((Y = 1 ^ for n times do Y := Y� x) � (Y xn))(�)1. (Y = 1 ^ for n+ 1 times do Y := Y� x)(�) [inductive step]2. (Y = 1 ^ for ntimes do Y := Y� x ; Y := Y� x)(�) [for de�nition]3. (Y xn ; Y := Y� x)(�) [by assumption]4. 9999 i ���� n̂ ++++ 1 : (Ŷ(�i) ==== x̂n̂) ^̂̂̂ (Ŷ(�i+1) ==== Ŷ(�i) ���� x̂) ^̂̂̂ (j� j ==== i ++++ 1) [ , chop, := sem.]5. (Ŷ(�j� j) ==== x̂n̂ ���� x̂) [substituting j� j and Ŷ(�i)]6. (Y xn+1)(�) [since xn � x = xn+1]Thus, the iterative program has the desired functional behaviour for every value ofn. Functional properties of the kind described so far are perhaps the most commonforms of speci�cation, as very often one is only concerned with the �nal result ofa calculation. However, particularly when dealing with interactive programs, it issometimes necessary to verify what happens during the execution of a program.For instance, a control program might repeatedly increment a certain variable, Xsay, whilst checking that some other quantity does not exceed X � n. Rather thanrepeatedly multiply X by n, the program maintains another variable Y which itincrements in steps of n. This program depends on the property that incrementingY in steps of n results in the value of Y always being n times that of X. In otherwords,j= (X = 0 ^ Y = 0 ^ X gets X+ 1 ^ Y gets Y+ n) � (Y is X� n):The proof of this theorem also requires induction, but the details are not given.5.1.4 Proof RulesVeri�cation is a time-consuming business. One way to speed it up is to develophigher-level proof rules, so that a proof may be done in a smaller number of higher-level steps. For instance, in chapter 6 I show that the rules of Hoare's logic can alsobe used as proof rules in ITL, though now they become derived theorems ratherthan accepted laws. This has the advantage that it is possible to derive rules fornew program operators as needed, and without the risk of introducing unsoundnessinto the logic.25.1.5 Hierarchical DecompositionAnother way to make the veri�cation task more manageable is to divide a largeproof into smaller parts, prove the parts independently, and then recombine them2An unsound system is one that allows you to prove contradictory results.71



s = s0 ^ s1s0 = s00 ^ s01 s1 = forall i < n : s10s00 = loop s000 s01 s10 = s100 ; s101s000 s100 s101
������ AAAAAU������ AAAAAU AAAAAU������ ������ AAAAAUFigure 5.1: Hierarchical decomposition of a speci�cation s into a simpler speci�ca-tions, each of which may be implemented and veri�ed separately.to get the desired result. This is possible because programs and speci�cations arecompositional; in other words, when two programs are composed together theirproperties are also.In general, if p and p0 are two programs with speci�cations s and s0, then theconjunction of p and p0 satis�es the conjunction of their speci�cations. This isexpressed in the following rule:j= p � s; j= p0 � s0j= (p ^ p0) � (s ^ s0) [and-composition](the conclusion below the line may be deduced from the hypotheses above). Likewise,the sequential composition of p and p0 satis�es the sequential composition of theirspeci�cations,j= p � s; j= p0 � s0j= (p ; p0) � (s ; s0) [chop-composition]and similar relationships hold for other Tempura operators. Thus, a large problemmay be hierarchically decomposed into its component parts.Figure 5.1 shows how a typical speci�cation might be decomposed into a num-ber of simpler speci�cations, each of which may be implemented separately. In alarge software project such a decomposition might be used to assign subproblems todi�erent teams of programmers. 72



5.2 TransformationProgram transformation is just another aspect of veri�cation, but one which isconcerned with proving a relationship (such as equivalence) between two di�erentprograms. The purpose of transforming a program is normally to change its oper-ational behaviour in some way, perhaps to make it execute more e�ciently. Buttransformation may be used simply to show that two programs are equivalent bytransforming them both, step by step, into the same form.5.2.1 Transformation RulesThe most straightforward method of transformation is to replace one formula or termwith a logically equivalent one. This results in a new program whose behaviour isidentical in every respect to the original. For example, because conjunction is com-mutative and associative the order and grouping of parallel operations is immaterial.Thus, the programY; N gets Y� x; N� 1 ^ Y; N = 1; n ^ halt (N = 0)may be transformed into the equivalent programY; N = 1; n ^ halt (N = 0) ^ Y; N gets Y� x; N� 1;and on a uniprocessor the transformed program may be executed more e�cientlythan the original because each step can be performed in a single left-to-right pass(see section 4.2.2).Transformations such as these may be applied mechanically by rewriting theoriginal program. Any equivalence may be used for transformation, and equivalentprograms or sub-programs may be substituted for one another under any circum-stances. In other words,if j= p � p0 then 8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:j= (p ^ p00) � (p0 ^ p00)j= (p00 ^ p) � (p00 ^ p0)j= (if b then p else p00) � (if b then p0 else p00)j= (if b then p00 else p) � (if b then p00 else p0)j= (9v : p) � (9v : p0)j= (next p) � (next p0)j= (p ; p00) � (p0 ; p00)j= (p00 ; p) � (p00 ; p0)Some useful equivalences are given here for later use. These examples follow theusual naming convention; that is, p, p0 and p00 denote arbitrary formulae and e, e073



denote state expressions.j= p ^ p0 � p0 ^ p [and-commut]j= (p ^ p0) ^ p00 � p ^ (p0 ^ p00) [and-assoc]j= (next p) ^ (next p0) � next (p ^ p0) [next-and]j= (next p) ; p0 � next (p ; p0) [next-chop]j= (p ; p0) ; p00 � p ; (p0 ; p00) [chop-assoc]j= (e = e0 ^ p) ; p0 � e = e0 ^ (p ; p0) [equals-chop]j= empty ; p � p [empty-chop]The �rst two of these transformations were used above; the others will be used inlater sections.5.2.2 Canonical FormEach of the above transformations produces a program that is logically equivalentto the original. As well as being used to derive a new program from an existing one,they may therefore be used to verify the equivalence of two existing programs. Inprinciple, two programs are equivalent if one can be transformed into the other, butin practice it is often simpler to transform both into the same intermediate form.If this can be done both programs, p and p0 say, are equivalent to the intermediateform, p00, and hence to one another because equivalence is transitive; that is,j= p � p00; j= p00 � p0j= p � p0 [equiv-transitive]The technique can be made more methodical by �xing on a canonical intermediateform, and a natural choice is to use a reduction process similar to the one for exe-cuting programs, as described in section 4.2.2. The general idea can be understoodfrom the examples below.As a �rst example, consider reducing the program below, which sets the variableY to 1 and then multiplies it by x in one step.Y = 1 ^ Y := Y� xIt is not hard to see that this program just sets Y to x on the next step and thenhalts. The transformation follows the sequence of steps below. Each line followsfrom its predecessor by rewriting with the equivalences above in addition to theusual rules for substitution and quanti�er elimination, but some elementary stepsare omitted in order to simplify the description.74



TO PROVE Y = 1 ^ Y := Y� x � Y = 1 ^ next (empty ^ Y = x)1. Y = 1 ^ Y := Y� x [initial program]2. Y = 1 ^ skip ^ 9x0 : fx0 = Y� x ^ next (Y = x0)g [:= de�nition]3. Y = 1 ^ next (empty) ^ 9x0 : fx0 = Y� x ^ next (Y = x0)g [skip de�nition]4. Y = 1 ^ next (empty) ^ 9x0 : fx0 = x ^ next (Y = x)g [substitution of Y and x0]5. Y = 1 ^ next (empty) ^ next (Y = x)g [quanti�er elimination]6. Y = 1 ^ next (empty ^ Y = x)g [next-and]This is really no more than a restatement of the semantics of unit-assignment.A more substantial example is to show the equivalence of the two programs,exp pgm(x; n; Y; N) and exp pgm0(x; n; Y; N), which were introduced in chapter 2. Bothcalculate the value of xn in Y, but they are de�ned in very di�erent ways. The �rstone uses a while-loop in the usual imperative manner.exp pgm(x; n; Y; N) def= Y; N( 1; n ; exp while(Y; N)exp while(Y; N) def= while N 6= 0 do Y; N := Y� x; N� 1;and for general n this program may be reduced to the recursive form:j= exp pgm(x; n; Y; N) � Y; N = 1; n ^if n = 0 then emptyelse fnext exp pgm(x; n� 1; Y; N)g:The reduction is in two parts; the �rst is to transform the chop into a conjunction,and the second is to transform the while-loop. The �rst part proceeds as follows,TO PROVE Y; N( 1; n ; exp while(Y; N) � Y; N = 1; n ^ exp while(Y; N)1. Y; N( 1; n ; exp while(Y; N) [initial program]2. (empty ^ Y; N = 1; n) ; exp while(Y; N) [( de�nition]3. (Y; N = 1; n ^ empty) ; exp while(Y; N) [and-commut]4. Y; N = 1; n ^ (empty ; exp while(Y; N)) [equals-chop]5. Y; N = 1; n ^ exp while(Y; N) [empty-chop]Transformation of the while-loop depends on the recursive \unfolding" propertybelow, which re
ects the way that the loop while b do p is executed; if b is true dop and then test b again, otherwise halt.j= while b do p � if :b then empty else (p ; while b do p) [unfold-while]After unfolding the loop, the transformation is much like the one above; the unit-assignment is reduced �rst, and then the result is simpli�ed.75



The second program, exp pgm0(x; n; Y; N), uses the operators gets and halt inplace of the while-loop in exp pgm.exp pgm0(x; n; Y; N) def= Y = 1 ^ N = n ^ exp gets(x; n; Y;N)exp gets(x; n; Y;N) def= halt (N = 0) ^ Y; N gets Y� x; N� 1:Since gets and halt are de�ned in terms of always , the transformation this timedepends on an unfolding theorem for the operator always .j= always p � p ^ if :empty then (next always p) [unfold-always]In other respects the transformation proceeds in much the same way as those aboveto give the equivalent intermediate form:exp pgm0(x; n; Y; N) � Y; N = 1; n ^if n = 0 then emptyelse fnext exp pgm0(x; n� 1; Y; N)g:The two programs therefore reduce to identical (primitive recursive) form, fromwhich it may be concluded that they are equivalent.5.2.3 Functional EquivalenceAll the transformations encountered up to now have been logical equivalences; inother words they transform one program into another that has identical behaviour.Very often, however, equivalence is too strong a relation. It means, for example,that the original and transformed programs take exactly the same number of stepsto complete, whereas it may only be important that they produce the same �nalresult from the same initial data. In fact, one of the principal uses of programtransformation is to come up with better and faster ways of achieving equivalentresults. In this section I introduce a weaker relation, called functional equivalence,to capture the idea of programs producing equivalent �nal results.The method is straightforward. Informally, one �rst de�nes the function, function(p),of a program p to be its behaviour on the �rst and last states of an interval. So, forexample,j= function(X := 0) � X 0j= function (X := 0 ; X := X+ 1) � X 1:Then one de�nes two programs to be functionally equivalent if they have the samefunction. In this view a program is a \black box" that accepts initial data, grindsaway for a while, and �nally produces a result of some kind; the intermediate be-haviour is not considered. An important consequence is that if two programs arefunctionally equivalent, then replacing one by the other in a sequence of steps resultsin a new program with the same function.76



Let us de�ne functional behaviour semantically.3 The formula function p istrue on an interval � if there is another interval � 0 on which p is true, and which hasthe same �rst and last states as � ; that is,function p def= �� :9999 � 0 : (p(� 0) ^̂̂̂ (� 00 ==== �0) ^̂̂̂ (� 0j� 0j ==== �j� j)):For instance, the function of a functional speci�cation is itself,j= function (v  e) � v  e:and the function of empty is to ensure that the initial and �nal states of the intervalare identical, which means that every variable must be assigned to itself.Functional equivalence is simply de�ned to be equivalence between functionalbehaviours. Thus, programs p and p0 are functionally equivalent, written p � p0, iffunction p and function p0 are equivalent:p � p0 def= function p � function p0:For example,Y = 1 ^ Y := xn � Y = 1 ^ for n times do Y := Y� x:Note that functional equivalence is an equivalence relation. Furthermore, a programmust satisfy its own functionj= p � function p;so if two programs p and p0 are functionally equivalent, they satisfy the same func-tional speci�cation.Functional equivalence has some useful properties. The most important is thatall operators, except conjunction, preserve functional equivalence. Thus,if j= p � p0 then 8>>>>>>>>>><>>>>>>>>>>:j= (if b then p else p00) � (if b then p0 else p00)j= (if b then p00 else p) � (if b then p00 else p0)j= (9v : p) � (9v : p0)j= (next p) � (next p0)j= (p ; p00) � (p0 ; p00)j= (p00 ; p) � (p00 ; p0)Conjunction does not in general preserve functional equivalence because both com-putation length and intermediate behaviour are important in this case. However,under severe restrictions, functionally equivalent programs can be substituted inconjunctions. Su�cient restrictions are that the computation lengths of the twosub-programs should be equal, and neither conjunct should access a variable that3This can also be de�ned using temporal abstraction, which is the \inverse" of temporal projec-tion (see chapter 9). I have discussed temporal abstraction previous work [Hal87].77



is modi�ed by the other; that is, the parallel sub-programs operate independently.4Under these restrictions,if j= p � p0 then (j= (p ^ p00) � (p0 ^ p00)j= (p00 ^ p) � (p00 ^ p0)Note that the computation lengths of two programs can be made equal by extendingthe shorter one to the length of the longer, whilst keeping all program variablesstable. The parallel composition operator (k), which is introduced in chapter 8,does this automatically.5.2.4 E�ciencyApplication of these rules lets us systematically improve the operational character-istics of programs whilst preserving their functional behaviour. Consider, yet again,the iterative program for calculating xn,Y = 1 ^ for n times do Y := Y� x;which was shown in section 5.1.3 to have the function Y xn. This time the aim isto derive a \faster" version.The �rst step is to transform this program into an equivalent one by splitting thefor-loop into a sequence of smaller loops. In general, if n and n0 are non-negative,j= for n+ n0 times do p � for n times do p ; for n0 times do p:In this case, an obvious way to divide the loop is according to the binary expansionof n; that is, the expansion n = Plog(n)i=0 bit(i; n)� 2i, where bit(i; n) denotes theith bit in the binary representation of n, and log(n) here denotes the number ofbits needed to represent n (so log(0) = 1). This leads to the logically equivalentprogram:Y = 1 ^for i < log(n) + 1 dofor bit(i; n)� 2i times do Y := Y� x:The inner loops have the function Y  (if bit(i; n) = 1 then Y � x2i else Y, so,supposing for the moment that we already have a way to calculate x2i, they may berewritten to get the functionally equivalent program:Y = 1 ^for i < log(n) + 1 doY := (if bit(i; n) = 1 then Y� x2i else Y);4Naturally, functional equivalence is not a useful concept for reasoning about parallel co-operating processes. General laws for co-operating processes may arise from the message-passingmechanisms described in chapter 10. 78



and, of course, x2i can be calculated very quickly by repeatedly squaring x. Thus,this program may be transformed to the logically equivalent form below, using alocal variable to hold the values of x2i.9X : fX; Y = x; 1 ^for i < log(n) + 1 doX; Y := X� X; (if bit(i; n) = 1 then Y� X else Y)g:This is functionally equivalent to the original. The new program outperforms theoriginal when log(n) + 1 < n; that is, for values of n in excess of 2.5.3 DiscussionI do not pretend in this chapter to have presented a fully-
edged proof theory forTempura programs; much more work is needed just to come up a system that isuseable on realistic problems. Nevertheless, this is a start. I have shown that arange of proof and transformation techniques can be applied to Tempura programs,and there are many more strategies that might be used. For instance, parts of theveri�cation process might be automated, and certain kinds of programs might besynthesised from their speci�cations. However, there are limits to what veri�cationcan achieve.5.3.1 Satisfaction Guaranteed?Taking satisfaction to be logical implication as above gives rise to an unfortunateloophole. If a program is ever inconsistent, and so logically false, it then satis�es anyspeci�cation whatsoever, because the formula false implies anything. Consider thefollowing valid implication:j= (len (n) ^ I = 0 ^ I I+ 1) � (I 1):The program len (n) ^ I = 0 ^ I  I + 1 does indeed satisfy the speci�cation,I  1, provided that n is not zero. But if n is zero the program asserts thatI = 0 and I = 1 at the same time; it is logically inconsistent, and its behaviour isunpredictable. In the extreme case, the program false implies every speci�cation,but achieves nothing at all.Camilleri et al. discuss a number of ways around this problem [CGM86] but noneof them seems entirely satisfactory. The inconsistency in the example above couldbe spotted by attempting to prove that the program can be executed successfullyfor any value of n; in other words for all values of n there is an interval on whichthe program is true. Failure to prove the case n = 0 might suggest that something79



was amiss, and would certainly prevent one from concluding that the program wascorrect.There are, however, some drawbacks to this technique. Firstly, it cannot bedirectly incorporated into the de�nition of satisfaction without sacri�cing composi-tionality. Secondly, it makes it harder to write programs that have genuine \don'tcare" inputs. For example, one might not care what the program above does whenn is zero if it is never to be used in such a situation. Nevertheless, a consistencycheck is always required before concluding that a program satis�es its speci�cation.Of course, it is also possible to draw unintented conclusions if one's speci�cationcontains errors; in the worst case, the speci�cation true is satis�ed by any programwhatsoever. This extreme is most unlikely to occur in practice, but it is neverthelesstrue that one needs to be con�dent that one has speci�ed the intended behaviour.However, speci�cation errors cannot readily be detected by formal veri�cation; andthat is why simulation and prototyping are indispensable.5.3.2 Mechanical Veri�cationNumerous computer-aided veri�cation systems have been designed and built, butmostly they fall into two broad categories re
ecting the philosophy of their designers.In the �rst category are the completely automatic veri�ers which make few demandsof the user. He or she just enters a description of what is to be proved, and sometime later the system outputs a verdict: \true" or \false" (or possibly \don't know").In the second category are the user-guided systems which require the user to knowsomething about proof techniques. As well as providing a description of what isto be proved, he or she must now give directions on how to do the proof. Bothapproaches have their merits.There are completely automatic veri�cation systems for temporal logic. Ex-amples include Clarke's Model Checker [CES86] and Abadi's resolution systemR [AM86]. The principal advantage of these veri�ers is simply that they are au-tomatic. The user need have no knowledge of the underlying mathematics, nor ofproof techniques in general. The disadvantage of automatic systems is that theymust be based on tractable decision procedures, and this limits the power of thespeci�cation language. Clarke's system can only handle �nite-state programs, andAbadi's is based on a �rst-order linear-time temporal logic (having no chop operatorand only static variables). Clearly, only certain aspects of program behaviour canbe investigated with these systems.The principal advantage of user-guided systems, such as the HOL system, is thatthey are based on richer mathematics in which ITL and other useful theories canbe embedded. The disadvantage of user-guided systems is that the user must knowhow to do the proof, at least in outline. The system just checks the proof and �llsin the low-level details; though what is meant by low-level depends on the system80



and on the skill of the user. The HOL system, for example, can be \programmed"to perform complex proof strategies automatically, thus combining the advantagesof human insight and mechanised drudgery.5.3.3 Transformation and SynthesisThere has been low-key interest in program transformation for many years. A sem-inal paper by Darlington and Burstall [DB73] describes a system for transformingfunctional programs. However, they do not give a formal measure of performance,so their guide to program improvement is empirically based. More recently, Hoareand Roscoe have devised systems of algebraic laws which may be used to transformCSP and Occam programs [Hoa85, RH88]. Again, no formal measure of improve-ment can be given, although parallel and sequential behaviours can be di�erentiated.Tempura, however, makes possible a delicate measure of improvement, namely thenumber of computational steps, though there must, of course, be restrictions gov-erning what can be done on each step. These will depend upon the implementationenvironment.Another kind of transformation, and one which o�ers an alternative to veri�ca-tion, is the direct synthesis of programs from their speci�cations. Other researchershave devised procedures for synthesizing certain types of programs. For example,Burstall and Darlington [BD77] and Manna and Waldinger [MW80] describe waysto synthesize recursive programs; and Emerson and Clarke [EC82] and Manna andWolper [MW84] describe how to synthesize the synchronisation parts of concurrentprograms from temporal logic speci�cations. Some of these techniques might wellbe adapted to synthesise Tempura programs, and could be mechanised in HOL.
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Chapter 6Sequential ProgramsThis chapter shows how to represent the semantics of a simple sequential programming languagein ITL. Most importantly, it shows that the usual destructive assignment statement of imperativeprogramming, with its associated inertial assumption, can be represented in ITL without the needfor new axioms. This is achieved by de�ning a new operator, called frame , which asserts that avariable remains stable unless it is explicitly changed.This chapter concerns the relationship between Tempura and ordinary sequentialprogramming in a language such as Pascal. It focusses on two crucial issues: as-signment and inertia. Both concern change, and it might be thought that they arejust two di�erent ways of looking at the same problem. Assignments tell us whatdoes change, inertia tells us what does not. But they are treated in quite di�erentways. Assignment is an active operation which causes a value to change, whereasinertia is a passive property which allows us to assume that variables do not changebetween assignments. I think it is fair to say that in the logical analysis of sequentialprocesses these two issues have caused more problems than any other.Two principal ways have been used to deal at a formal level with the problems ofdestructive assignment and inertia. One way, exempli�ed by Hoare Logic [Hoa69],is to axiomatise the problem away. In this approach, one simply takes assignmentand stability to be primitive by building their behaviour into a special logic. Thetrouble is that the elegant semantics of classical logic are lost in the process. Theother way, exempli�ed by the functional approach to programming [Bac78], is toprogram in abstract languages that entirely reject the concept of change. In thisway the simpler mathematical semantics are retained, but something of the rangeand clarity of expression of imperative languages is lost. Besides, there is no gettingaway from the fact that the vast majority of processors in use today depend onsomething like destructive assignment at the primitive instruction level.In this chapter I hope to convince you that ITL can handle both assignment andinertia in a purely logical framework. First, I show that the semantics of Tempuraare already quite close to the accepted view of sequential programming, the di�er-82



ence being that Tempura contains no inertial assumption. Then, to overcome thisproblem, I show how to de�ne the property of inertia within ITL. This is done byde�ning a new operator, frame , which chooses the inertial behaviour for a partic-ular variable. At the end of the chapter, I discuss some of the pitfalls of the frameoperator and a way to achieve almost the same e�ect without it.6.1 AssignmentSimple sequential programs are really much the same whether they are written inTempura or Pascal. But there is one major di�erence. In a Pascal program, whenan assignment is made to one variable it is assumed that all the other variables staythe same. This is not true in Tempura, at least not until the next section.6.1.1 SemanticsTo see the similarity, let us compare a standard treatment of program semantics withthe temporal logic view. Speci�cally, let us take Hoare's axiomatic logic [Hoa69] asthe basis for discussion, and then show that the same behaviour is represented inITL, without additional axioms.Hoare's LogicIn Hoare's method two assertions, a pre-condition p and a post-condition q , areassociated with each statement s of the program. In his original notationpfsgqis used to denote that if p holds immediately before s is executed, and if s terminates,then q will hold on termination.Assignment is taken to be a primitive operation. Its e�ect is captured by anaxiom scheme which says that if some post-condition p is to hold following theassignment v  e, then before the assignment the same condition must have heldwith v replaced by e.` p[e=v]fv  egp [assignment axioms]In addition, there are a number of inference rules for deriving properties of compoundstatements from the properties of their constituent parts. Three examples are givenbelow. The �rst of these allows one to strengthen the pre-condition or weaken thepost-condition, the second expresses the semantics of sequential composition, andthe last one expresses the semantics of the while-loop.83



` p0 � p; ` pfsgq ; ` q � q 0` p0fsgq 0 [consequence]` pfsgq ; ` qfs 0gr` pfs ; s 0gr [sequence]` p ^ bfsgp` pfwhile b do sg:b ^ p [iteration]These rules can be applied, statement by statement, to derive pre- and post-conditionsfor simple while programs.Temporal LogicNow let us look at how this works in temporal logic. The �rst thing to notice is thatassignment in Tempura is not quite as axiomatised by Hoare. Hoare's axiom says twothings. It asserts that the variable v is updated in the right way, but it also assertsthat no other variable changes. In other words, it assumes an inertial system. Forexample, the variable Y is assumed to remain stable when the assignment N N� 1is made. No such a priori assumption is made in Tempura, so the assignmentN N� 1 says nothing whatsoever about Y.In spite of this inertia can be represented in ITL, and how to do it is the subjectof section 6.2. But for now let us see how far we can get without assuming inertia.Let us continue with the notation pfsgq , but now it stands for the equivalentexpression in temporal logic,pfsgq = init (p) � s � fin (q);which should be read: \If p holds initially then if the statement s executes success-fully then q will hold �nally". The meaning is therefore just the same as before, butnow the the program is itself a logical formula, so the axioms and rules are derivedtheorems.The e�ect of a single conventional assignment vi  ei in a program which usesthe variables v0; : : : ; vn can be represented in Tempura by the multiple assignmentv0; : : : ; vi; : : : ; vn  v0; : : : ; ei; : : : ; vn:A multiple assignment of this form has essentially the same semantics as before. Ingeneral, provided that only the program variables v0; : : : ; vn, are free in the post-condition p, a multiple assignment satis�es:j= p[e0=v0; : : : ; en=vn]fv0; : : : ; vn  e0; : : : ; engp [assignment]It could be taken as a convention that all the program variables not explicitly men-tioned in the assignment are assigned to themselves, but I shall not do this.The others of Hoare's rules are also formally derived from the semantics of ITL,and not surprisingly they turn out to be just as before.84



j= p0 � p; j= pfsgq ; j= q � q 0j= p 0fsgq 0 [consequence]j= pfsgq ; j= qfs 0grj= pfs ; s 0gr [sequence]j= p ^ bfsgpj= pfwhile b do sg:b ^ p [iteration]Furthermore, it is easy to derive more rules for other program operators. For in-stance, there is one for composing programs in parallel:j= pfsgq ; j= qfs 0grj= p ^ p0fs ^ s 0gq ^ q 0 [parallel]Though when using this rule one must be careful to ensure that the parallel programsare not contradictory (see section 5.3.1).Special CasesThe two most frequently used forms of assignment in Tempura programs are equalityand next-assignment. These are both special cases of temporal assignment,j= empty ^ v  e � v = ej= skip ^ v  e � v �= e:There are alternative forms of both operators, initialisation and unit-assignment,with the computation length built-in,v ( e def= empty ^ v = ev := e def= skip ^ v �= e:It follows that these two operators also satisfy the multiple-assignment rule above.An ExampleUsing the rules above, one may prove correct the following Tempura program whichis supposed to compute xn in Y:exp pgm(x; n; Y; N) def= Y; N( 1; n;while N 6= 0 do fY; N := Y� x; N� 1g:The aim is to show that if the program terminates then Y ends up with the valuexn. The proof proceeds as follows: 85



TO PROVE truefY; N( 1; n ; while N 6= 0 do Y; N := Y� x; N� 1gY = xn1. truefY; N( 1; ngY = 1 ^ N = n [assignment]2. Y = 1 ^ N = n � Y = xn�N [arithmetic]3. truefY; N( 1; ngY = xn�N [consequence]4. Y = xn�N ^ N 6= 0fY; N := Y� x; N� 1gY = xn�N [assignment]5. Y = xn�Nfwhile N 6= 0 do Y; N := Y� x; N� 1gY = xn�N ^ N = 0 [iteration]6. Y = xn�N ^ N = 0 � Y = xn [arithmetic]7. Y = xn�Nfwhile N 6= 0 do Y; N := Y� x; N� 1gY = xn [consequence]8. truefY; N( 1; n ; while N 6= 0 do Y; N := Y� x; N� 1gY = xn [sequence]The proof is exactly as it would have been in Hoare's logic, except that one nowarrives at a theorem of ITL,j= exp pgm(x; n; Y; N) � Y xn:The proof can be done mechanically using the methods suggested in chapter 5.6.1.2 Notes on AssignmentBy and large, the assignment operators in Tempura behave in just the same wayas assignment in a conventional imperative language. But some aspects of theirbehaviour may not be obvious and are therefore worth pointing out. These observa-tions all have to do with timing, something that is not considered in the conventionaltreatment.Equality and CausalityEquality, when used as an assignment, asserts that two values are equal at the samepoint in the program. An assignment such as A ( A + 1 is therefore impossible toachieve. Logically, it is simply false,j= A( A+ 1 � false;since there is no choice of A for which A and A+ 1 are equal.Equality represents an instantaneous communication. It is not a causal opera-tion, and this is apparent in Tempura. For instance, the following four programs arelogically equivalent, since they all initialise A and B to zero on an empty interval:1: A( 0 ; B( A2: A; B( 0; A3: B; A( A; 04: B( A ; A( 0: 86



But they are not equally easy to execute!To be executed with maximum e�ciency, the assignments must be encounteredin the \correct" order. In the �rst program this is obviously so. The value of Ais de�ned before it is needed for the second assignment. In the second programthe assignments are also correctly ordered, for the multiple assignment expands asfollows:A; B( 0; A � empty ^ A = 0 ^ B = A:This being so, the assignments in third program must be encountered out of order.However, this can be discovered by data
ow analysis and the program transformedprior to execution, using the fact that conjunction commutes,j= empty ^ B = A ^ A = 0 � empty ^ A = 0 ^ B = A:Although the last program can be transformed in a similar way, it is not in generalso simple because the chop operator is not commutative.Assignment and TerminationTemporal assignment on an empty interval is just another representation of equality,and it su�ers from all the problems mentioned above. But there is an additionalhazard in this case. In a statement such ashalt (B) ^ A A+ 1great care must be taken to ensure that B can never be true initially; if it is, theinterval is empty and the program false. As a general rule it is better to reservetemporal assignment for speci�cations and use unit-assignment in programs.Unit-assignment is the minimum length assignment over which a change in valuecan be e�ected, and it bears a close resemblance to conventional assignment. Unlikeequality, unit-assignment is not order-sensitive. A unit-assignment, such as theexchangeA; B := B; A;may be executed by �rst evaluating all the expressions on the right-hand side andonly then updating the locations on the left-hand side. This directly re
ects thede�nition of unit-assignment given on page 55, where a local copy of the right-handexpression is made on the current state and assigned to the left-hand location onthe next state. 87



ListsThere are some particular problems associated with assigning values to individualelements of a list. First, if just a single element is assigned on a given step, itis necessary to ensure that all the other elements (and the number of elements)remain stable across the assignment. A predicate such as alter could be used forthis purpose, where alter(L; N;X) changes the Nth element of the list L to X, keepingall other elements stable,alter(L; N; X) def= jLj := jLj ^forall i < jLj :if i = N then Li := X else Li := Li:A more general predicate could be de�ned to alter a number of elements at a time.Another rather more subtle di�culty in assigning to an element of a list occurswhen the element is referenced by a variable which itself changes on the same step.For instance, in the program below an element of the list L is referenced by the statevariable N.N; LN ( 0; 0;N; LN := 1; 1:This program initialises both N and L0 to zero, but then it sets L1 to 1, not L0 asyou might expect. This is because the location to be assigned is evaluated when theassignment is made (after one step), rather than when the right-hand side of theassignment is evaluated. Again, the predicate alter solves this problem, because ittests the value of the subscript N at the start of the assignment and then keeps thatvalue in a static variable (the control variable of the forall ) until the assignmentis complete.6.2 InertiaThe accepted view of assignment, as described above, is one aspect of a generalphysical phenomenon. Our perception of the world is that most things are stablefor most of the time, so we con�ne ourselves to saying what changes from one momentto another, and assume that \everything else" remains the same. This phenomenonhas been extensively studied in arti�cial intelligence circles, where it is known asthe \frame problem". It is a major obstacle to a purely logical treatment of humanreasoning.The problem is less acute in the world of programming. Indeed, I have alreadyshown that Tempura can be made to work without a frame assumption. Neverthe-less, it is more convenient if we don't have to write extra code just to keep variablesstable, especially as most computers have an inertial assumption built-in, makingthe extra code redundant. 88



In this section I propose a way to de�ne inertia in ITL by introducing a newclass of \frame" variables, which automatically remain stable between assignments.I also discuss some of the limitations of frame variables, and �nally I describe a wayto achieve a similar e�ect without frame variables.6.2.1 Frame VariablesConsider the sequential program seq exp pgm(x; n; Y; N) below, which is intended tocalculate the value of xn in Y using an auxiliary variable N.seq exp pgm(x; n; Y; N) def= Y; N( 1; n;while N 6= 0 do fY := Y� x;N := N� 1g:It is syntactically correct, of course, and the intended behaviour, shown here forx = 2 and n = 3, does indeed satisfy it.time 0 1 2 3 4 5 6Y 1 2 2 4 4 8 8N 3 3 2 2 1 1 0 (6.1)The trouble is that unintended behaviours do also. For example, if N0 behaves inthe same way as N, but Y0 is set to zero on the second step, and remains at zerothereafter,time 0 1 2 3 4 5 6Y0 1 2 0 0 0 0 0N0 3 3 2 2 1 1 0 (6.2)then seq exp pgm(x; n; Y0; N0) holds. So too does seq exp pgm(x; n; Y00; N00), where Y00behaves like Y, but N00 is set to one on the �rst step and zero on the second, causingimmediate termination.time 0 1 2Y00 1 2 2N00 3 1 0 (6.3)What must be done is to select just those behaviours which also satisfy the frameassumption.The idea of this proposal is to de�ne a new operator frame , so that the formulaframe v : p is true if v satis�es the frame assumption as well as the property p. Sothe intention is that if all variables are framed the usual semantics of assignmentobtain; that is, frame variables retain their values unless explicitly changed. For89



instance, framing Y and N in the program seq exp pgm above ought to have thesame e�ect as inserting the appropriate assignments; that is,frame N : frame Y : seq exp pgm(x; n; Y; N) � stb exp pgm(x; n; Y; N);where stb exp pgm(x; n; Y; N) is de�ned as follows:stb exp pgm(x; n; Y; N) def= Y; N( 1; n;while N 6= 0 do fY; N := Y� x; N;Y; N := Y; N� 1g:The distinguishing feature of the framed behaviour is that in some sense it \min-imises the change" in variables Y and N. Let us therefore try to formalise this ideaof minimising change.Minimising ChangeFirst, we need a way to mark the steps on which a variable changes. This is easilyachieved by introducing a predicate �(v) which is false whenever the next value of vis the same as its current value; otherwise it is true. For instance, this is how �(Y)and �(N) behave on the inertial interval (6.1) above:time 0 1 2 3 4 5 6Y 1 2 2 4 4 8 8�(Y) true false true false true false trueN 3 2 2 1 1 0 0�(N) false true false true false true trueThe predicate �(v) is simply true whenever v is not stable from one state to thenext,�(v) def= :(v �= v);but observe that �(v) is necessarily true on the last state of an interval.When presented with two behaviours that satisfy a given formula, representedby the variables v and v0 say, then the one which changes less may be chosen bycomparing �(v) and �(v0). This is not a straightforward comparison, since it musttake causality into account. For example, the behaviour of Y above is preferred to Y0even though the total number of changes in Y on the inertial interval (6.1) is greaterthan the total number of changes to Y0 on the other (6.2). To allow for this, thecomparison should only proceed up to the �rst time that �(v) and �(v 0) di�er.If the notation p � p0 is used to denote this comparison for two formulae p andp0 (p is causally less than p0 say), then p � p0 if at some time p is false and p0 is true,and at all times before that p and p0 are equal. That is,p � p0 def= (p � p0) until (:p ^ p0); 90
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Figure 6.1: Construction of the formula extend prefix p.where the property p until p0 holds if p is true until p0 becomes true. It was de�nedon page 57.The Operator frameNow the operator frame can be de�ned so that frame v : p accepts only thoseintervals which satisfy the frame assumption for v. It is necessary to look, not justat all possible variables on one particular interval, but also at all the intervals thatinitially overlap the one being considered. It is essential to do this because otherwisebehaviours such as the short interval above on which N00 was prematurely set to zero(6.3) would not be eliminated.Two operators, extend and prefix , may be combined to examine all intervalswhich are the same up to a certain point, and then diverge. The operator extendlooks at shorter intervals, whereas prefix examines longer ones. Thus, the formulaextend p is true on an interval if the property p holds on some pre�x subinterval,whereas prefix p is true on any pre�x subinterval of a longer interval on which pholds. Their interval semantics are as follows:extend p = �� :9999 � 0 : j� 0j ���� j� j ^̂̂̂ � 0 ==== pre�x (j� 0j; � ) ^̂̂̂ p(� 0)prefix p = �� :9999 � 0 : j� j ���� j� 0j ^̂̂̂ � ==== pre�x (j� j; � 0) ^̂̂̂ p(� 0);where �; � 0 2 I. A de�nition of extend in terms of chop was given on page 52.Finally, the inertial property frame v : p holds on an interval, � say, providedthat property p holds and there is no more stable behaviour v0 that makes p true onanother interval, � 0 say, which shares its �rst few states with � .frame v : p def= p ^ @v0 : extendfv0 = v ^ prefix (p[v0=v]) ^ �(v0) � �(v)g;where the variable v0 is not free in p. The meaning of extend prefix p is illustratedin �gure 6.1. 91



An ExampleConsider what happens when Y is framed over the �rst two steps of the programseq exp pgm(x; n; Y; N), assuming that n 6= 0.frame Y : fY( 1 ; N( n ; Y := Y� x ; N := N� 1g:Framing Y does not a�ect the value of N in this example, so the only choice tobe made is the value of Y on the second state, everything else is predetermined.Denoting this value by Ŷ(�2), the behaviour of Y is as follows:time 0 1 2Y 1 x Ŷ(�2)�(Y) true Ŷ(�2) 6= x trueThe value of Y on the �rst and second states is �xed. To minimise change �(Y) mustbe false on the second state, if this is possible, for if it is not then there does existan Y0 for which the formula holds and �(Y0) � �(Y), namely the one for which �(Y0)is false on the second state! In this example it is possible, and only Ŷ(�2) = 2 makesnext (�(Y) = false). Hence the inertial behaviour of Y is derived.The inertial behaviour of N may be derived in a similar way by framing N, andobserving that the only free choice is the value of N on the second state. Taking thisvalue to be n� 1 minimises �(N).By extending these derivations to take in subsequent steps, the correct inertialbehaviour is found for the whole program. It is, as promised, exactly as if explicitassignments had been inserted,j= frame N : frame Y : seq exp pgm(x; n; Y; N) � stb exp pgm(x; n; Y; N):But things are not quite so simple as they might appear.6.2.2 Notes on Frame VariablesDoes the frame operator always capture the intended behaviour? The answer is thatit seems to do so for Tempura programs that are causal, but it has to be admittedthat the de�nition is rather tricky, and has not yet been proved to work in all suchprograms. On the other hand, it is known not to work well with non-causal ornon-deterministic formulae. This is quite a reasonable restriction because inertia isfundamentally causal; without the concept of a directional 
ow of time it has nomeaning. The examples below illustrate this.Equality and CausalityFirst, note that a frame variable must be initialised, because if it is not then itsinitial value must be determined by looking ahead in time. For instance, if the92



variable A is assigned the value 0 in one step but has no initial value, then framingA forces its initial value to also be 0.j= frame A : fA := 0g � fA( 0 ; A := Ag:This de�es causality. It cannot be implemented without backtracking over time.In practice, there are two ways to deal with this problem. One is to insist thatframe variables are explicitly initialised. The other way is to assume a default initialvalue if none is speci�ed. This could be either a special value, \unde�ned", or someparticular value of an appropriate type. Most other programming languages assumedefault values, which are usually supposed to be \unde�ned".As observed already, equality acts as a zero-delay assignment, which means thatit is not causal and so cannot be expected to mix well with the frame operator. Forexample, in the following formula framing A has no e�ect:j= frame A : fA( 0 ; skip ; B( Ag � fA( 0 ; skip ; B( Ag:Perhaps you might expect that framing A would force A to always be zero, and hencealso force B to be zero on the next step, but this does not happen. Of course, it is stillpossible that A is zero on the next step, but framing A gives no further informationabout its next value.Assignment and TerminationAs intended, unit-assignment generally �ts well into an inertial environment. Forexample, when the second initialisation in the previous program is changed intounit-assignment the situation is completely di�erent. Now framing A does force itto always be zero,j= frame A : fA( 0 ; skip ; B := Ag � fA( 0 ; A := A ; B := Ag:This is because the next value of A is chosen by looking at pre�x subintervals onwhich its possible values are unconstrained (whereas before they were constrainedto equal B).However, there are still anomalies with assignment. For example, every assign-ment must be associated with a particular computation length or termination 
ag.Unit-assignment therefore works correctly (if it didn't there would be little point tothe frame operator), but in general assignment only behaves in the desired way if itis \known in advance" when to complete the assignment.To see this, consider an interval on which the variable A is initially 0 and isassigned the value 1 in two steps. One might expect that framing A would cause itto retain its initial value until the penultimate state, and then to assume the value 1on the �nal state. Indeed, if the interval length is known, this is just what happens,j= frame A : fA( 0 ; len (2) ^ A 1g � fA( 0 ; A := A ; A := 1g:93



But if the interval length is not within the scope of the frame operator, the formulais false,j= len (2) ^ frame A : fA( 0 ; A 1g � false:This happens because it is always possible to �nd another variable A0, such that A0 isassigned the value 1 on an extended interval, of length 3 say, over which A0 is stablefor the �rst 2 steps. Such an A0 changes less than A.Non-DeterminismThe frame operator is not well-behaved for non-deterministic formulae; but then youwould not expect it to be. Typically, it forces a particular choice that makes theformula deterministic. For example, in the following case a unique choice is forcedby framing A:j= frame A : fA( 0 ; (A := 1 _ A := 0)g � A( 0 ; A := 0:But this result is determined by looking ahead in time, rather than by inertia.It is of no consequence to Tempura that disjunction and the frame operator donot mix well, since disjunction is not a program operator. However, non-determinismcan be introduced in a limited way by means of the conditional. For instance, inthe program below the frame variable A is forced to change because that is the onlyway to satisfy the program.j= frame A : fA( 0 ; skip ; if A 6= 1 then falseg � A( 0 ; skip ; A is 1:There are, of course, much more subtle representations of false.If an implementation is to generate the \correct" behaviour in these circum-stances it is required to look ahead and then backtrack. Otherwise it will generatean error, which actually seems the most appropriate course of action since the pro-grammer did not (or should not) deliberately write a such a program. Programslike this cause more serious problems for veri�cation than for execution, since it ispossible to deduce that a program is correct when in fact it is not, in much the sameway as it is possible to deduce that the program false satis�es any speci�cationyou like.ListsAlthough it was not explicitly stated above, the de�nition of frame does not workfor lists. When just one element of a list is changed one would expect the rest ofthe list to remain stable, whereas the frame operator says nothing about individualelements. If one element has been changed nothing further can be said about thevalues of the others. 94



It is easy to solve this problem for �xed-length lists (i.e. vectors) by de�ning aspecial operator framevect . This operator minimises changes to each element ofthe vector.framevect v : p def= p ^@v0 : extendfprefix (p[v0=v]) ^ 9i < jvj : �(v0i) � �(vi)g;where v0 is not free in p. How to handle arbitrary data structures is an open question.However, I shall only need framed vectors in the following (and shall assume theabove semantics).6.2.3 The Operator localA frame variable ought to be framed throughout its scope. The semantics of framedo not demand this, but it is hard to think of a situation in which it could usefullybe otherwise. Furthermore, implementing frame variables is made unnecessarilydi�cult if this rule is not observed. For example, an attempt to assign a new valueto a frame variable from outside the scope of its frame should most probably resultin an error, but this is di�cult to check for. Such a situation occurs in the programbelow, which is logically false:j= A := 1 ^ frame A : fA = 0g � false:Having to detect errors such as this would defeat the whole purpose of frame vari-ables, which is to alleviate unnecessary work.The scope rule can be enforced by de�ning a new operator local which existen-tially introduces a new frame variable.local v : p def= 9v : frame v : p:In an implementation of Tempura, frame variables may only be introduced by meansof local . The operator frame on its own is prohibited. However, frame on its ownis useful for discussing properties of programs.6.2.4 Doing Without Frame VariablesAlthough frame variables are practically useful, their semantic characterisation isquite complex, so it is fortunate that for a restricted class of programs there is away to keep the inertial semantics without having to deal explicitly with the frameoperator. This is achieved by translating inertial programs into a form without theframe operator. The translation process introduces explicit assignments where theyare needed to maintain inertia. 95



The translation function � takes three arguments. The �rst is the variable v tobe framed; the second is a marker variable �; and the third is the program p to betranslated. The variable � is just an ordinary state variable, but it must not be freein p. It has been given special syntax to denote its special role.The idea of the translation is to make � mark the steps on which the variable vchanges; that is,� = �(v):Once this is done v should be kept stable wherever it is not explicitly changed. Sothe construct frame v : p may be rewritten asframe v : p �! 9� : f�(v;�; p) ^ keep if :� then v �= vg:The translation � is de�ned inductively on the primitive operators, taking unit-assignment, :=, to be primitive since equality cannot in general be handled in aninertial framework.�(v;�; empty) = empty�(v;�; v := e) = � ^ v := e�(v;�; v0 := e) = :� ^ v0 := e�(v;�; p ^ p0) = 9�0;�00 : fkeep (� = �0 _�00) ^ �(v;�0; p) ^ �(v;�00; p0)g�(v;�; if e then p else p0) = if e then �(v;�; p) else �(v;�; p0)�(v;�;9v : p) = keep (:�) ^ 9v : p�(v;�;9v0 : p) = 9v0 : �(v;�; p)�(v;�; next p) = :� ^ next �(v;�; p)�(v;�; p ; p0) = �(v;�; p) ; �(v;�; p0);where the variable v0 is di�erent from v.The translation does not handle the exceptional cases mentioned above. In par-ticular, it does not work if equality is used for assigning values to frame variables,but I have already given several reasons for regarding such assignments with sus-picion. As a result, one cannot claim, as one would like to, that in all cases therewritten program is equivalent to the original. The best one can hope for is that ifthe rewritten program \works" then it produces the correct result. In other words,if an interval satis�es the translated program, then it also satis�es the original, butnot vice versa.j= 9� : f�(v;�; p) ^ keep if :� then v �= vg � frame v : p:This has not yet been formally veri�ed. 96



6.3 DiscussionThe frame operator is still experimental, and its properties need to be formallyestablished. Nevertheless, it does seem to work in all the cases where it is supposed towork; that is, for all deterministic Tempura programs. Moreover, a similar techniquemight be used for other purposes. For example, it might be possible to de�ne theconcept of a \default value" in this way.The frame operator also needs to be put in context. A considerable amount ofwork has been done on the frame problem in the study of arti�cial intelligence, andthe relationship of the frame operator to this work must be investigated.6.3.1 Default ValuesThe technique I used for preferring frame variables to the other variables that satisfythe same formula might equally well be used to choose variables with properties otherthan stability. For instance, default values can be handled in the same way. Insteadof minimising changes in the value of a variable v, one now tries to minimise thetimes when v does not equal its default value, d say. This might be achieved byusing the predicate 
(v; d) in place of �(v), where
(v; d) def= :(v �= d):Observe that inertia is a special case of this.Default values can be used, for example, to formalise the idea that a programproduces no output unless the output predicate is used explicitly. One would simplychoose the empty list of outputs as the default value for the signal Output. Perhapsa similar idea can be made to work for values that decay gradually over time, suchas the electrical charge on a capacitor.6.3.2 The Frame Problem in Arti�cial IntelligenceFor many years the so-called frame problem has been a subject of considerableinterest in AI. It was �rst described by McCarthy and Hayes [MH81] in the contextof their situation calculus. In the situation calculus one describes the world in termsof situations, which are \snapshots" of its state at various points in time,1 andactions which cause a change of situation. Roughly speaking the problem is thatmost things are left unchanged by most actions, yet to represent this in a naiveway one needs to include a number of frame axioms each one asserting that someaction does not a�ect some aspect of the situation. For example, drinking a cup ofco�ee does not (usually) a�ect the colour of your eyes. Clearly, for any problem of1Situations are like the frames in an animated picture, hence the frame problem.97



signi�cant complexity the number of such frame axioms would be huge. It seemsthat their ought to be a better way to represent this information.Over the years a number of partial solutions to the frame problem have beenproposed. McCarthy's idea of circumscription was one of the earliest attempts tosolve the problem. McCarthy's idea was to introduce a special circumscription axiomwhich e�ectively plays the same role as my frame operator. In McCarthy's originalversion of the circumscription axiom,2 the e�ect of circumscribing a formula P withfree variables x in a theory A was as follows:A(P ) ^ @p : (A(p) ^ p � P );where p is a predicate variable with free variables x, and p � P here stands for8x : ((px) � (Px)) ^ :8x : ((Px) � (px)):The circumscription axiom encodes a preference for particular models, namely thosewhich are minimal in the above sense. For example, if the formula can fly(x) iscircumscribed in the theory f8b : (bird(b) � can fly(b)); bird(polly)g one mayconclude that the only object that can 
y is polly. Shoham [Sho88] reviews someof the other approaches that have been tried, and also make his own proposal basedon what he calls the logic of chronological ignorance, a kind of non-monotonic logic.Clearly, the frame problem is substantially similar to the problem of represent-ing inertial variables, though the latter is more sharply focussed, and some of theproposed solutions seem to be similar in spirit to my frame operator. However, theexact relationship of one to the other remains to be established.
2I am borrowing from Shoham's account here [Sho88].98



Chapter 7Recursion and IterationIn this chapter I discuss three problems which are naturally solved by recursion and show thateach may be transformed into a provably equivalent iterative form. Section 7.1 presents that classicexample of recursion, The Towers of Hanoi; section 7.2 discusses a parallel summation algorithm;and section 7.3 describes a parallel mergesort algorithm that uses a variant of Batcher's odd-evenmerge [Bat68]. It is shown that the summation and the merge algorithms have essentially the samestructure, and may be transformed to iterative form in the same way.Many computational problems are most naturally solved recursively by dividingthem up into similar subproblems. Often it is much easier to show that a recursiveprogram correctly solves the problem in hand than it is to verify the correspondingiterative solution. Nevertheless, it is a fact of life that on conventional sequentialcomputers an iterative program can frequently be made to run much more e�cientlythan its recursive counterpart. Some programming languages for these machines donot even permit recursion. It is therefore desirable to have ways of transformingrecursive programs into equivalent iterative ones.1In this chapter I present three problems which are best solved by recursion.The �rst is to solve the Towers of Hanoi puzzle, the second is to sum a list ofnumbers in parallel, and the third is to sort a list using a variant of Batcher's odd-even merge [Bat68]. All the recursive solutions are easily shown to be correct, andcan be transformed into provably equivalent iterative forms. What is more, suchtransformations require only the rules of logic, there is no need to introduce explicitstacks or similar operational devices.7.1 The Towers of HanoiThe Towers of Hanoi is well-known both as a mathematical diversion and as achildren's toy. The toy comprises an arrangement of three pegs and a set of discs.1Since iteration is de�ned recursively, such transformations do not formally eliminate recursion.What they do is to transform one program into another that is better suited to a conventionalmachine architecture. 99



(a) (b)(c) (d)Figure 7.1: The Towers of Hanoi. The steps in the solution for a four-disc towerare shown: (a) the initial con�guration; (b) after moving the three-disc tower to theauxiliary peg; (c) after moving the bottom disc to the destination peg; and (d) aftermoving the three-disc tower back to the destination peg.The discs, no two of which have the same diameter, are drilled through their centresso that they may be stacked onto the pegs to form towers, as shown in �gure 7.1.Initially, the discs are all on one peg and arranged so that they form a \tower"decreasing in size towards the top. From this position the discs are to be moved oneat a time from peg to peg with the aim of forming a tower identical to the initialone but on another of the pegs. The only rule to be observed is that a disc maynever be placed on top of one smaller than itself; in other words, at any point intime the stack of discs on each peg must decrease in diameter towards the top. Letus represent the whole contrivance as a list of pegs, P say, and each peg as a list ofnumbers with each number standing for one of the discs on that peg. The head ofeach list is the top disc on that peg, and a smaller number denotes a smaller disc.Suppose that a tower of n discs is to be moved from peg P0 to peg P1 using P2as an auxiliary peg, then a solution, hanoi(n), must satisfy three properties. First,it must produce the desired �nal result from the given initial conditions;j= hanoi(n) � P0; P1; P2 = [0::n]; [ ]; [ ] ^ P0; P1; P2 [ ]; [0::n]; [ ] (7.1)Second, it must ensure that all the pegs remain in order of increasing size,j= hanoi(n) � forall i < 3 : always ordered(Pi); (7.2)where the function ordered(L) tests whether or not the elements of L are in ascend-ing order (it was de�ned on page 20). Finally, it must ensure that exactly one disc100



is moved at each step. This means that on each step the top disc from one of thepegs, Pi say, must be transferred to another of the pegs, Pj say, whilst the remainingpeg, Pk, is kept stable; that is,j= hanoi(n) � loop9i; j; k : fi < 3 ^ j < 3 ^ k < 3 ^i 6= j ^ j 6= k ^ k 6= i ^Pi; Pj; Pk := tl(Pi); cons(hd(Pi); Pj); Pkg; (7.3)where the list functions have their usual meanings: hd(L) and tl(L) denote the headand tail of the list L, and cons(x; L) returns a list whose head is x and whose tail isL. These functions were de�ned on page 22.7.1.1 Recursive AlgorithmThis problem has an elegant recursive solution but is rather harder to analyse as aniterative procedure. In the earliest published discussion of which I am aware, Rouse-Ball [RB92] gives a mathematical analysis of the problem for a �xed number of discs.A recent, and very extensive, consideration of the problem from a computationalpoint of view is given by Rohl [Roh87].The recursive solution is discovered by hierarchical decomposition of the speci�-cation (7.1). First, the initialisation part may be separated from the transfer:P0; P1; P2 = [0::n]; [ ]; [ ] ^ move tower(n; 0; 1; 2) � hanoi(n);where the predicate move tower(n; f; t; a) solves the problem of moving a tower ofn discs from Pf to Pt using the auxiliary peg Pa. Its function is to remove the top ndiscs from Pf and append them to Pt, leaving Pa unchanged. Assuming that thereare at least n discs on Pf initially, move tower must satisfyj= move tower(n; f; t; a) � Pf; Pt; Pa drop(n; Pf); take(n; Pf)^Pt; Pa; (7.4)where take(n; L) def= L0::n and drop(n; L) def= Ln::jLj. Now the property (7.4) may bedecomposed recursively.If there are no discs there is nothing to do. Otherwise, suppose that the problemis solved for n discs, then it is easy to solve the n+1 disc case by simply moving thetop n discs from the initial peg Pf to the auxiliary peg Pa using the n disc solution,then moving the remaining disc to the destination peg Pt, and then repeating the ndisc solution to move the discs back from the auxiliary peg to the destination peg.The steps in the solution for three discs are illustrated in �gure 7.1. In this way thesolution for n + 1 discs is decomposed into an n-disc solution followed by a singlestep followed by another n-disc solution:j= 8><>:move tower(n; f; a;t);move disc(f; t; a);move tower(n; a; t;f)9>=>; � move tower(n+ 1; f; t; a); (7.5)101



time P0 P1 P20 [0; 1; 2; 3] [ ] [ ]1 [1; 2; 3] [ ] [0]2 [2; 3] [1] [0]3 [2; 3] [0; 1] [ ]4 [3] [0; 1] [2]5 [0; 3] [1] [2]6 [0; 3] [ ] [1; 2]7 [3] [ ] [0; 1; 2]8 [ ] [3] [0; 1; 2]9 [ ] [0; 3] [1; 2]10 [1] [0; 3] [2]11 [0; 1] [3] [2]12 [0; 1] [2; 3] [ ]13 [1] [2; 3] [0]14 [ ] [1; 2; 3] [0]15 [ ] [0; 1; 2; 3] [ ]Figure 7.2: The solution to the Towers of Hanoi problem for 4 discs.where the function of move disc(f; t; a) is to transfer the top disc from Pf to Pt.move disc(f; t; a) def= Pf; Pt; Pa := tl(Pf); cons(hd(Pf); Pt); Pa:It satis�es property (7.3) and also preserves the ordering of the pegs, as requiredby property (7.2). Thus, solutions can be constructed for all values of n, andmove tower is de�ned as follows:move tower(n; f; t;a) def= if n = 0 then emptyelse fmove tower(n� 1; f; a; t);move disc(f; t; a);move tower(n� 1; a; t; f)g:A call of hanoi(4) generates the complete sequence of moves to transfer a tower of4 discs from peg 0 to peg 1, as shown in �gure 7.2.7.1.2 TransformationThe program can be transformed in a number of ways. First, notice that there isno need to specify the peg from which a disc is to be moved; the identity of the102



disc is known, so its position can be deduced by examining the pegs. A little morethought reveals that there is no need to specify the destination peg either, becausethe direction of the move su�ces. The direction of each move is either positive (+1)or negative (�1) modulo 3, and disc n� 1 moves in the same direction as the n-disctower of which it is the base. The resulting program has the form:hanoi0(n) def= P0; P1; P2 = [0::n]; [ ]; [ ] ^ move tower0(n;+1)move tower0(n; d) def= if n = 0 then emptyelse fmove tower0(n� 1;�d);move disc0(n� 1; d);move tower0(n� 1;�d)gmove disc0(i; d) def= 9f; t; a : fforall p 2 P : fif i 2 p then f( pg;t( (f+ d) mod 3;a( (t+ d) mod 3;move disc(f; t; a)g:The predicate hanoi0 can be further transformed by observing that disc numbern� 1� i is always moved in direction (�1)i � d(n), where d(n) is the direction ofthe whole transfer (the direction in which the largest disc is moved), and that thedirection of each move can therefore be deduced. This results in the program:hanoi00(n) def= P0; P1; P2 = [0::n]; [ ]; [ ] ^ move tower00(n)move tower00(n) def= if n = 0 then emptyelse fmove tower00(n� 1);move disc00(n� 1);move tower00(n� 1)gmove disc00(i) def= move disc0(i; dir(i))dir(i) def= if (n� 1� i) mod 2 = 0 then +1 else �1:The three programs hanoi, hanoi0 and hanoi00 de�ne identical behaviour, and theyare provably equivalent; that is,j= hanoi(n) � hanoi0(n)j= hanoi0(n) � hanoi00(n):However, it is easier to derive an iterative solution from the last form, hanoi00(n).103



7.1.3 Iterative AlgorithmTo obtain an iterative solution, one should �rst notice that the solution is nothingbut a sequence of individual moves! In other words, the predicate move tower00(n)is equivalent to an iterative program of the formj= move tower00(n) � for i < t(n) do move disc00(s(i)) (7.6)for some functions s and t. The function t(n) determines the number of stepstaken to move n discs, and s(i) determines which disc is to be moved on step i.Substitution of the iterative form (7.6) into the de�nition of move tower00(n) imposesthe following conditions on t and s:t(0) = 0 and t(n+ 1) = 2� t(n) + 1;s(t(n)) = n and forall i < t(n) : s(i+ t(n) + 1) = s(i);from which it may be deduced that t(n) = 2n�1 and s(i) determines the position ofthe least signi�cant zero in the binary expansion of i. Let us call this function ls0,then an iterative solution to the Towers of Hanoi problem has the formhanoi i(n) def= P0; P1; P2 = [0::n]; [ ]; [ ] ^ for i < 2n�1 do move disc00(ls0(i));with move disc00 de�ned as above, and ls0 de�ned as follows:2ls0(i) def= if i mod 2 = 0 then 0 else 1+ ls0(i=2):The predicate hanoi i(n) has been tested in Tempura and proved equivalent tohanoi00(n) using the HOL theorem prover.7.2 Parallel SummationThis section describes an algorithm to sum a list of numbers. In order to simplifythe discussion it is assumed that the list, A say, has 2n elements, though it wouldnot be hard to generalise the algorithm. The algorithm, lr sum(n; A), works in situby summing the left and right halves of the list A in parallel, and assigns the �nalsum to the �rst element of the list, A0. Thus, the program must satisfyj= lr sum(n; A) � A0  sum(A);where the function sum(A) forms the sum of the elements of A,sum(A) def= if jAj = 0 then 0 else hd(A) + sum(tl(A)):The resulting parallel summation algorithm is quite well known. It is derived usingthe so-called \divide-and-conquer" strategy.2The function ls0 can also be de�ned without explicit recursion.104
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P1514P1514P1514P1514A14? ? ? ? ? ? ? ?����� ����� ����� ����� ����� ����� ����� �����? ? ? ?����	 ����	 ����	 ����	? ?��������� ���������? ����������������9Figure 7.3: Parallel summation of a list A by recursive division into left and rightsublists.7.2.1 Recursive AlgorithmThe summation may be divided into subtasks recursively. An algorithm of this typefollows from the decomposition theorem below, which holds for all state expressionse, e0, e00, e1, e01 and binary functions f.j= e0; e1  e00; e01 ; e f(e0; e1) � e f(e00; e01): (7.7)Taking f to be the addition function and using the commutativity and associativityof addition,j= sum(A^B) = sum(A) + sum(B);permits the summation to be split apart. For instance, instantiating the terms in(7.7) in the following way:j= A0; A1 A0; sum(tl(A)) ; A0  A0 + A1 � A0  A0 + sum(tl(A))leads to a sequential algorithm. On the other hand, the substitutions below leadto a parallel algorithm which sums the left and right halves of A, lt(A) and rt(A),simultaneously.j= (A0; A2n  sum(lt(A)); sum(rt(A));A0  A0 + A2n ) � A0  sum(lt(A)) + sum(rt(A));105



time A0 [1; 1; 1; 1;1;1;1;1]1 [2; 1; 2; 1;2;1;2;1]2 [4; 1; 2; 1;4;1;2;1]3 [8; 1; 2; 1;4;1;2;1] time A0 [1; 1; 1; 1;1;1;1;1]1 [2; 2; 2; 2;1;1;1;1]2 [4; 4; 2; 2;1;1;1;1]3 [8; 4; 2; 2;1;1;1;1](a) (b)Figure 7.4: Parallel summation using (a) left and right partitions and (b) even andodd partitionswhere lt(A) def= A0::jAj=2 and rt(A) def= AjAj=2::jAj. This gives a re�ned speci�cation forlr sum as follows:j= lr sum(n; A) � if n = 0 then A0  A0else fA0; A2n�1  sum(lt(A)); sum(rt(A));A0  A0 + A2n�1g:The case n = 0 must be treated separately since the sum cannot then be split apart.Replacing the partial sums by recursive calls, and assigning lengths to the varioussubintervals results in a suitable de�nition for lr sum:lr sum(n; A) def= if n = 0 then emptyelse flr sum(n� 1; lt(A)) ^ lr sum(n� 1; rt(A));A0 := A0 + A2n�1g:The general strategy is shown in �gure 7.3 and �gure 7.4(a) shows how this programworks for the list [1; 1; 1; 1; 1;1; 1;1].7.2.2 Iterative AlgorithmAn iterative form of the summation algorithm can be discovered in much the sameway as the iterative algorithm for the Towers of Hanoi problem. The iterativesummation algorithm is just a sequence of parallel sum steps; that is,j= lr sum(n; A) � for i < t(n) doforall j < p(n; i) :Aa(i;j) := Aa(i;j)+ Ab(i;j)106



for some functions t, p, a and b. As before, these functions are determined bysubstituting the iterative form into the recursive de�nition of lr sum to get:t(n) = n; p(n; i) = 2n�1�i; a(i; j) = j� 2i+1 and b(i; j) = 2i + j� 2i+1:The result is an iterative algorithm that is logically equivalent to the recursiveversion. However, let us take a slightly di�erent course and derive a general form ofthe summation algorithm that will be useful later on.7.2.3 General AlgorithmBecause summation is insensitive to the order and grouping of terms, there is nocompelling reason to sum the elements of A in any particular order. The summationcan be divided by partitioning A into any two equally sized disjoint lists at each stepand summing each in parallel; that is,j= sum(A) = sum(lptn(A)) + sum(rptn(A))for any two functions lptn and rptn with the property that lptn(A)^rptn(A) is apermutation of A. In the derivation of lr sum above, lptn and rptn were taken tobe the functions lt and rt, which partition a list into left and right halves.However, di�erent partitions suit di�erent implementation environments. Forinstance, A may be partitioned into even and odd elements by taking lptn = evnsand rptn = odds, whereevns(A) def= if jAj < 2 then A else cons(A0; evns(A2::jAj))odds(A) def= if jAj < 2 then [ ] else cons(A1; odds(A2::jAj)):This leads to an algorithm that is suited to certain types of processor array, as willbe shown in chapter 8.In general, the parallel summation algorithm is de�ned on a selection s =[s0; : : : ; s2n] of 2n elements from A as follows:par sum(n; s; A) def= if n = 0 then emptyelse fpar sum(n� 1; lptn(s); A) ^ par sum(n� 1; rptn(s); A);sum step(s; A)g;where sum step is the single step operationsum step(s; A) def= Ahd(lptn(s)) := Ahd(lptn(s))+ Ahd(rptn(s)):You may check that the algorithm lr sum above is a special case of par sum withlptn = lt and rptn = rt. As you might expect, the iterative form of this generalalgorithm is similar to the iterative form of lr sum, and is derived in a similar way.107



Indeed, it may be proved that any recursive algorithm of the same form as par sumis equivalent to an iterative algorithm of the following form:par sum i(n; s; A) def= for i < n doforall j < 2n�1�i :sum step(i; apply(n� 1� i; j; lptn; rptn;s);A);and the function apply(i; j; lptn;rptn; s) produces a sequence of applications ofthe functions lptn and rptn to s based on the i-bit binary representation of j.Shown below are the partitions produced by apply for the �rst few values of iand j (the binary representation of j is shown). The general pattern is easily seen.i j apply(i; j; lptn; rptn;s)0 0 s1 0 lptn(s)1 1 rptn(s)2 00 lptn(lptn(s))2 01 rptn(lptn(s))2 10 lptn(rptn(s))2 11 rptn(rptn(s))A recursive de�nition of apply(i; j; lptn;rptn; s) is given below. It tests each bitof j in turn and applies the appropriate partition function.apply(i; j; lptn;rptn; s) def= if i = 0 then selseif even(j)then lptn(apply(i� 1; j=2; lptn; rptn;s))else rptn(apply(i� 1; j=2; lptn; rptn;s)):For example, apply(2; 0; lt;rt; [0::2n]) = [0::2n�2], and for arbitrary i and j theleft-right and even-odd partitions denote the following lists:apply(i; j; lt;rt; [0::2n]) = [j� 2n�i :: (j+ 1)� 2n�i]apply(i; j; evns;odds; [0::2n]) = [j; j+ 2i; : : : ; j+ (2n�i � 1)� 2i]:The two iterative summation algorithms corresponding to these partitions are lr sum i,which is equivalent to lr sum, and eo sum i, which sums even and odd elements sep-arately.lr sum i(n; A) def= for i < n doforall j < 2n�1�i :Aj�2i+1 := Aj�2i+1 + A2i+j�2i+1 ;eo sum i(n; A) def= for i < n doforall j < 2n�1�i :Aj := Aj + Aj+2n�1�i :An implementation of the latter algorithm, eo sum i, is described in chapter 8, andhow it works is illustrated in �gure 7.4(b).108



7.3 MergesortThis section concerns mergesort, another recursive algorithm with the same struc-ture as the parallel summation algorithm. The basic mergesort algorithm is quitestraightforward. Its speci�cation is to sort a list A in situ, where A is assumed to beof length 2n, as before; that is,j= mergesort(n; A) � A sort(A):The function sort(A) returns a sorted version of A; it could be the simple mergesortfunction de�ned in chapter 2.7.3.1 Recursive MergesortThe speci�cation may be decomposed as in the previous example, using theorem(7.7) with appropriate substitutions, to givej= 8><>:lt(A) sort(lt(A))^ rt(A) sort(rt(A));A merge(lt(A); rt(A)) 9>=>; � A merge(sort(lt(A));sort(rt(A)));where the function merge is assumed to have the property thatj= merge(sort(A); sort(B)) = sort(A^B)for lists A and B. A recursive de�nition was given on page 21.The above decomposition leads directly to a prototype mergesort in just thesame way as the parallel summation example.mergesort(n; A) def= if n = 0 then emptyelse fmergesort(n� 1; lt(A)) ^ mergesort(n� 1; rt(A));A := merge(lt(A); rt(A))g:The prototype mergesort is of the same form as the parallel summation algorithm,par sum and may be transformed into an equivalent iterative form in just the sameway. Thus,mergesort i(n; A) def= for i < n doforall j < 2n�1�i :A := merge(seg(A; 2� j; 2i); seg(A; 2� j+ 1; 2i))seg(A; i; d) def= Ai�d::(i+1)�d:Figure 7.5 shows graphically how this algorithm works on a list of 128 elements,initially in decreasing order. But the heart of the algorithm is really in the way themerge is performed. 109
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eight elements and that each half is initially in order; that is, both ordered(lt(A))and ordered(rt(A)) are initially true. The partition described above separates Ainto two sublists,oe(A) = odds(lt(A))^evns(rt(A)) ! A1 A3 A4 A6eo(A) = evns(lt(A))^odds(rt(A)) ! A0 A2 A5 A7The left and right halves of each sublist are already ordered because the left andright halves of the whole list are; therefore the sublists can themselves be sorted byrecursively merging.Now consider what happens when the left and right halves of A are merged toform a single ordered list, A0 say. The �rst element of A0 must be the lesser of A0 andA4, because the left and right halves are already sorted. Suppose that it is A0, thenthe next element of the sorted list, A01, is either A1 or A4. If it is A4 then the next onemust be A1 or A5, and if it is A1 then the next must be A2 or A4, and so on. Observethat every even-odd pair in A0 contains one element from each of the two sublists,[A1; A3; A4; A6] and [A0; A2; A5; A7].If these sublists are themselves sorted into order the elements of A0 are found byalternately \peeling o�" one element from one sublist followed by one element fromthe other. In other words, each even element of the sorted list, A02�i, is simply thelesser of A2�i and A2�i+1, and the corresponding odd element, A02�i+1, is the greaterof the two. This result generalises to other values of n.Since the odd and even elements in each half of A are themselves ordered initially(because each half is ordered), the two sublists of odd and even elements may beordered by merging. Once again, therefore, theorem (7.7) applies, andj= 8><>:oe(A) merge oe(A)^ eo(A) merge eo(A);A merge2(oe(A); eo(A)) 9>=>; � A merge2(merge oe(A); merge eo(A));where the functions merge oe(A) and merge eo(A) represent the mergers of the leftand right halves of these two sublists, and merge2(A; B) denotes the pairwise com-parison of elements from A and B.merge oe(A) def= merge(odds(lt(A));evns(rt(A)))merge eo(A) def= merge(evns(lt(A));odds(rt(A)))merge2(A; B) def= if jAj = 0 _ jBj = 0 then A^Belse if hd(A) � hd(B)then cons(hd(A); cons(hd(B);merge2(tl(A);tl(B))))then cons(hd(B); cons(hd(A);merge2(tl(A);tl(B)))):The property above leads straight to a recursive merge algorithm. The derivation111



is just as for the parallel summation algorithm in section 7.2.1.eo merge(n; s; A) def= if n = 0 then emptyelse feo merge(n� 1; oe(s); A) ^ eo merge(n� 1; eo(s); A);merge step(s; A)gmerge step(s; A) def= forall j < jsj=2 : comparex(As2�j; As2�j+1)comparex(A; A0) def= if A < A0 then A; A0 := A; A0 else A; A0 := A0; A:Furthermore, an equivalent iterative form of this algorithm can be constructed byanalogy with the iterative version of par sum in section 7.2.2.eo merge i(n; A) def= for i < n doforall j < 2n�1�i :merge step(i; apply(n� 1� i; j; oe; eo; [0::2n]); A):The derivation guarantees that this is equivalent to the recursive version.7.3.3 Iterative Mergesort AlgorithmFinally, the mergesort algorithm mergesort i may be rewritten with this de�nition,and the function apply rewritten with an equivalent but more direct method ofselecting the appropriate part of the list, to give the algorithm:eo mergesort i(n; A) def= for i < n doforall j < 2n�1�i :for k < i+ 1 doforall l < 2i�k :forall m < 2k :eo step(i+ 1; j; k; l;2� m; 2i�k; A)eo step(i; j; k;l; m; d) def= comparex(Aj�2i+a(m); Aj�2i+a(m+1))in which a(m) is shorthand forif m < 2k then l+ m� d else 2i � 1� l� (2k+1 � 1� m)� d:Mercifully, this algorithm is guaranteed by derivation to be correct,j= eo mergesort i(n; A) � A sort(A);and it is functionally equivalent to the original mergesort algorithm. It is likely tobe much more e�cient than the original algorithm in many circumstances, indeed itleads directly to a hardware realisation, but it is also much more obscure. Figure 7.6shows how this algorithm performs the last merge of the mergesort depicted in�gure 7.5 above. 112
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parallel algorithm. Algorithms of this form are particularly suitable for implemen-tation on SIMD processor arrays, and on the Connection Machine in particular.The odd-even mergesort is another algorithm of this form, and both algorithmswill be considered again in chapter 8 where practical implementations will be dis-cussed. It will be shown that both algorithms can be implemented e�ciently on ashu�e-exchange network.
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Chapter 8Parallel ProcessingThis chapter discusses a few of the issues involved in adapting parallel programs to run on realparallel computers. The �rst part of the chapter considers �ne-grained parallel systems such asarray processors; the second part considers implementation on coarse-grained systems such asmultiprocessors and multicomputers. A new parallel composition operator, k, is introduced insection 8.2.1 for describing coarse-grained concurrency.Up to now I have ignored the limitations of parallel processing, but parallel algo-rithms have to be run on real computers constructed by connecting together realprocessors and real storage devices, and this compromises in many ways the idealmodel assumed so far. The principal restrictions concern the number of processorsand the interconnections between them.If there are relatively few processors sharing a common memory, as in a typicalmultiprocessor, the major problem is how to partition the work to make the best useof available resources. If, on the other hand, there are a large number of processors,as in a processor array, connecting them together is a major problem. In this case,it is not feasible for all processors to share a common memory because the processorspeed would be limited by contention for that memory, and it is not feasible toconnect each processor directly to every other because the interconnection networkwould be too complex. For these reasons, considerable e�ort has gone into the designof useful interconnection networks with small numbers of interconnections, and ouralgorithms have to be adapted to their peculiarities.This chapter presents some of these issues from the Tempura point of view. It isnot intended to be an exhaustive discussion, the point is only to show that it is veryeasy in Tempura to represent a problem in many di�erent ways, and at di�erentlevels of concern. The examples are all simple algorithms which were introducedearlier in di�erent ways. In the �rst part of the chapter, the summation and merge-sort algorithms of chapter 7 are adapted for implementation on suitable processorarrays. The second half concerns parallel processes. The idea of the parallel compo-sition of two processes, p k p0, is introduced, and for illustration the familiar matrix115



multiplication algorithm is adapted for multiprocessor implementation.8.1 Processor ArraysA processor array contains a number of identical processors which operate syn-chronously. Each parallel process proceeds at the same rate and performs the sameinstruction on each step, though each operates on di�erent data, of course. Usuallythere are a large number of processors, so it is infeasible to connect each one di-rectly to every other because the number and complexity of the connections wouldbe overwhelming. Nevertheless, there are a number of interconnection patterns thathave been found to be versatile enough for a variety of applications.8.1.1 InterconnectionsThe simplest scheme is to connect each processor to its nearest neighbour in the formof a linear array, or two-dimensional mesh, and the systolic matrix multiplicationalgorithm on page 38 uses just this sort of interconnection pattern. More exoticinterconnection patterns include the hypercube and the shu�e-exchange.HypercubeA hypercube network consists of p = 2n processors connected in the form of ann-dimensional hypercube, as shown in �gure 8.1. Two processors, i; j < p, areadjacent if the binary representations of i and j di�er in exactly one bit. Thus,processor i is connected to processors i+ c(d), wherec(d) def= 2n�1�d;for each dimension d < n.Shu�e-ExchangeThe shu�e-exchange network consists of p = 2n processors connected as shown in�gure 8.1. There are two kinds of connections. An exchange connection links twoprocessors, i; j < p, if the binary representations of i and j di�er in their leastsigni�cant bits. A shu�e connection links processor i to processor 2�imod (p�1),except that processor p � 1 is connected to itself.1 Thus, processor i is connectedto processors e(i) and s(i), wheres(i) def= if i < p=2 then 2� i else 2� i+ 1� pe(i) def= if even(i) then i+ 1 else i� 1:1The term \shu�e" derives from the fact that after a shu�e operation the elements are re-ordered as if they were a perfectly shu�ed deck of cards.116
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(a)��������������������������������PE0 PE1 PE2 PE3 PE4 PE5 PE6 PE7(b)Figure 8.1: Interconnection networks: (a) the hypercube with eight processors, (b)the shu�e-exchange network with eight processors (shu�e connections are solid,exchange connections dashed).The function e represents an exchange link, and s represents a shu�e link. Corre-sponding to these connections there are three principal data movement operations,shuffle(A), which moves the data on processor i to processor s(i), unshuffle(A)which is the inverse of shuffle(A), and exchange(A), which exchanges data betweeneach even-odd pair of processors.shuffle(A) def= forall i < p : As(i) := Aiunshuffle(A) def= forall i < p : Ai := As(i)exchange(A) def= forall i < p : Ae(i) := Ai:Note, however, that the unshu�e operation can be implemented in terms of shuffle.The elements of A may be unshu�ed by n� 1 successive shu�e operations.117



8.1.2 SummationRecall the iterative parallel summation algorithm eo sum i given on page 118. Itwas de�ned as follows:eo sum i(n; A) def= for i < n do forall j < 2n�1�i : Aj := Aj + Aj+2n�1�i :Suppose that one element of the array A is stored on each of p = 2n processors, thenon step i processor j adds its own value to that held on processor j+2n�1�i. Thus,processor j should ideally be connected to processors j+2n�1�i for each i less thann, which is exactly how the n-dimensional hypercube is arranged.HypercubeOn the hypercube, a single step of the algorithm can be replaced by a transferfollowed by an addition, sincej= Aj := Aj + Aj+2n�1�i � 9L : fL := Aj+c(i) ; Aj := Aj + Lgif A is a frame variable. Thus, using the local array B to hold intermediate results,the summation algorithm can be rewritten for the hypercube.eo sum c(n; A) def= 9B :for i < n doforall j < c(i) : fBj := Aj+c(i);Aj := Aj + Bjg;where A is assumed to be a frame variable and B is a 2n element list. However, itis not essential that processor j be physically connected to each of the processorsj+ c(i). The same e�ect can be achieved on a shu�e-exchange network.Shu�e-ExchangeA shu�e operation brings elements j and (j+ p=2) mod p onto adjacent processors,becausej= shuffle(A) � forall j < p=2 : A2�j; A2�j+1 := Aj; Aj+p=2:They can then be moved onto the same processor by an exchange operation.j= exchange(B) � forall i < p=2 : B2�j; B2�j+1 := B2�j+1; B2�j:Repeating the shu�e-exchange brings together elements j and (j+ p=4) mod p, andso on. The ith iteration brings together elements j and (j+ p=2i) mod p.118



time A0 [ 0; 1; 2; 3; 4; 5; 6; 7]1 [ 0; 1; 2; 3; 4; 5; 6; 7]2 [ 4; 6; 8; 10; 4; 5; 6; 7]3 [ 4; 6; 8; 10; 4; 5; 6; 7]4 [12; 16; 8; 10; 4; 5; 6; 7]5 [12; 16; 8; 10; 4; 5; 6; 7]6 [28; 16; 8; 10; 4; 5; 6; 7] time A0 [ 0; 1; 2; 3; 4; 5; 6; 7]1 [ 0; 4; 1; 5; 2; 6; 3; 7]4 [ 4; 4; 6; 6; 8; 8; 10; 10]5 [ 4; 8; 4; 8; 6; 10; 6; 10]8 [12; 12; 12; 12; 16; 16; 16;16]9 [12; 16; 12; 16; 12; 16; 12;16]12 [28; 28; 28; 28; 28; 28; 28;28](a) (b)Figure 8.2: Summation of an array of numbers on (a) the hypercube, and (b) theshu�e-exchange network.Thus, at a cost of two communications for each step of the algorithm, the sum-mation can be performed on a shu�e-exchange network.eo sum s(n; A) def= 9B :for i < n do fshuffle(A);forall j < p : Bj := Aj;exchange(B);forall j < p : Aj := Aj + Bjg:This algorithm results in the sum being assigned to every element of A,j= eo sum s(n; A) � forall i < n : Ai  P2nj=0 Aj;as shown in �gure 8.2.8.1.3 MergesortThe even-odd variant of Batcher's merge algorithm can, like the parallel summa-tion algorithm, be implemented on a shu�e-exchange network. On page 122 thealgorithm was de�ned for a 2n-element array A as follows:eo merge(n; s; A) def= if n = 0 then emptyelse feo merge(n� 1; oe(s); A) ^ eo merge(n� 1; eo(s); A);forall i < 2n�1 : comparex(As2�i; As2�i+1)g;where oe(A) = odds(lt(A))^evns(rt(A)) and eo(A) = evns(lt(A))^odds(rt(A)). Byunwinding the recursion so that the base case becomes n = 1 rather than n = 0, and119



permuting the array A rather than its access list s, the body of eo merge is easilytransformed into the functionally equivalent form:if n = 1 then comparex(A0; A1)else flt(A); rt(A) := odds(lt(A))^evns(rt(A)); evns(lt(A))^odds(rt(A));eo merge(n� 1; lt(s); A) ^ eo merge(n� 1; rt(s); A);odds(lt(A))^evns(rt(A)); evns(lt(A))^odds(rt(A)) := lt(A); rt(A);forall i < 2n�1 : comparex(A2�i; A2�i+1)g:Now suppose that A is stored on a p-element processor array, one element at eachprocessor (p = 2n), and that the processors are connected up in the shu�e-exchangepattern.Shu�e-ExchangeFirst, observe that an \unshu�e" operation moves all the even-indexed elementsinto the left half of the array and all the odd-indexed elements into the right half;that is,j= unshuffle(A) � lt(A); rt(A) := evns(A); odds(A);This is almost the permutation required for the merge. The correct permutationis obtained by exchanging the even and odd elements of the left half of A beforeunshu�ing. An exchange operation on the left half of the array does just that. Ifp = 2n,j= lexchng(n; A) � evns(lt(A)); odds(lt(A)) := odds(lt(A)); evns(lt(A));where the operation lexchng(n; A) exchanges the left half of A. In fact, it exchangesthe left halves of all subarrays of size 2n, so that the same predicate can be used inrecursive mergers.lexchng(n; A) def= forall i < p=2n : forall j < 2n�1 : Ae(i�2n+j) := Ai�2n+j:When p = 2n, combining these two operations in sequence gives the required per-mutation,j= lexchng(n; A) ; unshuffle(A) � lt(A) odds(lt(A))^evns(rt(A))j= lexchng(n; A) ; unshuffle(A) � rt(A) evns(lt(A))^odds(rt(A)):The inverse operation is simply a shu�e followed by another exchange of the left half.However, there is no need to perform the exchange in the merge algorithm becauseit is immediately followed by a comparison of each even-indexed element with thefollowing odd one, and this comparison requires an exchange on the whole array.120



The comparison may be implemented as follows, storing the exchanged element ofA in the array B:eo compare(A; B) def= forall i < p : fBi := Ai;exchange(B);Ai := if even(i) then min(Ai; Bi) else max(Ai; Bi)g:This is functionally equivalent to the direct comparison used in the original algo-rithm; that is,j= 9B : eo compare(A; B) � forall i < p=2 : comparex(A2�i; A2�i+1);provided that A is a frame variable.The Mergesort AlgorithmA shu�e-exchange algorithm, eo merge s(n; A; B), may be obtained by using thefunctional equivalences above to rewrite the appropriate parts of the original even-odd merge algorithm, eo merge(n; A). The list B is used to hold temporary results.eo merge s(n; A; B) def= if n = 1 then eo compare(A; B)else flexchng(n; A);unshuffle(A);eo merge s(n� 1; A; B);shuffle(A);eo compare(A; B)g:Note that the two recursive calls to eo merge in the original algorithm have beenreplaced by a single recursive call to eo merge s. This is possible because a call ofeo merge s(m; A; B) merges all sublists of size 2m; that is, if m < n and the arrays Aand B are of size p = 2n, thenj= 9B : eo merge s(m; A; B) � 8i < 2n�m : eo merge(m; Ai�2m::(i+1)�2m):This property makes it particularly simple to do the mergesort.The parallel mergesort of a list A is just a sequence of parallel mergers of i-element sublists of A for i < n. It was de�ned iteratively on page 122 as follows:eo mergesort(n; A) def= for i < n doforall j < 2n�1�i :eo merge(i+ 1; Aj�2i+1::(j+1)�2i+1):The corresponding algorithm for the shu�e-exchange network may be obtained byrewriting this algorithm with the property above.eo mergesort s(n; A; B) def= for i < n do eo merge s(i+ 1; A; B):An illustration of how the algorithm works can be found in �gure 8.3.121
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8.2 Parallel ProcessesMany parallel computations are not nearly so regular as those described in theprevious section, and in particular, it may not be the case that each process takesthe same number of steps to complete. This section describes a general way tocombine parallel processes having di�erent or unknown computation lengths. Thefamiliar example of matrix multiplication is used to illustrate the idea.8.2.1 The Parallel Composition OperatorThe formula p k p0 denotes the parallel composition of two processes p and p0,which may have di�erent computation lengths. It is de�ned in terms of the operatorextend , which was introduced on page 52. The formula extend p is true on aninterval if p is true on some initial subinterval,extend p def= p ; true:The parallel composition of two processes, p k p0, is true on an interval if p and p0 donot disagree up to the point where one of them �nishes, and the interval continuesuntil both have �nished.p k p0 def= (p ^ extend (p0)) _ (extend (p) ^ p0):One of the processes may need to be extended until the other �nishes.In practice, the composition p k p0 is executed by introducing markers to deter-mine when each subprocess �nishes. If the marker " is true when process p is doneand "0 is true when process p0 is done, then p k p0 terminates as soon as both of themarkers are true,p k p0 � 9"; "0 : fhalt (" ^ "0) ^(p ^ " is empty ; stable (")) ^(p0 ^ "0 is empty ; stable ("0))g:For combining a number of processes in parallel, there is an iterated constructor,forpar i < n : p, analogous to the universal quanti�er forall . For example,forpar i < 3 : p � p[0=i] k p[1=i] k p[2=i]:It may be de�ned recursively in much the same way as the for-loop. Note thatparallel composition is commutative and associative, so neither the order nor thegrouping of the processes is important. 123



8.2.2 Matrix MultiplicationLet us look, once again, at the problem of matrix multiplication. But now the aimis to develop an algorithm for calculating the product, C, of two n�n matrices A andB on a tightly coupled multiprocessor with a small number of processing elements.Row DecompositionSuppose, for the moment, that there are just two processors. One way to proceedis to partition the matrix A into two parts, one comprising rows 0 to n=2 � 1, theother rows n=2 to n � 1, and to assign to each processor the task of multiplying Bby one half of A. Thus, each processor does one of the following multiplications:C(0::n=2)(0::n)  A(0::n=2)(0::n)� B(0::n)(0::n)C(n=2::n)(0::n)  A(n=2::n)(0::n)� B(0::n)(0::n);where the notation A(r::s)(t::u) denotes the submatrix of A made up of rows r to s� 1and columns t to u� 1.Let us denote by rows(ptn) the multiplication of rows r in the partition ptn ofA with B, producing rows r 2 ptn of C. The multiplication can be de�ned as below,using a local variable L to form the inner products.rows(ptn) def= for i 2 ptn dofor j 2 [0::n] do9L : fL( 0;for k 2 [0::n] do L := L+ Aik � Bkj;Cij := Lg:One processor is therefore to execute rows([0::n=2]) and the other rows([n=2::n]).Notice that if n is odd the two tasks, rows([0::n=2]) and rows([n=2::n]), are notequal and will take di�erent numbers of steps to complete, but the multiplication isnot complete until both have �nished. Therefore, the multiplication is simply theparallel composition of the two subprocesses,j= rows([0::n=2]) k rows([n=2::n]) � forall i; j < n : Cij  n�1Xk=0 Aik � Bkj;provided that A, B and C are frame variables.The e�ect of the parallel composition is just as if explicit boolean 
ags had beenintroduced to mark where each process terminates, as in the following code:9Done; Done0 : fhalt (Done ^ Done0) ^frows([0::n=2]) ^ Done is empty ; stable (Done)g ^frows([n=2::n]) ^ Done0 is empty ; stable (Done0)gg: 124



The two representations are logically equivalent.If more processors are available, the multiplication can be further subdivided inthe same way, becausej= rows([r::s]) � rows([r::i]) k rows([i::s])for any i 2 [r::s], and a general algorithm for p processes is simply the iteratedparallel composition of a number of rows,rowmul(p; n; A; B;C) def= forpar i < p : rows(part(i));where the function part(i) returns the ith partition,part(i) def= [(i� n)=p::((i+ 1)� n)=p]:However, this way of partitioning is not particularly good if access to shared memoryis slow, as it might be on a loosely coupled multiprocessor. This is because eachprocessor must access every element of B in addition to one quarter of A.Block DecompositionA better approach in this case is to partition each matrix into blocks, and useblock multiplication to form the product. For instance, the multiplication may bepartitioned into four processes as follows:C(0::n=2)(0::n=2)  A(0::n=2)(0::n=2)� B(0::n=2)(0::n=2)+ A(0::n=2)(n=2::n)� B(n=2::n)(0::n=2)C(0::n=2)(n=2::n)  A(0::n=2)(0::n=2)� B(0::n=2)(n=2::n)+ A(0::n=2)(n=2::n)� B(n=2::n)(n=2::n)C(n=2::n)(0::n=2)  A(n=2::n)(0::n=2)� B(0::n=2)(0::n=2)+ A(n=2::n)(n=2::n)� B(n=2::n)(0::n=2)C(n=2::n)(n=2::n)  A(n=2::n)(0::n=2)� B(0::n=2)(n=2::n)+ A(n=2::n)(n=2::n)� B(n=2::n)(n=2::n)Each process forms one block of C. Observe that now each process needs only tofetch a total of n2 elements of A and B from global memory, a signi�cant saving if nis large and memory accesses take a signi�cant amount of time.In general, the matrix C may be divided into p2 blocks and one process assignedto calculate each block.blkmul(p; n; A; B;C) def= forpar i < p :forpar j < p :for k < p doblk(part(i); part(j); part(k)):Each block is calculated by repeatedly fetching submatrices of A and B from shared125



memory, using fetch, and adding their product into C.blk(pi; pj; pk) def= local Ab; Bb : ffetch(A; Ab; pi; pk);fetch(B; Bb; pk; pj);for i < jpij dofor j < jpjj do9L : fL( 0;for k < jpkj do L := L+ Abik � Bbkj;Cpiipjj := Cpiipjj + LggNaturally, this algorithm is functionally equivalent to the row decomposition algo-rithm above; that is,j= blkmul(p; n; A; B;C) � rowmul(p; n; A; B;C):Figure 8.4 shows how the block multiplication algorithm works, using four processesto perform the multiplication of A and B, whereA = 8>>>>>>>>>>>>>:1 2 3 42 3 4 13 4 1 24 1 2 39>>>>>>>>>>>>>; and B = 8>>>>>>>>>>>>>:4 3 2 11 4 3 22 1 4 33 2 1 49>>>>>>>>>>>>>;Each access to global memory is assumed to take one unit of time.8.3 DiscussionIn this chapter I have shown that Tempura forms a sound basis for transformingalgorithms into di�erent forms, suitable for di�erent computer architectures. I havealso drawn a distinction between the two parallel composition operators, ^ andk. Conjunction seems appropriate for dealing with �ne-grained parallel operationsthat proceed in lock-step, as on a typical processor array, whereas the process com-position operator is better suited to the coarse-grained concurrency of a typicalmultiprocessor, where each process proceeds at its own rate. However, there re-main two problems with the process composition operator, one practical and onephilosophical.The practical problem concerns how to organise co-operation between parallelprocesses. As things stand, there are no restrictions governing the use of sharedstorage, so processes may interfere arbitrarily with one another. In order to makeit easier to construct reliable programs a disciplined communication mechanism isneeded. This is the subject of chapter 10.126



time C0 8>>>>>>>>>>>>>: 0 0 0 00 0 0 00 0 0 00 0 0 09>>>>>>>>>>>>>;11 8>>>>>>>>>>>>>: 6 0 8 00 0 0 016 0 18 00 0 0 09>>>>>>>>>>>>>;14 8>>>>>>>>>>>>>: 6 11 8 50 0 0 016 25 18 110 0 0 09>>>>>>>>>>>>>;
time C17 8>>>>>>>>>>>>>: 6 11 8 511 0 13 016 25 18 1117 0 11 09>>>>>>>>>>>>>;20 8>>>>>>>>>>>>>: 6 11 8 511 18 13 816 25 18 1117 16 11 69>>>>>>>>>>>>>;31 8>>>>>>>>>>>>>:24 11 24 511 18 13 824 25 24 1117 16 11 69>>>>>>>>>>>>>;

time C34 8>>>>>>>>>>>>>:24 22 24 3011 18 13 824 30 24 2217 16 11 69>>>>>>>>>>>>>;37 8>>>>>>>>>>>>>:24 22 24 3022 18 30 824 30 24 2230 16 22 69>>>>>>>>>>>>>;40 8>>>>>>>>>>>>>:24 22 24 3022 24 30 2424 30 24 2230 24 22 249>>>>>>>>>>>>>;Figure 8.4: Parallel matrix multiplication by partitioning into four 2�2 blocks. Thematrix C is the product of the two 4� 4 matrices A and B shown in the text.The philosophical problem also has practical implications. It concerns the under-lying computational model. Although the process composition operator is intendedfor combining autonomous processes that execute at their own rates, it is assumedin the computational model that they do in fact proceed in lock-step (until the �rstone terminates). This is because the processes are true on the same interval; thatis, all of their states are shared. A practical consequence is that it may be possibleto draw incorrect conclusions about the behaviour of a parallel composition. Forexample, the composition(N( n ; while N 6= 0 do N := N� 1) k (X( 1 ; while N 6= 0 do X := X� x)satis�es the speci�cation X  xn, whereas one would not expect this program tonecessarily give that result. There are two possible responses to this problem. One isto restrict the ways in which parallel processes can share data, so that programs likethe one above are disallowed. The other approach is to use temporal projection tointroduce local state sequences for each process, so that their execution is interleavedand it is no longer possible to draw incorrect conclusions. Chapter 10 addresses thisproblem. 127



Chapter 9Real-Time SystemsThis chapter is about real-time systems; it is divided into two parts. The �rst part introduces somenew operators for expressing real-time concepts. These include projection, interrupts, traps andtimeouts. The second part presents a model controller for a system of passenger lifts. The controlleris speci�ed in ITL, and a prototype based on that speci�cation is constructed in Tempura.The value of temporal logic for the speci�cation and veri�cation of real-time systemsis well appreciated [Pnu83]. The purpose of this chapter is to show how its valueto the designer of non-trivial systems is enhanced when an executable logic is used.A particular example, the controller for a system of passenger lifts, is chosen forillustration. The controller is speci�ed in ITL, and from that speci�cation is drawna prototype implementation in Tempura. The prototype system has been tested inTempura, and could be formally proved to meet its speci�cation.Most essential aspects of the system's behaviour are modelled. There may beany number of lifts and 
oors. Each lift has one button for each 
oor, and each 
oorhas separate buttons to request ascending and descending lifts. Also, in each liftthere is a button to open or re-open the doors, and another to signal an emergency.An earlier version of this example was presented in [Hal88].Before describing the lift controller, a number of new operators are introduced.These express real-time constructs, such as interrupts, exceptions and time limits,which are needed in the speci�cation of the lift controller. The remainder of thechapter concerns the lift controller. The �rst part of this �xes upon an externalinterface to the controller, the second develops a speci�cation of the controller in ITL,and the third describes the Tempura prototype. Finally, some ways of improvingthe prototype are discussed.9.1 Additional OperatorsThis section discusses some ideas and operations that are particularly relevant tothe description of real-time systems. The �rst of these new operators is temporal128
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Figure 9.1: The temporal projection p proj p0projection, which may be used for the interruption and later resumption of a process.Another important idea in real-time programming is exception handling, and ageneral mechanism is de�ned for this. A new operator, called bar, composes twoprocesses in parallel so that both are terminated as soon as the �rst of them is done.This may be used to de�ne traps and timeouts.9.1.1 ProjectionTemporal projection is one way to model a system on a number of di�erent time-scales. For example, it may be that one needs to monitor the behaviour of somedevice, dev(X) say, but not all the time. Suppose, in fact, that the value of X is tobe output on every tenth state. This is most easily achieved using the projectionoperator proj.flen (10) proj always output(X)g ^ dev(X):Projection of len (10) onto always output(X) repeatedly interrupts the output pro-cess by inserting an interval of length 10 between each pair of states on which X isoutput.The projection p proj p0 holds on an interval � if there is a selection of timepoints on which p0 is true and such that p is true on the subinterval between eachpair of adjacent points in the selection. This is illustrated in �gure 9.1.p proj p0 def= �� :9999 s;m : fs(0) ==== 0 ^̂̂̂ s(m) ==== j� j ^̂̂̂8888 i <<<< m : s(i) ���� s(i ++++ 1) ^̂̂̂p0(select (s;m; � )) ^̂̂̂8888 i <<<< m : p(subint (s(i); s(i ++++ 1); � ))g;where � 2 I, s 2 N! N, m 2 N andselect (s;m; � ) = h�s(0); : : : ; �s(m)i 129
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Figure 9.2: Construction of the formula p when b.subint (i; j; � ) = su�x (i; pre�x(j; � )):Observe that if p proj p0 holds on an interval then so does loop p, and p0 is true onthe interval made up of the end points of the iterations of p.A number of related ideas can be de�ned in terms of projection. For instance,the formula p when b is true if p holds on the interval made up of just those stateson which the boolean expression b is true. Thus,len (7) when (X = 0)means that the variable X is zero exactly seven times.The de�nition of p when b goes as follows. Successive subintervals with b trueonly at the beginning and end are picked out by projecting the formula next halt (b)onto p. Additionally, b may be false for some time at the beginning and end of theinterval.p when b def= halt (b) ; fnext halt (b) proj pg ; keep next (:b):How it works is illustrated in �gure 9.2.9.1.2 InterruptsInterrupt handling is a familiar problem in real-time programming. When an inter-rupt occurs, perhaps caused by a device requiring attention, the running program issuspended and execution begins on the appropriate interrupt service routine. Whenthe service routine �nishes, execution of the interrupted program resumes. This isjust the kind of behaviour produced by temporal projection. The servicing of theinterrupt occurs between two consecutive states of the interrupted program.Let us write p upon b do p0 to mean that whenever the boolean expression b istrue, the execution of p is interrupted by p0.p upon b do p0 def= fif b then p0 else skipg proj p:130



An interruption is e�ected by projecting the corresponding formula onto p. Forexample, the formulapgm upon Printer do fill buf(PrintBuf)might specify that whenever the signal Printer is set, the running program is in-terrupted whilst the print bu�er is �lled.Interrupts may be nested by simply projecting those of higher-priority onto thoseof lower priority. In a speci�cation of the form(pgm upon LowPri do : : :) upon HighPri do : : : ;the interrupt HighPri has priority over LowPri, which in turn has priority overnormal processing.Note that the operator upon is useful in other situations besides the descriptionof interrupt behaviour. It is used in the lift controller to add timing details to thespeci�cation.9.1.3 BarThe bar operator is used to compose two processes in parallel so that both areterminated as soon as the �rst one �nishes. The composition p p0 is de�ned in asimilar way to the parallel composition p k p0 (see page 134), but rather than extendthe shorter process, it takes the pre�x of the longer process. Recall that the pre�xof a formula, prefix p, holds on the pre�x of an interval on which p holds. It isde�ned as follows:prefix p def= �� :9999 � 0 : j� j ���� j� 0j ^̂̂̂ � ==== pre�x (j� j; � 0) ^̂̂̂ p(� 0):where �; � 0 2 I. Thus, the composition p p0 is true on an interval if either p and apre�x of p0 holds, or p0 and a pre�x of p holds; that is,p p0 def= fp ^ (prefix p0)g _ f(prefix p) ^ p0g:One of the processes runs to completion; the other may be terminated prematurely.Like ordinary parallel composition, the composition p p0 is executed by intro-ducing markers to determine when each subprocess �nishes, and terminating as soonas one of the markers is true.p p0 = 9"; "0 : fhalt (" _ "0) ^prefix (p ^ " is empty) ^prefix (p0 ^ "0 is empty))g:A number of useful operators may be de�ned in terms of bar.131



9.1.4 TrapsIn order to trap exceptional conditions, such as termination signals and errors,it is of course possible to include explicit tests at every appropriate point in aprogram. But exceptions typically occur infrequently and at unpredictable times,making such a solution somewhat obscure and long-winded. A device that makesexception handling more modular is the trap, which is de�ned in terms of the baroperator.If the boolean expression b is always false, the construct trap b : p is equivalentto p; otherwise it terminates as soon as b becomes true. Thus,trap b : p def= halt (b) p;For example, the formulatrap Control C : pgmmight indicate that the program pgm exits when the user strikes the special key,Control C.9.1.5 Time LimitsSometimes it is necessary to limit the time spent waiting for a particular conditionto become true. A familiar real-time programming device which does this is thetimeout. For example, when two processes are exchanging messages a failure inone process might cause the other to hang waiting for input. In this situation theworking process can recover by giving up after a prearranged time limit has expired.A timeout is easily de�ned using bar. For example, to terminate the programpgm after t units if it hasn't already terminated, one simply writespgm len (t):In general, the timeout process need not be a simple length; it may be a process ofarbitrary complexity.The simplest form of timeout is expressed by the predicate timeout(t; b), whichwaits at most t units of time for the boolean expression b to become true.timeout(t; b) def= halt (b) len (t):But a simple timeout such as this can be expressed in a number of other wayswithout using bar. For instance, it satis�es the inductive property below:timeout(0; b) = empty;timeout(t+ 1; b) = if b then empty else next timeout(t; b);which is the operational representation used in Tempura.132



Another kind of time limit occurs in the speci�cation of real-time systems whenone needs to ensure that a condition does become true within a particular intervalof time. The construct b within p takes care of this case. The expression b becomestrue within an interval de�ned by p if there is no initial part of the interval on whichp holds but b is not true at some time.b within p def= : extend (p ^ : sometime(b)):The formula p de�nes an interval within which b is sometime true. For instance,always if request then fservice within len (t)gmight indicate that a particular request is always serviced within t seconds of beingregistered.However, it is often the case that a request is only serviced within a �xed timeprovided that no other request intervenes. This can be formulated by combiningthe operators within and when:always if request then fservice within (len (t) when :request 0)g:The request is serviced within t steps on which the alternative request 0 is not regis-tered.Just about the simplest usage of within is the form b within len (t), and thiscan readily be expressed using induction, in a form which is most useful in practice,b within len (0) = b;b within len (t+ 1) = if :b then if :empty then next (b within len (t)):The more complex construction, b within (len (t) when b0), can be expressed in asimilar way.9.2 A Lift Control SystemLet us now turn our attention to an example: the design of a controller for a system ofpassenger lifts. This problem has been considered by a number of other authors overthe years. For example, in an early treatment Knuth describes an assembler programto simulate the behaviour of a single lift [Knu69], and more recently Barringer hasgiven an abstract speci�cation of a multiple lift system in temporal logic [Bar85].The approach taken here, to develop a prototype controller in temporal logic, issomewhere between the two, being more operational than Barringer's speci�cationbut at a much higher level than Knuth's.This development is in four parts. The �rst part describes the external interfaceto the lift controller, giving �rst an informal description and then a formal repre-sentation. The second part gives a formal speci�cation of the controller in terms ofits interface. The third part goes from the speci�cation to an executable prototypeof the system, and the last part discusses some ways of improving the prototype.133



" 0 1 2 #
" 0 1 2 #
" 0 1 2 #

" 0 1 2 #
" 0 1 2 #
" 0 1 2 #e? e?

ee?6 ee?6
e6 e6

fffffEO012 � � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � � � �

� PPPPPPPPPPi

Figure 9.3: The users' view of a lift system.134



9.2.1 The InterfaceThe controller is to govern the operation of n identical lifts servicing an m-storeybuilding. It interacts with the environment through a number of external interfaces.1. In each lift there is a control panel with one button for each 
oor. The but-tons illuminate when pressed and remain illuminated until the lift visits theappropriate 
oor.2. On each 
oor (except ground and top) there are two buttons, one to request alift going upwards, the other to request a lift on its way down. Each of thesebuttons illuminates when pressed and remains on until a lift travelling in theappropriate direction visits the 
oor. It then goes o�.3. The position of each lift is controlled by interaction with a \motor unit".The motor unit may be instructed to move the lift up or down, or to keep itstationary. The position and direction of each lift is displayed on every 
oor.(This is a one of the less secretive lift systems).4. Each lift has doors which open and close on signals from the controller. Thedoors must open when the lift visits a 
oor to collect or deposit passengers,and must be closed when the lift is in motion. If the doors encounter anobstruction whilst closing, they should re-open. There is also a button withineach lift for signalling the doors to remain open.5. In each lift there is an emergency button. When this button is pressed analarm is raised and the lift goes out of service.Figure 9.3 shows the users' view of a particular system which has two lifts to servicethree 
oors. The rest of the section formalises this view.PositionThree predicates, below(l; f), at(l; f) and above(l; f), are used to �x the positionof lift l. They have the obvious meanings; that is, below(l; f) holds if lift l is below
oor f, at(l; f) holds if it is at 
oor f, and above(l; f) holds if it is above 
oor f.These three properties are mutually exclusive, of course, because a lift cannot be intwo places at once!forall f < m : always xor3(below(l; f); at(l; f); above(l; f)); (9.1)where the predicate xor3(p; p0; p00) denotes the exclusive disjunction of its threearguments,xor3(p; p0; p00) def= (p_ p0 _ p00) ^ :((p ^ p0) _ (p0 ^ p00) _ (p00 ^ p)):This means that exactly one of p, p0 and p00 is true. Exclusive disjunction of twoarguments, xor2(p; p0), is the same as xor3(p; p0; false).135



MotionThe movement of a lift is controlled by two signals, one to switch its motor onand o�, the other to control the direction of travel. Predicates motor on(l) andmotor off(l) determine whether the motor is on or o�. They are, of course, mutu-ally exclusive,always xor2(motor on(l); motor off(l)): (9.2)So too are the three directional attributes, ascending(l), descending(l) and neutral(l),which determine whether the lift is on its way up, down, or nowhere.always xor3(descending(l); neutral(l); ascending(l)): (9.3)A lift is said to be going up when it is ascending with its motor on, and going downwhen descending with its motor on.going up(l) def= motor on(l) ^ ascending(l);going down(l) def= motor on(l) ^ descending(l):Finer degrees of control, allowing speed variation and so on, are not considered.ServiceLift l is said to provide a service at 
oor f when it is stopped at 
oor f ready totake on or discharge passengers.service(l; f) def= (at(l; f) ^ motor off(l)):Strictly speaking, lift l does not provide a service at 
oor f unless its doors areopen, but the system will be constrained so that the doors must open when themotor is o� and there are serviceable calls.If an internal request for 
oor f is registered in lift l, it is not cancelled untilservice(l; f) is true. Similarly an \up-request" demands service from a lift that isascending, and a \down-request" from a lift that is descending.up service(f) def= 9l < n : (service(l; f) ^ ascending(l))down service(f) def= 9l < n : (service(l; f) ^ descending(l)):These predicates determine when the corresponding calls, Cuf and Cdf, are satis�ed.Buttons and LightsThe button to request 
oor f in lift l is denoted by the Boolean signal Blf, and itsassociated call light by the 
ag Clf. When the button is pressed, Blf is true. Thissets the corresponding 
ag Clf, which then remains true until lift l visits 
oor f.At any time the outstanding internal requests in lift l are therefore to those 
oorsf for which Clf is true. 136



The call-buttons on each 
oor are represented by the variables Buf, to requestan \up-lift", and Bdf, to request a \down-lift". When true, these variables causethe call-
ags Cuf and Cdf to be set, each of which is cancelled when a lift visits theappropriate 
oor and is travelling in the required direction.There are two other buttons on the control panel in lift l, one to signal anemergency, the other to open or re-open the lift doors. The emergency button inlift l sets the boolean 
ag El. Whilst El is true lift l is deemed to be out of service,and is released from its obligation to service any outstanding internal requests. Theemergency status of a lift has to be cancelled by some external agent, probably aservice engineer in reality.The signal Ol is true whenever the \open-door" button is pressed or the doorscannot close due to some obstruction. If lift l is stationary and Ol is true the liftdoors open, but when the lift is moving Ol has no e�ect.CallsAt each moment there may be a number of calls waiting to be serviced. If any ofthese outstanding calls can be serviced by lift l then called(l) is true; if any callsrequire it to move upwards then called up(l) is true; and if any require it to movedownwards then called down(l) is true.called(l) def= 9f < m : request(l; f);called up(l) def= 9f < m : ((below(l; f) ^ request(l; f))_ (at(l; f) ^ Cuf));called down(l) def= 9f < m : ((above(l; f) ^ request(l; f))_ (at(l; f) ^ Cdf));where the predicate request(l; f) tests whether or not there is a request to go to
oor f that can at some time be serviced by lift l,request(l; f) def= (Clf _ Cuf _ Cdf):These conditions are used to decide when and in which direction lift l should startmoving.Two other predicates, stop up(l) and stop down(l), determine when lift lshould stop moving; that is, when it is in a position to service a call. Both predicatesare true if lift l is at 
oor f and has an internal request to go to 
oor f. Additionally,stop up(l) is true if lift l is ascending and can service a call from 
oor f (subjectto certain constraints on its operation), and stop down(l) is similarly true if lift lis descending.stop up(l) def= 9f < m : (at(l; f) ^ (:called up(l) _ Clf _ Cuf));stop down(l) def= 9f < m : (at(l; f) ^ (:called down(l) _ Clf _ Cdf));Note that a lift should stop anyway, whether or not there are outstanding calls, ifthere are no further calls in its direction of travel.137



Once lift l has stopped at some 
oor f it may remain there for as long as there is aserviceable call on that 
oor or the open-door button is depressed. These conditionsare tested by the predicate stop(l).stop(l) def= (ascending(l) ^ stop up(l))_(descending(l) ^ stop down(l))_(Ol ^ motor off(l)):When stop(l) is true the lift doors should open, and they should remain open untilit ceases to hold. This constraint is not really strong enough as far as the open-doorbutton is concerned, because switching the motor on is su�cient excuse to ignoreit. In fact, the open-door button is not properly considered until section 9.2.4.DoorsIn this discussion only the lift doors are considered. It is true that there must alsobe doors on each 
oor to prevent passengers from falling down the lift shaft, but themechanism for opening and closing the doors is assumed to be on the lift. The doorson each 
oor merely open and close with the lift doors when the lift is appropriatelypositioned.For the moment let us conveniently forget that the doors take some time to openand close, and constrain them always to be either open or closed,always xor2(doors open(l); doors closed(l)): (9.4)A more detailed representation of the door behaviour will be considered in duecourse.9.2.2 The Speci�cationWhat properties should the lift system have? Obviously it is supposed to movepeople around the building without taking too long about it. But this section isconcerned with trying to constrain the behaviour of the controller so that it does areasonably good job without being too complex. The �rst few properties are essentialto any reasonable system, the later properties re
ect speci�c design decisions.The most important property of a lift is that it takes passengers where they wantto go; that is, all calls are eventually serviced. For example, if a request for 
oor fis registered in lift l, then lift l eventually arrives at 
oor f and stops,forall f < m :always if Clf then sometime (service(l; f)):138



Likewise, a call from 
oor f is eventually rewarded with the appropriate service.forall f < m :always fif Cuf then sometime (up service(f))îf Cdf then sometime (down service(f))g:The trouble is that for most practical purposes these properties are much too weak.They allow a lift to remain idle for a very long time, so long that no passenger wouldhave the patience to wait.1Maximum Service TimeIt would be much more useful to put an upper bound on the time taken to serviceeach call. But unfortunately in a real lift system no absolute maximum can be puton the service time, because it is possible for a passenger to interfere with a lift'sbehaviour by keeping its doors open. A realistic speci�cation should take accountof this possibility, which is most simply done by counting only the time when themotor is on.forall f < m : falways fif Clf thenservice(l; f) within flen (s) when motor on(l)gîf Cuf thenup service(f) within flen (s) when motor on(l)gîf Cdf thendown service(f) within flen (s) when motor on(l)ggg; (9.5)where the operator withinwas de�ned in section 9.1.5. The time limit s is the max-imum time for which a lift can be moving before a call is serviced, which e�ectivelylimits how far the lift is able to go out of its way to service other calls. The valueof s depends on the speed of the lift and the algorithm used to decide the order inwhich calls are answered.Naturally, this constraint only applies when lift l is in service. When it is outof service, that is when El is set, nothing at all can be said about how it behaves.1There is also a technical di�culty with termination because sometime , as we have it, is astrong operator which asserts that its argument surely does hold at some time.139



In fact, none of the constraints (9.5){(9.16) apply to broken lifts, but for the sakeof brevity this is not explicitly re-stated in each constraint.The problem has now been transformed into one of ensuring that the lift doesnot remain stationary forever. This is the purpose of the next constraint.Maximum Waiting TimeConsider what happens when lift l is stopped with its motor o�. What makes itever start moving? Hopefully, when there are outstanding calls and it is not beingheld at a 
oor (by its doors being kept open, for example), then it will begin tomove after waiting a maximum of w time steps for passengers to get on and o�.alwaysif motor off(l) ^ called(l) ^ :stop(l) then(motor on(l) _ :called(l) _ stop(l)) within len (w): (9.6)It is possible for the outstanding calls to be serviced other lifts, or for its doors tobe held open before lift l ever gets started.Maximum Transit TimeIn order to calculate an upper bound for the maximum service time s, let us supposethat lift l should take no more than t units of time to travel between 
oors; that is,forall f < m� 1 : falways fif going up(l) ^ :below(l; f) then:below(l; f+ 1) within len (t)îf going down(l) ^ :above(l; f+ 1) then:above(l; f) within len (t)gg: (9.7)In other words, if lift l is moving upwards and it is at least as high as 
oor f, thenwithin t units of time it will be at least one 
oor higher. Similarly, when goingdownwards it will descend by at least one 
oor in t steps.Now observe that the speci�cation could be realised by having each lift contin-ually go up and down stopping at every 
oor, repeatedly making an entire roundtrip. In that case the maximum time spent in transit iss = 2� (m� 1)� t:This is an upper bound on the maximum service time for any well designed system;the average service time ought to be much less than s.140



Position and DirectionThe relationships between the position of a lift and its direction of travel are justthe obvious ones: If its motor is o� then the lift should remain in the same place; ifit is going up then it should be seen to go up, that is, its height must not decrease;and similarly, its height should not increase when it is going down.forall f < m :keepif motor off(l) then fif above(l; f) then next above(l; f) ^if at(l; f) then next at(l; f) ^if below(l; f) then next below(l; f)ĝif going up(l) then fif above(l; f) then next above(l; f) ^if at(l; f) then next :below(l; f) ^if below(l; f) then next :above(l; f)ĝif going down(l) then fif above(l; f) then next :below(l; f) ^if at(l; f) then next :above(l; f) ^if below(l; f) then next below(l; f)ggg:
(9.8)

It has been assumed here that a lift does not \jump" past 
oors; that is, it cannotbe below a 
oor one moment and above it the next, and vice versa. This simpli�esthe decision of when to stop at a 
oor. It is not an essential assumption, but seemsreasonable if the grain of time is su�ciently small and the measurement of positionnot too precise (see section 9.2.3).Buttons and LightsThe way that calls are set and reset has already been described; that is to say,sometime after a button is pushed the appropriate light switches on and remainson until the call is serviced. But this informal description misses one aspect of thebehaviour: What happens if a button is pressed when the corresponding 
oor isalready being serviced? If a call is registered anyway the lift may be held at that
oor with its doors open, assuming that the controller is so designed. But if no callis registered there is no possibility of the button having any e�ect.141



It seems reasonable to register a call anyway when an up- or down-button ispressed, but not to register internal requests. This enables a person outside the liftto hold the doors open by pressing a call button, whereas a passenger already in thelift has the open-door button for this purpose. These properties have been observedto hold in a number of real lift systems.The internal buttons in lift l therefore behave in the following way. Withinsome response time, r, of a button being pressed (when the 
oor is not alreadybeing serviced) the call light illuminates, and once illuminated the light stays onuntil the 
oor is serviced. The cycle repeats inde�nitely.forall f < m :loop fhalt (Blf ^ :service(l; f)) ^ latch(r;:Clf);halt (service(l; f)) ^ latch(r; Clf)g; (9.9)where the predicate latch(r; b) denotes that the boolean expression b is set withinr time steps,latch(r; b) def= fb within len (r)g ^ keep fif b then next (b)g:The call buttons for each 
oor behave in a similar way, but if a button is pressedcontinuously the light goes on no matter what. Up- and down-calls are set and resetas follows,forall f < m : floop fhalt (Buf) ^ latch(r;:Cuf);halt (up service(f) ^ :Buf) ^ latch(r; Cuf)ĝloop fhalt (Bdf) ^ latch(r;:Cdf);halt (down service(f) ^ :Bdf) ^ latch(r; Cdf)gg: (9.10)Note, however, that it is not possible to make an up-request on the top 
oor, nor adown-request on the bottom. It is assumed that both these signals are always falsealways (:Bum�1 ^ :Bd0): (9.11)In reality one would expect the super
uous buttons to be absent.142



DoorsFor obvious reasons it is a good idea if, when lift l is moving, its doors are closed,and let us also stipulate that the doors are closed when it is stationary with nooutstanding calls (and the open-door button not depressed),always if motor on(l) _ (neutral(l) ^ :Ol) then doors closed(l): (9.12)This means that whenever the lift is not providing a service its doors are closed. Inparticular, pressing the open-door button when the lift is in motion has no e�ect.Improving the PerformanceConditions (9.5){(9.12) do not constrain the controller to be a particularly goodone. They are met, as observed above, by a system in which each lift repeatedlymakes an entire round trip, stopping at every 
oor. The next few constraints areaimed at eliminating some undesirable behaviours.First, suppose that lift l is stationary. Constraint (9.6) determines the maximumtime for which it can remain stationary if there are outstanding calls. However, itshould not begin to move if there are no calls to service, or if it is held at a 
oor,and when it does begin to move it must decide whether to go up or down. Theonly constraint on this choice is that it should not head o� upwards if there are norequests to go up, neither should it descend if there are no requests to do so.keepif motor off(l) thennext fif stop(l) _ :called(l) then motor off(l) ^if motor on(l) ^ :called down(l) then ascending(l) ^if motor on(l) ^ :called up(l) then descending(l)g: (9.13)Note that when its motor is on a lift must be moving in some direction,always if motor on(l) then :neutral(l): (9.14)It does not seem very useful to expend energy going nowhere!Next, consider what happens once lift l has started to move. How does itsposition change, and when should it stop? Constraints (9.7) and (9.8) ensure thatwithin t units of time it arrives at the next 
oor. It must then decide whether ornot to stop. If there is a serviceable request outstanding the lift must stop, but it143



should not stop if not required to do so.keep fif going up(l) thennextif stop up(l) then motor off(l) else going up(l)îf going down(l) thennextif stop down(l) then motor off(l) else going down(l)g: (9.15)This simple method of deciding when to stop only works if, as directed by constraint(9.8), the lift cannot whizz past a 
oor without ever being at it. Otherwise it mustbe decided in advance when to stop.Lastly, in the interests of fairness, the lift should keep going in the same directionfor as long as possible; that is, if it is ascending then requests to continue upwardsshould be given priority over those that require it to go downwards, and vice versa.If it is idle then it should remain so until there are calls to answer.keep fif ascending(l) thennextif called up(l) then ascending(l) ^îf descending(l) thennextif called down(l) then descending(l) ^îf neutral(l) thennextif :called(l) then neutral(l)g: (9.16)This decision only comes into e�ect when the lift is stopped at a 
oor becauseconstraint (9.15) prevents the lift from ever changing direction unless it is stopped.The Complete Speci�cationThe normal behaviour of lift l, when it is in service, is described by a combination ofthe above constraints. But when the emergency button is pressed those constraintsno longer apply and the lift goes out of service. This is readily modelled with thetrap construct, which was de�ned in section 9.1.4. The normal behaviour is then144



captured in the predicate in service spec(l), wherein service spec(l) def= trap El : f(9:1) ^ (9:2) ^ (9:3) ^ (9:4) ^ [interface](9:5) ^ (9:6) ^ (9:7) ^ [time limits](9:8) ^ [motion](9:9) ^ [internal calls](9:12) ^ [doors](9:13) ^ (9:14) ^ (9:15) ^ (9:16) [optimisations]g:Sometime after the emergency is over, when the 
ag El has been cancelled, liftl should return to normal service. But apart from that, nothing is said of whathappens when the lift is out of service.out of service spec(l) def= El ^ fin (:El):Lift l alternates between being in service and being out of service. Its whole be-haviour is captured in the predicate lift spec(l), wherelift spec(l) def= loop fin service spec(l) ; out of service spec(l)g:The control panels on each 
oor, containing the up- and down-call buttons, aresubject to the two constraints (9.10) and (9.11),external calls spec(m) def= (9:10) ^ (9:11):Finally, the complete system is just the parallel composition of all n lifts and m 
oorcontrol panels.lift sys spec(m; n) def= external calls spec(m) ^ forall l < n : lift spec(l):Let us now construct a prototype implementation.9.2.3 The Lift ControllerAlthough the speci�cation determines the most important aspects of behaviour, itis not deterministic and so cannot be simulated in Tempura. In order to constructa prototype, every detail of its behaviour must be �xed.The Control LogicConsider �rst the behaviour of lift l as it moves up and down answering calls. Thereare three possibilities for the direction, and the motor can either be on or o�. Thelift can therefore be in any one of six major states, but as condition (9.14) a�rms,when the motor is on the direction must be either up or down. In other words, oneof the states should never occur. This leaves �ve major states:145



1. idle: the lift is stationary with no outstanding calls.2. going up: the lift is moving upwards.3. going down: the lift is moving downwards.4. service up: the lift has stopped on the way up to service a call.5. service down: the lift has stopped on the way down to service a call.These states, and the transitions between them, are de�ned below, and a diagramshowing the state transitions can be found in �gure 9.4.When there are no calls to be serviced the lift remains on the same 
oor until arequest is registered (9.8 and 9.13). Let us suppose that the lift is in neutral, thencondition (9.16) implies that it remains in neutral until a call is registered. Supposealso that it gives priority to upward calls; that is, if called up(l) returns true, thelift will next be going up, otherwise it will be going down (9.13 and 9.14). Finally,suppose that the lift moves immediately a call is registered, comfortably within anyvalue of the delay w in condition (9.6). This behaviour is captured in the predicatestate0:state0(l) def= halt (called(l)) ^ keep (idle(l));if called up(l) then state1(l) else state2(l)idle(l) def= motor off(l) ^ neutral(l):The predicates state1 and state2 specify the behaviour of the lift when movingup and down, respectively.Suppose that the lift is going up, then (9.8) and (9.15) force it to continue itsascent until either there is a call to be serviced on the current 
oor, or there are nooutstanding calls to higher 
oors. In either case stop up(l) = true. The predicatestate1 speci�es this behaviour.state1(l) def= halt (stop up(l)) ^ keep (going up(l));if called up(l) then state3(l) else state4(l)going up(l) def= motor on(l) ^ ascending(l):If there are calls that require the lift to continue upwards, it then begins state3(9.16). In this state it allows passengers to get on and o�, and then moves upwardsagain if required to do so. For the moment it is su�cient to assume that the liftpauses for one unit of time (skip), but this assumption will be revised shortly.state3(l) def= skip ^ keep (service up(l));if called up(l) then state1(l) else state0(l)service up(l) def= motor off(l) ^ ascending(l):146
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Predicates state2 and state4 are de�ned in the same way as state1 and state3,but with the direction of travel reversed. Thus, in state2 the lift is going downstate2(l) def= halt (stop down(l)) ^ keep (going down(l));if called down(l) then state4(l) else state3(l)going down(l) def= motor on(l) ^ descending(l);and in state4 it is stationary on the way up,state4(l) def= skip ^ keep (service down(l));if called down(l) then state2(l) else state0(l)service down(l) def= motor off(l) ^ descending(l):The predicates called down and stop down were de�ned in section 9.2.1.Buttons and LightsConditions (9.9) and (9.10) in section 9.2.1 ensure that within some maximum delayr of a button being pressed, or of a call being serviced, the appropriate light goes onor o�. Suppose that the actual mechanism has a �xed delay, which for convenienceis taken to be one unit of time, then the setting and resetting of calls in lift l isgreatly simpli�ed. It is described by the predicate internal calls(l), whereinternal calls(l) def= forall f < m : Clf gets ((Blf _ Clf) ^ :service(l; f)):The up- and down-calls are set and reset in much the same way, as the describedby the predicate external calls(m)external calls(m) def= forall f < m : fup calls(f) ^ down calls(f)gup calls(f) def= Cuf gets (Buf _ (Cuf ^ :up service(f)))down calls(f) def= Cdf gets (Bdf _ (Cdf ^ :down service(f))):Recall that pressing an up- or down-button inevitably sets the corresponding call
ag, regardless of whether the lift is at the relevant 
oor already. This means that alift may be held at a particular 
oor for as long as desired by continuously pressingthe appropriate button.MotorThe movement of lift l is controlled by sending signals to its motor unit. Thedirection of travel is determined by the setting of Dir,ascending(l) def= Dirl = +1descending(l) def= Dirl = �1neutral(l) def= Dirl = 0 148



and the motor is switched on or o� by setting Motor appropriately,motor on(l) def= Motorlmotor off(l) def= :Motorl:Whenever the motor is switched on the lift moves in the direction speci�ed by Dir.The position of each lift is determined by the setting of two arrays of switches,Above and Below.below(l; f) def= Belowlfabove(l; f) def= Abovelfat(l; f) def= :(Abovelf _ Belowlf):The idea is that these switches are positioned at appropriate points in the lift shaft,and toggle as the lift passes by. The switch Belowlf should be just below 
oor f,and Abovelf should be just above 
oor f.When its motor is switched on, lift l travels up or down according to the settingof Dirl (9.8). If lift l takes one unit of time to travel between 
oors, and thereforehas a maximum transit time, t, of one (9.7), its height goes up or down by one 
ooron every unit of time that the motor is switched on. A local register H is used tokeep track of the current height.motor(l) def= 9H : forall f < m : falways (if at(l; f) then (H = f)) ^Abovelf gets(if motor on(l) then f < H+ Dirl else Abovelf) ^Belowlf gets(if motor on(l) then H+ Dirl < f else Belowlf)g:This is appallingly unrealistic, but it serves to get an initial working model. A moredetailed description of the movement is developed in section 9.2.4 below.DoorsLet us continue for the moment with the two-state doors. Each pair of doors canbe controlled by a single boolean signal, Doorsl, withdoors open(l) def= Doorsldoors closed(l) def= :Doorsl:Constraint (9.12) demands that the doors are closed when the lift is moving or isstationary in its idle state (unless the open-door button is depressed), and in thisinitial version the doors are closed at exactly those times. At all other times theyare open.doors(l) def= doors closed(l) is (motor on(l) _ (neutral(l) ^ :Ol)):Section 9.2.4 introduces a more re�ned model of the doors, which takes account ofthe opening and closing states. 149



The Complete SystemA �rst complete prototype can now be constructed by composing all of the partsdescribed above. Each lift contains a call unit and a controller, which comprises somecontrol logic, a motor unit, and a door unit. Under normal normal circumstances itgoes up and down visiting 
oors according to the state transitions detailed above,and its behaviour is just the parallel composition of the various parts, as in thespeci�cation in service spec above. Assuming that the lift begins life in its idlestate,in service(l) def= trap El : finternal calls(l) ^ controller(l)g;controller(l) def= state0(l) ^ motor(l) ^ doors(l):After the emergency button has been pressed, the lift is out of service, and thespeci�cation asserts that when it comes back into service the 
ag El has been reset.Suppose that it is in service again as soon as El is reset.out of service(l) def= halt (:El):Nothing is said about what happens to the lift when it is out of service.Following the speci�cation lift spec, each lift is initially in service, but fromthen on alternates between being in service and being out of service.lift(l) def= loop fin service(l) ; out of service(l)g:The lift always returns to normal service in its idle state.Suppose that every lift is initially idle on the lowest 
oor with its doors closed,and that no calls are set,init sys(m; n) def= forall l < n : init lift(l) ^ forall f < m : init floor(f)init lift(l) def= idle(l) ^ doors closed(l) ^forall f < m :fAbovelf = (f < 0) ^ Belowlf = (0 < f) ^ :Clfginit floor(f) def= :Cuf ^ :Cdf:The entire system is then just the parallel composition of n lifts and the call unitson each 
oor beginning in the initial con�guration above.lift sys(m; n) def= init sys(m; n) ^ external calls(m) ^ forall l < n : lift(l):It can be simulated directly in Tempura using the program lift simulation(m; n),wherelift simulation(m; n) def= 9B; Bu; Bd; C; Cu; Cd; E; O;Motor; Doors; Dir; Above; Below : fstructure(m; n) ^init sys(m; n) ^generate inputs(m; n) ^lift sys(m; n) ^always display lifts(m; n)g: 150



The simulation relies on three predicates not described above: structure de�nesthe structure of the control signal paths, generate inputs is required to simulatethe pressing of the various buttons, and display lifts outputs each state of thesimulation in an easy-to-read form. Their de�nitions will not be given.Although testing the prototype in this way increases one's con�dence that it doesbehave correctly, it is still better to verify formally that it satis�es the speci�cation.This entails proving that any interval generated by the implementation also meetsthe speci�cation.j= lift sys(m; n) � lift sys spec(m; n):The proof can be broken down into a number of separate parts (see chapter 5). Forinstance, one might provej= external calls(m) � external calls spec(m)andj= lift(l) � lift spec(l)separately. The latter property can be further subdivided, in much the same wayas it was originally constructed, to make veri�cation more manageable.9.2.4 Some ImprovementsIn this prototype system, the relative speeds of di�erent parts of the system areimplausible, to say the least. For instance, a lift can travel between 
oors in thetime that it takes to register a call. Furthermore, the description of the doors ismuch too crude. It assumes that they open and close instantaneously. This sectiono�ers improved descriptions of the motion and the doors.MotorThe motion of a lift can be viewed as a sequence of steps on which it either movesup or down one 
oor or stays put, according to whether the motor is on or o�. Thisis readily modelled with temporal projection by rede�ning the controller.controller0(l) def= controller(l) upon motor on(l) do move1(l);A step on which the lift moves is modelled by the predicate move1(l),move1(l) def= if ascending(l) then up1(l) else down1(l);and the predicates up1 and down1 respectively model the ascent and descent by one
oor, so they must have the following properties:j= up1(l) � 8f < m� 1 : at(l; f+ 1) at(l; f)j= down1(l) � 8f < m� 1 : at(l; f) at(l; f+ 1):151



If the lift is at 
oor f and starts going up then it �rst switches Abovelf, and thenkeeps going up until Belowlf+1 changes (and vice versa if the lift is descending). Forconvenience, it is assumed that this takes exactly t units of time.up1(l) def= forall f < m : fif at(l; f) then fhalt (:Belowlf+1) ^switch(1; Abovelf) ^switch(t; Belowlf+1)gelse stable (Abovelf; Belowl(f+1)modm)gdown1(l) def= forall f < m : fif at(l; f) then fhalt (:Belowlf�1) ^switch(1; Belowlf) ^switch(t; Abovelf�1)gelse stable (Abovelf; Belowl(f�1)modm)g:The predicate switch(i; B) just asserts that B is inverted at time i,switch(i; B) def= len (i� 1) ^ stable (B) ; B := :B ; stable (B);before and after time i it is kept stable.When its motor is o�, lift l is stationary the corresponding switches do notchange. They must therefore be represented by frame variables (which in this contextcorrespond to hardware latches).DoorsFinally, let us de�ne a more realistic model of the lift doors. As promised, this modelwill take account of the fact that the doors take some time to open and close, whichin turn will make it possible for the open-door button to have an e�ect outside theidle state.The doors of lift l must open whenever condition stop(l) obtains; that is, when-ever the open-door button is pressed and the motor is o�, or the lift arrives at a
oor where there is a serviceable call outstanding. At all other times the doorsmust be closed. This is represented, just as the detailed motion was represented, byprojecting the �ne-grain behaviour onto the controller.controller00(l) def= controller0(l) upon stop(l) do open close doors(l):152



Here the predicate open close doors(l) represents the opening and closing of thelift doors. The closing doors may be interrupted and caused to re-open if the open-door button or a suitable call button is pressed.open close doors(l) def= repeatfopen doors(l);hold doors(l);trap stop(l) : close doors(l)g until doors closed(l):The predicates open doors(l), hold doors(l) and close doors(l) model the open-ing, open and closing states, respectively.j= open doors(l) � fin (doors open(l));j= hold doors(l) � stable (Doorsl);j= close doors(l) � fin (doors closed(l)):To represent the opening and closing states, let us rede�ne the signal Doorsl to be anumeric value between zero, which represents the closed state, and some maximumvalue, d, representing the open state. When the doors are opening the value ofDoorsl increases up to d.open doors(l) def= halt (doors open(l)) ^ Doorsl gets Doorsl + 1doors open(l) def= Doorsl = d:When the doors have opened, they are held open for a maximum time h before beingclosed again. But if a request button is pressed while the doors are open, they beginto close immediately.hold doors(l) def= next ftimeout(h; 9f < m : Blf)g ^ stable (Doorsl):When the doors close, Doorsl decreases to zero.close doors(l) def= halt (doors closed(l)) ^ Doorsl gets Doorsl � 1doors closed(l) def= Doorsl = 0:Finally, the doors remain static when stop(l) is not true, so Doors must also be aframe variable.Figure 9.5 shows a small section from the output of a long simulation of a systemof three lifts servicing an eight-storey building. The simulation used the improvedmodel, each lift taking three units of time to travel between 
oors. The doors alsotake three units of time to open or close; that is, d = 3. In �gure 9.5 the symbols, , andrepresent the state of the doors, from fully closed to fully open. The internal requestsin each lift are shown at the top of each state picture, and the symbols 4 and 5denote up- and down-calls. 153



Figure 9.5: Part of a simulation of the lift system.154



9.3 DiscussionThere are several ways in which the prototype can be improved. For instance, thecontroller does not give optimum performance insofar as it does not always minimisethe waiting time for calls to be answered. In general, it is not possible to achieveoptimum performance without prior knowledge of the pattern of calls, but it ispossible to do better than has been done. For example, a lift in its idle state willalways answer upward calls in preference to downward. To make the lift fairer thedecision must be made on the basis of some additional factor, such as to answer �rstthe call that will take the least (maximum) time to service. This means favouringthe downward call if the lift is currently less than half way up, otherwise the upward.Here is a version of state0 that does this:state0(l) def= halt (called(l)) ^ keep (idle(l));if below(l; m=2)thenif called down(l) then state2(l) else state1(l)elseif called up(l) then state1(l) else state2(l):More sophisticated strategies come readily to mind, but they are not discussed here.Anyway, it should not happen very often in practice that two calls are registered atexactly the same moment, so perhaps the unfairness is not worth worrying about.A much more serious problem is that the controller may cause several lifts tocompete to answer the same call while another goes unattended. This happensbecause the lift controllers act entirely independently of one another, and such be-haviour could be avoided by the introduction of logic to coordinate the lifts. Thelogic would assign a particular lift to answer each up- or down-call. For instance, onemight replace each of the call 
ags Cuf and Cdf by n separate call 
ags, one for everylift. But when the appropriate button is pressed only one of the 
ags should be set.The decision of which 
ag to set should be based on some attempt to minimise theservice time.Finally, no account has been taken of the fact that in practice the speed of a liftis not constant due, amongst other things, to the need to accelerate and decelerate.One might overcome this by explicitly modelling speed variations, which is not hard,but further complicates the speci�cation.
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Chapter 10Communicating ProcessesThis chapter presents a stream-based communication mechanism for Tempura. The mechanismis based on two primitive operations, one to put data onto a stream, the other to get data froma stream. These simple operations may be used to construct communicating processes. Threeexamples are presented. The �rst, transferring a list, is used to introduce the ideas; the second isthe prime sieve; and the last one is a system comprising a lexical analyser, a parser and an evaluatorfor simple arithmetic expressions. Finally, section 10.5 proposes a way to express interleavedexecution in ITL.At �rst sight it may seem that ITL and Tempura are only suited to the study ofstrongly synchronous systems of the kind described so far, but closer investigationreveals that this is not so. Although the logical model deals in states of the wholesystem, which suggests a close coupling between component parts, it is not hard toembed asynchronous systems within this framework.There are essentially two ways to do this. One is to use temporal projection todescribe di�erent parts of a system according to di�erent timescales, so that theirlocal state sequences are interleaved in the global model. This is the subject ofsection 10.5. The approach taken in the �rst part of this chapter is much simpler.Here, one simply describes all parts of the system according to some global timescale,whilst recognising that individual processes do not actually have to run at exactlythe same rates.The global timescale is an abstraction. Depending on the application, it may beseen merely as a particular way of numbering the states of each process, or perhapsas an observation of the system according to some conceptual clock (a \wall clock"perhaps). But it should not be assumed to correspond directly to clock cycles onany particular machine.To demonstrate that Tempura can handle asynchronous processes just as wellas synchronous ones, a particular form of synchronised communication is imple-mented in Tempura. It is used in three examples. The �rst example illustrates thebasic communication mechanism. The second is a standard example of irregular156
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A B C[0; 1; 2] � [ ][1; 2] 0 [ ][1; 2] � [0][2] 1 [0][2] � [0; 1][ ] 2 [0; 1][ ] � [0; 1; 2](c)Figure 10.1: Transferring a list of data.communication, the prime sieve; and the last is a pipeline for parsing elementaryarithmetical expressions.There is nothing new about the communication mechanism; in fact, it is justabout the most elementary protocol there is. But that is beside the point, becausethe main purpose of this chapter is to show that communication, like assignment,does not have to be wrapped up in a special theory, but �ts comfortably into thelogical framework we already have.10.1 Message PassingAt an abstract level the transfer of a complete message between two processes isrepresented by a single temporal assignment, but if the communication bandwidth islimited a long message has to be divided into smaller units which are then transferredone at a time. A transfer of this kind typically goes via intermediate storage that isshared by both processes, a bu�er or communication channel perhaps. Let us beginwith a very simple example to illustrate the technique.10.1.1 Transferring a ListThe task in hand is to transfer a quantity of data from A to C, so the transfer mustimplement the temporal assignmentC A:Suppose that the data is in the form of a list, and to be speci�c, suppose that A hasthe value [0; 1; 2] initially. Then a satisfactory transfer is shown in �gure 10.1(a).This transfer may be achieved by copying the elements of A one at a time, whichtakes three steps in all. On each step the �rst element of A is removed and appended157



to C,for 3 times do A; C tl(A); C [̂hd(A)]:This is the situation in �gure 10.1(b).Finally, all communication can be via a shared bu�er, B. In this case the transferis represented as two parallel processes, one which puts successive elements of A intoB, and another which takes them from B into C,for 3 times do put elt(B; A) k for 3 times do get elt(B; C);The predicates put elt and get elt de�ne the actions of sending and receiving asingle element of data.Before de�ning these predicates, a concrete representation must be chosen forthe bu�er B. The only important thing is that there should be a unique value todistinguish the empty bu�er, so let us take this value to be the special token nil.The send and receive operations can be implemented using a simple stop-and-wait protocol. To send a message, �rst wait for the bu�er to empty, then write the�rst element of A,put elt(B; L) def= halt (B = nil) ; B; L := hd(L); tl(L):The receive operation is the other way around, �rst waiting for the bu�er to �ll andthen removing the datum in preparation for the next,get elt(B; L) def= halt (B 6= nil) ; B; L := nil; L [̂B]:Figure 10.1(c) shows how this works on our example.There are two things to note about this example. The �rst is that the variablesA, B and C are assumed to be frame variables. If they are not, then extra assignmentsmust be put in to maintain their values during idle periods. The second observationis that this example isn't very general. For a start, it has been assumed that bothsender and receiver know in advance how much data is going to be transferred. Thatmight be a reasonable assumption for the sender, but surely not for the receiver.10.1.2 TerminationGenerally, some convention is used to indicate termination. One that is quite com-mon in practice is to reserve a special token, # say, to denote the end of the data,and that is the convention adopted here. Moreover, it is convenient when dealingwith lists to assume that # is appended to the data prior to transmission.The predicates list to buf(L; B) and buf to list(B; L) respectively describe asender and receiver which use our convention.list to buf(L; B) def= while (jLj 6= 0) do put elt(B; L)buf to list(B; L) def= repeat get elt(B; L) until(LjLj�1 = #):158



time A B C0 [0; 1; 2;#] � [ ]1 [1; 2;#] 0 [ ]2 [1; 2;#] � [0]3 [2;#] 1 [0]4 [2;#] � [0; 1]5 [#] 2 [0; 1]6 [#] � [0; 1; 2]7 [ ] # [0; 1; 2]8 [ ] � [0; 1; 2;#]Figure 10.2: An example of communication via a unit bu�er.Parallel composition of the sender and receiver processes yields a list transfer pro-gram, transfer(A;B; C), wheretransfer(A; B; C) def= list to buf(A; B) k buf to list(B; C):But it only works provided that A contains # as its last element, and that B isinitially nil and C is initially empty. Thus, it is claimed thatj= frame A; B; C : finit(A; B; C) ^ transfer(A; B;C)g � C A;where init(A; B; C) checks the initial conditions,init(A; B; C) def= (forall i < jAj � 1 : Ai 6= #) ^ AjAj�1 = # ^ B = nil ^ C = [ ]:For the list transfer example above, this program produces the behaviour shown in�gure 10.2.10.1.3 The Operations Put and GetFuture examples will need the more general send and receive operations de�nedby the predicates put(B; X) and get(B; X). These are similar to put elt(B; L) andget elt(B; L) above, but they send and receive single data rather than whole lists.put(B; X) def= halt (B = nil) ; B := Xget(B; X) def= halt (B 6= nil) ; B; X := nil; B:On completion of get, the received value is held in X. The parallel composition ofput and get operations implements an assignment; that is,j= local B : fB( nil k put(X; B) k get(B; X0)g � X0  X:159



: : : ; 7; 6; 5;4;3;2 =) FILTER0 =) FILTER1 =) � � � =) FILTERn =) : : : ; 7; 5; 3; 2Figure 10.3: The prime sieve.The two operations need not start simultaneously for this property to hold. Forinstance, a bu�er process is de�ned below.copy(A; B) def= local X : repeat fget(A; X) ; put(X; B)g until(X = #):It can be used to introduce an additional element of storage between sender andreceiver, and so decouple them slightly,list to buf(A; B) k copy(B; B0) k buf to list(B0; C):The producer can now run one element ahead of the consumer.10.2 The Sieve of EratosthenesThis communication mechanism will now be put to use in a parallel version ofthe so-called Sieve of Eratosthenes, the prime sieve. The aim is to discover allprime numbers less than a certain limit max(n) using a pipeline of n communicatingprocesses, arranged as shown in �gure 10.3.The pipeline comprises a series of �lters, each one removing multiples of a par-ticular prime number from its input. The �rst �lter removes all multiples of two, thesecond removes all multiples of three, and so on. The ith �lter receives a stream ofnumbers from its left-hand neighbour, and passes on to its right-hand neighbour thesame stream with all multiples of the ith prime number removed (the �rst primenumber is 2).10.2.1 Speci�cationThe input to the pipeline is taken from a list N of successive natural numbers,[2::max(n)], and the output is placed in the corresponding list P which has all com-posite numbers �ltered out. The maximum value in N is one less than max(n), wheremax(n) is the �rst non-prime number that would pass through an n-stage sieve. Itis well known that max(n) is equal to the square of the (n+ 1)st prime.To see that this is the correct value, �rst notice that, although max(n) is notprime, it is not divisible by any prime less than the (n + 1)st, and so will not be160



eliminated by the sieve. Moreover, any composite number less than max(n) musthave a prime factor amongst the �rst n primes, and such numbers are supposed tohave been �ltered out by the sieve.Taking this value for max(n), the output list, P, should �nish up with the initialvalue of primes(N), where the function primes(N) returns a list of the prime elementsof N. It may be de�ned recursively as follows:primes(N) def= if jNj = 0 then [ ]else fif is prime(hd(N))then cons(hd(N); primes(tl(N)))else primes(tl(N))gis prime(i) def= :9j : f(1 < j < i) ^ (i mod j = 0)g:Therefore a sieve having n �lter processes, sieve(n; N; P), satis�es the followingproperty:j= N = [2::max(n)] ^ P = [ ] ^ sieve(n; N; P) � P primes(N);Now let us see how to implement the sieve in Tempura.10.2.2 ImplementationThe sieve is a parallel composition of the n �lter processes, filter(i; A;B), togetherwith two other processes, one to feed elements of N into the �rst �lter, the otherto gather up elements from the last �lter into the list P. These two operationsare de�ned by the predicates list to buf(L; B) and buf to list(B; L), which havealready been described. The processes are connected by n+ 1 bu�ers Bi.sieve(n; N; P) def= local B : flist to buf(N; B0) kforpar i < n : filter(i; Bi; Bi+1) kbuf to list(Bn; P)gwhere list(B; n+ 1) ^ forall i < n+ 1 : Bi = nil:The sieve terminates when all subprocesses have �nished.10.2.3 The Filter ProcessesThe ith �lter, which sifts out all multiples of the ith prime number, is speci�edby the predicate filter(i; A; B). It receives a stream of numbers from its left-handneighbour in A, and passes on to its right-hand neighbour every element of thisstream that is not divisible by p, as well as p itself.161
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Its �rst task is to determine its own prime, whose multiples it must strike fromsubsequent output, and this is easy because the ith prime is simply the ith input tothe process. Therefore, the �rst i� 1 numbers from the input stream, A, are copieddirectly onto the output stream, B, since they are all prime numbers. The predicateskip to(i; X) takes care of this.skip to(i; X) def= for i times do fif X = # then emptyelse fput(B; X) ; get(A; X)gg:If # is encountered before the ith input is reached; that is, if there are less than iinputs, then the predicate simply terminates.When the predicate skip to terminates, sift multiples(X) takes over. Theith input, at this point held in the variable X, is saved in a static variable p. Thenthe processing enters a loop during which only those inputs that are not multiplesof p are output, except for p itself which is output �rst.sift multiples(X) def= local p : fp( X;while X 6= # do fif X mod p = 0 ^ X 6= p then emptyelse put(B; X);get(A; X)gg:When the end of data is detected on the input stream, the �lter process closes itsoutput stream and terminates.The ith �lter process, filter(i; A; B) is formed by composing all these actionsin the sequence described above.filter(i; A; B) def= local X : fget(A; X);skip to(i; X);sift multiples(X);put(B;#)g:A typical computation generated by the sieve is shown in �gure 10.4, where four�lters are used to generate all primes less than 121.10.3 A Simple ParserThe �nal example is a pipelined parser for simple arithmetic expressions. This parseris designed to be part of a system for evaluating arithmetic expressions, receiving its163
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10,32,\+",57,1,\+",\+"���� ����Figure 10.5: The pipelined expression evaluator.input from a lexical analyser and sending its output to an evaluator. It accepts asinput a stream of tokens comprising numbers, parentheses and operators, and on itsoutput produces the reverse polish form of the input expression. The whole systemis shown in �gure 10.5The parser operates on a pair of streams. Tokens are read from the input stream,TS, parsed into reverse polish form, and written to the output stream PS. Thecurrent token is always held in the frame variable Token. The �rst action, whichgets the ball rolling, is to read a token from the input. When this has been done,the parsing begins, and continues until the whole expression has been read. At thispoint the input stream should be closed, in which case the output stream is alsoclosed, otherwise a syntax error is 
agged.parser(TS; PS) def= local Token : fget token();parse expr();if Token = # then emptyelse syntax error(\Premature end of expression");put polish(#)g:There are three subsidiary predicates here. Two, get token() and put polish(),are just speci�c uses of put and get, which were de�ned above. The former reads atoken from the input stream and the latter writes a token to the output stream.get token() def= get(TS; Token)put polish(token) def= put(PS; token):The other predicate, parse expr(), does the real work.164



10.3.1 The Parsing AlgorithmA standard recursive descent algorithm is used for the parsing. The body of theparser is the predicate parse expr(), which parses a complete expression. This maybe an integer or an expression in parentheses, or it may be made up of two suchprimary expressions combined with an operator. To keep things simple, only theaddition operator, \+", is permitted.parse expr() def= parse primary();while Token = \+" do fget token();parse primary();put polish(\+")g:The predicate parse primary() parses a primary expression.There are two legitimate kinds of primary expression. If the initial token is anumber then the whole expression must be a number and there is nothing furtherto do.parse num() def= put polish(Token) ; get token():If, on the other hand, the initial token is a left parenthesis then the following ex-pression must be recursively parsed and a check made for the terminating rightparenthesis.parse parens() def= get token();parse expr();if Token = \)" then get token()else syntax error(\Missing right parenthesis"):Anything else is a syntax error. Thus, parse primary() is de�ned as follows:parse primary() def= if Token = #then syntax error(\Premature end of input")else if is num(Token) then parse num()else if Token = \(" then parse parens()else syntax error(\Bad primary"):It only remains to describe how errors are handled.10.3.2 Error HandlingErrors can be handled in a number of ways, but one of the simplest options is toabort the parsing, output the appropriate error message, and then discard all the165



remaining input. This is readily achieved by introducing a boolean 
ag, ErrorSetsay, which is trapped in the top-level predicate of the parser, as follows:parser0(TS; PS) def= local ErrorSet : fErrorSet( false;trap ErrorSet : parser(TS; PS);if :ErrorSet then empty else abort()gabort() def= while Token 6= # do get token();put polish(#):Recall that the construct trap b : p causes the program p to terminate prematurelyif b becomes true. It was de�ned on page 144.The error 
ag is set in the predicate syntax error(text), which may be de�nedas follows:syntax error(text) def= output(text) ^ ErrorSet := true:It is possible to make the parser even more robust by limiting the time it willwait for a message to be sent or received, thus protecting it against catastrophicerrors elsewhere in the pipeline. This is quite simply achieved using the timeoutmechanism, which was described in section 9.1.5. In general, the compositionget(B; X) len (t)waits at most t units of time for a message to arrive on the stream B.10.4 The Complete EvaluatorFor the sake of completeness, this section gives a brief account of the stream-basedlexical analyser and the expression evaluator, which were alluded to earlier. Thesetwo can be hooked up to the parser as shown in �gure 10.5, using the now familiarprocess list to buf(L; B) to feed the input expression into the lexical analyser.Three streams are needed to connect the four processes: CS for the input to thelexer, TS to carry tokens between the lexer and the parser, and PS for the reversepolish output from the parser. The parallel compositionlist to buf(exp; CS) k lexer(CS; TS) k parser(TS; PS) k evaluator(PS; answer)then performs the complete evaluation of the expression exp, placing the result inthe variable answer. Figure 10.6 shows a typical computation.There is nothing noteworthy about either the lexical analyser or the expressionevaluator. Both use standard algorithms.166
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10.4.1 The Lexical AnalyserAt the top-level, the lexical analyser is much the same as the parser. First, it readsa character from the input stream, then begins the actual analysis, after which theoutput stream is closed and the process terminates.lexer(CS; TS) def= local Char : fget char() ; lex expr() ; put token(#)g:The most recently read character is held in the frame variable Char.The body of the analyser is the predicate lex expr(). This separates the inputinto numbers, which are built from a sequence of digits in the input, spaces, whichare ignored, and operators, which are passed straight on to the parser.lex expr() def= while Char 6= # do fif is digit(Char) then lex number()else if is space(Char) then lex spaces()else if is operator(Char) then lex operator()else syntax error(\Unrecognised character")g;where the predicates lex number(), lex spaces() and lex operator() handle therecognition of numbers, spaces and operators.lex number() def= local N : fN( 0;while is digit(Char) do fN := 10� N+ ascii(Char)� ascii(\0");get char()g;put token(N)glex spaces() def= while is space(Char) do get char()lex operator() def= put token(Char) ; get char():The predicates put token() and get char() are just particular uses of put(B; X) andget(B; X).10.4.2 The EvaluatorThe evaluator produces a single result, answer, from the reverse polish input. Itstop-level is therefore slightly simpler, since there is no output stream to be closedwhen the evaluation is done.evaluator(PS; answer) def= local Token : fget polish() ; eval expr()g:The most recently read token is held in the frame variable Token.168



The body of the evaluator, eval expr(), is de�ned below. It uses a stack toevaluate the input expression. Numeric tokens are simply pushed onto the stackuntil the operator \+" is encountered, whereupon the top two elements of the stackare added together.eval expr() def= local Stack : fStack( [ ];while Token 6= # do fif is integer(Token) then push(Stack; Token)else if is plus(Token) then add(Stack)else syntax error(\Unknown operator");get polish()g;if jStackj = 1 then answer( Stack0else syntax error(\Incomplete expression")g:The subsidiary predicate add(Stack) pops the top two elements of the stack, addsthem together, and pushes the result back onto the stack.add(Stack) def= if jStackj � 2 thenlocal m; n : fpop(Stack; m);pop(Stack; n);push(Stack; m+ n)gelse syntax error(\Too few arguments to add"):When the evaluator �nishes there should be just the result left on the stack; other-wise the input expression was not complete.10.5 InterleavingAlthough our communication mechanism works correctly and shows that asyn-chronous processes can be represented in Tempura, there are two isuues of concern.One is that the states in the underlying model are global, so all the parallel pro-cesses share the same state sequence. This does not seem to be a good model of asituation in which the parallel processes are genuinely independent of one another,perhaps running on di�erent machines. The other problem concerns the messagepassing mechanism. When a process is waiting for a message on a particular streamit is, in e�ect, busy waiting; that is, it checks the stream on every state.One possible answer to both of these problems is to use temporal projection. Forexample, the processtrue ; (true proj p) ; true 169



speci�es that p is true on an arbitrary subsequence of the whole interval. Thus, iftwo such processes are combined in parallelftrue ; (true proj p0) ; trueg k ftrue ; (true proj p1) ; truegtheir state sequences may be arbitrarily interleaved. In general, an interleavingoperator, p interleave p0 may be de�ned such thatp interleave p0 def= (next p) proj (p ; p0):Roughly, this means that an instance of p precedes every state in the execution ofp0, including the �rst. The formula p is used to pick out the states on which p0 mustbe active. The examples below will make this clearer.The interleaving operator can be used to describe processes that are genuinelyasynchronous. Let us look at just two simple applications. The �rst is to usethe above technique to represent a kind of timeslicing; the second is to express arendezvous mechanism.10.5.1 Simple TimeslicingPerhaps the simplest form of interleaving is timeslicing where only one process isactive at a time. Each process runs for a certain amount of time, then is suspendedwhilst another is given its share of the resources. Such a scheme requires a schedulerto \swap" the processes in and out. For instance, suppose that there are n processes,pi for i < n, and that pi executes during its \turn", when T = i. This is readilyrepresented asforpar i < n : halt (T = i) interleave pi:Process i is active on every state on which T = i (until it terminates). The turnmust be switched by the scheduler.10.5.2 RendezvousA similar strategy may be used to represent processes that synchronise at certainrendezvous points, but otherwise execute independently. Suppose that two processesp0 and p1 rendezvous on a shared bu�er B; that is, they synchronise when the bu�eris full. One needs to ensure that the processes have in common the rendezvous stateswhen the bu�er is full; at other times their execution may be arbitrarily interleaved.This may be achieved by imposing the constraint that each process is active whenthe bu�er is full, or in other words that the bu�er is empty (B = nil) whenevera process is suspended. An interleaving with the formula keep (B = nil) does thetrick:forpar i < 2 : keep (B = nil) interleave pi:170



Note that the processes may be active when the bu�er is empty, but may not besuspended when it is full.The rendezvous mechanism is non-deterministic and so cannot be executed inTempura as things stand. Of course, the bu�er could not be a frame variable inthis formulation because the rendezvous is a zero-time communication as well asbeing non-deterministic. However, there does not seem to be any essential problemin extending Tempura to handle this kind of synchronisation. Moreover, it may bepossible to express a similar idea within the deterministic framework of Tempura,but this needs to be further investigated.10.6 DiscussionMoszkowski has previously considered the representation of communicating pro-cesses in Tempura [Mos86]. The treatment above improves on his attempt in anumber of ways. Most importantly, it is far simpler. The communication mecha-nism is much more straightforward than the one Moszkowski originally proposed,and the process composition operator (k) removes the need for his rather cumber-some use of signals for starting and stopping parallel processes. The error handlingmechanism is also a considerable improvement.How does our stream mechanism compare to the message-passing facilities inother languages? The most obvious comparison is with Hoare's speci�cation lan-guage CSP [Hoa85] and the related programming language Occam [Inm84], both ofwhich take the communication operations to be a primitive. In CSP, the statementB!X puts the data X into the stream1 B, and B?X is used to get X from B. Adi�erence between the communication primitives in CSP and the predicates put andget (as I have de�ned them) is that the put operation in CSP is blocking, in Tempurait is non-blocking. In other words, in CSP a put operation does not complete untilthe data has been received, but the predicate put completes as soon as the data hasbeen written to the stream. It is easy to de�ne in Tempura a version of put that ismore like the CSP version:put0(B;X) def= B := [X ] ; halt (jBj = 0):Likewise, it is possible in CSP to implement a non-blocking send by means of anintermediate bu�er process.A simple message-passing mechanism such as the one described in this chaptermight be \packaged", just as in CSP, and the put and get operations made intolanguage primitives. Syntactic rules could then be imposed to ensure, for example,that channels are correctly used or even, if desired, that asynchronous processesnever communicate except through channels. However, there are advantages inhaving the details of the mechanism visible. For one thing it o�ers greater 
exibility1In CSP and Occam they are called channels171



because it permits one to understand and control what is really happening. Thus,it is possible to reason about the real-time aspects of message passing in Tempura.For instance, in section 10.3.2 I showed how easy it is to associate a timeout witha particular operation. CSP throws away any chance of dealing formally with suchideas, because the operations (and indeed the whole language) abstracts from time.
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Chapter 11EpilogueI claimed in chapter 1 that Tempura is a realistic programming language for de-signing and reasoning about computer programs, especially parallel and real-timeprograms, and the evidence presented in this dissertation supports that claim. It isparticularly pleasing to have discovered that the inertial assumption of ordinary im-perative programming may be represented semantically in ITL, and that operatorsfor parallel composition, communication and exception handling appear naturallyas a result.Nevertheless, Tempura is not yet a language for programming realistic sys-tems. For that, much more work is needed, especially on compiler development,on application-speci�c programming environments, on usable veri�cation and trans-formation tools, and on outstanding semantic problems which have been neglectedhere.11.1 Scaling UpI have considered a number of small- and medium-sized examples in Tempura, butthere is clearly no need to stop there. The approach really needs to be tried onexamples of signi�cant complexity. But �rst the programming environment must beimproved.11.1.1 CompilationAlthough simulation is quite e�cient using a Tempura interpreter, a compiler isreally needed for serious program development. Compilation of Tempura is an in-teresting problem in its own right. One possible approach is suggested by recent re-search on compiling the synchronous languages Esterel and Lustre [BC84, CPHP87]into �nite-state automata. This has been found to result in very e�cient code.173



11.1.2 Data TypesBefore tackling larger examples, especially when compilation is considered, it isdesirable to have a better worked-out type-system. As it stands, the type system isvery rudimentary. For example, it excludes record and pointer variables which areare sure to be necessary both for convenience and e�ciency. Moreover, type-checkingis performed dynamically.Unlike a functional language (say), where the type of an object is compelled tobe static, Tempura variables may change in type as well as value over time, justas they sometimes do in ordinary imperative languages. For instance, a pointermight reference a number of objects of di�erent types at various times during itslife. Whether dynamic types are really necessary, or whether a simpler static typesystem would su�ce, remains to be seen.11.1.3 DebuggingThe problems of debugging Tempura programs have not been investigated at all.Many of the problems are quite standard, of course, and by the nature of the lan-guage it is possible to provide more run-time checking in an interpreter than forother similar languages. Unde�ned or overwritten variables may readily be moni-tored and trapped, for example. Moreover, Tempura programs are deterministic andso any execution is repeatable. Perhaps it is possible to build really good debuggingtools for Tempura.11.2 ApplicationsThe greatest strengths of Tempura lie in its formal treatment of time and concur-rency. It might therefore be advantageous to specialise Tempura for applicationsin which these strengths are most required. Three principal areas of specialisationsuggest themselves: hard real-time programming, parallel programming, and rapidprototyping.11.2.1 Real-Time SystemsHard real-time systems are those in which timing characteristics are of crucial im-portance. For example, an aircraft's 
ight-control system must respond to its inputswithin tight real-time bounds. Most real-time languages, such as Ada, provide onlya few ad hoc delay constructs without formal semantics, whereas in Tempura de-lay is an integral part of the semantics; programs are executed in virtual time. Itis possible, in principle, to design a \stripped down" version of Tempura in whichthe virtual time units of the program correspond in some direct way to real-time174



units of the underlying hardware. The mapping of virtual to real time units wouldbe performed by a compiler. Thus, the statement len (t) would complete within tunits of real time.There are, of course, many problems to overcome if this idea is to work. Forexample, in the assignment v := e there is obviously a limit to the complexity ofthe expression e that can be evaluated and assigned in unit-time, whatever the timeunits; so the compiler might need to reject programs with timing errors. It is alsonecessary to be able to predict accurately the time taken by the underlying hardwareto perform each instruction, which suggests that a RISC machine might be a naturalhost.Correctness is most important in hard real-time programming, especially whenthe programs are for controllers in safety-critical applications. Here, of course,Tempura may also claim a large advantage over ordinary real-time languages, sinceit has well-de�ned and relatively simple logical semantics. Since ITL is also well-suited to hardware speci�cation, it would be interesting to represent and verify anentire system in ITL, from the hardware right up to the programming language. Byverifying a total system in a single formalism, one might eliminate the \grey areas"that usually exist at the interface between veri�ed hardware and veri�ed software.The compiler in such a system would itself be boot-strapped in Tempura.11.2.2 Parallel ProgrammingIt is not di�cult to see a language like Tempura being implemented on real par-allel computers. There is a natural correspondence between the \and-parallelism"described in section 8.1 and massively parallel synchronous computers. Likewise,the parallel process constructor of section 8.2 matches the multiprocessor style ofarchitecture, and the communication mechanism of chapter 10 �ts well into messagepassing multicomputer architectures.11.2.3 Rapid PrototypingTempura also has further potential as a rapid-prototyping language for designingparallel and real-time programs. It has been used in this way throughout thisdissertation. However, in order to get a more 
exible language for experimentation,it would be worth investigating the introduction of features such as uni�cation andbacktracking from logic programming. This approach has been tried with somesuccess in the language Tokio [FKTM86], which is another executable sublanguageof ITL. 175



11.3 Veri�cation and TransformationI have presented some initial approaches to veri�cation and transformation, butno viable tools for systematic use against large programs. What hope is there formechanisation?11.3.1 AutomationA tractable decision procedure for ITL is not a possibility. Moszkowski has shownthat, although the properties of Tempura programs are decidable, any general deci-sion procedure must be of non-elementary complexity [Mos83]. Nevertheless, thereare subsets of ITL for which tractable decision procedures do exist. One such subsetis propositional linear-time temporal logic (without chop), and simple parts of theveri�cation process might therefore be automated. It remains to be seen whetherthis is of practical value.11.3.2 TransformationThe transformation of programs to canonical form as described in section 5.2.2 is aform of symbolic execution, following as it does the same strategy as the interpreter.There is therefore a good chance that (at least part of) this process also might beautomated and used as a technique for proving equivalence between programs.Similarly, a number of researchers have devised systematic techniques to trans-form and synthesise certain types of programs [DB73, MW80, MW84], and it seemsthere is no reason why similar techniques should not be used on Tempura programs,and again they might be embedded in HOL.11.4 SemanticsThere are a number of outstanding problems concerning the properties and semanticsof Tempura operators. Some of them are listed below.11.4.1 FrameAs I pointed out in chapter 6, the properties of the frame operator have not beenformally established. In particular, one would like to be sure that the operator givesthe intuitively correct behaviour for all causal Tempura programs. For this it mustbe proved that if a program containing frame variables executes successfully thenthe execution generates the same behaviour that is de�ned by the frame operator;that is,j= 9� : f�(v;�; p) ^ keep if :� then v �= vg � local v : p;176



as claimed on page 105.11.4.2 Pre�xThere is a technical di�culty in the de�nition of the pre�x operator that has so farbeen glossed over. The di�culty is this. The formula prefix p was so de�ned thatit must be possible to �nd an interval on which p holds, but it may be the case thatone wants to use the pre�x operator, for error-handling say, precisely as an escape\when something is about to go wrong". A trivial example of the problem is theformula below, which is logically false.empty ^ prefix next (A 6= A):The pre�xed formula is unsatis�able, so there is no possible pre�x subinterval onwhich the formula can hold. However, it may intuitively seem that the formulashould be true; at least, one might expect the formula to execute correctly in Tem-pura.11.4.3 Parallel ProcessesI have already pointed out that a theory of parallel processes in Tempura mustprevent the possibility of arbitrary interference between processes. Otherwise, asI showed on page 139, it may be possible to draw incorrect conclusions about aprogram. Thus, it is necessary to restrict the use of the parallel composition operatorso that only certain well-de�ned interactions are allowed.One allowed interaction is message passing using the mechanism of chapter 10.In order to reason e�ectively about parallel processes in Tempura a theory of com-municating processes must be developed. It is expected that much of this theorywould resemble parts of Milner's Calculus of Communicating Systems [Mil80].
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